Mathematics 210 SOLUTIONS
Professor Alan H. Stein
Due Monday, October 29, 2007 This problem set is worth 50 points.

1. Find an equation tangent to the surface 2%+ 5xyz +y* + 2% = 80 at the point (2, —1,5).

Solution: 7(x? + bryz + y* + z3)‘(27_175) = (2z + bSyz, bz + 2y, bay + 322)'(2,—1,5) —
(—21,48,65), so an equation of the tangent plane is given by (—21,48,65) - (z,y,2) =
(—21,48,65) - (2,—1,5) or —21z + 48y + 65z = 235.

2. Find all critical points for the function f(z,y) = (1 —z)(1 —y)(x+y—1) and determine
whether they are relative extrema or saddle points.
Solution: f, =(1—-y)[(1—2)- 1+ (z+y—1)-(-1)]=(1—-y)(2— 22 —y)
fy= (- a)@2—2—2).

We thus need to solve:

1-y)(2-22-y)=0
(1—2)2—2—2y)=0

From the first equation, either y =1 or y = 2 — 2z.

From the second equation, either x =1 or x = 2 — 2.
One solution is thus z =1, y = 1.

If y=1and x =2 — 2y, we get the solution z =0, y = 1.
If x=1and y =2 — 2z, we get the solution x =1, y = 0.

Ify=2—2randz=2—-2y, wehaver =2—-2(2—2x2), v =42 —2,3x =2,z = 2. We
2

then get y =2 —2-2 = 2.
So we have four critical points: (0,1), (1,0), (1,1), (%, %)

fez = (1 =y)(=2) = 2(y — 1).

fey = Jyo = (L =9)(=1) + (2 =22 —y)(-1) = 20 + 2y - 3.

Sy =1 —2)(=2) =2(z - 1).

D = f3, = foolyy = Qu+2y = 3)* —4(z — 1)(y — 1).

At (0,1), (1,0) and (1,1), D is obviously positive, so each is a saddle point.

At (%, %), D = (—%)2 —4 (—%)2 < 0, so f has an extremum. Since f,, = —% < 0, the

extremum is a maximuin.

w
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3. Find all critical points for the function f(x,y) = 2* — 2(x — y)? + y* and determine
whether they are relative extrema or saddle points.

Solution: f, =42 — 4(x —y) = 4(2® — z + y).
fy=4a—y)+ 4P’ =4z +y° —y).
At a critical point, we need f, = f, = 0, so we obviously need z* — 2z + y = 0 and

r+1y> —y=0. It follows that (z* —z +y) + (x +y*> —y) = 0, so 23 +y> = 0. It follows
that y = —x.

We thus have 2% —z — 2 = 0, 2° — 22 = 0, 2(2> — 2) = 0, so either z = 0 or z = +/2.
We thus have critical points (0,0), (v2, —v/2), (—v/2,v/2).

fow = 4322 = 1), foy, =4, [y = 4(3y% — 1).

D= f2 — funfyy = 42— 4(322 — 1) - 4(3y% — 1) = 16[1 — (322 — 1)(3y% — 1)].

At (0,0), D = 0 so this test in inconclusive.

At each of the other points, D = 16[1 — 5%] < 0, so we have an extremum. At each of
those points, fy, =4(3-2—1) =20 > 0, so each in a minimum.

Note: we may examine the values of f near the origin more closely. Note f(x,x) = 2z2* >
0 = £(0,0) for x near 0, while f(x,—z) = 22* — 2(2z)? = 22 — 82% = 222(2? — 4) <
0= £(0,0) for |x| < 2, so the origin is actually a saddle point.

1,2 2

4. Find the points on the ellipsoid T + 4% + ;—5 = 1 closest to and farthest from the origin.

2

Solution: If we let f(z,y,2) = 2%+ y* + 22 and g(z,y,2) = Y2+ Z—, we need to

22
4
find the extreme values of f(z,y, z) subject to the constraint g(x

25
Y, 2) = 1.
Since v f = (2z,2y,22) = 2(z,y,2) and vg = (%,2y, g—g) = 5(252,100y,42), any
2 2
extremum must occur at a point where (x,y, z) = A(25z, 100y, 4z) and xz +y?+ % = L.
x? 22
We must therefore solve: z = 25 x, y = 100\y, z = 4z, 7T +y? + % = 1.
If x # 0, then \ = %, while if y # 0 then \ = ﬁ and if z # 0, then A\ = i. Thus, at

least two of x, y, z must be 0, while all three cannot be 0 since the origin is not on the
ellipsoid.

The extreme values must therefore occur at the points where the ellipsoid intersects the
coordinate axes. Those points are obviously:

(£2,0,0), (0,+£1,0), (0,0, +5).

Obviously, then, (0,1,0) and (0, —1,0) are the closest points and (0,0,5) and (0,0, —5)
are the farthest points.
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5. Find the shortest distance between the circle z>+y* = 1 and the curve 2%y = 16. Getting
to the point where you need to solve a system of equations in order to find possible points
where the curves are closest will be enough to earn full credit; actually finding the shortest
distance will earn extra credit.

Solution: Consider a point (z,y) on the circle and a point (u, v) on the other curve. The
closest distance between the circle and the curve will be the square root of the minimum
value of f(z,y,u,v) = (z —u)?> + (y — v)?, subject to the constraints 2> 4+ y? = 1 and
u?v = 16.

2

If we let g(z,y,u,v) = 2*> + y* and h(z,y,u,v) = uv, we can use Lagrange Multipliers

and solve:
VI=AVg+uvh
g(x,y,u,v) =1
h(z,y,u,v) = 16.
Since

Vf=<2(x—u),2(y —v),-2(x —u), —2(y —v) >,
Vg =< 2x,2y,0,0 > and
vh =<0,0,2uv,u? >,

we need to solve:

2(r —u) =\ 2x

20y —v) = A2y

—2(x —u) = p-2uv
—2(y —v) = p-u?

