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Abstract

Let G be a computable ordered abelian group. We show that the computable di-
mension of G is either 1 or w, that G is computably categorical if and only if it has
finite rank, and that if G has only finitely many Archimedean classes, then G has a
computable presentation which admits a computable basis.

1 Introduction

In this article, we examine countable ordered abelian groups from the perspective of com-
putable algebra. We begin with the definition and some examples of ordered abelian groups.

Definition 1.1. An ordered abelian group is a pair (G, <), where G is an abelian group
and < is a linear order on G such that if a <5 b, then a + g <5 b+ ¢ for all g € G.

The simplest examples of ordered abelian groups are the additive groups Z and Q with
their usual orders. Another example is ) Z, the restricted sum of w many copies of Z.
The elements of this group are functions ¢ : N — Z with finite support. To compare two
distinct elements g and h, find the least n such that g(n) # h(n) and set g < h if and only if
g(n) < h(n).

An abelian group is orderable if and only if it is torsion free. Therefore, all groups in this
article are torsion free. Also, since we consider only computable groups (defined below), all
groups in this article are countable.
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One of the fundamental problems in computable algebra is to determine which classical
theorems are effectively true. That is, we ask whether a classical theorem holds when all the
algebraic objects are required to be computable. To illustrate this perspective, consider the
following two classical theorems of field theory: every field has an algebraic closure, and a
field is orderable if and only if it is formally real. Rabin ([15]) proved that the first theorem
is effectively true, and Metakides and Nerode ([13]) proved that the second theorem is not
effectively true. That is, every computable field has a computable algebraic closure, but there
are computable formally real fields which do not have a computable order.

To apply the techniques of computability theory to a class of algebraic structures, we
must first code these structures into the natural numbers. In the case of ordered abelian
groups, this means that we choose a computable set G C N of group elements along with a
computable function 4+ : G x G — G and a computable relation <;C G x G which obey
the axioms for an ordered abelian group. The triple (G, +¢, <¢) is called a computable
ordered abelian group. For simplicity, we often drop the subscripts on 4+ and <g, and
we abuse notation by referring to the computable ordered abelian group as G. If H is an
abstract ordered abelian group and G is a computable ordered group such that H = G, then
G is called a computable presentation of H. The intuition is that GG is a coding of H into
the natural numbers to which we can apply the techniques of computability theory.

For completeness, we give a more general definition of a computable structure, which
agrees with the definition above for the class of ordered abelian groups. The most general
definition, which allows the possibility of infinite languages, is not needed here.

Definition 1.2. An algebraic structure 2 with finitely many functions and relations is com-
putable if the domain of the structure and each of the functions and relations is computable.
A computable presentation of a structure 98B is a computable structure 2 which is isomor-
phic to 8.

In this article, we consider only abstract ordered abelian groups which have some com-
putable presentation. Notice that this includes the examples given above, as well as most
naturally occurring countable examples. That is, it takes some work to build a countable
ordered group that has no computable presentation.

If an abstract ordered abelian group H has a computable presentation, then it will have
many different computable presentations. One of the goals of computable algebra is to study
how the effective properties of H depend upon the chosen presentation or coding. Consider
the following example. Downey and Kurtz ([2]) proved that there is a computable torsion
free abelian group which has no computable order and also no computable basis. Therefore,
the theorem stating that every torsion free abelian group has both an order and a basis is
not effectively true. In their proof, Downey and Kurtz gave a complicated coding of > Z
which diagonalized against the existence of a computable order. However, it is clear that
if the group > Z is coded in a “nice” way, then it will have a computable basis and the
lexicographic order described above will be computable.

The next reasonable question to ask is if every torsion free abelian group which has a
computable presentation also has one which admits a computable basis and a computable
order. The answer turns out to be yes, as shown for a basis in Dobritsa ([1]) and for an



order (which is a trivial consequence of Dobritsa’s work) in Solomon ([19]). Therefore, if a
computable torsion free abelian group does not have a computable basis or a computable
order, then it is a consequence of the coding as opposed to a fundamental property of the
abstract isomorphism type of the group.

Unfortunately, Dobritsa’s methods do not in general preserve orders. However, we will
prove that an analogue of Dobritsa’s result does hold for a wide class of computable ordered
abelian groups. (The terms from ordered group theory are defined after the introduction.)

Theorem 1.3. If G is a computable Archimedean ordered group, then G has a computable
presentation which admits a computable basis.

Theorem 1.4. If G is a computable ordered abelian group with finitely many Archimedean
classes, then G has a computable presentation which admits a computable nonshrinking basis.

The computable ordered abelian groups which are the least affected by issues of coding are
those for which there is a computable isomorphism between any two computable presentations.
Such groups are called computably categorical. More generally, we look at computable
structures up to computable isomorphism. That is, we regard two computable structures as
equivalent if there is a computable isomorphism between them. This intuition motivates the
following definition.

Definition 1.5. Let 2 be a computable structure. The computable dimension of 2 is the
number of computable presentations of 2 up to computable isomorphism. If the computable
dimension of 2 is 1, then 2 is called computably categorical or autostable.

A considerable amount of work has been done on the question of which computable di-
mensions occur in various classes of algebraic structures.

Theorem 1.6 ([3], [6], [8], [12], [13], [14], [16]). Every computable linear order, Boolean
algebra, abelian group, algebraically closed field, and real closed field has computable dimension
1 orw.

For several of these classes of structures, there are algebraic conditions which separate
the computably categorical structures from those which have computable dimension w. For
example, a computable linear order is computably categorical if and only if it has finitely many
successive pairs of elements, and a computable Boolean algebra is computably categorical if
and only if it has finitely many atoms.

These examples, unfortunately, give a picture that is too simple to hold in general. The
following theorem shows that for other classes of algebraic structures, there exist computable
structures which have finite computable dimensions other than 1.

Theorem 1.7 ([3], [10]). For each 1 < n < w, the following classes of algebraic structures
contain examples which have computable dimension exactly n: partially ordered sets, graphs,
lattices, and nilpotent groups.

The class of ordered abelian groups is interesting from the perspective of computable
dimension because these groups have both an addition function and an ordering relation. Of
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the examples listed above, only Boolean algebras have both functions and an ordering, but
for Boolean algebras, the order is definable from the meet and join. Furthermore, Goncharov
has proved two general theorems, the Unbounded Models Theorem and the Branching Models
Theorem (see [4]), stating conditions under which all computable structures from a particular
class of structures must have dimension 1 or w. For ordered abelian groups, neither of these
theorems appears to apply. However, our main result, Theorem 1.8, shows that computable
ordered abelian groups must have computable dimension 1 or w. Theorems 1.3 and 1.4 will
be established during the proof of Theorem 1.8.

Theorem 1.8. FEvery computable ordered abelian group has computable dimension 1 or w.
Furthermore, such a group is computably categorical if and only if it has finite rank.

If G has finite rank, then clearly G is computably categorical. In fact, not only are any
two computable presentations of G computably isomorphic, every isomorphism between two
computable presentations is computable. It remains to show that if G' has infinite rank, then
the computable dimension of G is w. We use the following theorem from computable model
theory to simplify our work.

Theorem 1.9 ([9]). If a countable model A has two computable presentations, A; and As,
which are AY but not computably isomorphic, then A has computable dimension w.

We split the proof of Theorem 1.8 into three cases. Since the interplay between the group
structure and the ordering can be quite complicated, we have to introduce new algebra in
each case to handle the internal combinatorics.

Theorem 1.10. If G is a computable ordered abelian group with infinitely many Archimedean
classes, then G has computable dimension w.

Theorem 1.11. If G is a computable Archimedean ordered group, then G has computable
dimension 1 or w. Furthermore, G is computably categorical if and only if G has finite rank.

Theorem 1.12. If G is a computable abelian ordered group with finitely many Archimedean
classes, then G has computable dimension 1 or w. Furthermore, G is computably categorical
if and only if G has finite rank.

In Section 2, we present some background material in ordered abelian group theory. In
in Section 3, we present the algebra necessary to prove Theorem 1.10, and we give the proof
in Section 4. In Sections 5 and 6, we describe the computability theory and the algebra,
respectively, used in the proofs of Theorems 1.11 and 1.3. We prove Theorems 1.11 and 1.3
in Section 7 and we prove Theorems 1.12 and 1.4 in Section 8.

The notation is standard and follows [17] for computability theory, and both [11] and [5]
for ordered abelian groups. The term computable always means Turing computable and we
use @., € € w, to denote an effective list of the partial computable functions. If we designate
a number n as “large” during a construction, let n be the least number which is larger than
any number used in the construction so far.



2 Ordered abelian groups

In this section, we introduce several useful concepts from the theory of ordered groups.

Definition 2.1. Let G be an ordered group. The absolute value of g € G, denoted by |g],
is whichever of g or —g is positive. For g,h € G, we say ¢ is Archimedean equivalent
to h, denoted g ~ h, if there exist n,m € N with n,m > 0, such that |g| < |nh| and
\h| <g |mg|. If g % h and |g| < |h|, g is Archimedean less than h, denoted g < h. G is
an Archimedean group if g & h for every g,h € G\ {0¢}.

The Archimedean classes of G are the equivalence classes under ~. Although technically
Og forms its own Archimedean class, we typically ignore this class and consider only the
nontrivial Archimedean classes.

In Section 5, we give a full discussion of Holder’s Theorem, but we state it here since it is
used in the proof of Lemma 3.5.

Holder’s Theorem. If G is an Archimedean ordered group, then G is isomorphic to a sub-
group of the naturally ordered additive group R.

Definition 2.2. Let G be a torsion free abelian group. The elements gg,...,9, € G are
linearly independent if, for all ¢y, ..., c, € Z, the equality

cogo +c1g1 + -+ ¢gn =0

implies that ¢; = 0 for all 7. An infinite set is linearly independent if every finite subset is
independent. A maximal linearly independent set is called a basis, and the cardinality of any
basis is called the rank of G.

If a torsion free abelian group is divisible, then it forms a vector space over Q. In this
case, these definitions agree with the corresponding terms for a vector space. Notice that if
g and h are in different Archimedean classes, then they are independent. Therefore, if G has
infinitely many Archimedean classes, then G has infinite rank.

Definition 2.3. If X = {z;]i € N} is a basis for G, then each g € G, g # Og, satisfies a
dependence relation (or equation) of the form

ag = CcoXo + -+ Ty,

where o € N, a # 0, and each ¢; € Z. A dependence relation is called reduced if a > 0 and
the greatest common divisor of a and the nonzero ¢; coefficients is 1.

Obviously, any dependence relation can be transformed into a reduced one by dividing.
Suppose g and h both satisfy the equation ay = coxg + -+ + ¢,z,. Then, a(g — h) = Og,
and since we consider only torsion free groups, g = h. Therefore, any dependence relation
(regardless of whether xy, ..., x, are independent) has at most one solution. It will also be
important that in reduced equation, the coefficient « is required to be positive.



Definition 2.4. For any X C G, we define the span of X to be the set of solutions to the
reduced equations ay = coxg+c1x1+ - - -+, where each x; € X. The span of X is denoted
by Span(X).

The notion of t-independence will be used to approximate a basis during the constructions.

Definition 2.5. The elements gy, ..., g, are t-independent if for all ¢g,...,c, € Z with
les|l < t, cogo + -+ cngn = Og implies that each ¢; = 0. The elements go,..., g, are t-
dependent if they are not t-independent.

Definition 2.6. A subgroup H is convex if for all x,y € H and all g € G, z < g < y implies
that g € H.

If H is a convex subgroup of G, then there is a natural order on the quotient group G/H.
The induced ordered on G/H is defined by a+ H <¢/y b+ H ifand only if a+ H = b+ H
ora+H # b+ H and a < b. In Section 8, we will use the fact that a + H </ b+ H implies
that a <g b.

3 Algebra for Theorem 1.10

Throughout Sections 3 and 4, G denotes a computable ordered abelian group with infinitely
many Archimedean classes.

Definition 3.1. B C G has the nonshrinking property if for all {b,...,b,} C B with
by ~ --- & b, and for all € Span(by,...,b,), if z # Og, then = ~ b;. A basis with the
nonshrinking property is called a nonshrinking basis.

We first establish, noneffectively, the existence of a nonshrinking basis.

Lemma 3.2. For any (possibly finite) independent set B = {by,by,...}, there is an in-
dependent set with the nonshrinking property B' = {b|, b, ...} such that for every i,
Span(by, ..., b;) = Span(by, ..., b).

Proof. Set by = by. For n > 0, consider all sums of the form cobj + -+ + cp—1b],_1 + cuby,
where ¢; € Z and ¢, # 0. These sums can lie in at most n + 1 different Archimedean classes,
so there is a least Archimedean class which contains one of these elements. Set ¥/, to be any
of these sums which lies in this least Archimedean class. Since ¢, # 0, b, € Span(b,...,b.,).

