Math 2142 Exam 2 Review Solutions

Problem 1. Determine whether the following sequences converge or diverge. If they converge,
find their limit.
nm
a, = COS —

2

The first sequence diverges because (starting with n = 0) the values repeat in the pattern
1,0,—1,0.
n?+3n — 2

5n?
The second sequence converges to 1/5. (To get this value, switch from n to = and use
L’Hopital’s Rule or the fact that it is a rational function in which the degrees of the numerator
and the denominator are equal.)
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To find the limit of the third sequence, rewrite it over a common denominator.

n? n4+1 n*—m*+1)(n+1) n*+n+l
n+1 n o n(n+1) - n2+4n

Ay =

From here, you can see the limit is 1.
a, = 24"

For the third sequence, as n approaches oo, the value of 1/n goes to 0. Therefore, the limit

is 20 = 1.

_1\n
a, = n=1

The fourth sequence diverges because the absolute values of the terms go to infinity.
an = 7
For the last sequence, you can switch from n to x and use L’Hopital’s Rule.
% S VE elnml/z _ phnz/z

By L’Hopital’s Rule, lim, o, Inz/x = 0 and so the limit of the sequence is €* = 1.

Problem 2(a). Let {a,} be a strictly decreasing sequence for which each term a,, > 0. Prove
that lim,,_, a, > 0.

Solution. There a couple of ways you might do this problem. They both start by noting
that since {a,} is a bounded monotonic sequence, then it has to converge. So, the sequence
has a limit and the only question is to show that the limit is non-negative.

One method to show that lim,,, a, > 0 is to note that since {a,} is a strictly decreasing
sequence which is bounded below, we know it converges to inf A where A is the set of numbers



in the sequence. Since 0 is a lower bound for A, we know that inf A > 0 and therefore
lim,, o a, > 0.

A second method to show lim,_, a, > 0 is by contradiction. Since we know that the
sequence has a limit, we start by assuming that lim, ,. a, = ¢ < 0. We need to derive a
contradiction. To get a contradiction, pick a value & such that 0 < & < |¢|, and so c+¢ <0
(since ¢ is negative). Applying the definition of lim,,_,,, = ¢, there is an N such that if n > N,
then |a, — ¢| < e. Removing the absolute value signs gives

—e<a,—c<e

and so
c—e<ap,<c+e

But, as we noted above, ¢+ ¢ < 0 and so if n > N, then a,, is negative! This contradicts the
fact that each term in the sequence is positive.

2(b). Give a counterexample to show that you cannot in general conclude that lim,, ., a,, > 0.

Solution. Define a sequence by a, = 1/n for n > 1. The terms are positive and strictly
decreasing, but lim,, . a, = 0.

Problem 3. Let Y ;° a; be a convergent series with positive terms. Prove that for every
e > 0, there is an N such that if n > N, then ) 7 a <e.

Solution. Since the given series converges, let Y .~ a; = S. By definition, we know that
the limit of the partial sums is equal to S. That is,

n
n—oo
k=0

Now, fix ¢ > 0 and we will try to find an appropriate N. Applying the definition of
lim, o D p_g@r = S, there is an N such that if n > N, then |[S — > 7_ ax| < e. (Notice
that I have written the difference inside the absolute values in a different order than usual.
However, because of the absolute value signs, it doesn’t matter which order we subtract the
terms in!) Removing the absolute value signs tells us that if n > N, then

n
—€<S—Zak<e
k=0

But, S =" ar and so S — >/ jar =y ap. Therefore, we have that if n > N, then

o
—e < Z ar < €

k=n+1

and the right inequality is what we wanted to show.



Problem 4. Determine if the following telescoping series are convergent or divergent. If they

converge, find the sum.

1
; 2n—D(2n+1)

Solution. Use partial fractions to decompose the fraction.

