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Lecture 1
Laplacians on self-similar graphs

and relation to self-similar groups
R. Rammal and G. Toulouse, Random walks on fractal structures and percolation

clusters. J. Physique Letters 44 (1983), L13–L22.

R. Rammal, Spectrum of harmonic excitations on fractals. J. Physique 45 (1984).

S. Alexander, Some properties of the spectrum of the Sierpiński gasket in a mag-
netic field. Phys. Rev. B 29 (1984).

E. Domany, S. Alexander, D. Bensimon and L. Kadanoff, Solutions to the Schrödinger
equation on some fractal lattices. Phys. Rev. B (3) 28 (1984).

Y. Gefen, A. Aharony and B. B. Mandelbrot, Phase transitions on fractals.
I. Quasilinear lattices. II. Sierpiński gaskets. III. Infinitely ramified lattices. J. Phys.
A 16 (1983–1984).

R. B. Stinchcombe, Fractals, phase transitions and criticality. Fractals in the natural
sciences. Proc. Roy. Soc. London Ser. A 423 (1989), 17–33.

J. Béllissard, Renormalization group analysis and quasicrystals, Ideas and methods
in quantum and statistical physics (Oslo, 1988). Cambridge Univ. Press, 1992.
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Let ∆ be the probabilistic Laplacian (generator of a simple random walk) on the
Sierpiński lattice. If z 6= 3

2
, 5

4
, 1

2
, and R(z) = z(4z + 5), then

R(z) ∈ σ(∆) ⇐⇒ z ∈ σ(∆)

σ(∆) = JR

⋃
D

where D
def
= { 3

2
} ⋃ ( ∞⋃

m=0
R−m{ 3

4
}
)

and JR is the Julia set of R(z).

-
6
0

3
2

5
4

3
4

1
2

3
2

5
4

s

sss

s

sssss
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There are uncountably many nonisomorphic
Sierpiński lattices.
Theorem (T). The spectrum of ∆ is pure point.
Eigenfunctions with finite support are complete.
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Let ∆(0) be the Laplacian with zero (Dirichlet) boundary condition at ∂L. Then

the compactly supported eigenfunctions of ∆(0) are not complete (eigenvalues in
E is not the whole spectrum).
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Let ∂L(0) be the set of two points adjacent to ∂L and ω
(0)
∆ be the spectral

measure of ∆(0) associated with 1
∂L(0). Then supp(ω

(0)
∆ ) = JR has Lebesgue

measure zero and

d(ω
(0)
∆ ◦ R1,2)

dω
(0)
∆

(z) =
(8z + 5)(2z + 3)

(2z + 1)(4z + 5)
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Fix p, q>0, p+q=1, and define probabilistic Laplacians ∆n on the segments
[0, 3n] of Z+ inductively as a generator of the random walks:

0 1u u
- ¾

1 1

0 1 3u u u u
- - -¾ ¾ ¾

1 q p p q 1

0 1 3 6 9u u u u u u u u u u
- - - - - - - - -¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾

1 q p p q q p q p p q p q q p p q 1

0 3n 2(3n) 3n+1
u q q qq q qq q qu u u

- - -¾ ¾ ¾

1 q p p q 1

and let ∆ = lim
n→∞

∆n be the corresponding probabilistic Laplacian on Z+.
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If z 6=−1±p and R(z)=z(z2+3z+2+pq)/pq, then R(z) ∈ σ(∆n) ⇐⇒
z ∈ σ(∆n+1)

-60−2

−2

−1 ± p

s ss

Theorem(T). σ(∆) = JR, the Julia set of R(z).
If p=q, then σ(∆)=[−2, 0], spectrum is a.c.
If p 6= q, then σ(∆) is a Cantor set of Lebesgue measure zero, spectrum is

singularly continuous.
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There are uncountably many “random” self-similar Laplacians ∆ on Z:
For a sequence K = {kj}∞

j=1, kj ∈ {0, 1, 2}, let

Xn = −
n∑

j=1

kj3
j

and ∆n is a probabilistic Laplacian on [Xn, Xn+3n]:

Xn Xn+3n−1 Xn+2(3n−1) Xn+3n

u r r rr r rr r ru u u
- - -¾ ¾ ¾

1 q p p q 1

In the previous example kj = 0 for all j.
Theorem (T).
For any sequence K we have σ(∆) = JR. The same is true for the Dirichlet
Laplacian on Z+ (when kj ≡ 0).
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R. Grigorchuk and Z. Sunik, Asymptotic aspects of Schreier graphs and Hanoi
Towers groups, preprint.
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These three polynomials are conjugate:

Sierpiński 3-graph (Hanoi Towers-3 group): f(x) = x2 − x − 3
f(3) = 3, f ′(3) = 5

Sierpiński 4-graph, “adjacency matrix” Laplacian: P (λ) = 5λ − λ2

P (0) = 0, P ′(0) = 5

Sierpiński 4-graph, probabilistic Laplacian: R(z) = 4z2 + 5z
R(0) = 0, R′(0) = 5
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Theorem. Eigenvalues and eigenfunctions on the
Sierpiński 3-graphs and Sierpiński 4-graphs are in
one-to-one correspondence, with the exception of the
eigenvalue z = −3

2 for the 4-graphs.
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s bb

rr ←−
2z2 + 4z

c rr
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Let H and H0 be Hilbert spaces, and U : H0 → H be an isometry.

Definition. We call an operator H spectrally similar to an operator H0 with
functions ϕ0 and ϕ1 if

U∗(H − z)−1U = (ϕ0(z)H0 − ϕ1(z))−1

In particular, if ϕ0(z) 6= 0 and R(z) = ϕ1(z)/ϕ0(z), then

U∗(H − z)−1U =
1

ϕ0(z)
(H − R(z))−1.

If H =

(
S X̄
X Q

)
then

S − zI0 − X̄(Q − zI1)
−1X = ϕ0(z)H0 − ϕ1(z)I0

Theorem (Malozemov, Teplyaev). If ∆ is the graph Laplacian on a self-
similar symmetric infinite graph, then

JR ⊆ σ(∆∞) ⊆ JR ∪ D∞
where D∞ is a discrete set and JR is the Julia set of the rational function R.
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[3] J. Béllissard, Renormalization group analysis and quasicrystals, Ideas and
methods in quantum and statistical physics (Oslo, 1988), 118–148. Cambridge
Univ. Press, Cambridge, 1992.

[4] S. Brofferio, W. Woess, Green kernel estimates and the full Martin bound-
ary for random walks on lamplighter groups and Diestel-Leader graphs.
Ann. Inst. H. Poincare’ Probab. Statist. 41 (2005), 1101–1123.

[5] S. Brofferio, W. Woess, Positive harmonic functions for semi-isotropic ran-
dom walks on trees, lamplighter groups, and DL-graphs. Potential Anal. 24
(2006), 245–265.

21



[6] E. Domany, S. Alexander, D. Bensimon and L. Kadanoff, Solutions to the
Schrödinger equation on some fractal lattices. Phys. Rev. B (3) 28 (1984),
3110–3123.

[7] Y. Gefen, A. Aharony and B. B. Mandelbrot, Phase transitions on fractals. I.
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Mines, November 1975, 61–66.

23



[19] B. B. Mandelbrot, Les Objets Fractals. Forme, Hasard et Dimension. Nou-
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Sierpiński graph. Combin. Probab. Comput. 12 (2003), 203–222.

[36] W. Woess, A note on the norms of transition operators on lamplighter
graphs and groups. Internat. J. Algebra Comput. 15 (2005), 1261–1272.

[37] W. Woess, Lamplighters, Diestel-Leader graphs, random walks, and har-
monic functions. Combin. Probab. Comput. 14 (2005), 415–433.

[38] W. Woess, Random walks on infinite graphs and groups. Cambridge Tracts
in Mathematics, 138. Cambridge University Press, Cambridge, 2000.

26



Lecture 2
Laplacians on self-similar fractals

and spectral zeta functions

Three contractions F1, F2, F3 : R1 → R1, Fj(x) = 1
3
(x+pj), with fixed

points pj = 0, 1
2
, 1. The interval I=[0, 1] is a unique compact set such that

I =
⋃

j=1, 2, 3

Fj(I)

The boundary of I is ∂I = V0 = {0, 1} and the discrete approxima-

tions to I are Vn =
⋃

j=1, 2, 3

Fj(Vn−1) =
{

k
3n

}3n

k=0

V0=∂I : x x

?

³³³³³³³³)

PPPPPPPPq
V1 : x x x x

?

³³³³³³³³)

PPPPPPPPq
V2 : x x x x x x x x x x
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Definition. The discrete Dirichlet (energy) form on Vn is

En(f) =
∑

x,y∈Vn
y∼x

(f (y)−f (x))2

and the Dirichlet (energy) form on I is E(f) = lim
n→∞

3nEn(f) =
∫ 1

0 |f ′(x)|2dx

Definition. A function h is harmonic if it minimizes the energy given the
boundary values.

Proposition. 3En+1(f) > En(f) and 3En+1(h) = En(h) = 3−nE(h)
for a harmonic h.