To verify that B’ has the nonshrinking property, assume that b, ~ --- ~ b; with
iy < --- < i,. Suppose there is an x € Span(bj ,...,b; ) such that x # 0g and v < bj,.
Then, z satisfies a reduced equation of the form ax = ¢; b +---+ ¢;,b; . Without loss of
generality, assume that ¢;, # 0. By our construction of B’, b can be expressed as a sum of
by,...,b; _1,b;, in which the coefficient of b;, is not zero. Replace b] in the equation for
by this sum and notice that the coefficient of b;, is not zero. Therefore, when 0] was chosen,
ax was one of the other elements considered, contradicting our choice of b . ]

The following two lemmas follow directly from Lemma 3.2 and Definition 3.1.



Lemma 3.3. Any finite independent set with the nonshrinking property can be extended to a
nonshrinking basis.

Lemma 3.4. If B is a nonshrinking basis and {by,...,b,} C B withby S by S -+ S by, then
for all x € Span(by, ..., b,), if v # Og, then by < .

The reason for working with a nonshrinking bases is that there are no “large” elements
which combine with other “large” elements to become “small”. To be more specific, suppose
B is a nonshrinking basis and x ~ y are represented by the reduced equations ax = ), _; ¢;b;
and [y = Zjej d;b;. Since o, 8 > 0, v < y if and only if afz < afy. To determine
if x < g, it suffices to compare the sums from the expressions afr = >, ,(8c;)b; and
afy =3 (ady)b;. Let X = {by|k € TUJ} and let Y be the set of all k& such that by € X
and by is an element of the largest Archimedean class occurring among the members of X.
Define 2’ = >,y (Bci)bi and y' = > .y (ad;)b;. Because B is a nonshrinking basis,
' =~ b, and ¥ = by for all k € Y. Therefore, 2’ < ¢y’ implies that z < y. On the other
hand, if 2/ = ¢/, then we can compare the parts of the sums for Sz and ay generated by the
basis elements in the second greatest Archimedean class in X. Assuming that x # y, we must
eventually find a largest Archimedean class within X for which the sums for afx and afy
restricted to the basis elements in X in this class disagree. Then x < y if and only if the
restricted sum for afBz is less than the restricted sum for afy.

We prove a sequence of lemmas, culminating in the main combinatorial lemma needed for
the proof of Theorem 1.10. Our eventual goal is to show that if we have a finite set Gy C G
with subsets C, P C G, satisfying particular conditions, then there is a map 0 : G, — G
which preserves + and <, which is the identity on P, and which collapses the elements of C
to a single Archimedean class. This property will allow us to diagonalize against computable
isomorphisms.

Lemma 3.5. Let g1,...,gx be elements in the least nontrivial Archimedean class of G such
that g; — g; = g; for all 1 <i# j <k. Thereis a map ¢ : {¢1,...,gr} — Z such that for all

1<wz,y,2 <k, go+ gy =g if and only if (g.) + (gy) = #(g:) and g, < g, if and only if
©(9z) < @(gy). Furthermore, if g, > Og, then ¢(g,) > 0.

Proof. Consider the Archimedean subgroup H = {g € Glg~ ¢1 Vg =05}, let by,...,b, € H
be independent positive elements such that each g; is dependent on {b1,...,b,}, and let ¢ be
such that each g; is actually ¢-dependent on {by,...,b,}. Each g; satisfies a unique reduced
equation ag; = ai1by + -+ + aub, in which 0 < a <t and each |o;| < t. Applying Holder’s
Theorem, fix an isomorphism ¢ : H — R such that ¢(b;) = 1 and assume ¥ (b;) = r; for
1< <n.

Look at all sums of the form 3; + Bory + - -+ + 3,7, in which each 3; € Z and |5;| < 2t3.
Because 1, ..., 7, are independent, the sums corresponding to different choices of coefficients
are different. Let ¢ € Q, ¢ > 0, be strictly less than the difference between any two distinct
sums of this form, let ¢ € Q be such that 0 < ¢’ < ¢/9nt3, and pick ¢, ..., g, € Q such that
r —qi| < ¢

Next, we prove four claims about sums involving the numbers r; and ¢;. Fix arbitrary
distinct sequences (aq, ..., a,), (B1,...,0a), and (71, ...,7,) such that each oy, 5;,7; € Z and

o], 18], [l < ¢2.



Our first claim is that for such sequences,

o+ aory + e apry < Pi A+ Porg + -+ By
S ap+aGat -+ QG < P+ g+ + Budn.

This claim follows because

(o1 + agry + -+ -+ ) — (@1 + Qogo + -+ 4 angn)| < nt?q’ < /9,
|(B1 + Barg 4 + Burn) — (Br + Bara + -+ - + Burn)| < nt’q < q/9,
and |(a1 + aoro + -+ - + ) — (Br + Bara + -+ + Burn)| > ¢.

Our second claim is that for all sequences as above, we have

(1 +org + -+ aptn) + (B + Barg + - + Burn) = (71 + Y2r2 + - + Yaln)
& (o1t 0nge + -+ angn) + (B + otz + - + Bun) = (M1 + 7202+ + Valn)-

Since 1,7y, ..., 7, are independent, we have that the top equality holds if and only if v; = a;+0;
for each i. Therefore, the (=) direction is clear. To establish the (<) direction, assume that
the bottom equality holds but the top does not. We get a contradiction by considering the
inequalities used to prove the first claim, together with the following inequalities:

(1 + 722+ + ) = (1 + 7%+ +7¢)| < q/9,
and |[(a1 + B1) 4+ (a2 + Bo)re + - + (n + Bo)rn] — (M +y2r2 + - +9m0)| > ¢

To verify the last inequality, notice that |o; + 3] < 2t3.

Let m be the least common multiple of the denominators of the reduced fractions gs, . . ., ¢,.
Let m’ = m - t!, and define p; = m/, po = m/qa,...,p, = m'q,. Notice that p; € Z and ¢!
divides p; for each 1.

Our third claim is that

CK1+0427”2+“‘+067L7’“<51+ﬁg7’2+“'+ﬁn7’n
S aipr + agpe + - 4y < Bip1 + Bape + - - 4 Bubn.

This claim follows from the first claim because

oupr+ -+ appn = m' (01 + azga + -+ angy)
and 61]71 + -+ 5npn - m,<51 + ﬂ2Q2 + -+ ﬁnQn)

Our fourth (and final) claim is that

(1 +aory + -+ aprn) + (B + Barg + - + Burn) = (71 + Y2ra + -+ + Yaln)
& (oapr + copa + -+ appn) + (Bipr + Bapa + -+ + Bapn) = (01 + Y22 + -+ - + Vabn)-

This claim follows from the second claim just as the third claim follows from the first claim.



For each g;, consider the unique reduced equation ag; = a1b; + - - - + a,b,. Since ¥ is a
homomorphism, the equation ax = aj + asrs - -+ + a1, has the unique solution x = ¥ (g;) in
R. Because t! divides each p; and 0 < a < ¢, we have that

ui:alﬁ—l—---qLan& e .
e Q@
Define ¢ by ¢(g:) = u;.
To verify that ¢ has the appropriate properties, fix z,y, 2 between 1 and k. There are
positive numbers «, 3, and 7y, and integer sequences (1, ..., ), (81, ..., Bn), and (1, ..., V)
with the absolute value of all numbers bounded by ¢ such that

agy = a1by + -+ + aypby, Bgy = Biby + -+ 4 Bubn, and vg, = Y101 + - + Yy

Because G is torsion free, g, + g, = g, if and only if af8vg, + afBvg, = afvg.. Since the
coefficients in the sums for a$vg,, aBvg,, and afBvg. are all bounded by ¢*, all four claims
apply to these sums. The following calculation proves that addition is preserved under .

9e +a gy = 9. & aByg: +c aByg, = aBvg.
& fy(oapr + -+ + aupn) +z oy (Bipr + - + Bupn) = af(mpr + - - - + Yabn)
& 1/afoapr + - ampn) +2 1/B(B1pr + -+ - + Bupn) = 1/7(1p1 + -+ - + Ynbn)
E Uy 7z Uy = U, & 0(g2) +z 0(gy) = ©(9:)

The following equivalences prove that < is preserved under .

9r < gy < afg. < aflg,
& Bloapr + -+ anpn) < a(Bipr + -+ + Bupn)
g 1/04(011])1 +o anpn) < 1/ﬁ(61p1 +-F ﬁnpn>
& Uy < uy S 9(g2) < p(gy)

Finally, the fact that g, > O¢ if and only if ¢(g,) > 0 is similar. O

Lemma 3.6. Let g1,...,gr be nonidentity elements such that g; = g; and g; — g; = g; for
all1 <i# 35 <k. Thereis a map ¢ : {g1,...,9x} — Z such that for all 1 < z,y,z < k,

9z + gy = g, implies that v(g,) + ©(gy) = ¢(g:), and g, < g, implies that p(g.) < ©(gy).
Furthermore, g, > Og if and only if ¢(g,) > 0.

Proof. 1f {g1, ..., gx} are in the least nontrivial Archimedean class, then we have the stronger
result of Lemma 3.5. Otherwise, let N = {g € G|g < ¢1} be the subgroup of elements
Archimedean less than ¢g;. The elements g1 + N,...,gr + N are in the least nontrivial
Archimedean class of G/N. Also, if g, # gy, then g, — g, ~ g, and so g, — g, € N. Therefore
if x # y, then g, + N # g, + N, so Lemma 3.5 applies to the elements g; + N,..., g + N in
G/N. The lemma now follows from the fact that ¢, < g, implies g, + N < g, + N and that
9z + gy = g, implies g, + N + g, + N = g, + N. O

Lemma 3.7. Let C = {g1,...,gm} be such that g1 5 gi S gm for each i. There is a map
0 : C'— G such that for all u,v,w € C, we have
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1. §(u) = gm,
2. u+v=w implies 6(u) + 0(v) = §(w), and
3. u < v implies 6(u) < 6(v).

Proof. First, fix a nonshrinking basis B for G and let {b,...,bx} C B be such that C' C
Span(by,...,b;) and b; < g for each i. Let ¢ be such that |c| < t for all coefficients ¢ used
in the reduced equations for elements of C' relative to {by,...,b;}. Thus, every element of C'
satisfies a unique reduced equation of the form ax = ¢1by + - - - + cpbg, with o < t and each
’Ci’ < t.

Second, divide {by,...,b;} (by possibly renumbering the indices) into {by,...,b;} U
{bjs1,...,bp} where g1 S b; S g forall ¢ < jand b; < gy for all i > j. Let A= {by,...,b;}.
Without loss of generality, assume that A C C' (by expanding C' if necessary). Let C” be the
set of elements of GG corresponding to the sums ZZ:1 cib; for every choice of coefficients with
’Ci’ S t3.

Since C' is finite, it intersects a finite number r of Archimedean classes. Further partition
A (again renumbering the indices if necessary) into

by~ =Rbg Lbgp1~- by, Kbgyyr- <L bg, 41 ~--~Dj.

For notational convenience, let dy = 0, d, = j. Therefore, each Archimedean class within
C is generated by bg,_,41,...,bq, for some 0 < y < r. Let A, = {bg,_,41,...,bq,} and
D, = Span(A,) N (CUC"). When we have to verify statements for each D,, we will typically
verify it for D; and note that the proofs for the other D, are the same up to a change in
subscripts.

The point of this notation is to think of dividing C' U C" into various categories. Each
D, has the property that all of its elements are Archimedean equivalent and, because our
basis is nonshrinking, the difference between any two distinct elements still lies in the same
Archimedean class. Therefore, Lemma 3.6 can be applied to each D,. We will fix the images
of these elements under ¢ first.

There are also elements x € Span(A) such that z ¢ D, for any y. Each b; € A is in some
D, set, so §(b;) is already defined. Therefore, we can use the fact that the elements in Span(A)
are all solutions of equations over A to define the images of the elements of Span(A) — UD,,.
Finally, there are the elements that involve the basis elements {b;11,..., b}, and we fix the
images of these elements last.

We begin by applying Lemma 3.6 to each D, to define maps ¢, : D, — Z such that for
all u,v,w e D,

u+v=w= @, (u)+ p,(v) = g, (w),
u < v = p,(u) < p,(v), and u > 0g < @, (u) > 0.

(1)

Next, we define a map ¢ : UD, — Z such that for all u,v,w € UD,,

utv=w= p(u)+e) = pw)
u<v=pu) <ep), and u >0 < @(u) > 0.
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We define ¢ on each D, by induction on y, verifying at each step that Equation (2) holds.
For x € Dy, set o(x) = tlp;(z). It is clear from Equation (1) that Equation (2) holds for all
u,v,w € Dq. Let M; be such that M; > |¢(x)| for all z € Dy.

For z € Ds, set p(x) = Mitlps(x). Define My such that My > |p(z1)] + |¢(z2)] for all
x1 € Dy and zy € D,. To see that ¢ satisfies Equation (2), let w,v,w € DyUDy. If u+v = w,
then either u, v, w € D; or u,v,w € Dy, so Equation (1) implies that + is preserved. Similarly,
if u,v € Dy or u,v € D», then it is clear that < is preserved. Consider v € Dy and v € Ds.
Then, u < v implies that either u,v are both positive or else u is negative and v is positive.
In the first case, ¢1(u) and ¢o(v) are both positive, so p(u) < ¢(v) follows from the fact that
@(u) < M;. In the second case, ¢;(u) is negative and 9(v) is positive, so p(u) < ¢(v). The
cases for u € Dy and v € Dy are similar.

