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We use methods of Reverse Mathematics to analyze the proof theoretic strength
of certain graph theoretic theorems involving the notion of coloring number. Clas-
sically, the coloring number of a graph G = (V, E) is the least cardinal x such
that there is a well ordering of V' such that below any vertex in V', there are fewer
than x many vertices connected to it by E. A theorem which we will study in
depth, due to Komjath and Milner, states that if a graph is the union of n forests,
then the coloring number of the graph is at most 2n. In particular, we look at the
case when n = 1. In doing the above, it is necessary for us to formulate various
different Reverse Mathematics definitions of coloring number; we also analyze the

relationships between these definitions.
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Chapter 1

Introduction

1.1 Computability Theory

We assume the reader has a basic knowledge of Computability Theory.

Fix an effective enumeration of all partial computable functions ¢q, ¢1, 2, ... and
fix an effective enumeration of all Turing functionals ®q, &1, ®5,.... We think of
the functions as computer programs (that are allowed an arbitrary finite amount
of time to run) and the functionals similarly as computer programs, with the only
difference being that functionals are allowed to have access to a set as an oracle.
To denote that a function ¢, : N — N halts on input = and outputs y, we write
ve() |=1y. To denote that ¢, halts on input z (and has some output), we write
we(x) |. We write e s(x) |=y if e,z,y < s and y is the output of the program

. on input x for < s many steps. Therefore

Pe(7) 1=y < (38)[pe,s(z) 1= 1]

It is clear that for a given stage s, ¢, s(x) should be a computable predicate, since

it is computable to run a program for finitely many steps.



If pe(z) does not halt, then it is undefined, and we write p.(z) T, and so

Pe(T) T (V8)[pe,s(x) T].

To say that a Turing functional ® with oracle A halts on input x and outputs ,
we write ®4(x) |=y. We can define ® running for s many steps similarly to the

way we defined it for functions. Define the halting set

K :={eeN:g.e) |}
We define the jump of A, written A’ (and spoken “A jump” or “A prime”) as
A ={eeN:0%e) |}

Therefore K = (. A set is computable if its characteristic function is (total)
computable. It is well-known that K is not computable. It is one of the most
basic examples of a set which is not computable. (In fact, for any set A, A’ >1 A.)

For more information on the subject, I would direct the reader to Soare [9].

1.2 Reverse Mathematics

Reverse mathematics deals with the analysis of the proof theoretic strength of
theorems. It works best in the context of countable or essentially countable
mathematics—for example, we can analyze theorems in number theory, count-
able algebra and countable combinatorics. We can also study theorems in real

and complex analysis, or more generally about complete separable metric spaces,



since they can be understood in terms of a countable dense subset. Reverse math-
ematics is less useful for studying heavily set-theoretic subjects such as abstract
functional analysis, general topology or set theory itself. The reason is that we
restrict our axiomatic focus from set theory (ZF'C') to second order arithmetic
(Z2).

All of the theorems we analyze in reverse mathematics are in the language of Zs.
The first order part of Z; has constants and variables, which are intended to range
over elements of N, and the usual addition and multiplication. The second order
part has set variables which are intended to range over subsets of N, and the €
relation. Formulas of Z5 consist of formulas that are put together from the above
with the usual logical symbols A, V, =, —, and the quantifer symbols V and J,
which are intended to quantify over both number and set variables. We classify
the proof theoretic strength of a theorem by finding the weakest subsystem of Z;
in which the theorem is still provable.

What are the subsystems of Z,7 A subsystem is distinguished by the level of
comprehension (set existence) that it allows. The comprehension scheme in Z is
given by

IXVn(n € X < ¢(n))

where () is any formula in which the set variable X does not occur. Essentially,
if we restrict what kind of formula ¢ is allowed to be, then we get a new subsystem.

There are infinitely many subsystems of Zs, but it turns out that there are five that



occur most often in reverse mathematics. They are RCAy, WKLy, ACAq, ATR, and
I1}-CAy. We think of the system RCA as a system which is just strong enough to
prove the existence of computable subsets of N. WKL, (Weak Konig’s Lemma) is
a type of compactness that asserts the existence of paths through infinite binary
branching trees. ACA, (Arithmetic Comprehension Axiom—a stronger form of
compactness) asserts the existence of sets definable by formulas that only quantify
over number variables. ATR, (Arithmetic Transfinite Recursion) is equivalent
to any two countable well orders being comparable, while IT1{-CA, asserts the
existence of IT] sets. A III set is one that is definable by a I} formula (one that
has a universal set quantifier and unrestricted number quantifiers after it).

The subscript 0 means that we have restricted what kind of induction scheme we
are allowed to use in our proofs. Z, has full second order induction, given by the

set induction principle
0e XAVnne X -n+1€ X]|)— Vn(n e X)

but we weaken the level of induction using the schema

(0(0) AVR(p(n) — p(n+1))) — Vne(n)
and restricting what kind of formula ¢ can be.

Definition 1.2.1. [8] The scheme of A} comprehension consists of all axioms of
the form

(Vn)lp(n) = ¢(n)] = BX)(Vn)[n € X < ¢(n)]



where p(n) is X9, ¥(n) is 1%, and X is not free in ¢(n).

Definition 1.2.2. For each k& € w, the scheme of XY induction consists of all
axioms of the form of the induction schema given above, where ¢(n) is any X9
formula of the language of second-order arithmetic. Similarly, 119 induction con-

sists of all axioms of the same form, except that ¢(n) is any II) formula.

Definition 1.2.3. [8] RCA, is the formal system in the language Lo of second-
order arithmetic whose axioms consist of the basic axioms, in addition to the

schemes of A} comprehension and %{ induction.

We should note that RCAj does not say that noncomputable sets do not exist; but
it is not strong enough to prove they do exist. We can talk about noncomputable

sets in RCA( using the formulas that define those sets, as we will see later.

Definition 1.2.4. [8] The axioms of ACA( are the basic axioms and the induction

axiom together with comprehension axioms
(3X)(Vn)[n € X — o(n)]
where ¢ is any arithmetical formula in which X does not occur freely.

Note that an arithmetical formula is one that does not quantify over sets, only
over numbers. We do allow set parameters in an arithmetical formula. As an
example, the set K exists in ACAq, as it is definable by the arithmetical (%9)
formula (3s)[pes(e) |].

We will use the following lemma [8] extensively.



Lemma 1.2.5. The following are pairwise equivalent over RCA.

1. ACA,.

2. X¥ comprehension, i.e., the comprehension axioms (3X)(Vn)[n € X < ¢(n)]

where ¢ is any ©¢ formula in which X does not occur freely.

3. For all one-to-one functions f : N — N there exists a set X C N such that

(Vn)[n € X « Im(f(m) =n)], i.e., X is the range of f.

Definition 1.2.6. [8] (RCA;) We define a finite set to be a set X such that

(Fk)(Vi)li € X — i < k.

Theorem 1.2.7. (Theorem II1.2.5 from [8]) (RCA;) For any finite set X C N

there exist k, m and n € N such that

Vili e X < (i <k Am(i+1)+ 1 divides n)]

Every finite set X can be encoded as a unique natural number. The code of the
finite set of natural numbers X is the least number of the form (k, (m,n)) such
that the above formula holds. Note that (i, j) = (i+7)?+4 is the standard pairing

map, which is a one-to-one map of N x N into N.

Definition 1.2.8. (RCA() Let A be a set. We define the set of codes for finite

subsets of A,

Finy := {c¢ € N : ¢ is a code for a finite subset of A}.



Definition 1.2.9. (Definition I1.2.6 from [8]) (RCAq) A finite sequence of

natural numbers is a finite set X such that (Vn)[n € X — Fidj(n = (i,4))] and

VivivE[((i,§) € X A (i, k) € X) — j = k]

and (31)(Vi)[i << 3j((i,j) € X)]. The number [ is uniquely determined and is
called the length of X. The code of a finite sequence X is just the code of X as a

finite set.

Definition 1.2.10. (RCA) Let A be a set. We define the set of codes for finite

sequences of elements from A (identified with partial functions o : N — A),

Seq, := {c € N: ¢ is a code for a finite sequence of elements from A}.

Sometimes we write A<M in the place of Seq .

