Math 2142 Homework 4 Part 1 Solutions

Problem 1. Solve the following separable initial value problems.

d
di (1 —27)y” with  y(0) =—-1/6
d
ﬁ =1 4+2%)72  with  y(0)=1

Solution. Consider the first initial value problem.

dy

o = (1 —2x)y° with  y(0) =—-1/6

Rewriting this separable equation, we get
1
7 dy = (1 —2x)dx
-1
— = x—-2"+c
Yy
Plugging in y = —1/6 and x = 0 from the initial condition gives 6 = ¢. Solving for y gives

-1 = v—2°+6
Y
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- = —x+2°—6
Y
1
Y 22— —6

Now consider the second initial value problem.

dy

i zyP (1 + 22) 712 with y(0) =1

Rewriting this separable equation, we get
1 x
—dy = / —dx
/ » Y V14 2?
-1 / x
— ——dx
2y? V1+ 22
To do the remaining integral, use the substitution u = 1 4 22, so du = 2z dx. This gives
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Therefore, altogether we have
-1
53 =V 1 + .732 +c
2y

Plugging in y = 1 and = = 0 from the initial condition gives —1/2 =1+ ¢, so ¢ = —3/2. To
solve for y
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— = —2V1+4+a2?+3
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1
y =

3—2V1+2?

Note that we take the positive square root in the denominator because y(0) = 1.

Problem 2. Find the general solutions for the following separable differential equations. For
the second one, you do not need to solve explicitly for y.

d 2
d_?; = m (you can assume that z > 0)
dy 2x

= ou can assume that —1 <z <1
dr  ye¥ — x2yeY (v )

Solution. For the first differential equation
dy x?
dr  y(1 4+ 23)

2
x
/ydy—/1+x3dx

The y integral is just y2/2. To do the x integral, use the substitution v = 1423, so du = 322 dx.

we separate the variables to get

2 1 (1 1 1
/1_T_x3dx:g/adu:§1n|u|+c:§In|1+m3|+c:1n(,3/1+x2)+c

We can remove the absolute value signs because x > 0. Altogether, we have
v*/2 = In(V1+22) +c
y = i\/Q In(+v/1 + 22) + 2c¢

Note that we could replace the 2¢ in the second line by a new constant ¢.




For the second differential equation

dy 2x
de  ye¥ — x2yey

2z
/yeydy:/l_xQdac

To calculate the y integral, we use integration by parts. Let u = y and dv = €Y dy. Then
du = dy and v = €Y, giving us

/yeydy:yey—/eydy:yey—ey

[ am saving the integration constant for the end. To do the x integral, use the substitution
u=1-—22 sodu= —2xdx.

we separate the variables to get

2 1
/ z d:zc:—/—du:—ln|1—x2|—|—c:—ln(1—x2)—|—c
u

1 — a2
Note that we can remove the absolute value signs because —1 < x < 1. Altogether, we get
yeV —e¥ = —In(1 —2?) + ¢

which we will not attempt to solve for y!

Problem 3(a). Solve the following algebraic equation explicitly for y.

v —2y+4d=a'+2°+6

Solution. As indicated on the homework, we completing the square on the left side and solve
for y.

(y—1)*—-14+4 = 2*+2°+6
(y—1)%*+3 = 2'+2°+6
(y — 1) at + 2% +3

y = =Vrt+a2+3+1

3(b). Solve the following separable initial value problem and give the solution explicitly as a
function y(z).
dy  3xz*+¢

= ith =1
dx 2y — 4 W y(0)



Solution. Separating the variables, integrating and completing the square gives

/2y—4dy = /33:2—|—exdx

vi—4dy = 2P+ +c
(y—2)2 -4 = 2°+e"+c
(y—2)? = 2°4+e"+¢

y = 2+Vadter+C

where ¢ = ¢ + 4 is an altered constant of integration. To solve for the constant ¢, we plug in

y=1and z =0 to get
1=2+v0+1+47C

It follows that ¢ = 0 and we need to use the negative square root. So, the specific solution is

y=2—Va3+e*

Problem 4. Find the general solution for the following linear differential equations. If an
initial condition is given, find the specific solution as well.

d
% +2zy =4 with y(0) =3
dy y 2
YW_Y 92 fort>0
a i o
dy
bt -3
I +y x
d
el + 3y = sin 2z
dz

Solution. For the first initial value problem

d
% + 2zy = 4 with  y(0) =3

our integrating factor is
2

I(ZL’) — ef2$dz —

The next integral we need to calculate is
/I(x)Q(x)dx = /612 e dx = /4dx =4r+c

Since 1/I(x) = e~*", the general solution is

2

y(x) = e 4z +c) = dze ™ 4 ce*



To find the constant ¢, we plug in y = 3 and z = 0 to get
=4(0)e? + ce?
Therefore, ¢ = 3 and the specific solution is
y(z) = dze™ 4 3¢

Next, consider the second differential equation. We rewrite it in the form of a linear
equation as
by _
t

The integrating factor is

I(t) _ ef—l/tdt — oIt _ elnt—l e

The next integral to calculate is

/I(t)~Q(t)dt:/t‘1~2t2dt:/2tdt:t2+c
Since 1/I(t) = t, the general solution is
yt)y=t-(*+c)=t>+ct

Consider the third integral
dy
A -3
I +y x

The integrating factor is
I(z) = el 1o = ¢*

The next integral we need to calculate is

/J(x)-cg(x)dx:/ew.gxdx:/3xewd;c

We do this integral using integration by parts. Set u = 3z and dv = e* dz, so du = 3 dx and
v =e". We get

/317636 dz = 3ze® — /3690 dr = 3ze® — 3e* 4+ ¢ = 3ze® — 3e* + ¢

(Notice that the ¢ really should be inside the minus sign, but since it is a constant, it doesn’t
matter in the sense that it can be replaced by its negative.) Since 1/I(z) = e~*, the general
solution is

y(zr) =e "(3ze” —3e"+¢c)=3x—3+ce ”

Finally, we consider the last differential equation

d
el + 3y = sin2x
dx



The integration factor is
](17) _ 6f3dz _ 6396

The next integral to calculate is

/ I(2) - Q) dx = / ¢ sin 2 d

To do this integral, we will need to use integration by parts twice. First, let u = sin 2z and
dv = 3 dz, so du = 2cos 2z dr and v = 1/3 - 3*. We get

/e3msin2xdx: 1/3~63””sin2a:—2/3-/e3xcos2mdx

To do the remaining integral, let u = cos2z and dv = e**dx, so du = —2sin2x dr and
v=1/3-e3. We get

/e3wsin2xdx = 1/3-e*sin2z —2/3 <1/3-e3$0082x+2/3-/e3msin2xdx)

/egxsin2xda: = 1/3-egmsiHQl’—2/9'6333(308233—4/9-/639681112&3613}
13/9-/e3fsin2xdx = 1/3-¢*sin2z —2/9 - €* cos 2

/e3zsin2xdx = 3/13- €3 sin2x — 2/13 - €*" cos 2z + ¢

Note that I added the constant of integration in the last step. Since 1/I(z) = €37, the
general solution is

y(r) = e ?(3/13 - ¥ sin 27 — 6/13 - €** cos 22 + ¢) = 3/13 - sin 22 — 2/13 - cos 2z + ce™**