Proposition. The Dirichlet (energy) form on I is self-similar in the sense that

E(f) = 3
∑

j = 1, 2, 3

E(f◦Fj)

28



Definition. The discrete Laplacians on Vn are

∆nf (x) = 1
2

∑
y∈Vn
y∼x

f (y)−f (x), x∈Vn\V0

and the Laplacian on I is ∆f (x) = lim
n→∞

9n∆nf (x) = f ′′(x)

Gauss–Green (integration by parts) formula:

E(f) = −
∫ 1

0

f∆fdx + ff ′
∣∣∣
1

0

Spectral asymptotics: Let ρ(λ) be the eigenvalue counting function of
the Dirichlet or Neumann Laplacian ∆:

ρ(λ) = #{j : λj < λ}.

Then

lim
λ→∞

ρ(λ)

λds/2
=

1

π
where ds = 1 is the spectral dimension.
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Definition. The spectral zeta function is ζ∆(s) =
∑

λj 6=0

(−λj

)−s/2

Its poles are the complex spectral dimensions.

Let R(z) be a polynomial of degree N such that its Julia set JR ⊂ (−∞, 0],
R(0) = 0 and c = R′(0) > 1.

Definition. The zeta function of R(z) for Re(s) > dR = 2 log N
log c

is

ζz0
R

(s) = lim
n→∞

∑

z∈R−n{z0}
(−cnz)−s/2 =

∑
λ

−s/2
j

Theorem. ζz0
R

(s) =
f1(s)

1−Nc−s/2
+ fz0

2 (s), where f1(s) and fz0
2 (s) are ana-

lytic for Re(s)>0. If JR is totally disconnected, then this meromorphic continuation
extends to Re(s)>−ε, where ε>0.

In the case of polynomials this theorem has been improved by Grabner et al.
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dR ∈ the poles of ζz0
R

⊆ {
2 log N+4inπ

log c
: n∈Z}
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Theorem. ζ∆(s) = ζ0
R
(s) where R(z) = z(4z2+12z+9).

The Riemann zeta function ζ(s) satisfies ζ(s) = πsζ0
R
(s) The only complex

spectral dimension is the pole at s = 1.

A sketch of the proof: If z 6= − 1
2
, −3

2
, then

R(z) ∈ σ(∆n) ⇐⇒ z ∈ σ(∆n+1)

and so ζ∆(s) = ζ0
R
(s) since the eigenvalues λj of ∆ are limits of the eigenvalues

of 9n∆n.
Also λj=−π2j2 and so

ζ∆(s) =
∞∑

j=1

(
π2j2

)−s/2
= π−sζ(s)

where ζ(s) is the Riemann zeta function. Q.E.D.

ζ(s) = πslim
n→∞

∑

z∈R−n{0}
z 6=0

(−9nz
)−s/2
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Definition. ∆µ is µ–Laplacian if

E(f) =

∫ 1

0

|f ′(x)|2dx=−
∫ 1

0

f∆µfdµ + ff ′∣∣1
0
.

Definition. A probability measure µ is self-similar with weights m1, m2, m3

if µ=
∑

j=1, 2, 3

mjµ◦Fj.

Proposition. ∆µf (x)=f ′′
µ

= lim
n→∞

(
1+

2
pq

)n
∆nf (x).

∆nf( k
3n)=

{
pf(k−1

3n ) + qf(k+1
3n ) − f( k

3n)

qf(k−1
3n ) + pf(k+1

3n ) − f( k
3n)

where m1=m3, p= m2
m1+m2

, q= m1
m1+m2

, and

x x x x
- - -¾ ¾ ¾

1

m1 m2 m3

q p p q 1

x x x x x x x x x x
- - - - - - - - -¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾

1 q p p q q p q p p q p q q p p q 1
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Spectral asymptotics: If ρ(λ) is the eigenvalue counting function of the Dirichlet
or Neumann Laplacian ∆µ, then

0 < lim inf
λ→∞

ρ(λ)

λds/2
6 lim sup

λ→∞

ρ(λ)

λds/2
< ∞

where the spectral dimension is

ds=
log 9

log(1+
2
pq

)
6 1.

All the inequalities are strict if and only if p 6= q.

Proposition. R(z) ∈ σ(∆n) ⇐⇒ z ∈ σ(∆n+1)

where z 6=−1±p and R(z)=z(z2+3z+2+pq)/pq.

Note that R′(0)=1 + 2
pq

, and ds=dR.