For o € Seq,, we let |o| denote the length of 0. For o,7 € Seq,, we write 7 C o

to say that 7 is an initial segment of o, i.e.,
7| <o A (Vi <))o (i) = 7(D)],
which we could also write as 7 = o [ dom(T).
Definition 1.2.11. We say that 7' C 2<N is a tree if
NMoeT)VreT)|rCo—T1eT].

In words, the above is equivalent to saying that T us closed under initial segments.

A path in a tree T is a function f : N — 2 such that (Vn)[f [ n € T].



Definition 1.2.12. Weak Konig’s lemma is the statement that every infinite tree

T C 2<N has a path.

Definition 1.2.13. [8] The axioms of WKL, are those of RCA( plus weak Konig’s

lemma.

Now we turn to graph theory and formulate a few definitions.

Definition 1.2.14. (RCA,) A graph G is a pair (V, E), where V' is the set of
vertices and F is an irreflexive, symmetric relation on V. (Note that our graphs

are undirected with no edges from any vertex to itself.)

Definition 1.2.15. (RCAg) Let G = (V, E) be a graph, and u,v € V, u # v.

A path in the graph G is a nonempty sequence o € Seqy, such that

(Vi # j <loDlo(i) # o(DIA (Vi < |o] = Do) Ea(i+ 1)].

The collection of all paths in G is given by

Pathg := {0 € Seqy, : ¢ is a path in G}.

The collection of all paths from u to v in G is given by

Path/" := {0 € Pathg : 0(0) =u A o(|o] — 1) = v}.

Definition 1.2.16. (RCAq) An acyclic graph is a graph F' = (V| E) such that

(Vu,v € V)[|Pathz"| < 2].



A forest is an acyclic graph. A tree is a forest T' = (V, E') such that

(Vu,v € V))(Pathy” # ().

Notice that this definition of a tree is different than what we have already de-
scribed. While this difference could become problematic, it should be clear from

the context which definition we intend to use when we say “tree.”

Definition 1.2.17. Let G = (V, E)) be a graph. The component of G with repre-
sentative vertex v is the subgraph of G that is induced by the set of vertices given

by {u € V : Pathy" # 0} U {v}.

When we say “component of G we mean a component of G with representative
vertex v for some v € V. Note that, in general, ACAq is required to know that
for an arbitrary vertex v € V, the component of G with representative vertex v
exists. Of course, if G only has finitely many components, it would make sense
(and is in fact true, as we will see later) that RCA is enough to know that, for an

arbitrary vertex v € V| the component of G with representative vertex v exists.

Definition 1.2.18. We say a graph G = (V, E)) has finitely many components if
there is a finite set X € Finy such that X contains exactly one vertex from each

component.

For the following, we reason within RCAg. Let 7' = (V, E) be a tree. For all

X € Finy and all y € V' \ X we can form the set of all paths from the induced



10
subgraph on X to the vertex y
Path? := {o € Pathy : 0(0) € X Ao(|o| — 1) = y}.

Because T is a tree (and hence acyclic), for each z € X there is a unique path
from x to y. It follows that Path"¥ is a finite set because X is a finite set.

Let n = min {|o| : ¢ € Path¥}. For any o € Path) with |o| = n, we have
Vi[ll <i<|o| — o(i) & X].

We call such a o with |o| = n a path from X to y. Since the induced subgraph on
X need not be connected, there may be more than one such path, so choose the

one with least code to define the function
P : Finy x V — Pathy

such that

Difye X
P(X,y) =

o if y € V'\ X, where o is a path from X to y with least code.
Notice that if the induced subgraph on X is connected, then there is a unique
path from X to y for any y € V' \ X. The existence of the function P in RCA,

will be useful to us later.

1.3 Coloring Number

Definition 1.3.1. (RCAy) We say that a binary relation < is a linear order on

the set X if the following axioms are satisfied:
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L (Ve,ye X)[(z<yAy<z)—a=y]

2. (Veyy,ze X)[(z <yAy<z)—z <2

3. (Ve,ye X)z <yvVy<a

Definition 1.3.2. (Classical) The coloring number of a graph G, written Col(G),
is the least cardinal s for which there is a well-ordering of the vertex set in which

every vertex is joined by an edge to fewer than x smaller vertices.

If Col(G) = k, then we may assume that the ordering which witnesses this has
order type |V|. This is a well known result of Erdos and Hajnal [2], which we give

here as the following lemma.

Lemma 1.3.3. (Erdos, Hajnal) Let G = (V, E) be a graph. If |[V| = X and
Col(G) = k, then there exists a well ordering of V' with the order type A witnessing

Col(G) = k.

In Reverse Mathematics we restrict ourselves to work with only countable graphs.
(So from now on, when we say “infinite graph,” we really mean “countably infi-
nite graph.”) Considering the above lemma, we are particularly interested in well
orderings of the vertex set V' that have order type w. Of course, to get such
a well ordering of type w may require nontrivial axioms in the sense of Reverse
Mathematics, and since the proof provided by Erdos and Hajnal of the lemma

uses transfinite induction, it is not immediately clear which subsystem is actually
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necessary. It would be a reasonable Reverse Mathematics question to explore this

lemma to determine its proof-theoretic strength.

Definition 1.3.4. (RCA;) Let G = (V, E) be a graph and let k € N, k£ > 1. A
k-order of V is a linear order <y, of V' such that for every x € V there are at most

k —1 many y € V such that y <y = and E(x,y) holds.

Notice that if G = (V, E) is a graph, then the existence of a k-order which is a
well-order on V' classically implies that Col(G) < k. We now restate the classical

definition of coloring number for countably infinite graphs as

Definition 1.3.5. (Classical) For k > 1, Col(G) < k if there is a k-order of V' of

type w.

In many ways the classical definitions of coloring number given above are unsat-
isfactory in terms of Reverse Mathematics. For instance, how do we define (in
RCAg) what it means for a linear order of V' to be of type w? This leads us to
formulate a few new definitions.

The following definition gives a strong way of saying that a linear ordering <y
on a set V' has order type w by specifying, for each element v € V| exactly how

many elements are below v in the ordering <y, .

Definition 1.3.6. (RCA) We say that an ordering <y of aset V' = {vg, vy, va,...}

has strong w-type if there is a bijection f : N — V such that

i<nj <= f) <y f().
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In other words, f explicitly gives the ordering <y, by specifying f(0) = the first
element of V' in the ordering <y, ..., f(n) = the element of V' in the n+1 position

in the ordering <y .

The following definition gives a weaker way of saying that a linear ordering <y,
on a set V has order type w. Under this definition, we cannot tell exactly how
many elements are below a given vertex v in the ordering <y, only that there is

some finite bound on the number of elements below v in the ordering <y .

Definition 1.3.7. (RCA() We say that an ordering <y of aset V' = {vg, vy, va,... }
has weak w-type if

(Vi)(37) (Ym 2w j)[vi Sv vm)-

Here are some variations on the Reverse Mathematics definition of coloring num-

ber. For the following, let G = (V| E) be a graph, and k € N with k > 2.

Definition 1.3.8. (Linear order coloring number) (RCA;) We say that Col o(G) <

k if there is a k-order of V.

Definition 1.3.9. (Strong w coloring number) (RCA() For an infinite graph

G we say that Col®(G) < k if there is a k-order of V of strong w-type.

Definition 1.3.10. (Weak w coloring number) (RCA) For an infinite graph

G we say that ColV(G) < k if there is a k-order of V' of weak w-type.
It is not hard to see we have the following string of classical implications:

Col’(G) <k = ColV(G) <k = Colo(G) <k



14

The converse of the last implication above is false in general. Classically, Col.o(G)

and Col(G) are not the same. Consider the following to see this fact.

Lemma 1.3.11. Col o(G) < k if and only if Colo(H) < k for every finite

subgraph H C G.

For now we omit the proof of the lemma, but note that it will follow from a
compactness argument that we will give later.

To show (classically) that Col o (G) < k does not imply ColV (G) < k, we direct
the reader to examples constructed by Erdés and Hajnal in [2], which can be found
in Appendix A. These examples were originally used to show that the following

result is sharp.

Theorem 1.3.12. (Erdés, Hajnal) If every finite subgraph of a graph G has
coloring number at most n (2 < n < w), then the coloring number of G is at most

2n — 2.

That is, for each k£ > 1, there is a graph G such that for every finite subgraph H
of G, Col(H) = k + 1, but Col(G) > 2k — 1 (and so by the theorem it must be
the case that Col(G) = 2k = 2n — 2 for n = k + 1). These examples are given
explicitly.