We proceed by induction. For all x € D,, set ¢(x) = M,_tlp,(x) and define M, such
that M, > |p(x1)|+ - -+ |¢(z,)| for all choices of ; € D;. The verification that Equation (2)
holds is similar to the case of y = 2 done above. Also, the fact that for all x € UD,,, z > 0g
if and only if p(x) > 0 follows from the fact that this holds for each ¢,,.

Fix h € G such that h = g, and h is positive. We begin to define the map § by setting
d(x) = p(z)h + x for all x € UD,,. In particular, 6(b;) is now defined for all b, € A.

To give an equivalent definition for d(x), assume x € D; and x satisfies the reduced
equation axr = a1b; + -+ - + ag,bg,. By the proof of Lemma 3.5 and the fact that b; € D,
for 1 < i < dy, we have apy(x) = aqp1(by) + -+ + g, p1(ba, ). Multiplying by ¢! shows
ap(x) = arp(by) + - - - + ag,(bg, ), which gives us

ad(z) = ap(x)h + ax =
= (Ckl(tp(bl) +-o-t C(dlgp(bd1))h + (albl +ot ad1bd1) =
= &15(()1) + -4 ad15(bd1)-

Therefore, once we have defined 0(b;) = (b;)h + b;, we can define 6(x) to be the unique
solution to
axr = a16(by) + - -+ + g, 0(bay ).

(By the calculations above, this equation does have a solution.) The same calculations with
different subscripts give analogous results for each D,.
Before continuing with the definition of ¢, we verify that for all u,v,w € (UD,) N C"’,

u+v=w=6(u)+dw)=90w)and u<v=45§u) <)

To see that < is preserved, notice that u < v implies that ¢(u) < ¢(v), which in turn implies
that 0(u) = p(u)h +u < @(v)h +v = 6(v). To see that + is preserved, it is easiest to
use the definition of ¢ in terms of solutions of equations. Without loss of generality assume
that u,v,w € D;. Since they are also in C’, they satisfy equations u = ayby + - - - + ayg, by, ,
v=0b+ -+ B4,04,, and w = 10y + -+ + Vg, b4, If u+ v =w, then o; + B; = 7; for each
1 < dy. Therefore,

ala(bl) +---t ad16(bd1) + ﬁlé(bl) +oeee Bdlé(bdl) = /715([)1) +ooe At ’7d15<bd1)7
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and hence §(u) 4+ §(v) = 6(w). The same argument works for any D, with the appropriate
index substitutions.

Next, consider x € Span(A), write ax = a1by +- - - +a;b; as a reduced equation, and recall
that 0 < o < t. Define p(x) as the solution to ax = ayp(b1) + - - - + a;¢(b;). The fact that
t! divides each ¢(b;) guarantees that ¢(z) € Z. If x € D,, this definition agrees with value of
¢(x) we have already assigned. Set 0(z) = p(x)h+x, and as above, notice that this definition
is equivalent to defining d(z) as the solution to az = a;0(by) + --- + ;6(b;). Because this
equation is equivalent to

oz = (Oélw(bl) + -+ OéJQO(b]))h + (albl + -+ Oéjbj),

and because « divides each (b;) as well as a;by +- - - +;b;, this equation does have a solution.
Again, we verify some properties before finishing the definition of 9. We have now defined
0 for all elements of C’. The argument that for all u,v,w € C’,

u+v=w=6(u)+iv)=7dw)and u<v=0(u) <)

is essentially the same as for (UD, )NC". Also, we verify that for all z € Span(A), z > O¢ if and
only if p(z) > 0. Fix = and suppose it satisfies the reduced equation oz = ayby + - - - + a;b;.
Consider the largest Archimedean class with nonzero terms in ayb; + - - - 4+ a;b;. Let z be the
element of C’ which is the restriction of the sum a;b; +- - - 4+a;b; to the terms from this largest
Archimedean class. Because our basis is nonshrinking, z lies in this largest Archimedean class,
and hence it determines whether z is positive or not. Therefore, x > O if and only if z > 0.
Since z € D, for some y, we have already verified that z > O¢ if and only if ¢(z) > 0. Finally,
since ¢(z) is a multiple of M,y and M, ; is larger than any sum of images of elements
of smaller Archimedean classes under ¢, we have that ¢(z) determines the sign of ¢(z).
Altogether, these equivalences imply that x > O if and only if p(z) > 0.

To finish the definition of §, consider a remaining element g; and assume g; is a solution
to the reduced equation oz = ¢1by + -+ - + ¢;b; + ¢j41bj41 + -+ - + by, Since g; ¢ Span(A),
there must be at least one ¢; # 0 for i > j. Define 6(g;) to be the solution to

azZ = Clé(bl) —f- s —f- Cjé(bj) + Cj+1bj+1 + s —|— Ckbk.

As above, this equation does have a solution. Also, this definition for § agrees with our earlier
definitions in the case that g; € UD,, or g; € Span(A). Therefore, it can be taken as the final
definition covering all cases.

It remains to verify the properties of §. First, we show that for all g; € C, §(¢;) = h
and hence 0(g;) &~ gmn. Suppose g; > Og satisfies ag; = ai1b;y + -+ + agbg, and consider
2 =oa1by + -+ ajb; € C'. If g; > Og, then z > 0, and hence p(z) > 0. Since §(z) =
©(z)h + z, we have §(z) > ¢(z)h, and since z T gm, it follows that 6(z) ~ h. Because
Qjp1bjp1 + -+ apbp < g1, we get 0(2) + aj1bj41 + - - + agb, = h. Dividing by a cannot
change the Archimedean class, so §(g;) = h. The argument for g; < O is similar.

Second, we check that < is preserved. Assume g; satisfies the equation above and g;
satisfies Bg; = B1b1 + - - - + Bpbi. If g; < g;, then afBg; < afBg; since a and 3 are positive. We
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therefore have

ﬁ(albl + -+ Oéjbj) + /B(ajJrlijrl + -+ Oékbk)
< a(Biby + -+ Bbj) + a(Bji1bjpr + - + Brbr).

We claim that this implies that S(aib; + -+ - + a;b;) < a(Biby + -+ + §;b;). If not, then
Blagby+---+a;bj) > a(fibi+- - -+ 5;b;). Since our basis is nonshrinking, both of these sums
are Archimedean greater than the parts involving b; 11, . .., bg. Therefore, G(a b+ - -+a;b;) >
a(fiby + - - + B;b;) implies that aBg; > afg;, which is a contradiction.

There are now two cases to consider. If S(anby + -+ + a;b;) = a(fiby + -+ + B;b)),
then Oéﬁgz < Oéﬁgj 1mphes that 6(aj+1bj+1 + -+ Oékbk) < Oé(ﬁj+1bj+1 + -+ ﬁkbk) AISO,
since the elements z = [(ayb; + --- + a;b;) and y = a(Biby + --- + B;b;) are in ', we
have that = y implies 6(z) = §(y). However, afB0(g;) = 0(z) + B(ajr1bji1 + -+ + agby)
and af0(g;) = 6(y) + a(Bjt1bj41 + -+ - + Brby). Therefore, af(g;) < aBd(g;) and hence
8(91) < 8(g;).

The second case is when B(onby + -+ - + ob;) < a(Biby + - - - + B;b;). In this case, with z
and y as above, x < y and so d(z) < §(y). However, d(x),d(y) ~ h and so are Archimedean
greater than b; q, ..., by. Therefore, aB3(g;) < aB(g;) and 6(g;) < I(g;).

Last, we check that + is preserved. Let g; and g; satisfy reduced sums as above and let g
satisfy vg; = v1b1 + - - - + Wbi. If g, + g; = g1, then aByg; + aBvg; = aBvyg. Since our basis
is nonshrinking,

By(aiby + - a;b;) + ay(Biby + -+ Bby) = aB(yiby + - - ;b5)
and 0y(aj1bjir + - - - arbr) + @y (Bjabjrn + - - - Brbr) = aB(Vrbjra + - - ibr).

The terms in the top equation are in C’, so the addition is preserved by §. The terms in
the bottom sum are not moved by . Therefore, af3vd(g;) + a8v6(g;) = aBvd(g) and so

6(gi) +9(g;) = 0(qu)- O

The following lemma expresses the main combinatorial fact needed to do the diagonaliza-
tion in the proof of Theorem 1.10.

Lemma 3.8. Let Gy, C G be a finite set with two subsets P = {p1,...,pn} C Gy (called the
protected elements) and C = {gi,...,gm} C Gy (called the collapsing elements). Assume that
the elements of C satisfy g1 < 9i S gm for each i. Let G' = {g € Glg1 £ 9 < gm}- Assume
that Gs N G' = C and Span(P) N G' = 0. Then, there is a map 0 : G, — G such that the
following conditions hold.

1. For all z € Span(P) N Gy, §(x) = z.
2. Forall1 <i<m, 0(g;) = gm-
3. Forallx,y,z € Gs, x+y = z implies 6(z) +(y) = 0(2) and v < y implies §(x) < 6(y).

Proof. Apply Lemma 3.2 to get P’ = {p/,...,p,} such that P is independent, has the non-
shrinking property, and satisfies Span(py,...,p,) = Span(p},...,p.,). Let B = {b;]i € w} be
a nonshrinking basis for GG that extends P’.
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Run the construction of Lemma 3.7 using the basis B to obtain § : C' — G. We use the
same notation as in the proof of Lemma 3.7. That is, by possibly renumbering the indices in
B, we assume that j < k are such that C' C Span(by,...,bs), 1 S bi < gm for all i < j, and
b; < g1 for all j < i < k. Furthermore, let [ > k be such that G5 C Span(by,...,b).

To extend 0 to G, write x € G as the solution to the reduced equation ax = c1b1+- - -+¢;by
and define §(x) to be the solution to

Az = Clé(bl) + s —|— Cj(;(bj) + Cj+1bj+1 + - —I— Clbl‘

The verification that this equation has a solution and that + and < are preserved under ¢
is essentially the same as in Lemma 3.7. Therefore, we restrict ourselves to showing that
< is preserved. By possibly increasing k£ and renumbering indices, we can assume that
brit,--.,b; > gm. Suppose u,v € G, satisfy the reduced equations au = a1b; + - - - + ayb; and
Bv = Bibi+- - -+Gb. Ifu < v, then afu < afv, and so B(a1b1+- - -+ayby) < a(Bibi+- - -+ Gib).

We now split into cases. Let © = B(ay1bpy1 + -+ auby) and y = a(Bry1bkr1 + - -+ Giby).
Notice that § does not move = or y and also, since our basis is nonshrinking, that g,, < x,y.
Therefore, if x < y, then afd(u) < afd(v) since the parts of the sums for §(u) and 6(v)
which are distinct from x and y generate elements which are $ g,,. Similarly, if y < z, then
afu > afv, which is a contradiction. If x = y, then to determine which of a3d(u) and a5 (v)
is larger, we examine a(3d(u) — x and a3d(v) — y. In this case, we are back within the realm
of Lemma 3.7 and the argument there applies.

It remains to check that §(x) = « for all x € Span(P) N Gs. Let x € Span(P). Because
Span(P’) U G" = (). We can assume without loss of generality that the elements of P’ are
among the basis elements b;;1,...,b. Therefore, x can be written in the form

ar = Cj+1bj+1 + -+ Clbl

since the other basis elements are not needed to generate x. The definition of § shows that
d(z) = x as required. O

4 Proof of Theorem 1.10

This section is devoted to a proof of Theorem 1.10. Fix a computable ordered abelian group
G which has infinitely many Archimedean classes. By Theorem 1.9, it suffices to build a
computable ordered abelian group H with a AY isomorphism f : H — G, and to meet the
requirements

R.: p.: G — H is not an isomorphism.

In this context, an isomorphism must preserve order as well as addition.

We use w for the elements of H. At stage s of the construction, we have a finite initial
segment of w, denoted Hy, and a map f, : H;, — G, with range GG;. We define the operations
on H by xz+y = z if and only if there is an s such that fs(z)+ fs(y) = fs(z) and < y if and
only if there is an s such that fs(x) < fs(y). To insure that these operations are well defined
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and computable, we require that for all s

fo(@) + [o(y) = [o(2) = Yt = s (fix) + fuly) = fi(2))
and fi(z) < fu(y) =Vt = s (fulz) < fi(y)).

We let f = lim, f,. To insure that f is well defined and A9, we also meet the requirements
S+ lim fi(e) exists.

The priority on these requirements is Ry < Sp < Ry < 51 < ---.

The strategy for S, is to make fs,1(e) = fs(e). The strategy for R, is to pick witnesses
We,p and we; from G which currently look like w, g % we 1. R. then waits for ¢.(w.p) | and
Ye(weq) |. If it looks like @e(wep) % Ye(we,1) (Which we measure by looking at the elements
fs(pe(wep)) and f(pe(weq))), then we apply Lemma 3.8 to change the map f; to a map
fs+1 which forces foi1(we(weo)) = foi1(we(we1)). This action may move the images of all
the elements in Hy which are between the Archimedean classes for ¢.(weo) and @e(we1). Re
then wants to restrict any other R; requirement from changing fi(¢e(we)) or fi(@e(we)) at
a later stage.