Theorem. ζ∆µ(s)=ζ0
R
(s)
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Three contractions F1, F2, F3 : R2 → R2,
Fj(x) = 1

2
(x+pj), with fixed points p1, p2, p3.

p1

p2

p3

........................... ...................................................... ........................... ......................................................
........................... ...................................................... ........................... ...................................................... ........................... ......................................................

........................... ......................................................

........................... ...................................................... ........................... ......................................................
........................... ...................................................... ........................... ...................................................... ........................... ......................................................

........................... ...................................................... ........................... ...................................................... ........................... ......................................................
........................... ......................................................

........................... ...................................................... ........................... ......................................................
........................... ......................................................

........................... ...................................................... ........................... ......................................................
........................... ...................................................... ........................... ...................................................... ........................... ......................................................

........................... ......................................................

........................... ...................................................... ........................... ......................................................
........................... ......................................................

The Sierpiński gasket is a unique compact setS such that

S =
⋃

j=1, 2, 3

Fj(S)
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Definition. The boundary of S is

∂S = V0 = {p1, p2, p3}
and discrete approximations to S are

Vn =
⋃

j=1, 2, 3

Fj(Vn−1)

V0 :

y y

y
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·
·
·
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T
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x x
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·
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T
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·
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T
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·
··

T
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··

T
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·
··

T
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·
··

T
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·
··

T
TT
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Definition. The discrete Dirichlet (energy) form on Vn is

En(f) =
∑

x,y∈Vn
y∼x

(f (y)−f (x))2

and the Dirichlet (energy) form on S is

E(f) = lim
n→∞

(
5
3

)n
En(f)

Definition. A function h is harmonic if it minimizes the energy given the
boundary values.

Proposition. 5
3
En+1(f) > En(f)

5
3
En+1(h)=En(h)=

(
5
3

)−n
E(h) for a harmonic h.

Theorem (Kigami). E is a local regular Dirichlet form on S which is self-similar
in the sense that

E(f) = 5
3

∑

j = 1, 2, 3

E(f◦Fj)
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Definition. The discrete Laplacians on Vn are

∆nf (x) = 1
4

∑
y∈Vn
y∼x

f (y)−f (x), x∈Vn\V0

and the Laplacian on S is

∆µf (x) = lim
n→∞

5n∆nf (x)

if this limit exists and ∆µf is continuous.

Gauss–Green (integration by parts) formula:

E(f) = −
∫

S

f∆µfdµ +
∑

p∈∂S

f(p)∂nf(p)

where µ is the normalized Hausdorff measure, which is self-similar with weights
1
3
, 1

3
, 1

3
:

µ = 1
3

∑

j = 1, 2, 3

µ◦Fj.
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Spectral asymptotics: If ρ(λ) is the eigenvalue counting function of the Dirichlet
or Neumann Laplacian ∆µ, then

0 < lim inf
λ→∞

ρ(λ)

λds/2
< lim sup

λ→∞

ρ(λ)

λds/2
< ∞

where the spectral dimension is

1 < ds = log 9
log 5

< 2.

Proposition. R(z) ∈ σ(∆n) ⇐⇒ z ∈ σ(∆n+1) where z 6= − 1
2
, −3

4
, −5

4
and R(z) = z(5 + 4z).

Theorem (Fukushima, Shima). Every eigenvalue of ∆µ has a form

λ=5mlim
n→∞

5nR−n(z0)

where R−n(z0) is a preimage of z0 = −3
4
, −5

4
under the n-th iteration power

of the polynomial R(z). The multiplicity of such an eigenvalue is C13
m + C2.
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Theorem. Zeta function of the Laplacian on the Sierpiński gasket is

ζ∆µ(s) = 1
2
ζ

3
4

R
(s)

(
1

5s/2−3
+ 3

5s/2−1

)
+ 1

2
ζ

5
4

R
(s)

(
3·5−s/2

5s/2−3
− 5−s/2

5s/2−1

)

ds

dR

= log 9
log 5

= log 4
log 5

6
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Definition. If L is a fractal string, that is, a disjoint collection of intervals of
lengths lj, then its geometric zeta function is ζL(s) =

∑
lsj .

Theorem (Lapidus). If A=− d2

dx2 is a Neumann or Dirichlet Laplacian on L,
then ζA(s) = π−sζ(s)ζL(s).

Example: Cantor self-similar fractal string.

