Mathematics 115 SOLUTIONS
Professor Alan H. Stein

Due Wednesday, March 14, 2007

1.

(a)

This problem set is worth 50 points.

Using plain language and avoiding all use of mathematical notation, state the Prod-
uct Rule.

Solution: The derivative of a product is equal to the first factor times the derivative
of the second plus the second times the derivative of the first.

Using plain language and avoiding all use of mathematical notation, state the Quo-
tient Rule.

Solution: The derivative of a quotient is equal to the denominator times the deriva-
tive of the numerator minus the numerator times the derivative of the denominator,
all divided by the square of the denominator.

Using an appropriate blend of plain language and mathematical notation, state the

Chain Rule.
Solution: Given a composite function y = f o g(x), if we write y = f(u) with

dy dydu
U= g(X), then —— = ——.
9(x), then dx  dudx
Using plain language and avoiding all use of mathematical notation, write down a
strategy for calculating derivatives that will always work for functions built up from

basic, elementary functions.

Solution: Differentiate term-by-term. For each term, determine whether the term
is a basic elementary function, a product, a quotient or a composite function and
then apply the appropriate rule.

2. Calculate d (X3 tan X — 5X + 3).

dx

d
Solution: ax (X3 tan X — 5X + 3) = x® sec? X+ (tan X) - 3x* —5 = X3 sec? X+ 3x* tan X — 5.

3
3. Calculate d—( X )

dx

sin X

dx \ sin X sin® X sin? X

Solution: d ( X3 ) _ (sin X)(3x?) — X3 cos X _ 3x%sinXx — x? cos X

4. Calculate d (sin X cos(x*)).

Solution: g—x (sin X cos(x*)) = (sin x)

dx

& (cos(x4)) + cos(x?) - cos X = sinx(—sin(x')) -

4X3 + cos X cos(x?).
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d
5. Calculate — (sin X cos* X).
dx

d
Solution: —— (sinX cos? X) = (sinX)— (cos* X) + cos? X cos X = sin x4 cos® X(—sin X) +

dx

cos® X = cos® X — 4 sin® X cos® X.

dx

(6-7): Suppose the distance travelled along a straight path by an object is given by the
formula s = t3 + 5t + sint for t > 0, where t represents time, measured in seconds, and s
measures distance, measured in feet.

6. Find the average speed of the object over the time period m <t < 2m.

Solution: Over the time period, the object goes a distance (2m)% + 5 - 21 + sin 21 —
M2 + 5T + sinm] = 8 + 10m + 0 — m® — 5m — 0 = 7n® 4 57, so its average speed is

T + 5m
M +om _ 72 4 5 feet per second.

7. Find the instantaneous speed of the object when t = .

ds
Solution: Let v be the velocity. v = i 3t2 + 5+ cost, S0 V]j—yr = 3M2 + 5 + cosTl =

3m% +5—1 = 3n% + 4 and the instantaneous speed is 3n% + 5 — 1 = 312 + 4 feet per
second.

8. Find an equation for the line tangent to the graph of the function y = tan X at the point
(1/6,1//3).
Solution: Since y' = sec? X, we have y/‘zzw/ﬁ = sec?(11/6) = (2/+/3)? = 4/3. So the
slope of the tangent is 4/3 and its equation is y — 1/v/3 = (4/3)(x — 11/6).

9. Consider a function y = f(X) defined implicitly by the equation X = secy, y € [0,1/2) U
(m/2, pi]. Find a formula for its derivative. Eztra Credit: Get the formula for its deriva-
tive in terms of X and state the common name for the function T.

Solution: Note: The question was orginally given with a typo; the entire question will
be graded on an extra credit basis for those who did it.

d d d 1
Differentiating implicitly, ix (X) = ix (secy), so 1 = secy tan yd_il( an d_zl( = secytany’
Since X = secy, we have 1 + tan’y = sec’y, so 1 + tan?y = X2, tan’y = x% — 1,
dy 1

tan ::I:\/X2—1 and thUS —::t—
y dx Xv/x2 — 1
siny

dy 1
Si t =—— >0 fi 0,1, we have — = ————.
mce secy tany oty = ory € [0, 1], we have X |X!m

The common name for the function is arcsec.



Page 3 of 3

10. A 10 foot tall ladder is leaning against a vertical wall but the base of the ladder is

11.

slipping away at a rate of 2 feet per minute. How fast is the tip of the ladder slipping
down when it is 7 feet from the floor?

Solution: Let X be the distance from the base of the ladder to the wall and let y be
dx d
the height of the tip of the ladder. We know — = 2 and we want to find —y]y:7.

dt dt
d d
By the Pythagorean Theorem, we know X2 + y? = 100, so pm (X2 +y?) = pm (100) and
dx d dx d
thus QXE + 2yd_3t/ = 0. It follows that Xa + yd_¥ = 0. Also, wheny =7, (vjve have
x? 4+ 7% = 100, so x* = 51, X = v/51. Plugging these in, we get /51 - 2 + 7d—)t/ = 0,
dy 251
a7
2v/51

So the tip of the ladder is slipping down at a rate of feet per minute.

Extra Credit: Find a positive real number 6 such that |\/X—>5| < 0.01 whenever [x—25| <
d.

Solution: The following inequalities are equivalent:

lv/X — 5] <0.01

|v/X = 5||v/X + 5] < 0.01]y/X + 5]

X — 25| < 0.01]/X + 5].

Since X will be close to 25, we may assume X > 0, in which case [\/X + 5| > 5 and
0.01]v/X + 5| > .05.

It follows that if |x — 25| < 0.05, the |x — 25| < 0.05 < 0.01|/X + 5|. We may thus take
0 = 0.05.