There are some obvious conflicts between the requirements. R, needs to change the images
of certain elements, but it doesn’t know which elements until the witnesses w.; stabilize and
the functions p.(w,;) converge. Both R, and S. want to restrain other requirements from
moving particular elements. To see how to resolve these conflicts consider Ry, Sy, and R;. Ry
can act whenever it wants to, and once Ry has acted, Sy is can prevent f,(0) from changing
ever again. R; cannot change f,(0), fs(wo(wop)), or fs(po(wo1)). The span of these three
elements, however, can intersect at most three Archimedean classes. Therefore, we give R;
8 witnesses, wy; for ¢ < 7. If py(wy,;) | for all ¢ < 7, and fs(p1(w1s)) % fs(e1(wy,;)) for
¢ # 7, then by the Pigeonhole Principle there must be two witnesses w;,; and w; ; for which
fs(pr(wi)) < fs(pi(wi;)) and

Span(fs(0), fs(wo(wo,)), fs(wo(wo,1))) N{g € G| fs(o1(wn,) é g é fs(pr(wi )} = 0.

Thus, by Lemma 3.8, there is a way to protect 0, fs(¢o(wo0)), and fs(¢o(wo,1)) while forcing
fsr1(pr(wig)) = fosr(o1(way)).

In general, we define a function 7(e) and let R, have 7(e) many witnesses. Let 7(0) = 2
and 7(e +1) = 2(e+ 1+ > ,..7(i)) + 2. There are e + 1 S; requirements (each with one
number to protect) of higher priority than R, and each R; with i < e has 7(i) witnesses to
protect. Therefore, there are e + 1+ ) . 7(i) many numbers protected by requirements of
higher priority than R..; and the span of these numbers intersects at most e + 1 + Y ice T(1)
many Archimedean classes. 7(e) is defined to be the smallest number of witnesses that will
guarantee R.,; has some pair that can be collapsed to the same Archimedean class without
moving the elements protected by the higher priority requirements.

Definition 4.1. Let F' C G be a finite set. For x,y € F', we define
v~y Fu,0 < s (w0 > 0 Aula > [y Avly] > o).

If x %, y and |z| < |y|, then x <5 y.
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The following lemma follows immediately from this definition.

Lemma 4.2. For all z,y € G, v = y < Js(x ~; y), © =y y = YVt > s(x ~; y), and
r <Ly e Vs(r <5 ).

Construction
Stage 0: Let Hy = {0}, Go = {0¢}, and fy(0) = Og.

Stage s + 1: The first step is to define what appear to be the w-least representatives for the
Archimedean classes. Define a] € G by induction on ¢ until every x € G, x # O, satisfies
x =, a; for some aj. Let ay be the w-least strictly positive element in G. Let a;,; be the
w-least element of G such that aj ; %, aj for all 7 <i. Let A, be the set of the a;.

The second step is to assign witnesses to the R, requirements by induction on e. We
continue to assign witnesses until the elements of A, are all taken. By induction on e we
assign R, 7(e) many witnesses, w},; for i < 7(e), which are chosen from A, in increasing
w-order and which are removed from A, once they are chosen. For each R, which has a full
set of witnesses, R, is active if either R, did not have a full set of witnesses at the previous
stage, or one of R,’s witnesses has changed, or R, has the same witnesses and was active at
the end of the previous stage. Otherwise, R, is not active.

We say that R. needs attention if R, is active, ¢, (w:;) | for all i < 7(e), and
fs(@es(W;)) #s fo(@es(ws;)) for all i # j. Consider the least e such that R, needs at-
tention. (If no R, needs attention, then proceed as if the search procedure below ended
because of option (1).) Run the following two search procedures concurrently.

1. Search for some i # j for which f,(pe s(w?;)) = fi(pe,s(ws;))-
2. Search for some i # j and a map 0 : G; — G such that

(a) 6(z) = x for all x = fy(k) with & < e and all © = f,(prs(wy,;)) with k& < e,
I < 7(k), and @y c(wy ;) |.

(b) For all z,y,z € G, x +y = z implies §(z) + d(y) = §(z), and = < y implies
d(z) < o(y).

(€) 0(fs(pes(w?;))) = 0(fs(pes(we5)))-

At least one of these search procedures must terminate (see the verification below).

If the search in (1) terminates first, then let ng be the w-least element of G — G5 and
let ng be the w-least number not in Hy. Define Gy = G5 U {n¢}, Hsp1 = Hs U {npy},
fst1(z) = fs(z) for all x € Hy, and fo1(ng) = ne.

If the search in (2) terminates first, then let {g1,...,9m} = Gs — range(d), let ng be the
w-least element in G — (G Urange(d)), and let ry, ..., 71 be the m+ 1 w-least numbers not
in Hy. Define Hypy = HiU{ry,...,"mi1}, Gsy1 = Gs Urange(0) U {ng}, fer1(x) = d(z) for
all v € Hy, foy1(r;) = g; for i < m, and fe1(rme1) = ng. Declare R, to be not active, and
for all R; with ¢ > e, if R; is not active, declare it to be active. We say that R, acted at stage
s+ 1.

End of construction
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Lemma 4.3. The following properties hold of this construction.
1. U,Gs =G.

2. For all s and all x, Y,z € HS} fos(x) +fs(y) = fs(z)7 then .fs-i—l(x) +fs+1(y) = fS"rl(z)}
and Zf fs(x) < fs(y): then ferl(x) < ferl(y)'

3. If g1,...,gs are the w-least elements of G, then {g1,...,9s} C Gsi1.
Lemma 4.4. For each i, lim; a; = a; exists and for all i # j, a; % a;.

Proof. Let s be such that there are ¢ + 1 distinct Archimedean classes represented among the
first s (in terms of N) elements of G. These elements are all in G411, and so af, ..., af are
all permanently defined and have reached limits at stage s + 1. To see that a; % a;, suppose
a; =~ aj and i < j. Then, there is an s such that a; =5 a; and so Vt > s (a; = a;). Without
loss of generality, a; = a; has already reached its limit. Therefore, for every ¢ > s, a§- # aj,
which is a contradiction. O]

Lemma 4.5. For each e € w and i < 7(e), lim, w; = we; ewists, and for all (e, i) # (€',i'),
We 4 % We! 4! .

Proof. Immediate from Lemma 4.4. O
Lemma 4.6. One of the two concurrent search procedures must terminate.

Proof. Assume that the search in (1) never terminates. Then, fs(we(w?;)) # fs(pe(w?;))
for i # j. Let P be the set consisting of f(k) for k < e and all fo(¢rs(wi,)) for k < e,
I < 7(k), and for which ¢y ,(w} ;) |. Notice that Span(P) intersects at most e+1+>_, . 7(k)
many Archimedean classes. Therefore, by the Pigeonhole Principle, there must be ¢ # j
such that fs(p.(ws;)) < fs(we(w;)) and for all x € Span(P), either v < fi(pc(w?;)) or
Js(we(ws ;) < x. Let C = {g € Gs|fs(pe(ws;) S 9 < fo(pe(w?;))} and apply Lemma 3.8 to
see the existence of a map ¢ with the required properties. O

Lemma 4.7. Fach R, requirement acts at most finitely often and is eventually satisfied.

Proof. The proof proceeds by induction on e. Let s be a stage such that all R; with ¢ < e
have ceased to act and w;i =w,,; for all t > s and i < 7(e). The lemma is trivial if ¢ (w,;) T
for some i. Therefore, assume ¢, s(w.;) | for all i. Suppose fs(e(we;)) ~s fs(pe(we,;)) for
some ¢ # j. Then, since R, does not act, since no requirement of higher priority acts and
since no requirement of lower priority can change either f,(¢e(we,)) or fs(¢e(we,;)), we have
that for all ¢ > s, fi(@e(We;i)) = fs(@e(we;)) and fi(pe(we;)) = fs(pe(we;)). Therefore,
f(‘:pe(we,i)) = fs(@e(we,i))’ and f((pe(w&j)) = fs(%pe(we,j))' It follows that @e(we,i) ~ @e(we,j)
in H, but w,; % w,; in G, so R, is satisfied.

If fo(@e(we,i)) #s fs(we(we;)) for all i # j, then R, acts at stage s+ 1. Either R, discovers
that fs(pe(we,i)) = fs(pe(we,;)) for some @ # j, in which case R, does not act and is satisfied
as above, or else R, finds an appropriate d. In that case, fsi1(0e(we:)) = for1(@e(we;)) and
R, is declared not active. Since no requirement of higher priority ever acts again and no
witness w,; changes again, we have that R, never acts again. Therefore, R, is satisfied as
above. O]
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Lemma 4.8. FEach S, requirement is satisfied.

Proof. Let s be a stage such that all requirements R; with ¢ < e have stopped acting. No
requirement is allowed to change fs(e) after this stage, and hence S, is satisfied. O]

5 Effective Holder’s Theorem

In this section, we turn to the effective algebra we need to prove Theorems 1.11 and 1.3. In
Sections 5, 6, and 7, G denotes a computable Archimedean ordered group with infinite rank.
Holder’s Theorem characterizes the Archimedean ordered groups.

Holder’s Theorem. If G is an Archimedean ordered group, then G is isomorphic to a sub-
group of the naturally ordered additive group R.

Notice that Holder’s Theorem implies that every Archimedean ordered group is abelian.
It is possible to give an effective proof of Holder’s Theorem (see [18] for the details of such a
proof). To describe the effective version of Hélder’s Theorem formally, we need the following
definitions. The first definition says that a computable real number is one which has a
computable dyadic expansion.

Definition 5.1. A computable real is a computable sequence of rationals x = (gx|k € N)
such that VAVi (|qr — qees] < 27F). Let y = (¢}|k € N) be another real. We say z = y if
\gr — q| < 277 for all k. Similarly, < y if there is a k such that g + 27! < ¢;.. (Notice
that the latter condition is X9.)

The next definition formalizes the notion of a computable ordered subgroup of the reals.
Since reals are second order objects (that is, they are infinite sequences of rationals), we
specify a computable subgroup by uniformly coding a countable sequence of reals such that
we can compute the sum and the order relation of two reals in the sequence effectively in the
indices of these elements.

Definition 5.2. A computable ordered subgroup of R (indexed by a computable set
X) is a computable sequence of computable reals A = (r,|n € X) together with a partial
computable function +,4 : X x X — X, a partial computable binary relation <4 on X, and
a distinguished number 7 € X such that

1. r, = Og.

2. n4+am = p it and only if r,, +r ry, = 1.

3. n <4 m if and only if r, <g 7,,.

4. (X, 44, <4) satisfies the ordered group axioms with ¢ as the identity element.

Effective Holder’s Theorem. If G is a computable Archimedean ordered abelian group,
then G is isomorphic to a computable ordered subgroup of R, indexed by G, for which +4 and
<4 are exactly +qc and <g.
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To prove this version of Holder’s Theorem, one builds a uniform sequence of computable
reals 1y, for g € G, such that r, +g 1, = 41 and 7y <g 75, if and only if g < h. We will use
this correspondence to give us a measure of distance in G. Notice that while the computable
ordered subgroup of the reals here is not a computable group in the ordinary sense (since
the elements are second order objects), there still is a sense in which the isomorphism is
computable. For each g € GG, we can uniformly compute the corresponding real r,. Therefore,
we can think of the isomorphism as effectively giving us an index for the Turing machine
computing the dyadic expansion of the corresponding real in such a way that both the addition
function and the order relation are effective in these indices.

The proof of Proposition 5.3 can be found in [11].

Proposition 5.3. If rank(G) > 1 and G is Archimedean, then G is dense in the sense that
for every g < h, there is an x such that g < x < h.

If {a,b} is independent, then the element x from Proposition 5.3 can be taken to be a
linear combination cja + ¢9b in which both ¢; and ¢y are nonzero.

Proposition 5.4. Let G be a subgroup of (R, +) with rank > 2. For every r € R with r > 0,
there is an h € G with h € (0,7). Notice, r € R, but it need not be in G.

Proof. Let g € G be such that ¢ > 0. By Proposition 5.3, there is an z € G such that
0 < z < g, and hence, either = € (0,9/2) or g — x € (0,9/2). Thus, there is an h € G such
that h € (0, g/2). Repeat this argument to get elements in (0, g/4), (0, g/8), and so on, until
an element appears in (0, 7). ]

Proposition 5.5. Let G be a subgroup of (R,+) with rank > 2. For every ry <g ro, there is
an h € G with h € (r1,73). Notice, r1,79 € R, but they need not be in G.

Proof. Let d = ry — 11 and let g € G be such that g € (0,d). Then, since R is Archimedean
ordered, there is an m € N such that r; < mg < ry. Setting h = mg proves the theorem. [

If {a,b} is independent, then by the comments following Proposition 5.3, we can assume
that the h in Proposition 5.4 and 5.5 has the form h = cja + c3b with ¢1, 9 # 0.