If L is the complement of the middle third Cantor set in [0, 1], then the complex
spectral dimensions are 1 and { log 2+2inπ

log 3
: n∈Z},

ζL(s) = 1

1−2·3−s, ζA(s) = ζ(s) π−s
1−2·3−s

41



-

6

0
log 2
log 3 1

f

f

f

f

f

f

f

f

42



Definition. A post critically finite (p.c.f.) self-similar set F is a compact con-
nected metric space with a finite boundary ∂F ⊂ F and contractive injections
ψi : F → F such that

F = Ψ(F ) =
k⋃

i=1

ψi(F )

and
ψv(F )

⋂
ψw(F ) ⊆ ψv(∂F )

⋂
ψw(∂F ),

for any two different words v and w of the same length. Here for a finite word
w ∈ {1, . . . , k}m we define ψw = ψw1 ◦ . . . ◦ ψwm.

We assume that ∂F is a minimal such subset of F . We call ψw(F ) an m-cell.
The p.c.f. assumption is that every boundary point is contained
in a single 1-cell.

Theorem (Kigami, Lapidus). The spectral dimension of the Laplacian ∆µ is
the unique solution of the equation

k∑

i=1

(riµi)
ds/2 = 1
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Conjecture. On every p.c.f. fractal F there exists a local regular Dirichlet form E
which gives positive capacity to the boundary points and is self-similar in the sense
that

E(f) =
k∑

i=1

ρiE(f◦ψi)

for a set of positive refinement weights ρ = {ρi}k
i=1.

Definition. The group G of acts on a finitely ramified fractal F if each g ∈ G is
a homeomorphism of F such that g(Vn) = Vn for all n > 0.

Proposition. Suppose a group G of acts on a self-similar finitely ramified fractal
F and G restricted to V0 is the whole permutation group of V0. Then there exists
a unique, up to a constant, G-invariant self-similar resistance form E with equal
energy renormalization weights ρi and

E0(f, f) =
∑

x,y∈V0

(
f(x) − f(y)

)2
.

Moreover, for any G-invariant self-similar measure µ the Laplacian ∆µ has the
spectral self-similarity property (a.k.a. spectral decimation).
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Lecture 3
Kigami’s resistance forms on fractals

and relation to quantum graphs

Definition. A compact connected metric space F is called a finitely ramified
self-similar set if there are injective contraction maps ψ1, ..., ψm : F → F
and a finite set V0 ⊂ F such that

F =
m⋃

i=1

ψi(F ) = Ψ(F )

and
Fw ∩ Fw′ = Vw ∩ Vw′

for any two distinct words w, w′ ∈ Wn = {1, ..., m}n, where Fw = ψw(F ),
Vw = ψw(V0) and ψw = ψw1 ◦ ... ◦ ψwn.

The vertices of generation n are defined by Vn = Ψ(Vn−1) = Ψn(V0).

The fractal F can be uniquely reconstructed from its “combinatorial skeleton” or
“ancestor”: {∂F = V0, V1, Ψ|V0} [Kigami, 1993, Appendix A].
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A symmetric vanishing on the diagonal function c0 : V 2
0 → R+ (set of conduc-

tances) defines a discrete Dirichlet form

E0(f) =
∑

x,y∈V0

(f(y) − f(x))2c0(x, y).

Its refinement by Ψ is

E1(f) = Ψρ(E0)(f) =
k∑

i=1

ρi · E0(f ◦ ψi).

and the trace map is

Tr(E1)(f) = inf{E1(g)|g : V1 → R, g|V0 = f}.
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Theorem (Kigami). For given a set of positive refinement weights ρ = {ρi}k
i=1

self-similar local regular Dirichlet forms E which gives positive capacity to the
boundary points are in one-to-one correspondence with the fixed points E0 of the
renormalization map

Λρ = Tr ◦ Ψρ.

Definition. A resistance form E is self-similar if

E(f, f) =
m∑

i=1

ρiE(f ◦ ψi, f ◦ ψi).

Conjecture. Any finitely ramified self-similar set has a self-similar resistance form.
Any p.c.f. self-similar set has a regular self-similar resistance form.
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Thus we are looking for nonlinear eigenvectors E0 ∈ D ∩ P◦

Λρ(E0) = γE0

where D is the cone of Dirichlet forms on V0 with and P is the cone of nonnegative
quadratic forms. Its interior P◦ consists of positive forms.

Proposition.

(1) Λρ : D → D, P → P, P◦ → P◦.
(2) Λρ is continuous on D ∪ P◦

(3) Λρ(αE) = αΛρ(E) for all α ≥ 0
(4) Λρ(E + F) ≥ Λρ(E) + Λρ(F)

Hilbert’s projective metric (a pseudo distance on P◦) is

h(E/F) = ln
M(E/F)

m(E/F)
.

where E,F∈P◦ is the biggest lower bound of E/F,

m(E/F) = sup{α > 0|αF ≤ E} > 0

and M(E/F) = m(F/E)−1.
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Proposition.