1 A N B
2n—1)2n+1) 2n—1 2n+1

which means
1=A2n+1)+ B(2n—1)

Solving these gives A = 1/2 and B = —1/2. (One way to see this is to plug in n = 1/2 and
n = —1/2.) Therefore, the n-th term looks like

1 1
22n—1) 2(2n+1)

The first few partial sums are

From here, the pattern emerges: s, = 1/2 —1/(2n + 1). To find the value of the original

series,
(e e]

S : ~ Tim s, = =
— (2n—1)(2n+1) n-oo "9

Before going on to the second telescoping series, you might try to prove that s, = 1/2 —
1/(2n + 1) by induction on n. I just stated it above because the pattern is fairly clear from
the first few examples, but it a good exercise to prove it by induction. Use the fact that
Sni1 = Sn + an41 and it should fall out relatively easily.

The second sum to consider is

For this sum, the partial faction decomposmon is a longer. Since the denominator is a product
of degree one factors, we write

M4l A B, C D
n2n+12 n n2 n+l (n+1)2




and therefore,
2n+1=An(n+ 1>+ B(n+1)*+Cn*(n+1) + Dn?

Plugging in n = 0 gives us that B = 1 and plugging in n = —1 gives us that D = —1.
Therefore, we have

2n+1=A(n® +2n* +n) + (n* +2n+ 1) + C(n® + n*) — n®

Collecting terms of the same degree gives us
m4+1=(A4+Cn>+ (2A+20)n* + (A+2)n +1

Comparing the n terms, we see that 2 = A + 2 and hence A = 0. Comparing the n? terms,
we see that 0 = A + C and hence C' = 0. Therefore, our partial fraction decomposition is

2n+1 1 1

n?(n+12 n2  (n+1)?
The first few partial sums are

1 1
NER T

1 1 1 1 1 1
2=\ ) (2 52)"2 3
1 1 1 1 1 1
sT\eTy) 2 TRE) T

The general pattern emerges that s, = 1 — 1/(n + 1)%. (As above, it is a good exercise to
prove this formula by induction on n.) Therefore, our sum is

[e.9]

2n+1 . 1
D i Am - o =
o An 1) o (n1)

Problem 5. Determine if the following geometric series converge or diverge. If they converge,
find the sum.

ilgj” 21/3 +Z 2/3)" (1_11/3—1)+(1_12/3_1)

n=1
=) UV)'=—r
DR ST
S T o :
Z =3 Z (3/e)™ which diverges since 3/e > 1

n=3 n=3



Problem 6. Let f(x) be a function which is continuous, strictly positive and strictly decreas-
ing on the interval [1,00) such that floo f(x) dx converges. By the Integral Test, the series
> rey ag with a, = f(k) converges, so we have

iak =95
k=1

For this problem, you will give an error estimate using the Integral Test for this series. Let
Sp = Y _p_, @ be the n-th partial sum for this series. The error in using s,, as an approximation
to S is given by

o
R,=5—s,= E ag
n+1

Draw a picture similar to the ones we used in the proof of the Integral Test to prove that
R, < [ f(z)dx.

I don’t know how to draw this picture electronically but look at Figure 10.4 on page 397 to
help you.

Problem 7(a). By the Integral Test, we know that Y-, 1/k* converges. Use Problem 6 to
give an upper bound for the error in using Z}O 1/k3 to approximate the value of this series.

7(b). What is the least value of n for which s, = > ;_, 1/k* is accurate approximation to
within 5 x 10747

Solution. To do this problem, notice that the function we are working with is f(z) = 1/23.
By Problem 6, we have that the error in using s19 to approximate the given series is less than
[io 1/a® dz. Therefore, we calculate

o] t
/ v3dr = lim [ z7%dr = lim —1/(2352)\t10 = lim —1/(2t*) 4+ 1/200 = 1/200
1 t—o00 t—o00

0 t—o00 10

To do 7(b), we need to find the least n such that [** 273 dzr <5 x 107%.

t
n
t—o00 n

00 t
/ r3de = lim [ z7%dx = tlim —1/(22%)] = tlim —1/(2t*) + 1/(2n?) = 1/(2n?)
n —00 —00
Therefore, we need to find the least n such that 1/(2n?) < 5 x 107*, which is the same as
finding the least n such that 1/n? < 1073. T'll leave you to find the exact value of n.