Notice that, together with Lemma 1.3.11, Theorem 1.3.12 proves that if Col;o(G) <
k, then classically we have that Col,(G) < 2k — 2 (where Col,(G) denotes the

classical coloring number where we consider only well-orderings of V' of type w).



15

So classically, linear order coloring number and omega coloring number are not
entirely different. At least they are both either finite or infinite.

While it is evident classically that Col®(G) < k <= ColV(G) < k, we note that
the equivalence between strong and weak w-type linear orders requires nontrivial
axioms in the sense of Reverse Mathematics analysis, as indicated by the following

theorem.

Theorem 1.3.13. (RCA; + X9 Induction) The following are equivalent:
1. ACA
2. Every linear order of weak w-type has strong w-type.

Proof. (1 — 2) We reason within ACAy. Let (£, <) be a linear order of weak

w-type. So we know
(Vo € L)@ e N)[l{y € £y <c o}| =],
Now define the set

X = {{z,n) € LxN:(Jo € Seq,)[|lo] =nA
(Vi <j <lo)lo(i) <c o(j) <c z]A
(Vy € L)ly <c v — (Fi < |o])[o(2) = yl]]}-

Since the set X is arithmetical (i.e. it contains no set quantifiers, only number

quantifiers and quantifiers over finite sequences of numbers) it exists in ACA,.
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Now we define a function g : £ — N which witnesses (£, <) is of strong w-type.
Say

g(x) =n < (z,n) € X.

Define a function f : N — £ by f := ¢g~!. It is clear that f explicitly gives the
ordering <, on L.

(2 — 1) Fix a one-to-one function f : N — N. We wish to show that ran(f) exists.
We want to define a computable order of weak w-type (£, <) so that the strong
order we get from statement 2 allows us to determine ran(f). The elements of

our linear order will be from the set

L={a1}U{a,:neN}U{b, :neN}

To keep L computable, we will identify the a; with the evens and the b; with the
odds. The idea will be that if we see f(n) = m, then a,, will have at least n many
elements below it.

First we say that a; <, a; < i < 7, i.e.

a1 <payg<payp <pgg <gp-:--.

Now define the function F': N — N by primitive recursion as

e [(0)=0

o Fk+1)=F(k)+k+1



17

Note that at this point, for each n € N, there are exactly n elements in the order
below a,,, in other words, |[{y € £ : y < a,}| = n. Depending on f, we will insert

elements from {b,, : n € N} into the order

g <p a1 <pg Qg <p---

at various places, ensuring throughout that (Vn)(3m)[{y € L : y < a,}| < m].
Because of this fact, we will see that the order (£, <,) is of weak w-type. We can
then apply 2 to show (£, <) is also of strong w-type.

For each n > 1, put

afmy—1 <2 brm-1) <c brm—1)+1 <c =+ <c brm)—1 <c afem)

Notice that F'(n) — F(n — 1) = n, so that we have inserted exactly n many of the
elements from {b, : n € N} directly below ay(,) and above a (1.

We show an example of how the original ordering

ag <gayp <gag <g--:

would change, given a few values of f, for an example. Say we have f(0) = 4,
f(1) =17, f(2) = 0, (etc.). The fact that f(0) = 4 tells us to place the first
b (namely bpay—1 = by) between az and as. The fact that f(1) = 7 tells us to
place the next two b’s (namely bp2)—o = by and bpy—1 = bs) between ag and az.
The fact that f(2) = 0 tells us to place the next three b’s (namely bp(s)—3 = bs,

briz)y—2 = by and bp(z)—1 = bs) between a_; and ag. Given only this information,
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the ordering then becomes

a_1 <pbs <pby<pbs<pag<ga <gas<paz<gby<p

<£a4<£a5<£a6<£bl <£b2<5a7<£---

The idea is that we want to have

(Vn)3m)[{y € L:y < an}| <m] = Va € V)(3m)(Vk >y m)[~(ax <. a)].

We prove this fact by induction on n. Note that the level of induction used here
is 329, and is therefore safe to employ in RCAy + 39 Induction.

Base Case. First, note that a_; is the least element of (£, <,), and that there
is no way for any of the b’s to be placed below it. Now, for n = 0 the formula
becomes (Im)[|[{y € L : y < ao}| < m]. The only way for any of the b’s to be
placed below ag (and above a_;) is if there is some ¢ € N such that f(¢) = 0. We
have two cases: either there is such an ¢ or there is no such ¢. In the latter case,
the witness to the formula (Im)[[{y € £ : y <g ao}| < m]is m = 2 (as a_; is
below). If the former holds, then there are exactly ¢ many of the b’s below aq,
and the witness to the formula is £ 4 2 and we are done.

Induction Case. We wish to show that (Im)[|[{y € L : y <¢ ans1}| < m]. By

the inductive hypothesis we have (Im)[[{y € L :y <c a,}| < m]. Let m € N be
a witness to this, so that |{y € £ :y <¢ a,}| < m. Now, if there is no ¢/ € N
such that f(¢) = n + 1, then no new elements will be placed between a, and

an+1, and so the witness for (Im)[{y € L:y < ans1}| < m]is m + 1. Suppose
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f(¢) =n+ 1. Then the only new elements we will put between a,, and a,; are

bre—-1) <c bre-1)+1 <c -+ <z bre)-1-

In other words, there are F'(¢)— F({—1) = ¢ many of the b’s placed below a,,,; and
above a,. Therefore our witness to the formula (Im)[|{y € £ :y <¢ ani1}| < m]
is m+ £+ 1.

Hence, by induction, the order we have constructed (£, <) is of weak w-type. We
apply the statement 2 to get that (£, <) is also of strong w-type. Let g : N — L
be a witnessing bijection for (£, <) being of strong w-type. Thus we have the
ordering explicitly as

9(0) <z g(1) <z g(2) <g -+

Then

m € ran(f) <= (A)[f(n) =m] <= [@n < g~ (an))f(n) =m],

the last of which may be checked in RCAy, and we are done.

Qed

(Classically, every forest has coloring number < 2. The proof of this fact is indeed
quite simple; the idea is that, given a forest G = (V| E), we choose a vertex a € V
as the least element and then order the rest of V' by levels. In the remainder of
the chapter, we show that ACA, is strong enough to prove this fact and that, in

the restricted case of trees, RCA suffices.
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Theorem 1.3.14. (RCA,) If G = (V, E) is a countably infinite tree, then Col?(G) <

2.

Proof. We notice that the classical proof of this statement can be carried out
effectively. Assume RCA( and let G = (V, E) be a tree. Furthermore suppose that
V = {vg,v1,v9,...}. We wish to define a sequence of finite subsets V5 C V; C
Vo C ... of V and a sequence of orderings <qC<;C<,C --- on the finite sets of

vertices Vp, V1, Vs, ... respectively, such that

1. Each V; is finite, connected, and {vg,...,v;} € V; (so that V = U Vi).

1€EN

2. Each <, is a 2-order of V.
3. <41 is an end-extension of <; (i.e. forallz € V; andy € Vi1 1\ V;, © <i11 v).

Stage 0: Define Vi = {vg} and vy <g vp.
Stage s 4+ 1: Suppose that we have already defined Vs and <;. To get V1 and

<411, we do the following.
o Ifvg, €V then let Vi =V, and <,11=<,.

o If v,y €V, then there is a unique path from v,,; to V,. Recall our discus-
sion at the end of section 1.2; the path given by P(V,vsyq) is this unique
path. Let 0 = P(V;,vs41). Say that the vertices in this path given by o are
0(0) = ug,0(l) = uq,...,0(k) = ux. Then, by definition of P, uy € V5 and

{ug,ug, ... u}NVy = (0, while E(u;, u;y1) holds for each i < k and uy, = vgy1.
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Now define Vi1 = ViU {uq,...,ux} and extend <, to <,y by taking <. .4

to be an end-extension of <,, where additionally,

Uy Sgp1 Uz Sgq1 0 Sgp1 Up = Vs,

The fact that each V; is finite, connected and contains {vy,...,vs} follows by
induction.