Proposition 5.6. Let G be a subgroup of (R,+) with infinite rank, B = {by,..., by} C G
be a linearly independent set, X = {xq,...,x,} C G be any set of nonidentity elements, and
d € R with d > 0. Then there are elements a; € G, for 0 < i < n, such that {bg, ..., bm, (o +
ao), ..., (Tn + an)} is linearly independent and for each i, |a;| < d. Furthermore, we can
require that for any fired p € N, p # 0, each a; is divisible by p in G.

Proof. 1t is enough to consider a single element zy € G, and proceed by induction. If xg
is independent from B, then let ag = Og. Otherwise, let b € G be such that {by, ..., by, b}
is linearly independent. By Proposition 5.4, there are coefficients ¢y, ¢y € Z (which we can
assume are both nonzero) such that c¢;b + coby € (0,d/p). Let ag = ¢1pb + capby. Clearly, aqg
is divisible by p in G, |ag| < d, and {by, ..., bm, (xo + ao)} is linearly independent (since we
assumed that ¢; # 0). O
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To prove Theorem 1.11, it suffices, by Theorem 1.9, to build a computable ordered group
H which is AY isomorphic but not computably isomorphic to G. We build H in stages so
that at each stage we have a finite set H; and a map fs : H; — G with range G,. Assuming
that lim, f,(z) converges for each z, the Limit Lemma shows that f = lim, f, is A9. During
the construction, we meet the requirements

R.: p.: H— G is not an isomorphism.

Notice that we are treating . as a map from H to G.

We define + g and <p as before: a +5 b = c if and only if 3s (fs(a) +¢ fs(b) = fs(c)), and
a <g bif and only if 3s (fs(a) < fs(b)). To insure that these operations are well-defined and
computable, we guarantee that

fs(a) + f5(b) = fs(c) = Vt > s(fi(a)+ fi(b) = fi(c)) (3)
and f(a) <¢ fs(b) = Vi = s(fila) <¢ fi(b)). (4)

To defeat a single requirement R., our strategy is to guess a basis for G. The inverse
image under f of such a basis will be a basis for H. The strategy for R, proceeds as follows.

1. Pick two elements a and b} from our guess at the basis for H. We will settle on
longer and longer initial segments of a basis, so eventually, R, will choose two linearly
independent elements. Without loss of generality, we assume a’ <g 0.

2. Do nothing until a stage t > s occurs for which p.;(al) |, we. (b)) |, and @c(al) <¢

@e(bL). If these calculations do not appear, then @, is not an isomorphism from H to
G, so R, is satisfied.

3. Define fi.1(be) # fi(be) such that for some large n,m € N, we have np.(al) <g mp.(b’)
and mfi1(0Y) <g nfir1(al). In this case, we have also satisfied R.. The algebra behind
the definition of f;,; is discussed in Section 6.

The general idea for Step 3 is to fix an effective map ¢ : G — R, which we use to measure
distances in G. We want to move the image of 0% just enough to make the diagonalization
possible, but not so far as to upset the order or addition relations defined to far. Propositions
5.4 and 5.6 will allow us to diagonalize as long as f,(a’) and f,(b%) really are independent.
Therefore, we initiate a search process for an appropriate new image of b%, which, to keep
the requirements R, and R; from interfering with each other, we require to be in the span
of fs(al) and f4(b%). Either we find an appropriate image, or we find a dependence relation
between a’ and b%. In the latter case, we know that the witnesses for R, are bound to change.

The injury in this construction is finite. Once the higher priority requirements have ceased
to act, R, can use the next two linearly independent elements to diagonalize.

6 Algebra for Theorems 1.11 and 1.3

From the description in the previous section, it should be clear that when we change the
image of a basis element 0%, we need to make sure that we preserve both the addition and
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ordering facts specified so far in H. To preserve the addition facts, we use the notion of an
approximate basis for a finite subset G’ of G.

Before giving the formal definition of an approximate basis, we give some motivation
for the conditions which occur in the definition. Suppose G’ is a finite subset of G and
B = {by,...,b} is an independent set which spans G’. Then, each g € G’ satisfies a unique
reduced relation of the form ay = cybg + - -+ + cxby. Furthermore, if g, h, and ¢ + h € G,
then the reduced relation satisfied by g + h can be found by adding the relations for g
and h, and dividing by the greatest common divisor of the nonzero coefficients. That is, if
ag = cobg + - -+ + cxbr and Bh = doby + - - - dibg, then g + h is the solution to the reduced
version of

afy = (Beo + ady)by + - - - + (Bey, + ady,)by.

At each stage of the construction, we will guess at an independent subset of GG, and our
guess at each stage will be an approximate basis. We want our guesses to have these two
properties of an actual independent set. Therefore, assume that G’ is the finite subset of G
which is the range of the partial isomorphism f; we have defined at stage s.

To imitate the first property, we want our approximate basis Xy = {x},...,z;} at stage
s to be t-independent, where t is large enough that each element g € G’ is the solution to a
unique reduced dependence relation of the form

ay = coxy + ary + -+ g,

where each coefficient has absolute value < ¢t. Notice that if g is the solution to more than one
relation of this form, then we know X, is not independent. Since there is some independent
set which spans G’, there must be a set which is ¢-independent (for some ¢’) and which does
have this uniqueness property.

As new elements enter H during the construction, they will be assigned reduced de-
pendence relations. If h enters H at stage s and is assigned the reduced relation ay =
coTo + + - + ¢y, then for every stage t > s, we will define fi(h) to be the unique solution
to ay = coxh + -+ - cpxl, (where zf), ..., 2% is an initial segment of our approximate basis at
stage t). Therefore, the second property we want X to have is that if g, h, and g + h are all
in G’, then the dependence relation for g + h relative to the approximate basis is the sum of
the dependence relations for g and h, as described above. This property will guarantee that
Equation (3) holds. The key point is that if g + h satisfies some other reduced dependence
relation, then, as above, we know that X, is not independent, and therefore, there must be
another set with the required properties.

By the comments above, if X, is independent and spans G’, then it will have both of
these properties. It follows that every finite G’ has an approximate basis and that during
the construction we can add additional requirements on the level of independence of an
approximate basis, such as requiring that it be at least s-independent at stage s.

Definition 6.1. Let G’ be a finite subset of G. An approximate basis for G’ with weight
t > 0 is a finite sequence X = (zy, ..., x)) such that

1. {xo,...,zx} is t-independent,
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2. every g € G' U X satisfies a unique reduced dependence relation of the form ay =
coTo + - - cpxy with 0 < a <t and |¢;| <, and

3. for every g,h € G'U X with g+ h € G’ U X, if g and h satisfy the reduced dependence
relations ag = cozg + - - - + cxp and Sh = doxg + - - - + dpxy With a, 3, |¢;], and |d;| < ¢,
then the reduced coefficients in

af(g+h) = (Beo + ady)zo + - - - + (Beg + ady)xy,
have absolute value less that ¢.

We use sequences to represent approximate bases to emphasize the fact that their elements
are ordered. We will abuse notation, however, and simply treat them as sets, with the
understanding that the set {zo,...,x} is really the ordered sequence (xy,...,z5). Also,
whenever we refer to g € G’ satisfying a reduced equation of an approximate basis of weight
t, we assume that the absolute value of all the coefficients is bounded by ¢.

Returning to the description of the construction, at stage s we have an approximate basis
Xs = {3, ... ,xzs} for G4 which is t,-independent. Each h which enters H at stage s is
assigned a reduced dependence relation ay = cozg + - - + ¢k 2, With «, |¢;| < ts. For every
t > s, we define f;(h) so that

afi(h) = coxg + -+ + cpay, .

The properties of an approximate basis guarantee that Equation (3) holds.

However, it is not clear that Equation (4) will hold or that the relation ay = ¢z + -+ +
cksxzs will have a solution unless we do something to insure that our choices for approximate
bases at stages s and t > s fit together in a nice way. Therefore, we introduce the notion of
coherence between approximate bases.

Definition 6.2. Let Gy C (G be finite subsets of G, with approximate bases X, =
{af, ... 2} } of weight ¢, and Xy = {xg,..., 2} } with weight t;, respectively. We say that
X, coheres with X if the following conditions are met.

1. k’o S ]{?1 and to S tl.

I —

2. For each i < ko, if {z(,..., 2} is linearly independent, then x]

0 . .
z; for every j <.

3. If g € Gy satisfies the reduced equation ay = cozd + - - + ckoxgo, then there is a solution
to ay = cosc[l) 4+ 4 ckoa:,lm in G.

4. If g <g h € Gy satisfy the reduced sums ay = cozg + - - - + ¢}, and Bz = dozf) +
R dkoxgo, respectively, then the solutions ¢’, A’ € G, respectively, to the equations
Qy = corh+ -+ ckox,i,o and Bz = doxh + -+ + dioy, satisfy g <q 1.

Lemma 6.3. Let Gy C G be finite subsets of G, and let Xy be an approximate basis for Gy.
There exists an approximate basis X1 for G which coheres with Xg.
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Proof. Since we are not yet worried about effectiveness issues, we can assume by Holder’s
Theorem that G C R. If X is linearly independent, then we can extend it to a set X; which
is linearly independent and spans G;. Such a set X, satisfies the conditions in Definition 6.2.

Therefore, assume that X, is not linearly independent and that i < ko is such that
{f,...,2?} is linearly independent, but {z{, ...,z } is not. Let d’ be the minimum distance
between any pair g # h € Gy, and let d = d'/(3toko).

Apply Proposition 5.6 with B = {z9,...,20}, X = {x?H,...,ng}, d as above, and
p = to!l. We obtain a1, ..., ag, such that {af, ..., 27, (a;p1 +20,,), ..., (ag, +,)} is linearly
independent, and, for each j with i +1 < j < ky, to! divides a; and |a;| < d.

For 0 < j <i,set zj = 29, and for i+1 < j < ko, set 2 = a;+x7. Since Y = {zf,..., 1z} }
is linearly independent, we let X; be a finite linearly independent set that extends Y and that
spans G;. Clearly, X; is an approximate basis for G; and satisfies Conditions 1 and 2 of
Definition 6.2.

To see that X, satisfies Condition 3, fix an arbitrary g € Gy, and suppose ag = coxl +
-+ 4 ey, is a reduced dependence relation with a, |¢;| < to. Then,

1 1 0 0
Y = cog + -+ Cro Ty, = (CoTg 4+ F Cro Ty, ) + (Cip1@ip1 + - - F Crory)-

Since o <ty and ty! divides each of the a; in G, the equation ay = CoTy 4 -+ ckozv,lco has a
solution ¢’ € G.

To see that X satisfies Condition 4, we consider the distance between the solutions g € G
and ¢’ € Gy to the dependence relation above. Since each |¢;| < to, |a;| < d, and there are at
most ko of the a;’s, we have

lag — ad'| < |eipraivs + -+ + crag| < kotod < d'/3.

Furthermore, since &« > 0 € N, |g — ¢'| < |ag — ag’| < d'/3. Suppose h € Gy with h # g
satisfies Sh = doxg + - - - + dy,2f), and B’ € Gy is the solution to Sy = doxg + - - + di, 7y, -
An identical argument shows that |h — h’| < d'/3. Combining the facts that |¢ — h| > &',
lg—¢'| <d'/3,and |h— R'| < d'/3, it is clear that g < h implies ¢’ <g 1. O

It remains to fix an effective method for finding bases which cohere. The algorithm below
is not the most obvious one, but it has properties which will be important in our proof.

Suppose Gy C G, are finite subsets of G. Let Xy = {zg,x1, -, 2, } be an approximate
basis for Gy which is tp-independent. We find an approximate basis X; for G; which coheres
with X in three phases.

In the first phase, we guess (until we find evidence to the contrary) that X is linearly
independent. We perform the following two tasks concurrently.

1. Search for a dependence relation among the elements of Xj.

2. Search for a Y such that XqUY is an approximate basis for G; which coheres with X
as follows. Begin with n =t;+ 1 and ¢ = 0.

(a) Let y; be the N-least element of G such that X U {yo,...,y;} is n-independent.
Check if this set spans G using coefficients with absolute value < n. If so, then
proceed to (b), and if not, repeat (a) with ¢ set to ¢ + 1.
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(b) Check if XoU{yo,...,y:} satisfies Condition 3 from Definition 6.1. If it does, then
it coheres with Xy and we end the algorithm. If it is not an approximate basis,
then return to (a) with n set to n + 1 and ¢ = 0.

This phase will terminate, since if X is linearly independent, then, at worst, we re-
peat (a) and (b) until we pick elements yy <y --- <y y; which are the N-least such that
{zo, ..., Try, Yo, ---,¥i} is a linearly independent and spans GG;. This set coheres with X,. If
this phase ends because we find an approximate basis in Step 2, then the algorithm termi-
nates. However, if this phase ends because we find a dependence relation in Step 1, then we
proceed to the second phase with the knowledge that X is not linearly independent.