Problem 8. Let f,(z) = (sinnz)/n and let f(z) = lim,, fn(x) be the pointwise limit of
the sequence of functions {f,(x)}. Show that f(z) is defined for all  and that f(z) = 0.
Then show that

Tim £,(0) # £'(0)
This example shows that limits of sequences of functions cannot always be interchanged with
derivatives.



Solution. To show that f(z) = 0, we use the Squeeze Theorem. For any value of x, we have

sin nx 1
S —

1
——<
n n

S

Since lim,,_,, 1/n = 0, the Squeeze Theorem tells us that lim, . (sinnz)/n = 0.

To do the second part of the problem, we have f/(z) = cosnz and therefore, f!(0) = 1
for each m. This tells us that lim, o f,(0) = lim, ,, 1 = 1. On the other hand, f(x) =0, so
f'(x) =0 and f'(0) = 0. Therefore, lim,,_, f,(0) =1# 0= f'(0).

Problem 9(a). Prove the following integration formula for integers n > 1.

T . 3 . .
/ sin nx dr — { 2/n° if nis odd
0

n2 0 if n is even

Solution. We calculate the integral by

T sinnx —cosnx|® —cosnm —cosO0 —cosnm+1
; dr = 3 - 3 3 3
0 n n 0 n n n
Suppose n is odd. In this case, — cosnm = —(—1) = 1 and the value of the integral is 2/n?.
On the other hand, if n is even, then — cosnm = —1 and the value of the integral is 0.

9(b). Prove that the series > 7 (sinnx)/n? converges absolutely for all x. Let f(z) denote
the value of this sum.

Solution. To test for absolute convergence, we can take the absolute value and use the
Comparison Test.

Since the series > > 1/n? converges, the Comparison Test tells us that Y > (| sinnx|)/n?
converges and hence the series >~ | (sinnz)/n? converges absolutely.

9(c). Use the Weierstrass M-Test to prove that the series of functions Y - (sinnz)/n?
converges uniformly to f(z).

Solution. To use the M-Test, we note that |sinnz|/n? < 1/n? for all z. Therefore, we
can set M, = 1/n% Since > °7 M, = > 2 1/n? converges, the M-Test tells us that
Yoo (sinnz)/n? converges uniformly to its limit f(x).

9(d). Explain why f(z) is continuous (and hence integrable) on the interval [0, 7].

Solution. Since > 7 (sinnz)/n?® converges uniformly to f(z) and since each function
(sinnx)/n is continuous, we know that the uniform limit function f(z) is also continuous.



9(e). Use the uniform convergence of Y > (sinnz)/n* to f(x) to integrate term-by-term and

prove the formula
T o 2
dr = —_—
| @ =3 o

k=1

Solution. To see the process of taking the term-by-term integration, it might be easier to
write out our function.

sinx sin2x sindx sindxr sSinbx
f(ZL‘) = 12 + 22 + 32 + 42 + 52

Because of the uniform convergence, we have

4 Tsinx T sin 2% T sin 3z T sindx T sin b
dr = d d d d
/0 f(z)dx /0 E x—l—/o P x—l—/o % :Jc—l—/o P x~|—/0 2 +

By this first part of this problem, the terms with even n all have integrals equal to 0, so we

have ™ s : s : 3 ™ 3 5
sin x sin 3z sin bz
/ f(x)dx:/ 2 d:n—l—/ 5 dx+/ =2 +
0 0 0 0

Again, using the first part, the integrals when n is odd evaluate to 2/n® so we have

T 2 2 2
/0 f(w)dx:ﬁ+§+§+”'
We can write the sum on the right side as >~ 2/(2k — 1)® using the fact that the terms
(2k — 1)® as k ranges from 1 to co give us exactly the terms n3 for the odd numbers n from
1 to oo.