The bijection f : N — V that gives a 2-order of V strong w-type of is determined
in the following way: Let f(0) = vg. Now consider the induction step in the above.
Suppose we have f for the set V,, and that the last number f has been defined
on is m — 1. If we are in the first case, we do not extend the definition of f. If we
are in the second case, we let f(m) =uy, f(m+1) =wug, ..., f(m+k—2) = up_y

and f(m+k—1) = up = vy. Qed

Theorem 1.3.15. (RCA)) If G = (V, E) is a forest with finitely many components,

then Col?(G) < 2.

Proof. Let X € Finy be a set such that X contains exactly one vertex from each
of the finitely many components of G. In other words, let X be a finite set of

component representatives of GG, as per our definition of a graph having finitely
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many components. Suppose X = {xg,...,x;}. Define the set

P = {{z,v) € X xV :z =0V Pathg’ # 0}
= {{z,v) € X xV:z =0V (30 € Pathg)
[0(0) =z Ao(lo] —1) =]}
= {{g)eXxViz=vV(Vy€X)

ly # x — —Jo € Pathg[o(0) =y Ao(|lo| —1) = ]|}

Notice that we have found a form of P which is 3? and a form which is ITY. Thus
P is A}, and so RCA, proves it is a set.
Now we define

T,:={veV:(x;,v)€ P} for0<i<k.

Then each T; is AY, and therefore exists in RCA,.

Let V = {vg,v1, v, ... }. We define the function g : N — V which is a 2-order of
V' of strong w-type in the following way. Let g(0) = vy. Now assume that g is
defined up to m and let v; be the vertex of least index that is not in the range of
g so far. Let T; be the component of G which contains v;.

Case 1: If T; N {g(0),...,g(m)} = 0, then let g(m + 1) = v;. Notice that we have
—E(vj, g(a)) for all a < m since for each g(a) with a < m, g(a) € T;.

Case 2: If T, N {g(0),...,g(m)} # 0, then let § # A = T; N {g(0),...,g(m)}.
By induction, we will have that A is connected. Let o = P(A,v;) (ie., let o be

the unique path from A to v;), and say |o| = n. Let vy, = o(1), vg, = 0(2),. ..,
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U, , = o(n—1) =v;. Now set g(m+1) = vg,, g(m+2) = vg,,..., g(m+n—1) =
Uk, _,- Notice that 0(0) € A, so we already have ¢(0) = g(k) for some k& < m, and
that 7; N {g(0),...,g(m + n + 1)} remains connected. In addition, E(vg, ,,v;)
holds, but ~E(x,v;) holds for each x € P(A,v;) UT; with x # vy, ,.

The following picture represents a possible scenario for Case 2. Note that if

two vertices are within the same dotted-line closed curve, that there may be

connections (or some type of path) between them. Of course, no cycles allowed!

Fig. 1.1: Case 2 when G is a forest with finitely many components

We claim that the function g : N — V we just built must be a 2-order. Suppose

it is not. Then

(Fi)(Fj, k < i)j # kA E(g(i),9(5)) A E(g(i), g(k))]-

Run the construction of g up to ¢ and decide which case we were in when we

defined ¢(i). If we were in Case 1, then by above we have —FE(g(i),g(j)) and
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-E(g(i),g(k)), a contradiction. If we were in Case 2, then g(i) = o(¢) for some
1 < ¢ < n-—1 (we can assume that g(i) ¢ X because we are looking at the
stage at which g(i) is defined, and if g(i) were already in X, then it would have
been defined at an earlier stage). Then E(g(i — 1),9(¢)) and —~E(g(¢), g(7)) for
¢ < i—1, so that either E(g(i),g(j)) and =E(g(i), g(k)), or =E(g(i),g(j)) and

E(g(i), g(k)), again a contradiction. Thus g is a 2-order of G. Qed

As a special case of a more general result which we will prove in Chapter 3, we
prove that ACA, suffices to show Col?(G) < 2 where G is a disjoint union of
infinitely many trees. Later, we will give a reversal to show that ACAq is actually

necessary for this result.

Theorem 1.3.16. (ACAy) If G = (V, E) is a disjoint union of infinitely many

trees, then Col?(G) < 2.

Proof. Assume ACA, and let G = (V, E) be a disjoint union of infinitely many
trees, where V' = {vg,v1,v9,...}. We proceed in a similar way as in the proof
of the preceding theorem, except that we do not have a finite set of component
representatives, since GG is a disjoint union of infinitely many trees.

Using X9 comprehension, we are able to define the transitive closure of the edge

relation E by

tr cl(E) := {(u,v) : w=vV Jo € Paths"}.

Since we now have the relation tr cl(E) at our disposal, we are able to tell whether
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two vertices u and v are in the same component. The vertices v; € V and v; € V
are in the same component of G <= tr cl(£)(v;, v;).

Define the function f : N — N by

o f(i+1)=j, where j is least such that (Vk < i)[=tr cl(E)(v;, vem))]-

Intuitively, the function f is naming a sequence of indices of component repre-
sentatives of G. From the perspective of Computability Theory, we think of f as

doing the following.
1. f(0) names vy as the first representative. Set counter n = 1.

2. f asks whether v, is in the same component as any of the vertices vy, . . ., v¢a),

where i < n is greatest such that f(i) is defined.

e If it is not, it outputs f(i + 1) = n. Increment n and go to 2.

e If it is, increment n and go to 2.

We think of f as continually guessing about what the next component representa-
tive will be. Since G has infinitely many components, f will always eventually find
the answer. In Reverse Mathematics, this procedure is captured by the definition
of f(i+ 1) as given above.

Now define the sequence of trees given by T; = {v € V : tr cl(£)(vsu),v)}. We

think of T} as giving us a complete list of components of GG, as the function f gave
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us a complete list of representatives.
We now define the function g : N — V giving a 2-order of V' of strong w-type

exactly as in the proof of Theorem 1.3.15. Qed

1.4 Summary of Results

In Chapter 2, I examine computability theoretic and reverse mathematical aspects
of the linear order coloring number, most of which are related to the union of

forests Theorem 3.1.3 of Komjath and Milner, which is stated as the following.

Theorem 1.4.1. (Komjath, Milner) [6] If a graph G is a union of n < w forests,

then Col(G) < 2n.

First we show Theorem 2.1.1, which is stated as the following.

Theorem 1.4.2. (WKL) For any forest G = (V, E), Col.o(G) < 2.

Of course, showing that a given theorem 7' is provable using WKL, does not
exclude the existence of a simpler proof that goes through in a less powerful
system (such as RCA, for example). Therefore a reversal of some sort is necessary.
Frequently, we do not proceed directly to the reversal; usually it is somewhat easier
at first to find a computable counterexample to T'. That is, we show that T does
not hold in REC, the minimal w-model of RCA( consisting of all recursive (or

computable) subsets of w.! Note that there are many w-models of RCA,.

! Note the important distinction between w and N. Within ACAg, the set N denotes the



27

Finding a counterexample to T in REC suffices to show that RCA, is not strong
enough to prove the theorem since REC |= RCAj. This counterexample will
usually give us insight about what a reversal might look like. That was certainly
the case when we proved Theorems 2.2.1 and 2.2.2, the latter of which is stated

as the following.

Theorem 1.4.3. For any fixed k € w, there is a computable forest G such that

no computable linear ordering realizes Col o(G) < k .

We also have the following corollary.

Corollary 1.4.4. There is a computable forest G = (V, E) such that no com-

putable linear ordering realizes Colo(G) < k for any k € w.

The computable counterexample as given by the above theorem led us to find a
proof for the backwards direction, or the reversal of, Theorem 2.1.1, which is a
special case of the forward direction of the more general result of Theorem 2.3.3,

which is stated as the following.

Theorem 1.4.5. (RCAq) For any k € N, k > 2, the following are equivalent.

1. WKLy

2. For any forest G = (V, E), Colpo(G) < k.

unique set X which is defined by (Vn)[n € X]. We could therefore conceivably have N be some
nonstandard version of what we consider to be the natural numbers. We use w to denote the

set of “natural numbers” in the sense of the metatheory over which we are working.
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In Chapter 3, I investigate similar questions concerning the strong and weak w-
coloring numbers of forests. We begin with an exposition of the classical proof of
Theorem 3.1.3 of Komjath and Milner. We then go on to prove Theorem 3.2.1,

stated as the following.

Theorem 1.4.6. (RCA() the following are equivalent:
1. ACAq
2. For any forest G = (V, E), the set {A CV : A is good} exists.
3. For any k € N, k > 2, and any forest G = (V, E), Col3(G) < k.