For the second phase, assume that we know {xy, ..., 2,41} is n-dependent, but {xo, ..., z;}
is n-independent. We search for elements y;; through vy, from which to construct elements
which play the role of the a;’s in the proof of Lemma 6.3. Before starting this phase, fix
a computable embedding v : G — R, let d’ be any positive real less than the minimum of
|1(g — h)|, where g # h range over Gy, and set d = d’/3koty.

1. For i +1 < j < ky, pick y; € G to be the N-least such that {xo,...,%;, yit1,...,y;} I8
n-independent.

2. Check the following Y conditions concurrently.

(a) Search for a dependence relation among {x, ..., 2, Yit1,---, Yk - If we discover
that {xo,..., 241} is dependent, then restart Phase 2 with {zo,...,z;}. If we
discover that {xo,..., %, ¥it1,...,y;} is dependent for some j, then we return to
Step 1 of this phase, set n to be large, and repick y; 41 through yy,.

(b) For each i +1 < j < ko, search for coefficients b;,d; # 0 such that, for a;4; =
bititolr; + diyitolyivr and a; = bitolyj—1 + djtoly; (for 7 > i + 1), we have ¢(a;) €
(0,d). If we find such a;, then end Phase 2.

Determining if ¢(a;) € (0,d) is a X9 fact, so by dove-tailing our computations, we can
effectively perform the search in (b). This phase will terminate, since once {zy, ..., x;} has
shrunk to a linearly independent set (by finitely many discoveries of dependence relations
in (a)), we know that there are linearly independent y,’s and coefficients b;,d;, with the
required properties. By continually choosing the N-least elements which look independent,
we eventually find such elements.

We verify two properties of X’ = {xq,...,z;, Tiy1+ais1, ..., Ty +ag, . First, as in Lemma
6.3, if ay = coxg + - - - + CroTry, With «, |¢;| < 1o, has a solution g € Gy, then

QY = CoZg + -+ C;T; + Ci+1($z‘+1 + CLi_H) + -t cko(xko + CLkO)

has a solution in ¢’ € G. Second, |(g) — ¥(¢')| < d'/3, also as in Lemma 6.3. Therefore, if
g < h € Gy and ¢, h' are the solutions to the dependence relations for g and h, respectively,
with x;11, ..., xy, replaced by ;11 +a;t1, ..., Tg, +ak,, then g’ < h'. Therefore, any extension
of X’ which is an approximate basis for G; will cohere with Xj.

To find such an extension, we use a search similar to Phase 1. Perform the following two
tasks concurrently.
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1. Search for a dependence relation among the elements of X’. If we find such a relation,
then either {xy,...,z;} is dependent, in which case we return to the beginning of Phase
2 with a shorter initial segment of Xy, or else {zo, ..., %, Yi+1,...,y;} is dependent for
some j < k. In this case, we return to Step 1 of Phase 2 with {x,...,z;} and repick
Yi+1 through yi, with n chosen to be large.

2. Search for a Y such that X’ UY is an approximate basis for (G; which coheres with X
as follows. Set m to be large and i = 0.

(a) Let w; be the N-least element of G such that X’ U {wy,...,w;} is m-independent.
Check if this set spans G using coefficients with absolute value < m. If so, then
proceed to (b), and if not, repeat (a) with ¢ set to ¢ + 1.

(b) Check if X" U {wy, ..., w;} satisfies Condition 3 from Definition 6.1. If it does,
then, by the comments above, it coheres with X, and we end the algorithm. If it
is not an approximate basis, then return to (a) with m set to m + 1.

This phase must terminate since we can return to Phase 2 only finitely often without
picking a linearly independent set {zo,..., %, Yit1,-.., Yk, }- From here, it is clear that we
will eventually pick a spanning set for Gy with the correct level of independence.

We could easily have added requirements that the approximate basis X; has a specified
higher level of independence or a larger size. We summarize this discussion with the following
lemma.

Lemma 6.4. Let G be a computable Archimedean ordered group with infinite rank, Gy C G4
be finite subsets of G, and Xy be a ty-independent approximate basis for Go of size kyg. For
any m,n with ty < m and ko < n, we can effectively find an approzimate basis X, for Gy
which coheres with X, which is at least m-independent, and which has size at least n.

It remains to discuss the diagonalization process for an R, requirement. Recall that R,
has two witnesses, a. and b, € H such that fs(a.) and f,(b.) are elements of our approximate
basis X (of weight t5) for G, where Gy is the image of H under f,. Also, we have a fixed map
Y : G — R. If we want to diagonalize for R, at stage s, then we search for an element x in the
subgroup generated by t,!fs(a.) and ¢! fs(b.) such that ¢ (z) is sufficiently close to 0 in R and
x meets the diagonalization strategy discussed at the end of Section 5. (We will provide the
exact bounds for ¢(z) and the exact diagonalization properties during the construction when
we have established the necessary notation.) If we find an appropriate z, then we replace
fs(be) in our approximate basis by f(b.) —z. As above, the fact that ¢! divides = allows us to
solve the necessary equations in G to preserve addition and the fact that ¢ (z) is sufficiently
close to 0 guarantees that the new solutions have the same ordering relations as ones from
Gs. However, since we have introduced large multiples of f,(a.) and f4(b.), it need not be the
case that X' = (X; — {fs(be)}) U {fs(be) — x} is still ts-independent.

We handle this situation as follows. If we are diagonalizing for R,, assume that

Xs = {fs(CLO)v fs(bO)v ceey fs(ae>7fs<be)7 fs(y1>7 SR fS(yk‘>}
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Every element g € G, is the solution to a unique reduced dependence relation over X, with
coefficients whose absolute value is bounded by t5. We want to find a new approximate basis
X! (of weight > t;) for some subset G, of G such that we have met our diagonalization
requirements and such that all the equations which were satisfied by some g € G4 over X
are also satisfied by some ¢ € G over X/. Notice that addition is automatically preserved
because g; + go = g3 in G, if and only if the defining equations for ¢y, g2, and g3 satisfy this
additive relationship. Therefore, if ¢{, g5, and ¢4 are the solutions in G’, to the equations for
g1, g2, and g3 over X! we must have g] + ¢, = g5. Lastly, we want that < is preserved in the
sense that if g < h in G, then ¢’ < 1’ holds in G,.

Therefore, we perform two searches concurrently. First, we search for a dependence rela-
tion among { fs(ao), fs(bo), - - -, fs(ae), fs(be)}. If we find such a dependence relation, we know
that the witnesses a, and b, are going to change, so there is no need to diagonalize at this
point. Second, we search for nonzero coefficients ¢; and ¢y and for elements uq, ..., u; of G
such that

L. Y(crts! fs(ae) + cats! fs(be)) is as close to 0 as we want it to be and meets our diagonal-
ization strategy (and we set x = ¢t ! fs(ae) + caots! fs(be)), and

2. t,! divides each u; and 1 (u;) is as close to 0 as we want it to be, and

3. X; - {fs(CLO)a fs(bO)a s 7fs(ae)7 fs(be) -, fs(y1> U, - 7fs(yk) +uk} is t; independent
for some t/, > 2(t,)3, and

4. for every g € Gy, the equation satisfied by g over X has a solution ¢’ over X/ (and we
let G, be the set of solutions to these equations), and

5. < is preserved in the sense mentioned above.

Assuming that { fs(ao), fs(bo), ..., fs(ae), fs(be)} is independent, Propositions 5.4 and 5.5 will
tell us that we can find an appropriate x and Proposition 5.6 will tell us that we can find
appropriate u; elements.

Now, we define f! : H; — G’ on the approximate basis X! by fl(a;) = fs(a;) for i <ee,
fé(bz) = fs(bz) for ¢ < ¢, fs/(be) = fs(be) -, and fs/(yz) = fs(yz> + Ui We can extend this map
across Hs by mapping h € Hy to the solution over X! for the equation defining fs(h) over X;.
The map f! preserves all the ordering and addition facts about H;.

To see that X is an approximate basis for G, we need to check Condition (3) of Definition
6.1. Therefore, assume that g, h € G, satisfy the equations

ag = cOfs(CLO) + les(bO) + o+ CQefs(ae) + C2e+1fs(be> + C2e+2fs(y1> + -4+ C2e+1+kfs(yk)
ﬁh = dOfs(a[)) + dlfs(b0> +ooee dZefs(ae) + d2e+1fs(be) + d26+2fs<y1) +- 4+ d26+1+kfs(yk)

over X, with |¢|, |d;| < tsand 0 < a, B < t,. Let ¢, ' be the solutions to these equations over
X!, and suppose ¢’ + 1’ € G',.. Then, since G, is exactly the set of solutions to the equations
(over X!) for the elements g € G, we know that ¢’ + I’ satisfies an equation of the form

(g + 1) = lofilao) + - -+ 4 laey1 fi(be) + loerafi(yn) + - + locrrnfe(yr) (5)
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with |l;| < ts and 0 < v < t,. However, summing the equations for g and h, we see that ¢+ h’
also satisfies

af(g + 1) = (Beo + ado) fs(ao) + -+ - + (Beaerr4k + adacrir) fs(Yr)- (6)

We need to show that Equations (6) and (5) are equivalent when reduced. If we multiply
Equation (5) by fa and Equation (6) by v, we obtain two equations for a3y(¢’ + h’). Each
of these equations has its coefficients bounded by 2(t)?, and since X is 2(¢,)® independent,
these equations must have equal coefficients. Therefore, they remain the same when reduced.
This completes the proof that X is an approximate basis for G..

To finish the stage, we let X ;1 be an approximate basis for G5 U G which coheres
with the basis {f!(ao), f.(bo),- -, fi(ac), fi(be), fi(ya), ..., fi(yx)} for G'. We can assume
that fl(ao), fi(bo),- .-, fi(ae), fi(be) forms an initial segments of X4, since otherwise there
must be a dependence relation between fg(ag), fs(bo), - - ., fs(ae), fs(be)-

For each h € Hy, the dependence relation defining fs(h) over X has a solution over X!,
and hence it has a solution in G' over X 1. Let G” be the set of solutions to the equations
for h € H, over X, 1.

We let Gg1 = G,UG,UG”U X1 and we expand H to Hy i1 by adding |Gs11 \ G| many
new elements. To define the map fs1 on H,, 1, we first consider fs,q1(h) for h € Hy. We know
that fs(h) satisfies a reduced equation over X and that this equation has a solution in G4
over X,1. Therefore, we defined fsi1(h) to be the solution to this equation in G4;;. For
the new elements in H,,1, we map these elements to the elements of G4, which are not hit
by elements of H, under fs,;. Each of the new elements in H,,; is assigned the dependence
relation satisfied by fsi1(h) over X, .

The final thing to notice is that since fl(aog), fi(bo), ..., fi(ae), fi(b.) forms an initial seg-
ments of X .1, we have that fsy1(a.) = fs(ae) and fsi1(b.) = fs(be) — z. Hence, we have
diagonalized as we wanted.

7 Proof of Theorems 1.11 and 1.3

At stage s of the construction, we will have an approximate basis X, = {z§,...,2} } C G,
with k; > 2s, which is t;-independent, with t;, > s. If h enters H at stage s + 1, then h
is assigned a reduced dependence relation of the form ay = coxg + - -+ + ¢, 7k, We say
that g € G satisfies this relation relative to the approximate basis X;, with ¢ > s + 1, if
ag = coxg + -+ ¢k, 1) Each requirement R, with e < s, has two distinct witnesses, a}
and b7, such that fs(a®) € X, and fs(b?) € X,. R. does not need attention at stage s if
any of the following conditions hold:

L. wes(al) T or ges(b2) 1, or

2. for some 0 < m,n < s, my.s(b3) | <g np.s(ad) | and nfs(al) <g mfs(b), or

3. for some 0 < m,n < s, mes(ad) | <g np.s(bs) | and nfs(b) <¢ mfs(af), or

4. R, was declared satisfied at some stage t < s and both af and b% are the same as a’ and

bL.
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R, requires attention at stage s if none of these conditions hold.

Construction

Stage 0: Fix a computable embedding ¢ : G — R. Set Hy = {0}, fo(0) = 0g, and X, = 0.
Assign 0 € H the empty reduced dependence relation.

Stage s + 1: Assume we have defined H, and f; : H; — G, with G4 = range(fs). We have
a set Xy C G, which is an approximate basis for GG, which is t,-independent and which has
size ks > 2s. Each element h € H, has been assigned a reduced dependence relation of the
form ay = coxg + - - - + ¢;x; for some i < k. We split the stage into four steps.

Step 1: Let g be the N-least element of G' not in G,. Let X = {z(,,...2} .} be an
approximate basis for G, U {g} which coheres with X,, which has size k. > 2(s 4 1), and
which is ¢ -independent, for some ¢, > (s+1). Because X/ coheres with X, every dependence
relation assigned to an element h € H, has a solution over X/. Let G’, contain Gy, {g}, X_,
and the solution to the dependence relation for each h € H, over X!. Let n = |G\ Gy,
let hy,...hy, be the n least elements of N not in Hy, and let H, = H; U {hy,...,h,}. Define
fl H. — G, as follows. For h € Hy, fi(h) is the solution to the dependence for h over X_.
For h;, 1 < i < n, let fl(h;) map to the elements of G’ not in the image of Hy under f.
Each new h; € H is assigned the reduced dependence relation ay = coxg + - - + Cr Ty, With
a, |cj| < t. such that
afi(hi) = comp + 1ty o+ o+ Cry Ty

Step 2: Define the witnesses for R, with e < s by setting a*™! and b:*! to be the elements of
H such that fl(ai™) = x4, , and fi(b™") = 2, . Check if any R, requires attention. If
so, let R, be the least such requirement and go to Step 3. Otherwise, proceed to Step 4.