(1) h(αE, βF) = h(E, F) for all α, β > 0.
(2) Let H={E∈B|trace(E)=1} (an affine hyperplane). Then (H ∩ P◦, h)

is a complete metric space.
(3) The h- and the ‖ · ‖-topology coincide on H ∩ P◦.
(4) h(E, F) = 0 if and only if E = αF.
(5) limF→∂P h(E, F) = +∞
(6) Λρ is h-nonexpansive on P◦, that is, lower qρ-level sets are Λρ-invariant.

Let H = H ∩ D ∩ P◦ and qρ : H → R+,

qρ(E) = h(Λρ(E), E).

Proposition.

(1) Λρ has a unique eigenvector F ∈ H if and only if qρ|H vanishes only at F.
(2) Λρ has multiple eigenvectors in H if and only if qρ vanishes on a connected

set which accumulates at ∂P.
(3) When a Λρ-forward orbit started in H is contained in Br(E) for some r > 0

and E ∈ H, then there exists a Λρ-eigenvector in B3r(E) ∩ H.
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Proposition. Let {ρn} be such that Λρn converges to Λ in (C(H), ‖ · ‖∞). If
q = h(Λ(·), ·) : H → R+ vanishes only at a single point, then there exists an
m ∈ N such that Λρn has a unique eigenvector in H, for n ≥ m.

Definition. A collection of refinement weights ρ is admissible if and only if

Λρ(E0) = γE0

has a solution E0 ∈ D ∩ P◦.

Proposition. The set of admissible weights is open.

Theorem. (Hambly, Metz, T.) Let ρn ↗ ρ∞ ∈ (0, ∞]k and Λρ∞ has a
unique eigenvector in H. Then there exist finite admissible refinement weights.

This result can be summarized as follows: If, by collapsing a subset of cells of F ,
one can obtain a structure which has admissible weights, then F also has admissible
finite weights.
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Proposition. If #V0 = 3 then admissible weights exist.

Definition. The group G of acts on a finitely ramified fractal F if each g ∈ G is
a homeomorphism of F such that g(Vn) = Vn for all n > 0.

Proposition. Suppose a group G of acts on a self-similar finitely ramified fractal
F and G restricted to V0 is the whole permutation group of V0. Then there exists
a unique, up to a constant, G-invariant self-similar resistance form E with equal

energy renormalization weights ρi and E0(f, f) =
∑

x,y∈V0

(
f(x) − f(y)

)2
.

Theorem (Hambly, Metz, T.) Suppose a self-similar finitely ramified fractal
F has connected interior and a group G acts on F such that its action on V0 is
transitive. Then there exists a G-invariant self-similar resistance form E on F .

Theorem (Hambly, Metz, T.) Suppose a self-similar finitely ramified fractal F
has connected interior and a symmetric boundary. Then there exists a G-invariant
self-similar resistance form E on F .
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Examples.

Generalized non-symmetric Sierpiński gaskets in R2:

ρ−1
2 + ρ−1

3 > ρ−1
1

ρ−1
1 + ρ−1

2 > ρ−1
3

ρ−1
1 + ρ−1

3 > ρ−1
2

“Cut” Sierpiński gasket:
ρ1 + ρ2 = 1

ρ3 + ρ2 = 1

Unit interval:

ρ1 + ρ2 = 1

Vicsek set:
ρ1 + ρ3 + ρ5 = 1

ρ2 + ρ4 + ρ5 = 1
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A generalized Vicsek set

63



A generalized Sierpiński gasket
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GRAPH-DIRECTED FRACTALS

v1

v2

v3 v4

v5 v6

v7 v8

v9
v10

v11

v12

The house fractal.
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Definition. A pair (E, Dom E) is a resistance form on a countable set V∗ if

• Dom E is a linear subspace of `(V∗) containing constants, E is a nonnegative
symmetric quadratic form on Dom E, and E(u, u) = 0 if and only if u is
constant.

• Let ∼ be an equivalence relation on Dom E defined by u ∼ v if and only if
u − v is constant on V∗. Then (E/∼, Dom E) is a Hilbert space.

• For any finite subset V ⊂ V∗ and for any v ∈ `(V ) there exists
u ∈ Dom E such that u

∣∣
V

= v.

• For any p, q ∈ V∗ there exists the effective resistance between metric

R(p, q) = sup
{(

u(p)−u(q)
)2

E(u,u)
: u∈Dom E

}
< ∞

Hence any u ∈ Dom E has a unique R-Hölder continuous extension to Ω,
the R-completion of V∗.