The motivation behind the proof of this theorem comes from first seeing that
ACA, is required to know the set of good subsets of the vertex set of an arbitrary
forest exists.

We go on to prove Theorem 3.2.2; stated as the following.

Theorem 1.4.7. There is a computable forest G = (V, E') such that
REC = Colyo(G) < 2 and REC = Col¥ (G) < 2

but REC [£Col®(G) < k, for any k € w. That is, REC ECol?(G) = w.

This theorem shows us that the strong w coloring number is indeed a strong defi-
nition, at least computably speaking. It provides us an example of a computable

forest GG such that we can make the computable linear order coloring number of
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G small (i.e., less than or equal to 2), but computable strong w-coloring number
infinite (in fact, as we show, we can even make the computable weak w-coloring
number of G less than or equal to 2 as well).

The next theorem we prove is a result related to the weak coloring number.
Theorem 1.4.8. (RCAy) The following are equivalent:

1. ACA,

2. For any forest G = (V, E), ColV(G) < 2.

It would be interesting if we could prove some sort of reversal for the preceding
theorem for k > 2.
In Chapter 4 I investigate the proof theoretic strength of a theorem of Erdos and

Hajnal for two notions of coloring number. This theorem is stated as the following.
Theorem 1.4.9. (RCAy) The following are equivalent.
1. ACA,

2. For all graphs G and all n > 2, if every finite subgraph H of G has

Colyo(H) < n, then Col¥(G) < 2n — 2.

3. For all graphs G and all n > 2, if every finite subgraph H of G has

Colro(H) < n, then ColV (G) < 2n — 2.

To find similar reverse mathematics results relating to chromatic number, I would

direct the reader to the paper of Gasarch and Hirst [3].
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Finally, the appendix includes useful classical examples of computable graphs due
to Erdos and Hajnal. These examples provide us a way to differentiate between
the classical notions of linear order coloring number and w-coloring number (or

just coloring number).



Chapter 2

Linear Order Coloring Number

2.1 Upper Bound

Theorem 2.1.1. (WKL) For any forest G = (V, E), Colo(G) < 2.

Proof. Assume WKLy. Let G = (V, E) be a forest with V' = {vg, v1,v9,...}. Let

T C w<¥ be a bounded tree defined by

ceT < (Vn<|o|)o(n) <n+1].

Now define a function

f: T — {orderings of elements of Fin, }

in the following way.

e Let f(() = the ordering of {vy} given by vy < vp.

o Let f(o x k) = the ordering of {vy, ..., V5|, Vs|+1} Which agrees with the
ordering defined by f(o) on {vo,...,v,} and inserts vs4+1 into the k-th

position in the ordering defined by f(o).

31
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0,0) 0,1) (0,2) (1,0) (1,1) (1,2)

Fig. 2.1: The tree T'

(As a bit of notation, define <,:= f(0).)

For example, f((0)) = the ordering defined by f(f) with v; inserted into the 0-th
position, i.e. f((0)) = the ordering given by v; < vy, while f((1)) = the ordering
given by vy < v;. We have that f((0,1)) tells us to take the ordering given by
v1 < 1o and put v, into the 1 position, obtaining v; < vy < vg. The figure shows
what the tree T with labels given by f(0) =<, looks like.

Here is a property of <,, and a definition.
LoCt = <[ {vo,..., v} ==,.
2. If g is an infinite path in T, then we define <, by

r<,y— Foel)|ocCghz <,y

Property 1 is clear from the definition of <,. We show that if ¢ is an infinite path
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v < g

Fig. 2.2: The tree T with labels given by f(o)

in 7', then <, defines a linear order on V' by verifying the axioms of a linear order.

1. Let z,y € V and suppose that x <, y and y <, x. Then let 0 C g be such
that + <, y and let 7 C g be such that y <, z. Since both ¢ and 7 are
initial segments of g, assume (without loss of generality) that o C 7. Note
that x,y € {vo,..., v}, otherwise x <, y would be undefined. Then by
property 1, < [ {vo,..., v} =<,. Thus  <; y, and since <, satisfies the

axioms of linear order on its domain {vo, ..., v, }, we have that z = y.

2. Let z,y,2z € V and suppose that <, y and y <, 2. Fix 0,7 C g such
that © <, y and y <, z. As before, assume ¢ C 7. Note that x,y,z €
{vo, ..., v-}. Again, by property 1, <. [ {vo,...,vs} =<,. Thus z <; v,
and since <, satisfies the axioms of linear order on its domain, we have that
x <; z. Thus there is a 7 € T such that 7 C g and x <, z, and therefore,

by the definition of <,, we have that x <, 2.



34

3. Let z,y € V and suppose x £, y. We need to show y <, x. Since z £, v,
we have, by definition, that (Vo € T')[o ¢ gV £, y] holds. Suppose = = v
and y = v;. Let m = max{s,t}. Let o € T be such that |o| = m and o C g.
Then we must have x £, y. Since <, satisfies the axioms of linear order on
its domain {vo, ..., v}, we have that y <, x. Thus, by definition, we have

y <

<4 .

Now we define another tree S C T such that

cesS

<= the ordering <, on {vo,...,vs} given by f(o) is a 2-order.
Formally, S is defined using ¥ comprehension by
ceS « (Vn<lo|)(—3i#j<]|o])
(Vi <o Un AV; <5 U A E(vi,0,) A E(vj,0,)].
Since T' is a bounded tree, we must also have that S is a bounded tree. We wish
to show that S is infinite.
Lemma 2.1.2. (RCA) Every finite forest F' has Colyo(F) < 2.

Proof of lemma. Fix a finite forest F' = (Vp, Er). Suppose Vi = {vg,..., v}
To define a 2-order on F, first let X = {x¢,...,z;} be a finite set of component
representatives, and proceed as in the proof of Theorem 1.3.15. This proves the

lemma.
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By Lemma 2.1.2, S is infinite, and by WKLy, S has a path. Let g be such a path
in S. We verify that <, is a 2-order.

Suppose g is not a 2-order. Then there are distinct ¢, j, k such that (v; <, vg) A
(v; <4 vp) NE(vi,v) NE(vj,v1). Let o € S be a witness to (v; <, vg) A(v; <, vg),
(i.e., o is a witness to both (v; <, vi) and (v; <, v,)—as we discussed before,
we can use the single string o to witness both inequalities). Thus v; <, v and

v; <, Vg, but this is a contradiction, as o € S implies that <, is a 2-order on

%8 Qed

2.2 Computable Counter-examples

The following theorem shows that RCAy does not prove that for any forest G,

ColLo(G) < 2, as this statement fails in REC.

Theorem 2.2.1. There is a computable forest G such that no computable linear

order realizes Col.o(G) < 2.

Proof. Throughout the following construction I will present as clearly as possible
the intuition, using pictures, needed to understand it completely. The ideas and
gadgets used for this proof are fundamental for the understanding of much of what
follows, therefore it would be prudent to make those ideas perfectly clear with at
times a somewhat informal discussion.

We diagonalize against all partial computable functions {¢. : e € N} (which may

or may not actually be linear orderings) to construct our forest G. To do this, we
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satisfy infinitely many requirements

Re : e is not a 2-order of V.

As notation, we define <, to be the order (if there is one) given by ¢.. Clearly, if R,
is satisfied for all e < w, then no computable linear order realizes Col.o(G) < 2.
Let e € N be fixed. The strategy to meet a single requirement R, is given below
as setting up and springing a trap for ¢.. To defeat ¢., we do the following.

Place three vertices in our graph ug, 11, us with no edges between them, then wait

for the opponent ¢, to order them.

Ug Uy

U2

Fig. 2.3: Trap for ¢,

If he never orders them (i.e., we wait for ¢, forever), then we defeat ¢, trivially
(i.e. R, is satisfied), as he is not an ordering of V' at all. Suppose that in the
case that he does order them, we have uy <., u; <. ug, without loss of generality.
Once he has decided on this ordering, he may never change his mind, as he is
computable. Then we spring the trap! We place two more vertices in the graph
a and b and add the edges F(ug,a), F(a,us), E(ug,b), E(b,u;). (In general, we

make the vertex that ¢, made the <.-largest centrally located within the gadget).
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Uog Uy

U2

Fig. 2.4: Sprung trap for ¢,

Then it is our opponent’s turn to place a,b in the <, order. (We think of ¢, the
alleged computable 2-ordering of V', as our opponent, for it is he against whom
we are trying to diagonalize.)