Step 3: In this step we do the actual diagonalization. First, calculate a safe distance to move
the image of b5™!. Set d’ € R to be such that d’ > 0 and

d’ < min{ [0 (fi(h)) — ¥ (fdlg)l [ h# g € H .

We can find such a d’ effectively since H! is finite. Set d = d'/(3t}(1 + k.)).
Second, we search for an appropriate x € G to set foy1(b5T!) = f1(b3T!) — x. We say that
x diagonalizes for R, if there are n,m > 0 such that either
nfia:™) <¢ m(fi(b2") —x) and ng;(ai™) > me (b
or nfla:t) ¢ m(fiE) — 2) and ngi(at) <o mei ().
We search concurrently for

1. elements x, Uget2, . .., Uy in G such that

(a) z has the form ¢! f/(a3™1) + ot/ f1(b5T1) with ¢y, ¢ # 0 such that ¢ (z) € (0,d),
and x diagonalizes for R., and

(b) t.! divides each u; in G and |¢(u;)| < d, and
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(c) XY ={filag™), fi(b§), ., fila@Z™), FoOH) =, fi(@heyn) + Uzera, ., fulaly) +
uy, } is at least 2(¢)® independent, or

2. n,m € N such that nfl(aS™) <¢ mfi(b:*!) and ne.(aS™) > me. (b5, or
3. n,m € N such that nf(b5™) <¢ mfl(as*?) and np. (b5™) >6 mpe s(asTh), or
4. a dependence relation among {f(a5™), f2(b5), ..., f/(a*™), f/(65T1)} in G.

This process terminates (see Lemma 7.1). Furthermore, if we found X!, then because ¢!
divides all the elements we are adding to the approximate basis elements, this set has the
property that each dependence relation assigned to an h € H/ has a solution over X?”. Also,
because |Y(u;)| < d and ¢ (x) < d, these solutions preserve < in the sense described at the
end of Section 6 (see Lemma 7.3).

If the process terminates with Conditions 2, 3, or 4, then skip to Step 4. Otherwise, we
define f;1 using « and the u,;. For every h € H., there is a solution to the dependence relation
for h over X!”. Therefore, we can define G” as the set of solutions to the dependence relations
assigned to h € H.. As explained at the end of Section 6, because X” is 2(¢,)® independent, it
is an approximate basis for G”. Let X1 be an approximate basis for G, U G” which coheres
with the approximate basis X! for G%.. Let G541 = G, U G” U X4 and let Hgyy contain H.
plus |Gsy1 \ G| many new elements. Define fs1 : Hgyy — Ggyq as follows. For h € H.,
set fsi1(h) to be the solution to the dependence relation for h over X ;. Map the elements
h € Hzq \ H, to the elements of G5, which are not in the image of H. under f;;; and assign
to each such h the reduced dependence relation satisfied by fsi1(h) over X ;. Proceed to
stage s + 2.

Step 4: If we arrived at this step, then there is no diagonalization to be done. Define f,11 = f,

Xep1 =X, Heyy = H., Gs11 = G, ks11 = K., and tg = t,. If we arrived at Step 4 because
Condition 2 or 3 was satisfied in the search procedure in Step 3, then declare R, satisfied.
Proceed to stage s + 2.

End of Construction

To prove the construction works, we verify the following lemmas.
Lemma 7.1. The search procedure in Step 3 of stage s + 1 terminates.

Proof. Each condition in the search procedure is 3V. Therefore, it suffices to show that if
Conditions 2, 3, and 4 do not hold, then Condition 1 does hold.

Suppose Conditions 2, 3, and 4 are not true. Because Condition 4 does not hold, f!(as™!)
and f/(b5™1) are linearly independent. Therefore, by Proposition 5.4, there are n,m € N such
that |my(fL(0) —nyp(fl(as™h))| <g d. Fix such n, m, and without loss of generality, assume
that ny(fl(as™)) <g my(fL(b:Th)) (the case for the reverse inequality follows by a similar
argument). Because ¢ is an embedding, nf!(aS™') <g¢ mfi(b:™!), and because Condition 2
does not hold, np s(aitt) <g mepe s(b).

e
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Since t.1f!(ag*) and t,!fI(b5T!) are linearly independent, we use Proposition 5.5 to con-
clude that there are nonzero ¢; and ¢y such that
m 1)) — s d

w(fs< e )) w(fs< e )) <R 0175;@/)(]0;(@2“)) +Cgt;¢(f;(bz+l)) <R _.

m m

We set = c1t), f1(as™) + cot’ f1(021)), and note that mfl(bST!) — nfl(ai™h) <qg mzx, ¥(z) €

(0,d), and t.! divides x in G. Furthermore, since ¢y # 0, f/(b5™!) — z is independent from
fL(ag™). Finally, to see that = diagonalizes for R.:

0 <e m(f(0.")) — n(folaz™)) <e mi(x)

= mfi(bST) —mx <g nfli(aith),

e

which implies that m(fs(b:™!) — x) <g nfs(a™) as required.
Finally, Proposition 5.6 implies that elements ug. o, ..., us, exist with the required level
of independence. O

Lemma 7.2. Fach h € H 1is assigned a unique reduced dependence relation of the form
oy = coxo + - -+ + &y Furthermore, if h € Hy and xy), . . ., ), are the initial elements of X,
then this relation has a solution in G.

Proof. The first time an approximate basis is chosen after h enters H, h is assigned a unique
reduced dependence relation. If h € H, \ H,_1, then f(h) satisfies a dependence relation of
the form ay = cozy + c1z] + - - - + e, 7}, with a, |¢;| < t,. We show by induction that for all
u > s this equation has a solution in G. Notice that if u > s, then |X,| > |X;|, so there are
enough approximate basis elements in X, for this equation to make sense. Assume that the
equation has a solution at stage u, and we consider it at stage u + 1.

X, coheres with X, so ay = coxg, + 127, + -+ + ¢, 7}, has a solution. If we do not
diagonalize at stage u + 1, then X, 1 = X/, and we are done. If we do diagonalize at stage
u+1, then our conditions on X' guarantee that the equation has a solution over X|/. We then
choose X, 11 so that it coheres with X, and hence the equation has a solution over X, ;. [

Lemma 7.3. Suppose s + 1 is a stage at which we diagonalize, and a <g b € G, satisfy the
dependence relations ay = coxg , + - + ¥y, and By = doxg + -+ dpy . If "V € G

are the solutions to ay = o™ +- - —|—ckxz+1 and By = doxit + - -+dkxz+1, then a” <q b".

Proof. At stage s+ 1, we set d’ to be <g the least distance between any pair 1(h) and ¥(g),
with h # g € G, and we set d = d'/(3ts11(1 + k.)). Let o’ and O’ be the solutions to the
equations for a and b over X!. We first show that o’ < ¥'.

If X! = {20, ..., 7} .}, then by our restrictions on ¢(x) and ¢ (u;), we have that |¢(z] ;) —
Y(xf,)| < d for each i. Therefore, since a > 0,

[¥(a) = P(d)] < [(aa) = Y(aa)] < (K, + 1)td = d'/3.
Similarly, [1(b) — ¢ (b')| < d’/3. However, since |1)(a) —(b)| > d’, we have that ¢(a") < ¥ (V)

and hence, a’ < V.
Finally, since X1 coheres with X”, we know that o' < b implies that a” < b, as
required. O]
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Lemma 7.4. For each s € N, each a,b,c € H, and each t > s, we have

fs(a) + fs(b) = fi(c) = fi(a) + fi(b) = fi(c)
and fs(a) < fs(b) = fila) < fi(D).

Proof. First, we check that addition is preserved. If a and b are assigned the dependence
relations ay = coxg + -+ + cgrp and By = dorg + - -+ + dixg, respectively, then by the
definition of an approximate basis, ¢ is assigned the reduced version of

af(g+ h) = (Beo + ady)xo + -+ - + (Ber + ady)xy.

At every stage t after the assignment of these dependence relations, f;(a), fi(b), and f;(c) are
defined to be the solutions of these relations relative to X;. Therefore, f;(a)+¢q fi(b) = fi(c).

Second, we check that the ordering is preserved. Assume that a,b € G, are such that
fs(a) <@ fs(b). We show by induction on t > s that fi(a) <g fi(b). Since X/, coheres with
X, we know that if @/, b’ € G are the solutions to the dependence relations assigned to a and
b, respectively, relative to the basis X/, ;, then a’ <¢ V/. If we do not diagonalize at stage
t+1, then Xy = X/, so we are done. If we do diagonalize, then we apply Lemma 7.3. [

Lemma 7.5. Each approzimate basis element x; reaches a limit, and the set of these limits

forms a basis for G. Furthermore, each witness a; and b reaches a limit and each requirement
R, is eventually satisfied.

Proof. 1t is clear that if the elements x; reach limits, then they will form a basis for G.
Therefore, since each z; is eventually chosen to be an a; or a b?, it suffices to show by induction
on e that a’ and b; reach limits and that each R. requirement is eventually satisfied. Since
ag = x is always defined to be the first nonidentity element in G, this element never changes,
and hence reaches a limit ag.

Consider b = x3. Let y be the N least element of G such that {ao, 2} is independent.
Since our algorithm for choosing a coherent basis always chooses the N least elements it can,
we eventually find a stage when we recognize that {a§,b§} is dependent and we pick y; to
be z in Phase 2 of the coherent basis algorithm. From this stage on, whenever we run this
algorithm, we choose y; to be z, so eventually by Proposition 5.6 we will find an appropriate
linear combination of b5 and z and set b5*" to be this linear combination. Since b5 is now
independent from ag, it will not change again unless R, diagonalizes.

Once b has reached a limit, R, is guaranteed to win if it ever chooses to diagonalize.
This is because once {af,bj} is independent, the search procedure in Step 3 cannot end in
Condition 4. If Ry never wants to diagonalize, then Ry is satisfied for trivial reasons. If Ry
does diagonalize, then bj changes one last time, but it remains independent of ay and hence
will never change again.

We can now consider the case for e + 1. Assume we have passed a stage such that

ag, by, ..., al, b have all reached their limits and no requirement R;, with ¢ < e, ever
wants to act again. As above, let z; and z; be the N least elements of G such that
{ag, b8, ..., a5,b3, 21, 22} is independent. It is possible that the action of diagonalization for

a higher priority requirement will have made a?,, and b7, , independent from the elements
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above. If not, then the algorithm for picking a coherent basis eventually finds that they are
dependent and redefines a;; to be a linear combination with z; and redefines b7 ; to be a
linear combination with z;. After this point, a7, ; will never change again, and b7, will only
change if R..; wants to act. As above, if R..; ever wants to act, then it is guaranteed to
win because the search in Step 3 cannot end in Condition 4. Therefore, R.,; is eventually
satisfied and 0] ; reaches a limit. ]

Lemma 7.6. For each s and each h € Hy, the sequence fi(h) fort > s reaches a limit.

Proof. Suppose h € Hy and h is assigned the relation ay = coxrg + -+ + cpxg. For t > s,
fi(h) is the solution to this equation over X;. Therefore, once each ! reaches a limit, so does

fe(h). ]

This ends the proof of Theorem 1.11. To finish the proof of Theorem 1.3, we need one
more lemma.

Lemma 7.7. H admits a computable basis.

Proof. For v € N, define d; to be the element assigned the reduced equation y = x7 and let f
be the pointwise limit of fs. Then, f(d;) = limgxf = x;. Since {z;|i € N} is a basis for G,
{d;]i € N} is a basis for H. O

8 Proofs of Theorems 1.12 and 1.4

For this section, we fix a computable ordered abelian group G with infinite rank which is not
Archimedean, but has only finitely many Archimedean classes. Assume G has r nontrivial
Archimedean classes and fix positive representatives I'y, ..., I',. for these classes. Since every
nonidentity element g € G satisfies g ~ I'; for a unique 7, we can effectively determine the
Archimedean class of each g.

For each 1 < i < r, let L; be the computable subgroup {g € G|g < I';}. Also, let E; be the
least nontrivial Archimedean class of the quotient group G/L;. Since F; is an Archimedean
ordered group (with the induced order), we can fix maps 9; : E; — R by Hoélder’s Theorem.
Since G has infinite rank, at least one of the F; groups must have infinite rank. We will say
that I'; represents an infinite rank Archimedean class if F; has infinite rank. Otherwise,
['; represents a finite rank Archimedean class.

The key to proving Theorems 1.12 and 1.4 is to find the correct analogues of Propositions
5.4 and 5.6 and Lemma 6.3. Once we have these results, the arguments presented in Sections
6 and 7 can be used with minor changes.

