Verifying Trigonometric ldentities

A trigonometric identity is simply an identity involving
trigonometric functions. We learn to verify and spend time
verifying trigonometric identities because the practice we get
verifying trigonometric identities gives us practice simplifying
trigonometric expressions.

Verifying trigonometric identities depends on the standard basic
trigonometric identities. Everyone needs to be intimately familiar
with each of these.



The Standard Trigonometric Identities

The Basic Trigonometric |dentity

cos? 0 +sin?0 =1

This is the basic trigonometric identity, upon which most of the
others are based. It is essentially the Pythagorean Theorem in
disguise and is the basis of a total of roughly nine different
identities, each obtained by taking this basic identity and
subtracting either cos? 6 or sin?# from both sides, or taking one of
those identities and subtracting the square of one of the six
trigonometic functions from both sides.
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Subtract cos? 6 from both sides:
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This may also be viewed as

1 — cos2 6 = sin? 4.
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cos2 6 +sinf =1

Subtract sin® @ from both sides:
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This may also be viewed as

1 —sin%0 = cos? .
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cos2f +sin0 =1
Divide both sides by cos® 6
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cos? 6 ~ cos26
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Variations Using Division

cos20 +sin’f =1
Divide both sides by cos® 6
cos? 6 + sin% 9 1

cos2 6 ~ cos? 0
cos?f  sin%@

= sec?6

79 T o2
cos®f  cos® @ o
And we immediately get the variation

1+ tan?f = sec? 9
If we subtract tan?# from both sides, we get the identity
sec’f —tan’6 = 1.



Variations Using Division

cos20 +sin’f =1
Divide both sides by cos® 6
cos? 6 + sin% 9 1

cos2 6 ~ cos? 0
cos?f  sin%@

= sec?6

79 T o2
cos®f  cos® @ o
And we immediately get the variation

1+ tan?f = sec? 9

If we subtract tan?# from both sides, we get the identity
sec’f —tan’6 = 1.

If we subtract 1 from both sides, we get the identity
tan’ 0 = sec® — 1.
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Variations Using Division

cos20 +sin?0 =1
Divide both sides by sin? 6
cos2 ) + sin® @ 1

sin2 9  sin20




Variations Using Division

cos20 +sin?0 =1

Divide both sides by sin? 6

cos2 ) + sin® @ 1
2sin29_ )  sin20

c.os2 0 s!n29 _ 20

sin©@  sin“ 0




Variations Using Division

cos2f +sin?0 =1

Divide both sides by sin? 6
cos? 0 + sin? 0 1

sin?6 ~ sin?0

cos2f  sin’@
sin?0  sin’0 _. ]
This gives the variation
cot?f + 1 =csc? 6




Variations Using Division

cos2f +sin?0 =1

Divide both sides by sin? 6

cos? 0 + sin? 0 1
sin?6 ~ sin?0

cos2f  sin’@

sin20  sin?0

This gives the variation

cot?f + 1 =csc? 6

Subtracting cot? # from both sides gives the variation

csc2f — cot? 6 = 1.




Variations Using Division

cos?f +sin?f =1
Divide both sides by sin? 6
cos?  + sin? 0 1

sin? 6  sin?6
cos?f  sin?@
sinf  sin?6
This gives the variation
cot?f +1 = csc?
Subtracting cot? # from both sides gives the variation
csc?f — cot?f = 1.
Subtracting 1 from both sides gives the variation
cot?f = csc?f — 1.




The Really Basic Trigonometric ldentities

These identities come immediately from the definition of the
trigonometic functions.

> tanf = sin @

cos 6

> sect = c0159
_ 1

> cscl = ooy

> cotd = 524

> cotf = taae
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The strategy for verifying trigonometric identities is
straightforward, although carrying it out isn't always easy.
Every trigonometric identity, indeed, every identity, is of the form

Left Hand Side = Right Hand Side.

To verify such an identity, one starts with one of the sides and
simplifies it, using the rules of algebra and known identities, until it
is transformed into the other side.

A verification thus looks something like the following:

Left Hand Side = Something = Something Else = . ..

= --- = Right Hand Side
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Helpful Hints

There are a handful of ideas to keep in mind when simplifying
trigonometric identities.