Case 1: He places either a or b higher than us, in which case we have

Uy <e U <e Uz <@  OF Uy <, Uy <g Uy <, b.

(In the first case it does not matter where b is and in the second case it does not
matter where a is.) Then we win (R, is satisfied), as a is connected to uy and ug
(while they are lower in the ordering), or b is connected to us and uy, while they
are lower in the ordering, in either case. So <, is not a 2-order.

Case 2: He places both a and b lower than wusy, in which case we have something
like

Uy <e @ <e UL <e b <, Us.
Then wusy is connected to both a and b, which are lower in the ordering than us.

Again, <, is not a 2-order, and we win! (R, is satisfied).

We dovetail this process for each ., and notice that the graph we produce is a
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forest since we never complete a cycle, and computable since we do not later change
our minds by connecting vertices at a stage later than the stage by which they
have been placed in the graph. Furthermore, notice that there is no interaction
between the requirements, as we have dedicated to each ¢, its own set of three
vertices, and it does not matter how ¢, orders the vertices that are not dedicated
to it, so R, causes no injury to the other requirements.

Formally, the construction runs as follows.

At stage s =0, let uf = 6e, uf = 6e + 2 and u§ = 6e + 4.

At stage s > 0, we do the following. We say that R. is active if ¢, orders
uf = 6e,uf = 6e + 2,u5 = 6e +4. Let i, € {0,1,2} be such that uf is largest
in the ordering given by (.. Now let e < s be the least number such that R, is
active but not yet satisfied. Then let a, and b, be the least odd numbers not used

so far in the construction. Make the connections

E(ufe, ae) N E(ufe, be) N\ E(ae, ufe+1) N E(be, ufe+2),

where the addition is done modulo 3. This ends the construction.

We claim that all the requirements are satisfied. Suppose for a contradiction that
there is some requirement R, that is not satisfied. Run the above construction
and wait for R. to be active. If we wait forever, then R, is satisfied trivially as
e never orders u§ = 6e, uf = 6e + 2 and u§ = 6e + 4. Once R, is active, we have

ug ,uf |, u§ o, where uf is largest in the ordering given by ¢, (and the addition
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is done modulo 3). We then add odd numbers a, and b., and edge connections

E(ug ,ac) N E(ug ,be) A E(ae,ui 1) N E(be, us o).

As we argued before, since we have these connections, the ordering given by

@, is not a 2-order, which is a contradiction. Thus R, is satisfied, and we are

done. Qed

Theorem 2.2.2. For any fixed k € w, there is a computable forest G' such that

no computable linear ordering realizes Col o(G) < k .

Proof. For fixed k, the proof is similar to that of the above proof for k = 2. The
gadget we use starts off with &% — k + 1 vertices that are unconnected by edges.
Then the trap that we spring is introducing k£ many new vertices, connecting them
with the other vertices in a way that ensures ¢, does not witness the linear order
coloring number of GG being at most k.

The following pictures illustrate a trap and sprung trap for £ = 3 and k£ = 4.
Note that in each case we place as the central vertex whichever vertex (among the
vertices from the original trap) . puts greatest in its ordering. To explain why
the trap for k = 3 works, suppose that ¢, orders ug largest in the ordering that it
gives. As for the when k = 2, there are two possibilities. The first is that after we
put the vertices by, by and by in the graph, ¢, places some b; with 0 < ¢ < 2 larger
than ug. Without loss of generality suppose it is by. But then ¢, would fail to be

a 3-order of G as by is connected to ug, u; and ug while it is larger than them in its
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ordering. The only other case is that all of the vertices by, by and by are below ug.
But then ¢, would again fail to be a 3-order, as there are 3 elements connected
to ug that are lower than it in its ordering. The traps for £ = 4 and higher work
similarly.

® Uy ® U3

® Usy

® Ug

® U ® Uy

Fig. 2.5: Trap and sprung trap for k = 3

Qed

In fact, Theorem 2.2.2 can be modified to show that there is a single computable
forest G that works for any k£ < w (we could say that the computable linear order

coloring number of G is w).

Corollary 2.2.3. There is a computable forest G = (V, E) such that no com-

putable linear ordering realizes Col.o(G) < k for any k € w.
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® Ug ® Ug
® U ® uy

® U ® Ug
U11

® UiH

® U ® us

® U ® Uy

® Uo ® U3

Fig. 2.6: Trap and sprung trap for k£ =4

Proof. The requirements for the construction would look like

Riek) : e is not a k-order of V.

To satisfy a single requirement R xy, we spring a trap for ¢, and k as described
in Theorem 2.2.2. Since this requirement will be satisfied for each k € w, we have
ensured that ¢, does not witness any finite linear order coloring number.

More intuitively, we can think of creating the desired computable forest G' by
taking an effective disjoint union, over all k& € w, of the forests from Theorem

2.2.2. Qed

2.3 Reverse Math Results

The following lemma will be extremely useful to us in the proof of the theorem

that follows.
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Lemma 2.3.1. (Lemma 2.2 from Schmerl [7]) Let 2 < n € w. Then the
following statement is provable from RCAy+ — WKLy: There are pairwise disjoint
¥ subsets Ag, Ay, ..., An_1 C N such that whenever f : N — n is a function,

there is x such that x € Ay .

Theorem 2.3.2. (RCAy) The following are equivalent.

1. WKL,

2. For any forest G = (V, E), Colo(G) < 2.

Proof. First notice that we already proved (1 — 2) as Theorem 2.1.1.

(2 — 1) We work in RCAg. Assume that for any forest G = (V, E), Colo(G) < 2.
In other words, we assume that for any forest GG, there is a 2-order of G.

It is sufficient to prove the negation of the statement in Lemma 2.3.1. We will use
the formulation the lemma for n = 3. That is, we will end up showing that for all
pairwise disjoint 39 subsets Ag, A1, As C N there is a function f : N — 3 such that
for all z, x € Ay). We realize that since we are working over RCAq, we cannot
actually talk about 3! sets as if they exist, since they might not. Talking about
them as sets in this context is really shorthand for talking about the corresponding
collections of numbers defined by X{ formulas.

Fix 3¢ formulas

(3s)[eo(, 5)]

(3s)[er (2, 5)]
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(3s)[p2(2, 5)]

which are disjoint. That is, for each 0 < ¢ < 3, we have
(V:c)[flsgpz(x, S) - (_ElsgoiJrl (LC, 5) N _'E|Sg0i+2<£lf, S))]

(The addition in the subscripts for the formula above is done modulo 3.) We think
of the formulas above as corresponding to pairwise disjoint XY sets Ag, Ay, Ay C N,
respectively, from Lemma 2.3.1.

We define the graph G = (V, E) in the following way. Let the set of vertices V' be

defined by
Vi={ul:0<i<3,2€N}U{aps :2,s€NU{bus : 2, s €N}
Let the edge relation E be defined in the following way. For 0 <1 < 3, x,s € N:

E(u;, Az,s)) N E(u;, biz,s)) N E(u?’l, Uzs)) N E(ui+2, biz,s))

> iz, s) NVt < 8)[mpi(z,t)],

where the addition ¢ 4+ 1 and ¢ 4+ 2 is modulo 3.

The associated picture will aid the reader in seeing exactly what the edge connec-
tions look like in the graph G.

We see that the edge relation E is definable in RCAg, as only bounded quantifiers
were used in its definition.

We can see that if <y witnesses Col.o(G) < 2 and (3s)[¢;(z, s)] holds, then

o, 1 ,2
z0 Ugs Ug

u', # max {u
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7
uﬂ?
A(z,s) bia.s)
i+1 142
u.’L‘ uac

Fig. 2.7: The edge connections in G for fixed 0 <i < 3, z,s € N

where the maximum is taken relative to <y. (As we explained in the proof of
Theorem 2.2.1.)

Now we define the function f: N — 3 by f(z) = ¢, where u}, = max {u?, ul,u2},
and the maximum is taken in the order <y. Then, since u’ # max {ul, ul, u?},
and (3s)[g;(z, s)] holding corresponds to (in the sense of Lemma 2.3.1) x entering

(or already being in) the X set A; at stage s, we see that, for all z € N, z & Ag(,),

and we are done. Qed

Theorem 2.3.3. For any k € w such that k > 2, RCA, proves that the following

are equivalent.