Definition 8.1. A finite subset Gy C G is closed under Archimedean differences if for
all g, h € G such that g =~ h but g — h % g, we have g — h € Gj.

Lemma 8.2. If Gy C G is finite, then there is a finite set G{, such that Gy C Gj, and Gj, is
closed under Archimedean differences.
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Proof. Start with the largest Archimedean class occurring in Gy and compare all pairs of
elements in this class. For each pair such that ¢ =~ h and g — h % g, add g — h to Gy.
Considering each Archimedean class in GG in decreasing order, we close GGy under Archimedean

differences by adding only finitely many elements. O
Definition 8.3. X C G is nonshrinking if for all 2o ~ --- ~ x, € X and coefficients
Co, - - -, Cn, With at least one ¢; # 0, we have cozg + -+ + ¢,x, = 9. X is t-nonshrinking if

this property holds with the absolute values of the coefficients bounded by t.
Theorem 8.4. There is a nonshrinking basis for G.

Proof. For each 1 < i < r, fix a set B; of elements b; such that each bj- ~ I'; and the set of
elements b; + L; is a basis for E;. The fact that the b; elements are independent modulo L;
means that for any coefficients ¢, ..., ¢, with at least one ¢; # 0, we have

(c1by + - +aby) + Li # L

and hence ¢1b] + - - + cxbj, & L. Since each b} ~ I';, this implies that cib] + - - - + ;b = T's.
Therefore, B; is nonshrinking.

It remains to show that B = J,,, B; is a basis for G. First, B is independent since each
B; is independent and nonshrinking. Second, to see that B spans G, let ¢ € G be such that
g =~ T;. For some choice of coefficients a, ¢, ..., ¢, and elements bi, ..., b, we can write

ag+ Ly = (b + -+ + cpbl) + L.

Therefore, c1b% + -+ + bl — ag < T;. If this element is equal to Og, then we are done.
Otherwise, we can repeat this process with ¢;b% + - - - +¢,b} — ag. Since there are only finitely
many Archimedean classes, this process must stop and show that some multiple of ¢ is a
linear combination of elements of B. m

Definition 8.5. Let Gy C G be finite. X is a approximate nonshrinking basis for Gq
with weight ¢ if X is an approximate basis for Gy with weight to and X is tp-nonshrinking.

As before, an approximate nonshrinking basis is a sequence, but we abuse notation and
treat it as a set. Furthermore, we think of X, as broken down into Archimedean classes, and
we treat Xy as a sequence of sequences, (X{,..., X7), where X} is the sequence of elements
x € Xg for which z = T;.

Definition 8.6. If Gy C G are finite subsets and Xy = {«f,...,2} } is an approx-
imate nonshrinking basis for Gy of weight ¢y, then the approximate nonshrinking basis
Xy ={xg,...,x},} for Gy of weight t; coheres with X if

1. Conditions 1, 3, and 4 from Definition 6.2 hold, and

2. for each Archimedean class X§ inside X, if X§ = {z),...,2)} and j is such that
{#,..., 20 } is independent, but {xf,..., 2]  } is not, then {7 ,... 2} } C Xi.

We can now give the analogues of Propositions 5.4 and 5.6 and of Lemma 6.3.
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Proposition 8.7. Let {by, b1} C G be independent and nonshrinking such that by ~ by ~ T;.
Then, for any d > 0 € R, there are nonzero coefficients cy, ¢y such that

[i((cobo + Li) + (e1br + Ly))| < d.
Proof. This lemma is a direct consequence of Proposition 5.4. O

Proposition 8.8. Let B = {by,...,bm} C G be independent and nonshrinking such that
bj = I'; for each j, and assume that I'; represents an infinite rank Archimedean class. Let
X = {xg,...,x,} C G be such that x; =~ T; for each j, and fird >0 € R andp >0 € N.
There are elements ag, . ..,a, € G such that

1. {bo,...,bm,x0+ ag,..., Ty + a,} is independent and nonshrinking, and
2. for each j, (p dwides a;), (v; +a; = 1), and |¢;(a; + L;)| < d.

Proof. As in Proposition 5.6, we prove this lemma for zy and then proceed by induction. If
BU{x} is independent and nonshrinking, then let ag = 0g. Otherwise, there are coefficients
Coy - - -, Cm, @ With a > 0 such that coby + - - - 4+ ¢nby + axg = y < I';. Solving for axy gives
axg =1y — cobg — -+ — Cbp,.

Since I'; represents an infinite rank Archimedean class, we can fix a b ~ I'; such that
{bo+ Li,...,bym + L;i;b+ L;} is independent in G/L;. Clearly, B U {b} is independent, but
by the argument in Theorem 8.4, it is also nonshrinking. Next, we apply Proposition 8.7
to get nonzero coefficients co, ¢; such that |¢;((coby + Li) + (c1b + L;))| < d/p and we let
ag = pcoby + peyb.

To see that BU {zg + ao} is independent and nonshrinking, suppose there are coefficients
do, - . ., dm, 0 such that doby + - - - + dby, + B(xg + ag) = 2 < T';. Since B is independent and
nonshrinking, we know (3 # 0. Multiplying by a and performing several substitutions, we get

adoby + - - - + ad,, by, + Paxy + Baay = az K Ty,
adobg + -+ - + ady by, + By — cobo — <+ — Cmbm) + Ba(pcobo + perb) = az, and
(ady — Beg + Baper)by + (ady + Be)by + -+ - + (ady, — Bem )b + Baperb = az — By < Ty

Since [Bapc; # 0, the bottom equation contradicts the fact that B U {b} is independent and
nonshrinking. O

Lemma 8.9. Let Gy C Gy be finite sets and assume that Gq is closed under Archimedean
differences. Let X, be an approximate nonshrinking basis for Go with weight to. There exists
an approximate nonshrinking basis X, for G which coheres with X,.

Proof. 1f X is independent and nonshrinking, then let X; be any independent nonshrinking
extension of Xy which spans G;. If Xj is either not independent or not nonshrinking, then
we begin by partitioning X, into Archimedean classes. For simplicity of notation, assume
that there are only two Archimedean classes in Xy. The general case follows by a similar
argument, which is sketched after the case of two Archimedean classes. Let Xy = {by,...,b}U
{e1,...,em}, where b; = T, and e; =~ I', for Archimedean representatives I'y, < T..

34



Second, consider each Archimedean class in X, and separate out the initial segment which
is independent and nonshrinking. That is,

XO:{bl,...,bi}u{bi+1,...,bl}U{61,...,ej}U{ej+1,...,em},

where {by,...,b;} is independent and nonshrinking, but {bo,...,b;+1} is not (and similarly
for e;). Let d > 0 € R be less than the minimum of all the following conditions:

1. |p(x + Ly)| for z € Gy, © =~ T, and
2. |p(x+ Ly) — p(y + Ly)| for z,y € G with x =~ y ~ T, and = + L # y + Ly, and
3. |Ye(x + L,)| for x € Gy with x = T, and

4. |e(x + Le) — Ve(y + Le)| for x,y € Gy with z =~y =~ T, and = + L. # y + Le.

Let d' = d/(3to(l + m)).

Apply Proposition 8.8 with B = {by,...,b;}, Uy, d', to!, and X = {b41,...,b} to get
{ait1,...,a4;}. Also, apply Proposition 8.8 with B = {ey,...,e;}, ., d, to!, and X =
{1, em) to get {a),,...,a,,}. Let

Y:{bl,...,bi}U{biﬂ+ai+1,...,bl+al}U{el,...,ej}U{ej+1—|—a;+1,...,em—|—aﬁn}.

Since Y is independent and nonshrinking, we can extend it to X; which is independent,
nonshrinking, spans G, and for which |X;| > |X,|. Clearly, X; is an approximate non-
shrinking basis for GG;. To see that X coheres with Xy, notice that X; is ¢;-independent and
t1-nonshrinking for arbitrarily large t;. Also, the fact that ¢y! divides each a; and a shows
that every equation over Xy which defines an element of GGy has a solution over Xj.

To check the last condition, suppose g < h € (G satisfy the reduced equations

ay = ciby + -+ b + ce1 + -+ Cymenm and
By =diby + -+ diby + dipre1 + - -+ dipmenm,

respectively. Let ¢’,h' € G be the solutions to these equations over X, that is, with (b;.1 +
aiy1) through (b + a;) in place of by through by, and (ej1 + aj,,) through (e, + a;,) in
place of e;;; through e,,.

We need to show that ¢’ < h’. There are several cases to consider. First, suppose g =~ I';
and h =~ I'.. g < h implies that h > Og, and g ~ I'y, implies that the coefficients ¢; 1, ..., ¢ 1m
are all 0. Therefore, ¢ ~ I'y, and similarly, h’ = I'.. We claim that h > 0g implies that
h' > 0g. To see this fact, notice

Bh— B = dirai1 + -+ diag + diy il + o+ dinan,.

Therefore, |¢.((Bh— (R )+ L.)| < (I+m)tod < d/3. Since [1p.(h+ Le)| > d and |¢.((h—h')+
L.)| < |¢e((Bh — BR') + L¢)|, we have that ¢.(h' + L.) > 0. The definition of the quotient
order and the fact that 1. is an embedding imply that A’ > 0g. Putting these facts together,
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we have that ¢’ ~ 'y, < I'. & I/ and h' > Og, and therefore ¢’ < h’. A similar analysis applies
when g ~ ', and h = I},

It remains to consider the case when g ~ h. Assume ¢ ~ h = I'. and consider the
case when g — h ~ I'.. In this case, g + L. # h + L., so g+ L. < h + L., and hence
Ye(g + L) < ¥e(h + L.). By calculations similar to those above and those in Lemma 6.3
involving our choice of d’, we have that ¥.(¢' + L.) < ¥.(h'+ L.). Therefore ¢+ L. < h'+ L.,
which implies ¢’ < h/.

Ifg=h=T,. but h— g < I, then since Gy is closed under Archimedean differences, we
know that h — g € G and since g < h, we have Og < h — g. Again, by our choice of d, this
means that 0g < h’' — ¢/, and so ¢’ < h'.

Finally, if ¢ =~ h = Iy, then since G is closed under Archimedean differences and I7,
represents the smallest Archimedean class in Gy, we know g — h =~ I',. The analysis for the
case when g =~ h ~ I', applies in this case as well.

We now sketch the general case. Suppose there are k Archimedean classes in X,. We
partition Xy into Archimedean classes, Xo = {b{,...,b} }U---U{bf,... bF } corresponding
to the representatives I'y,,..., I, . Next, for each j < k, we separate out the initial segment
of {b/,... , b3, } which is independent and nonshrinking, (v, .. b, } U {bfnjﬂ, 0} We
fix d > 0 € R, as above, which is less that the minimum for all j < k of

L |y, (z + Ly,)| for z € Gy, x = T,, and
2. |y, (2 + L,) — ¥u, (y + Ly, )| for each x,y € Gy with x =~ y ~ Ty, and x + Ly, # y + Ly,.

Let d' = d/3to(ny+---+mnyg). For each j < k, we apply Proposition 8.8 to get {a%ﬁl? o ,a%j}.

Let Y = U< {0, ... O bf%jﬂ—{—afnjﬂ, o ,b{lj—{—afw}. Since Y is independent and nonshrink-
ing, we can extend it to X; which is independent, nonshrinking, and spans G;. As above,
our definition of d’ implies that if h € (G is positive and satisfies a reduced equation over Xj,
then the solution A’ to the same equation over X is also positive. The proof that X; coheres

with Xy now breaks into cases exactly as above. O]

Now that we have the appropriate replacements for Propositions 5.4 and 5.6 and Lemma
6.3, we sketch the remainder of the argument. There is a search procedure to make Lemma
8.9 effective just as in Section 6, except when we search for dependence relations, we also
search for sums which shrink in terms of the Archimedean classes.

For our given group G, we build H and a AY isomorphism f : H — G in stages as before.
We again meet the requirements

R. : . : H— G is not an isomorphism

by diagonalization. The first change in the construction is to use approximate nonshrink-
ing bases instead of just approximate bases. These insure that our basis at the end of the
construction is nonshrinking.

The second change is to fix the part of the basis for the finite rank Archimedean classes
at stage 0. For each I'; which represents a finite rank Archimedean class, let n; = rank(FE;),
where E; is the subgroup of G/L; consisting of the least nontrivial Archimedean class. Pick
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a set B; which is independent, nonshrinking, has size n;, and such that for all x € B;, v = T;.
Place these elements in the approximate nonshrinking basis at stage 0. Since these elements
are in fact independent and nonshrinking, they will remain in all approximate nonshrinking
bases chosen later in the construction.

The third change is to fix the least ¢ such that I'; represents an infinite rank Archimedean
class. We perform the diagonalization to meet R, using approximate basis elements which
are =~ [;. Just as Proposition 5.4 is used in Lemma 7.1 to perform the diagonalization,
Proposition 8.7 is used here.

With these changes, the proofs for Theorems 1.12 and 1.4 proceed just as those for The-
orems 1.11 and 1.3.
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