2+ =1

u?v = 16.

These easily simplify slightly to:

T—U=A\x
y—v=2»y

T — U= —puv
y —v = —guu’
24+ =1
u?v =16

From the first and third equations we get A\x = —puv.

From the second and fourth equations we get Ay = —% L.
A —Luu?
Hence, M L, SO
AT — puv
y lu
r 2v
From the first two equations, we can get: (x —u)\y = (y —v)A\x, so (z —u)y = (y —v)z,
v
TY — Uy = yr — vr, —uy = —UT, vy_7
r o
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1 2
We thus have EE = 2, (E) =2, v +v/2, u = vv/2.
v

voou \v
Since u*v = 16, we have (vv/2)%v = 16, 20° = 16, v* = 8, v = 2 and thus u = +21/2.
1 1
Since y_r_ we also have y_ 4 and z = £yv/2. Since 2% +1? = 1, we have

r u  u/v T V2

1 1 2
(Fyv2)2 + 2 =1, 202 + 7 = 1, 3y2=17y2=§,y=iﬁ andx:iyﬁzi\/;

Since 2%y = 16 is symmetric with respect to the y-axis, above the circle and the graph
falls totally in the upper half plane, there clearly will be two places where the curves are
closest, once in the first quadrant and once in the second.

In the first quadrant, we have (z,y) = (\/g, %) and (u,v) = (2v/2,2), so f(z,y,u,v) =
2 TIPSR RIS SRS Sy
(\@—2\/§)+(\/g 2>—2(\/§ 2)+(\/g 2)—?’(\/3 2)2.

1
The closest, distance is thus \/§(2 -—) = 2v/3 — 1.

V3

6. Use a double integral to find the area of the region in the first quadrant between z = 1

1
and z = 2 and beneath the curve y = —

Solution: Call the region D. The area = [[, dA = fl dx 1/3” dy = f1 dq:y|1/x

f1 dz(l/z) = ff 2 dz =In2 (by the definition of the natural logarlthm function).
(7-11): Rewrite each double integral as an iterated integral.
7. [, x* + 3zy dA, where D = {(z,y)[2z <y < bz + 3,0 <z < 10}.
Solution: [[, 2+ 3zydA = flo dx f5x+3 dy(z* + 3zy).
8. [[,x* + 3zydA, where D is the circle with center at (—3,5) and radius 2. Set up the

iterated integral so that the integration is done first with respect to y.

Solution: The equation of the circle may be written in the form (z+3)*+ (y —5)% = 4.
Solving for y, we get (y —5)? =4 — (v +3)%, y — 5 = £+/4 — (z + 3)2,

y=>5++/4—(x+3)2

We thus have [[z* + 3zy dA = f dz f5+\/7”f_((g:§) dy(z? + 3xy).

9. [[,a* + 3zydA, where D is the circle with center at (—3,5) and radius 2. Set up the
iterated integral so that the integration is done first with respect to x.

Solution: The equation of the circle may be written in the form (x +3)*+ (y —5)? = 4.
Solving for x, we get (z +3)* =4 — (y — 5)}, v+ 3 = £/4 — (y — H)?,
r=-3++4—(y—5H)>~

We thus have [ 2?4 3zydA = f3 dy | . 3+\/7“44(yi2 dz(z* + 3xy).



Page 5 of 5

10. ffD 22 +3xy dA, where D is the region bounded by the lines z+y = 7, 5z +2y = 29 and

11.

y = 2x + 1. Set up the iterated integral so that the integration is done first with respect
toy.

Solution: We need to find where each pair of lines intersects. The region bounded by
th lines will be the triangle with those three points as its vertices. To find the points of
intersection, we solve each pair of equations simultaneously.

To solve x+y = 7, ba+2y = 29, we have y = 7T—xz, bx+2(7—x) = 29, be+14—2x = 29,
3z =15, x =5, y = 2. So the point of intersection is (5, 2).

Tosolvex +y =7, y=2x+1, wehavex + 2z +1)=7,3z+1=7,3x =6, x = 2,
y = 5. So their point of intersection is (2, 5).

To solve bx + 2y = 29, y = 2x + 1, we have bz + 2(2z + 1) = 29, bz + 4o + 2 = 29,
9z = 27, x = 3, y = 7. So their point of intersection is (3, 7).

To integrate with respect to y first, we need to divide the region at x = 3.

For 2 < x < 3, the bottom of the region is the line x 4+ y = 7, which may be written as
y =7 — x, and the top is the line y = 2x + 1.

For 3 < x < 5, the bottom is the same as before but the top is the line bx + 2y = 29,

which may be written as y = %.

We thus get ffD 22+ 3xydA = f23 dz IQIH dy(z? + 3zy) + f3 dx f7 (2 + 3zy)

[ @*+3xy dA, where D is the region bounded by the lines 24y = 7, 5242y = 29 and
y = 2x + 1. Set up the iterated integral so that the integration is done first with respect
to x.

Solution: To integrate with respect to x first, we must divide the region at y = 5.
For 2 < y < 5, the region is bounded on the left by the line x + y = 7, which may

be written as x = 7 — y, and on the right by 5z 4+ 2y = 29, which may be written as
29— 2y

For 5 < y <7, the region is bounded on the left by the line y = 2x + 1, which may be

written as x = , and on the right as before, by the line x = 2952y

We thus get ffDx + 3zydA = f2 dyf7 ; (2% + 3xy) —i—f5 dyf (22 + 3xy).