1. WKLy
2. For any forest G = (V, E), Col o(G) < k.

Proof. Notice that we have already proved the theorem for £ = 2 as Theorem
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2.3.2. It will not be difficult to modify that proof to get the result for any k € w
with k& > 2.

(1—2)

As noted above, by Theorem 2.3.2, we have in WKL, that for any forest G =
(V,E), Colro(G) < 2. Thus it is clear that for any forest G = (V, E), Colpo(G) <
k also holds in WKL, for &£ > 2.

(2—1)

By Schmerl’s lemma it suffices to show that for all pairwise disjoint 39 subsets
Ag, Ay, ..., Aga_y, C N, there is a function f : N — k? — k + 1 such that (Vz)[z &
Ag(z)]. Again, we realize that the collections above we call sets do not necessarily
exist as sets in RCA.

Fix ¥? formulas

(38)[(,0()(1‘, 5)]’ (35)[901(337 3)]? Tt (35)[90k2—k(x7 3)]

which are disjoint. That is, for each 0 <i < k? — k + 1, we have

(V2)[(Bs)pi(e.s) — N Bl s)].

0<0<k2—k+1,07

We think of the formulas above as corresponding to pairwise disjoint X{ sets
Ag, A1, ..., Ape_ C N, respectively, from Lemma 2.3.1.
We define the graph G = (V, E) in the following way. Let the set of vertices V' be

defined by

Vi={u :0<i<k®—k+1,2€N}U U {aix@:x,sEN}.

0<i<k
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Let the edge relation E be defined in the following way. For 0 < i < k? — k + 1,

r,s € N:

G (k1)
/\ E(ul, afx75>) A /\ /\ B(ut, azx,s>)
0<0<k 0<j<k \f=i+j(k—1)+1

> pilz,s) ANVt < s)[npi(z,t)].
where all of the addition and multiplication is done modulo k? — k + 1.
We have included pictures, for the cases when & = 3 and k = 4, which will aid the
reader in seeing exactly what the edge connections look like in the graph G for
values of k larger than 2 (note the similarity to the gadgets we used in the proof
of Theorem 2.2.2).
We see that the edge relation E is definable in RCAg, as only bounded quantifiers
were used in its definition.

We can see that if <y witnesses Col o(G) < k and (3s)[pi(z, s)] holds, then
ul #max{ul :0<j<k*—k+1},

where the maximum is taken relative to <y. (As we explained in the proof of
Theorem 2.2.2.)

Now we define the function f: N — k? —k + 1 by
f(z) =1, where v’ = max{u : 0 <j < k*—k+1},
and the maximum is taken in the order <y,. Then, since

ul #max{ul :0<j<k®—k+1},
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i+6 i+3
Uy Uy

i+l i+2

Fig. 2.8: The edge connections in G in the case £ = 3 for fixed 0 < @ < 7,

x,s € N, where any addition is modulo 7

and (3s)[g;(z, s)] holding corresponds to (in the sense of Lemma 2.3.1) x entering
(or already being in) the X set A; at stage s, we see that, for all z € N, z & Ag(,),

and we are done.

Qed
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i+7 i+6
uZ u(li

i+4
UI

i+3

i+10
ul

i+11 i+2

i+12 i+1
u$

Fig. 2.9: The edge connections in GG in the case k£ = 4 for fixed 0 < ¢ < 13,

x,s € N, where any addition is modulo 13



Chapter 3

Strong and Weak w-Coloring Numbers

3.1 Classical Proof

In this section we give an exposition of the classical proof of a theorem of Komjath
and Milner, but first we need a couple definitions. We keep in mind throughout

the proof that we want the theorem to be provable in ACA,.

Definition 3.1.1. (RCAy) (End Extension, [6]) Suppose A C V is a finite
subset of vertices from V', and let <4 be an ordering of A. We call an ordering

<p on a finite set B D A an end extension of <, if <g[,=<4 and

(Va € A)(Vb e B\ A)la <p b].

If A CV is finite and <4 is an ordering on A, then we say that <4 can be end

extended to an ordering <p of a finite B D A if <pg is an end extension of <j,.

Definition 3.1.2. (Good Subset, [6]) We call a finite subset of vertices A C V

good (with parameter k) if every k-ordering of A can be end-extended to a k-

49



50

ordering of any finite B D A, i.e.,
(V finite B D A)(Vk-orders <4)(Fk-order <p)(<p is an end extension of <j,).

When we call a set good it will usually be understood what the parameter k is
from the context.

Notice that the above definition is T (the second and third quantifiers are bounded
and the predicate is computable as A and B are finite subsets of V). Thus, for
a computable graph G = (V, E), the set of all good subsets of V, {A C V :

A is good}, is TIY.

Theorem 3.1.3. (Komjath, Milner [6]) If a graph G is a union of n < w forests,

then Col(G) < 2n.

Proof. The following is the proof from [6].

Let n < w and suppose G = (V, E) is a union of n forests. We will prove by
induction on n that for any vertex a € V, there is a 2n-order of G in order type
|V| in which a is the least element.

Case |V| < w: Tt suffices to show there is a vertex x € V \ {a} with degree
d(x) < 2n. Note that the degree of a vertex x is the number of y such that
E(z,y). Then we use the Induction Hypothesis to get a 2n-order of V' \ {x} with
a as the least element. Then we place x as the greatest vertex in the order.

For a contradiction, suppose there is no vertex x € V'\ {a} with d(x) < 2n. Thus

(Vz € V\ {a})[d(z) > 2n].
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For any finite graph G = (V, E), it is well known that

(V) = 5 3 dlo)

gev

where e(V') is the number of edges connecting vertices from V.

Thus by the previous two facts we have
1
eV)>n(|V|—-1)+ §d(a).

But e(V) < n(|V| — 1) because G is a union of n forests. Corollary 1.5.3 from
[1] states that for a finite tree T = (V, E), e(V) = |V| — 1. So it follows that
for a forest I = (V, E), e(V) < |V| — 1. By the previous inequalities, we must
have d(a) = 0, so a is an isolated vertex. Since V' \ {a} is a union of n forests
as well, e(V \ {a}) < n(|V\ {a}| = 1) = n(|V] — 2). But since a is isolated,
e(V\{a}) =e(V),soe(V)<n(|V] —2) <n(|]V| — 1), which is a contradiction.

Case |V| = w: It suffices to show any finite subset of V' is contained in a good
subset. Then we can find an increasing sequence of good subsets Ao C A; C ---
so that V = U A; with a € Ay and we define 2n-orderings <; of the A; so that a
is the first elleer;ent of <y and <;;1 is an end-extension of <;.

For a contradiction, suppose there is a finite set A which has no good extension.

Claim. For any finite subset of vertices X C V', we have
n|X|—e(X) > 0.

Proof of Claim. First consider the case when X is the vertex set of a finite tree
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T = (X, E). Then we have

_1
Zd <5@IX|-2)=IX| -1

geX

So if we made a forest out of the same vertex set X, then it would have fewer
edges (being possibly disconnected in places) than the corresponding tree, so we
still would have e(X) < |X| — 1. Now, if X were the vertex set of a union of n

forests, then we would have
e(X) <n(|X]=1) =n|X[—n
Therefore
n|X|—e(X)>n>0
and the claim is proved.
Claim. By extending A if necessary, we may assume A is such that
n|A| — e(A) < n|B| —e(B)
for any finite B D A.
Proof of Claim. Let
k = min{n|C| —e(C) : A C C finite}

We know there is an A such that A C A where n|A| — e(A) = k because the set
{n|C| — e(C) : A C C finite} has a minimum. Then for all finite B with B D A,
we have

n|B| — e(B) > n|A| — e(A).
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Thus the claim is proved.