> Keep the basic trigonometric identity cos? 6 + sin6 = 1 and
its variations in mind and use them whenever possible.

» Every trigonometric function can be written in terms of sin 6
and/or cos 6.

» Be prepared to rationalize.

By rationalizing, we refer to a technique similar to the one used for
rationalizing irrationals, making use of the following:

(1+sin#)(1 —sin@) = 1 —sin?H = cos? §

(1+ cosf)(1 —cosf) =1 — cos?f

These are analogous to (1 + /X)(1 — v/X) =1 —X.
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This example is in the text.

We will verify the identity 1 4 secX sinX tanX = sec®X.

We begin by writing everything on the left hand side in terms of
sinX and cosX:

1 +secXsinXxtanXx =1+ -sinX - *1—1—5'“)(

cos x cos x cos? x
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This example is in the text.

We will verify the identity 1 4 secX sinX tanX = sec®X.

We begin by writing everything on the left hand side in terms of
sinX and cosX:
1+secXsinXxtanx =1+

1+ (87%)2 = 1 + tan’x
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This example is in the text.

We will verify the identity 1 4 secX sinX tanX = sec®X.

We begin by writing everything on the left hand side in terms of
sinX and cosX:

1-+secxsinxtanx =1+ Gos | sinX - 22 =1+ z'or;2X =

14 (87X)2 = 1 + tan®x = sec? X

COos X




This example is in the text.

We will verify the identity 1 4 secX sinX tanX = sec®X.

We begin by writing everything on the left hand side in terms of
sinX and cosX:

1-+secxsinxtanx =1+ Gos | sinX - 22 =1+ 2'0“52 =

1+ (3nx)2 =1 4 tan? X = sec? X

Notice how each calculation is clearly true and doesn't really need
any explanation. There is no question about the correctness of this

verification.
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Another Example

We verify the identity sinX + sin’x = 1sin®x
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In this instance, we'll start with the right hand side.
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Another Example

We verify the identity sinX + sin’x = 1sin®x

cscx—1 "
In this instance, we'll start with the right hand side.
1-sin®?x _ 1-sin®?x  sinx _ (1=sin®x)(sinx) __ (1=sin®x)(sinx) . l+sinx
cscx—1 T ecsex—1  sinx 1—sin x - 1—sin x 1+sin x



Another Example

. . . . -2 1—sin? x
We verify the identity sinX +sin“X = 2.
In this instance, we'll start with the right hand side.
1-sin®?x _ 1-sin®?x  sinx _ (1—sin® x)(sinx) __ (1—sin? x)(sin x) Cl4sinx _
cscx—1 = cscex—1  sinx 1—sin x - 1—sin x I+sinx —
(1—sin? x)(sin x)(14sin x)

1—sin® x



Another Example

. . . . -2, 1-sin?x
We v.erl.fy the identity sin X —i—.sm X = o1
In this instance, we'll start with the right hand side.
1-sin®?x _ 1-sin®?x  sinx _ (1—sin® x)(sinx) __ (1—sin? x)(sin x) Cl4sinx _
cscx—21 ~ ecscx—1  sinx 1—sinx - 1—sinx 1+sinx
(1—sin® x)(sin x)(1+sinx) _ /_. .

o = (sinX)(1 + sinx)



Another Example

We verify the identity sinX + sin’x = 1sin®x

cscx—1 "
In this instance, we'll start with the right hand side.
1-sin®?x _ 1-sin®?x  sinx _ (1—sin® x)(sinx) __ (1—sin? x)(sin x) Cl4sinx _
cscx—1 = cscex—1  sinx 1—sin x - 1—sin x I+sinx —
(1—sin? x)(sin x)(14sin x)

= (sinx)(1 +sinx) = sinX + sin®x.

1—sin® x



Another Example

1—sin? x

We verify the identity sinX + sin>x = e
In this instance, we'll start with the right hand side.

1-sin®?x _ 1-sin®?x  sinx _ (1—sin® x)(sinx) __ (1—sin? x)(sin x) Cl4sinx _
cscx—21 ~ cscex—1  sinx 1—sin x - 1—sinx I+sinx —
(s e )L405) _ (ginx (1 4 sinX) = sinX + sin? X

This could have been done many other ways. That is generally the
case.



