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Linear Equations With Constant Coefficients

Homogeneous:

dny dn—ly dn—2y dy -
A T -1y T2 oyt Fary ay =0
Non-homogeneous:

dny dnfly dnf2y dy
8 gn F a1 gt Fanag o targ +ay =9(x)
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Linear Equations With Constant Coefficients

Homogeneous:

dny dn—ly dn—2y dy -
A T -1y T2 oyt Fary ay =0
Non-homogeneous:

dny dnfly dnf2y dy B
8 gn F a1 gt Fanag o targ +ay =9(x)

We'll look at the homogeneous case first and make use of the
linear differential operator D.
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Differential Operators

Let:
D denote differentiation with respect to X.
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D2 denote differentiation twice.
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Differential Operators

Let:
D denote differentiation with respect to X.

D2 denote differentiation twice.
D3 denote differentiation three times.

In general, let D denote differentiation k times.

Alan H. SteinUniversity of Connecticut Linear Differential Equations With Constant Coefficients



Differential Operators

Let:
D denote differentiation with respect to X.

D2 denote differentiation twice.
D3 denote differentiation three times.
In general, let D denote differentiation k times.

The expression
f(D) =a,D"+a, 1D"' +a, :D"?+---+a1D +ag is called a
differential operator of order n.
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Differential Operators

Given a function y with sufficient derivatives, we define

f(D)y = (a,D" +a,-1D" ' +a, D" 2+ +a;D + &)y

dny dn—ly dn—2y dy
Gr A gt T a2 + -+ tar—— +aoy

= a 7
" dxn—2 dx
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Differential Operators

Given a function y with sufficient derivatives, we define

f(D)y = (a,D" +a,-1D" ' +a, D" 2+ +a;D + &)y

dny dn—ly dn—2y

d

= a 7
" dxn—2 dx

This gives a convenient way of writing a homogeneous linear
differential equation:
f(D)y=0
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We can add, subtract and multiply differential operators in the
obvious way, similarly to the way we do with polynomials. They
satisfy most of the basic properties of algebra:
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We can add, subtract and multiply differential operators in the
obvious way, similarly to the way we do with polynomials. They
satisfy most of the basic properties of algebra:

» Commutative Laws
» Associative Laws

» Distributive Law

We can even factor differential operators.
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The Auxiliary Equation

k

Dkemx — L

ka (emx) — mkemx
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The Auxiliary Equation

dk
Dkemx = —_(emX) = mkemx

ok &™)
As a result, we get f(D)e™ = f(m)e™, where we look at f(m)
as the polynomial in m we get if we replace the differential

operator D with m.
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The Auxiliary Equation

dk
Dkemx = —_(emX) = mkemx

ok &™)
As a result, we get f(D)e™ = f(m)e™, where we look at f(m)
as the polynomial in m we get if we replace the differential

operator D with m.

Consequence: y = €™ is a solution of the differential equation
f(D)y = 0 if m is a solution of the polynomial equation f(m) = 0.
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The Auxiliary Equation

dk
Dkemx = —_(emX) = mkemx

ok &™)
As a result, we get f(D)e™ = f(m)e™, where we look at f(m)
as the polynomial in m we get if we replace the differential

operator D with m.

Consequence: y = €™ is a solution of the differential equation
f(D)y = 0 if m is a solution of the polynomial equation f(m) = 0.

We call f (m) = 0 the auxiliary equation.
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The Auxiliary Equation: Distinct Roots

If the auxiliary equation f(m) = 0 has n distinct roots,

My, My, M3, ... M,, then

g emXx a@msx @M gre distinct solutions of the differential
equation f(D)y = 0 and the general solution is

C1e™MX + cre™X 4+ c3e™X 4 ... 4 c,eMX,
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The Auxiliary Equation: Repeated Roots

Suppose m = is a repeated root of the auxiliary equation
f(m) = 0, so that we may factor f(m) = g(m)(m — r)* for some
polynomial g(m) and some integer k > 1.
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The Auxiliary Equation: Repeated Roots

Suppose m = is a repeated root of the auxiliary equation
f(m) = 0, so that we may factor f(m) = g(m)(m — r)* for some
polynomial g(m) and some integer k > 1.