• Markov property: for any u ∈ Dom E we have that E(ū, ū) 6 E(u, u),
where

ū(p) =





1 if u(p) > 1,

u(p) if 0 < u(p) < 1,

0 if u(p) 6 1.
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For any finite subset U ⊂ V∗ the finite dimensional Dirichlet form EU on U is

EU(f, f) = inf{E(g, g) : g ∈ Dom E, g
∣∣
U

= f}
and is called the trace of E on U .

If U1 ⊂ U2 then EU1 is the trace of EU2 on U1.

Theorem (Kigami). Suppose that Vn are finite subsets of V∗ and that
⋃∞

n=0 Vn

is R-dense in V∗. Then

E(f, f) = lim
n→∞

EVn(f, f)

for any f ∈ Dom E, where the limit is non-decreasing.

Theorem (Kigami). Suppose that Vn are finite sets, and the finite dimensional
resistance forms EVn on Vn are compatible: each EVn is the trace of EVn+1 on Vn.

Then there exists a resistance form E on V∗ =
⋃∞

n=0 Vn such that

E(f, f) = lim
n→∞

EVn(f, f)

for any f ∈ Dom E, and the limit is non-decreasing.
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Definition. A finitely ramified fractal F is a compact metric space with
a cell structure F = {Fα}α∈A and a boundary (vertex) structure
V = {Vα}α∈A such that the following conditions hold.

• A is a countable index set;
• each Fα is a distinct compact connected subsets of F ;
• each Vα is a finite subset of Fα with at least two elements;
• if Fα =

⋃k
j=1 Fαj

then Vα ⊂ ⋃k
j=1 Vαj

;
• there exists a filtration {An}∞

n=0 such that
(1) An are finite subsets of A, A0 = {0}, F0 = F ;
(2) An ∩ Am = ∅ if n 6= m;

(3) for any α∈An there are α1, ..., αk∈An+1 such that Fα=
⋃k

j=1 Fαj
;

• Fα′
⋂

Fα = Vα′
⋂

Vα for any two distinct α, α′ ∈ An;
• for any strictly decreasing infinite sequence of cells there exists x ∈ F such

that
⋂

n>1 Fαn = {x}.

If these conditions are satisfied, then

(F, F, V) = (F, {Fα}α∈A, {Vα}α∈A)

is called a finitely ramified cell structure.
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Definition. A function is harmonic if it minimizes the energy for the given set of
boundary values. A function is n-harmonic if it minimizes the energy for the given
set of values on Vn.

Theorem. Suppose that all n-harmonic functions are continuous. Then any con-
tinuous function is R-continuous, and any R-Cauchy sequence converges in the
topology of F . Also, there is a continuous injective map θ : Ω → F which is the
identity on V∗.

Then we can (and will) consider Ω as a subset of F . Then Ω is the R-closure of
V∗. In a sense, Ω is the set where the Dirichlet form E “lives”.

Theorem. Suppose that all n-harmonic functions are continuous. Then E is a
local regular Dirichlet form on Ω (with respect to any measure that charges every
nonempty open set).
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Definition. We fix a complete, up to constant functions, energy orthonormal set
of harmonic functions h1, ..., hk, where k = |V0| − 1, and define the Kusuoka
energy measure by

ν = νh1 + ... + νhk
.

If Fα′ ⊂ Fα, then
Mα,α′ : `(Vα) → `(Vα′)

is the linear map which is defined as follows. If fα is a function on Vα then let hfα

be the unique harmonic function on Fα that coincides with fα on Vα. Then we
define

Mα,α′fα = hfα

∣∣
Vα′.

Proposition. If Fα =
⋃

Fαj
then Dα =

∑
M∗

α,αj
Dαj

Mα,αj
and

ν(Fα) = Tr M∗
αDαMα

where Mα = M0,α and Dα is the matrix of the Dirichlet form Eα on Vα.
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We denote Zα =
M∗

αDαMα

ν(Fα)
if ν(Fα) 6= 0. Then we define matrix valued

functions Zn(x) = Zα if ν(Fα) 6= 0, α ∈ An and x ∈ Fα\Vα. Note that
Tr Zn(x) = 1 by definition.

Theorem. For ν-almost all x there is a limit Z(x) = limn→∞ Zn(x).

Proof. One can see, following Kusuoka’s idea, that Zn is a bounded ν-martingale.
¤

The energy measures νh are the same as the energy measures in the general theory
of Dirichlet forms. The matrix Z is the matrix whose entries are the densities

Zij =
dνhi,hj

dν

It has been recently proved by Hino that ν is singular with respect to any product
measure µ for a large class of fractals.
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Theorem. If the space of piecewise harmonic functions is dense in Dom E then
any f ∈ Dom E has a weak gradient ∇f such that

E(f, f) =

∫

F

〈∇f, Z∇f〉dν

Conjecture. For any finitely ramified fractal

rankZ(x) = 1

for ν-almost all x.
This has been recently proved by Hino for a large class of p.c.f. fractals.
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GRADIENT IN HARMONIC COORDINATED

Let V0 = {v1, ..., vm} and let hj be the unique harmonic function with boundary
values hj(vi) = δi,j.