Note the following routine, albeit messy, computations:
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The Auxiliary Equation: Repeated Roots

Suppose m = is a repeated root of the auxiliary equation
f(m) = 0, so that we may factor f(m) = g(m)(m — r)* for some
polynomial g(m) and some integer k > 1.
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The Auxiliary Equation: Repeated Roots

Suppose m = is a repeated root of the auxiliary equation
f(m) = 0, so that we may factor f(m) = g(m)(m — r)* for some
polynomial g(m) and some integer k > 1.

Note the following routine, albeit messy, computations:
(D —r)e™ =De™ —re™ =re™ —re™ =0

(D—r)?(xe™) = (D—r)(D—r)(xe™) = (D—r)[D(xe™)—r(xe™)]
=D —r)[xe™+e™—me™]=(D—-r)e™ =0
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The Auxiliary Equation: Repeated Roots

Suppose m = is a repeated root of the auxiliary equation
f(m) = 0, so that we may factor f(m) = g(m)(m — r)* for some
polynomial g(m) and some integer k > 1.

Note the following routine, albeit messy, computations:
(D —r)e™ =De™ —re™ =re™ —re™ =0

(D—r)?(xe™) = (D—r)(D—r)(xe™) = (D—r)[D(xe™)—r(xe™)]
=D —r)[xe™+e™—me™]=(D—-r)e™ =0

(D —r)*(x’e™) = (D —r)*(D —r)(x%e™)
= (D —r)’[D(x%e™) — r(x%e™)]
= (D —r)?[rx%e™ + 2xe™ — rx%e™] = 2(D —r)?(xe™) = 0
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The Auxiliary Equation: Repeated Roots

This type of computation continues through (D — r)k(xk—1e™),
showing e™, xe™, x%e™, ...xk"1e™ are all solutions of the
differential equation f(D)y = 0.
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The Auxiliary Equation: Complex Roots

Complex roots of polynomial equations with real coefficients come
in pairs of complex conjugates, so if o+ i is a root, so is a — if3.
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The Auxiliary Equation: Complex Roots

Complex roots of polynomial equations with real coefficients come
in pairs of complex conjugates, so if o+ i is a root, so is a — if3.

If a4 i is a solution of the auxiliary equation, we can show
e cos(/x) and e**sin(8x) are both solutions of the differential
equation. This can be done as follows:
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The Auxiliary Equation: Complex Roots

Complex roots of polynomial equations with real coefficients come
in pairs of complex conjugates, so if o+ i is a root, so is a — if3.

If a4 i is a solution of the auxiliary equation, we can show
e cos(/x) and e**sin(8x) are both solutions of the differential
equation. This can be done as follows:

f(m) will have factor
(m—[a+ip))(m—[a—i8]) = (m—a)?+ F2. Thus
f(D) =g(D)[(D — a)? + 3?] for some operator g(D).
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The Auxiliary Equation: Complex Roots

Complex roots of polynomial equations with real coefficients come
in pairs of complex conjugates, so if o+ i is a root, so is a — if3.

If a4 i is a solution of the auxiliary equation, we can show
e cos(/x) and e**sin(8x) are both solutions of the differential
equation. This can be done as follows:

f(m) will have factor
(m—[a+ip))(m—[a—i8]) = (m—a)?+ F2. Thus
f(D) =g(D)[(D — a)? + 3?] for some operator g(D).

(D — a)(e*sin(5x)) =
ﬂeax cos(X) + ae™sin(Ox) — ae® sin(x) = [Fe** cos(HX).
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The Auxiliary Equation: Complex Roots

(D — a)*(e™sin(Bx))) = (D — a)(D — a)(e**sin(5x))) =

(D — a)[Be* cos(Bx)] =

B—Be* sin(Bx) +ae™ cos(BX) — > sin(3x) = —[3%€**sin(Bx).
We thus get

[(D—a)?+3?](e®*sin(Bx)) = — 3% sin(Bx)+3%esin(3x) = 0.
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Multiple Complex Roots

If « +i8 occurs as a root with multiplicity kK > 1, then we get:
e cos(/3x ), e** sin(Bx),

Xe** cos(x ), xe**sin(x),

x2eX cos(x ), X2 sin(5x),

xk=1e® cos(x), xk~Le™ sin(3x)
are all solutions of the differential equation.
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Nonhomogeneous Equations

Consider two distinct solutions Y1, Y2 of a nonhomogeneous linear
differential equation f(D)y = g(x).
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Nonhomogeneous Equations

Consider two distinct solutions Y1, Y2 of a nonhomogeneous linear
differential equation f(D)y = g(x). It follows that

f(D)(y1 —y2) =f(D)yr — f(D)y2 = g(x) —g(x) = 0.
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Nonhomogeneous Equations

Consider two distinct solutions Y1, Y2 of a nonhomogeneous linear
differential equation f(D)y = g(x). It follows that

f(D)(y1 —y2) =f(D)y1 — f(D)y2 = g(x) —g(x) = 0.
In other words, the difference between two solutions of a

nonhomogeneous differential equation is a solution of the related
homogeneous equation.
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Nonhomogeneous Equations

Consider two distinct solutions Y1, Y2 of a nonhomogeneous linear
differential equation f(D)y = g(x). It follows that

f(D)(y1 —y2) =f(D)yr — f(D)y2 = g(x) —g(x) = 0.

In other words, the difference between two solutions of a
nonhomogeneous differential equation is a solution of the related
homogeneous equation.

Consequence: If we find any particular solution y, of a
nonhomogeneous equation and Yy, is the general solution of the
related homogeneous differential equation, then y, + Y, is the
general solution of the nonhomogeneous equation.
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Nonhomogeneous Equations

Consider two distinct solutions Y1, Y2 of a nonhomogeneous linear
differential equation f(D)y = g(x). It follows that

f(D)(y1 —y2) =f(D)yr — f(D)y2 = g(x) —g(x) = 0.

In other words, the difference between two solutions of a
nonhomogeneous differential equation is a solution of the related
homogeneous equation.

Consequence: If we find any particular solution y, of a
nonhomogeneous equation and Yy, is the general solution of the
related homogeneous differential equation, then y, + Y, is the
general solution of the nonhomogeneous equation.

So, once we solve the related homogeneous equation, we just have
to find one solution of the nonhomogeneous equation.
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Solving a Nonhomogeneous Equation

If g(x) involves only polynomials, exponentials, sines or cosines, or
sums and products of such functions, a particular solution can be
found by the Method of Undetermined Coe Lciehts or Judicious

Guessing.
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Solving a Nonhomogeneous Equation

If g(x) involves only polynomials, exponentials, sines or cosines, or
sums and products of such functions, a particular solution can be
found by the Method of Undetermined Coe Lciehts or Judicious

Guessing.

We take the individual terms of g(x) along with all their
derivatives, of all orders, ignoring constant coefficients.
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Solving a Nonhomogeneous Equation

If g(x) involves only polynomials, exponentials, sines or cosines, or
sums and products of such functions, a particular solution can be
found by the Method of Undetermined Coe Lciehts or Judicious
Guessing.

We take the individual terms of g(x) along with all their
derivatives, of all orders, ignoring constant coefficients. With the
form for g(x) given, this will be a finite set. It may be very tedious
to find all of them, but it is a routine, mechanical task.
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Solving a Nonhomogeneous Equation

If g(x) involves only polynomials, exponentials, sines or cosines, or
sums and products of such functions, a particular solution can be
found by the Method of Undetermined Coe Lciehts or Judicious
Guessing.

We take the individual terms of g(x) along with all their
derivatives, of all orders, ignoring constant coefficients. With the
form for g(x) given, this will be a finite set. It may be very tedious
to find all of them, but it is a routine, mechanical task.

Some linear combination of this collection of terms will be a
solution of the differential equation. We can find which one by
writing down an arbitrary linear combination, plugging it into the
differential equation, and then equating like coefficients on the two
sides.
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Solving a Nonhomogeneous Equation

If g(x) involves only polynomials, exponentials, sines or cosines, or
sums and products of such functions, a particular solution can be
found by the Method of Undetermined Coe Lciehts or Judicious
Guessing.

We take the individual terms of g(x) along with all their
derivatives, of all orders, ignoring constant coefficients. With the
form for g(x) given, this will be a finite set. It may be very tedious
to find all of them, but it is a routine, mechanical task.

Some linear combination of this collection of terms will be a
solution of the differential equation. We can find which one by
writing down an arbitrary linear combination, plugging it into the
differential equation, and then equating like coefficients on the two
sides.

This is reminiscent of the method of partial fractions used to
calculate integrals involving rational functions.
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