Kigami’s harmonic coordinate map ψ : F → Rm is

ψ(x)=(h1(x), ..., hm(x)).

In what follows we assume that ψ : F → FH = ψ(F ) is a homeomorphism,
F = FH , ψ(x) = x and identify `(V0) with Rm in the natural way.

Theorem. If f is the restriction to F of a C1(Rm) function then f ∈ Dom E,
and such functions are dense in Dom E. Moreover,

E(f, f) =

∫

F

〈∇f, Z∇f〉dν

for any f ∈ C1(Rm).
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We have the analog of the Gauss-Green formula:

E(f, g) = −
∫

F

g∆νfdν,

for any function g ∈ Dom E, vanishing on the boundary V0, and any function
f ∈ Dom∆ν, where ∆ν is the energy Laplacian.

Theorem. If f is the restriction to F of a C2(Rm) function then f ∈ Dom∆ν,
and such functions are dense in Dom∆ν. Moreover, ν-almost everywhere

∆νf = Tr (ZD2f)

where D2f is the matrix of the second derivatives of f .

Conjecture. On the Sierpiński gasket, if f ∈ Dom∆ν then f is the restriction
to F of a C1(Rm) function.
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We also can define a different sequence of approximating energy forms. In various
situations these forms are associated with so called quantum graphs, photonic
crystals and cable systems. If f ∈ C1(Rm) then

E
Q

n(f, g) =
∑

x,y∈Vn

cn,x,yE
Q

x,y(f, f)

where

E
Q

x,y(f, f) =

∫ 1

0

(
d
dt

f
(
x(1 − t) + ty

))2

dt

is the integral of the square of the derivative

d
dt

f
(
x(1 − t) + ty

)
= 〈∇f

(
x(1 − t) + ty

)
, y − x〉

of f along the straight line segment connecting x and y. Thus E
Q

x,y(f, f) is the
usual one dimensional energy of a function on a straight line segment.

If f is linear then E
Q

x,y(f, f) =
(
f(x) − f(y)

)2
. Therefore if f is piecewise

harmonic then E
Q

n(f, f) = En(f, f) for all large enough n.
Therefore for any C1(Rm)-function we have

lim
n→∞

E
Q

n(f, f) = E(f, f)
75



It is easy to see that if g is a C1(Rm)-function vanishing on V0 and f is a
C2(Rm)-function then

E
Q

n(f, g) =
∑

x,y∈Vn

cn,x,y

∫ 1

0

g
(
x(1 − t) + ty

)(
d2

dt2
f

(
x(1 − t) + ty

))
dt

because after integration by parts all the boundary terms are canceled. Then if
α ∈ An then∑

x,y∈Vα

cn,x,y
d2

dt2
f

(
x(1 − t) + ty

)
=

∑

x,y∈Vα

cn,x,y

m∑

i,j=1

D2
ijf

(
x(1 − t) + ty

)
(yi − xi)(yj − xj) =

Tr
(
M∗

αDαMα

(
D2f(xα) + Rn(x, y, t, f, α, xα)

))

where xα ∈ Vα and

lim
n→∞

|Rn(x, y, t, f, α, xα)| = 0

uniformly.
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Let Hx be the space of harmonic functions on F that vanishes at x.

Definition. If h ∈ Hx then the intrinsic derivative df
dh

(x) ∈ R exists if

f(y) = f(x) + h(y) df
dh

(x) + o
∣∣h(y)

∣∣
y→x

.

The intrinsic gradient Gradxf ∈ Hx exists if for any non constant h ∈ Hx

f(y) = f(x) + Gradx(y) + o
∣∣h(y)

∣∣
y→x

.

Theorem (Pelander, T). Let µ be a self-similar measure on a p.c.f. s-s set with
weights µj. Let γ+ and γ− be the upper and lower Lyapunov exponents of the
matrices Mj with respect to the measure µ and log γ =

∑m
j=1 µj log(rjµj).

If γ+ > γ then df
dh

(x) exists for any f ∈ Dom∆µ, any non constant h ∈ H
and µ-almost all x.

If γ− > γ then Gradxf exists for any f ∈ Dom∆µ, any non constant h ∈ H
and µ-almost all x.
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