Let B be minimal such that B witnesses that A is not good. Then there must
be an edge between A and B\ A; otherwise any 2n-ordering of A followed by
any 2n-ordering of B\ A would give an end-extension which is a 2n-ordering of
B. Also, any vertex x € B\ A has d(z) > 2n in the subgraph of G induced on
B. Otherwise, by the minimality of B, any 2n-ordering of A can be end-extended
to a 2n-ordering of B\ {z} and then z can be placed at the end. Counting the
edges in B and not in A, we have e(B) Zd , where d(b) denotes
the number of vertices y € B such that F(b,y) and lthleast one of b or y is not

in A. Since d(b) = d(b) for all b € B\ A, we have d(b) > 2n for all b€ B\ A. In

addition, there is at least one b € A which is connected to a y € B. Therefore

e(B) —e(A) > =(1+2n|B\ A|) :%+n|B\A|

l\DI»—l

It follows that
1
n|A|l —e(A) > 5t n|B\ A| + n|A| — e(B)
Since n|B\ A|+n|A| = n|B|, we get n|A| —e(A) > 1 +n|B|—e(B), and therefore

n|A| — e(A) > n|B| — e(B), which is a contradiction. Qed

3.2 Strong w-Coloring Number Results

Theorem 3.2.1. (RCA() For each k € N, k > 2, the following are equivalent:

1. ACA,
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2. For any forest G = (V, E), the set {A C V : A is good} exists.
3. For any forest G = (V, E), Col3(G) < k.

Proof. (1 — 2) We reason within ACA,. Let G = (V, E) be a forest. Let ¢(X) be

the predicate which states that X is a good subset of V, i.e.,

P(X) =X € Finy A (V finite B D X)(V 2-order <x)(3 2-order <pg)

[<p is an end extension of <,

As we previously noted, 1(X) is a I19 predicate. Therefore, using arithmetical

comprehension, we may define within ACAq the set of all good subsets of V' as

{A € Finy : ¢(A)}.

(1 — 3) This implication follows by a formalization of the classical proof with
k = 2. The induction when |V| is finite is arithmetical, and ACA, can define the
collection of good subsets when |V| is infinite. The remainder of the classical proof
consists of finitary counting arguments which can clearly be formalized within
ACA,. Since it holds for £ = 2, it clearly must also hold for k£ > 2 as well.

We prove (3 — 1) and (2 — 1) simultaneously with a single construction.

Fix a one-to-one function f : N — N. Also fix £ € N with £ > 2. We build a

forest G = (V, E) in RCAy. Let

Vi={a,:neN0<i<k}U{c,:neN}
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The only edge relations that hold are E(c,, a;(n)) for 0 <i < k and n € N. Note
that this is equivalent to making connections E(cs-1(y,al,) for 0 < ¢ < k and
n € N, where f(n) = m. This ends the construction.

The following picture illustrates an example of what the edge connections in G
will be if, for instance, k = 3 and f(0) = 3, f(1) = 1, but 0 and 2 are not in the
range of f. Notice that in this example, the sets {a, a},ag} and {a9,al, a3} are

good, while the sets {a?, al,a?} and {a3, al, a2} are not good.

C1 Co
o o o o o o
0 1 2 0 1 2 1 2 1 2
Qg Qg Qg ap ay ay as as as as as as

Fig. 3.1: Edge connections in G for k = 3 if f(0) =3, f(1) =1, but 0 and 2 are

not in the range of f

The next picture illustrates an example of what the edge connections in G will
be if, for instance, &k = 4 and f(0) = 0, f(1) = 2, but 1 is not in the range
of f. Notice that in this example, the set {a,al,a?, a3} is good, while the sets
{ad,a},a?, ad} and {a3, al, a2, a3} are not good.

Then we see that for our graph G,

m € ran(f) <= {a°,al ... a*7'} is not good.

m? 'm?

For if m never appears in the range of f, then we will never connect any of the
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Co C1

Fig. 3.2: Edge connections in G for k = 4 if f(0) =0, f(1) =2, but 1 is not in

the range of f

vertices from {a’ :0 <i < k} to any of the vertices from {c, : n € N} (also note
that none of the a’s are connected by an edge).

Suppose B 2 {a', : 0 < i < k} is a finite extension of {a’, : 0 < i < k}. Let
<4 be a 2-order of {a’ : 0 < i < k} and let <p be a 2-order of B. Define <’
by <l B\ {d!, : 0 <i <k} =<p, <hl{a, :0<i<k}=<4yandda, <pb
for each b € B\ {a!, : 0 <i < k}, i.e., <5 is an end-extension of <,. We claim
that <5 is a 2-order of B. To prove the claim, suppose <5 is not a 2-order of B.
Then there is a b € B and there are vy, v; € B such that vy <3 b, v; <5 b and
E(vg,b) A E(vy,b).

Case1: b€ {a’, : 0 <i < k}. Then vo,v; € {a’, : 0 < i < k}, vg <a b and
v; <4 b, as <5 is defined so that it agrees with <4 on {a’ : 0 <i < k}. This is
impossible since <4 is a 2-order of {a!, : 0 <i < k}.

Case 2: b,vg,v1 € B\ {a!, : 0 < i < k}. Since <5 agrees with <p on B\ {d’, :

0 < i < k}, we have that vg <p b and v; <p b, which is impossible as <p is a
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2-order of B.

Case 3: b€ B\{a! :0<i <k} and at least one of vy or vy isin {a’ : 0 <i < k}.
Without loss of generality suppose that vy € {a’, : 0 < i < k}. Then v, is not
connected to anything in the graph so E(v, b) does not hold.

Conversely, if m is in the range of f, then we will connect E(cp-14y),al,) for
each 0 < i < k, so if we take B D {a’, : 0 < i < k} to be a finite extension of
{al, : 0 <i <k}, which has a k-ordering <4, where B contains the vertex ¢ -1,
then any end extension given by {al, : 0 < i < k} <p B\ {a}, : 0 <i < k} is
not a k-order since al, <p ¢p-1(n) for 0 < i < k and E(al,, cp-1(4m)) holds. By
statement 2 we have that the set {A C V : A is good} exists for our G, and so
{A CV : Aisnot good} exists. Therefore, by the above biconditional, the range
of f exists, and we have proven (2 — 1).

Now we prove (3 — 1). Let g : N — V be a bijection witnessing that Col%(G) < k
for the graph G we just constructed. Thus g defines a k-order <y on the vertex

set V' where
g(0) <y g(1) <y g(2) <v ...

By the construction and the above argument,

m € ran(f) <= (JceV)

/\ E(c,afn)] < (e e V)[E(c,a),)].

0<i<k

We claim that

(Fe e V)[E(c,ap,)] == (3 < max{g'(ay,) : 0 < € < k})[E(9(j), ap,)]

m
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and therefore

m e ran(f) <= (3j <max{g'(a’):0 <l <k}[E(9(5),ad’)].

m

The last of this string can be checked in RCAy due to the bounded quantifier.

To show the forward direction of the claim, suppose that (3¢ € V))[E(c,al,)], but
(37 < max{g~'(a’,) : 0 <l < k})[E(9(4),a’,)]. Fix j such that g(j) = c. Then
since j > max {g~!(a’,) : 0 < ¢ < k}, we have af, <y ¢ for 0 < ¢ < k. However, if
E(c,al)) holds, then E(c,a’,) holds for all 0 < ¢ < k, contradicting that <y is a
k-order.

Conversely, suppose that =(3c € V)[E(c,a®)]. Then —(35 € N)[E(g(4),a’,)] and

m

hence —(3j < max{g=(a%) : 0 < € < k})[E(g(5),ad)].

m

Thus we have proven (3 — 1). Qed
Theorem 3.2.2. There is a computable forest G = (V| E) such that

REC = Colo(G) < 2 and REC = ColV (G) < 2
but REC #EColS(G) < k, for any k € w. That is, REC ECol®(G) = w.

Proof. The construction essentially employs the idea of the proof of Theorem
3.2.1 for each instance of k£ in the statement of that theorem. We define a graph

G = (V, E). First we place as vertices all of the even numbers in increasing order

g < ap < ar<ag<ag<....
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We want to satisfy the infinitely many requirements
Riey : pe does not witness Coli(G) < k.

Formally, the requirement R s is that (assuming ¢, is a bijection from N onto V')
there is an ny € V and fy, ..., l,_1 € V such that E(ny,¥¢;) holds for all 0 < i < k
and ¢_(ng) > ¢ 1 (4;) for 0 <i < k.

We claim that if all of the requirements are satisfied, then no computable well-
ordering realizes Col®(G) < k, for any k € N. Suppose there were such a com-
putable strong w-type k-order. Then it must be a computable bijection ¢, for
some e < w. Since, for each & < w, R is satisfied, we have that there is an
ng € V oand £y, ..., 01 € V such that E(ng,¢;) holds for all 0 < i < k and
ot (ng) > o1 (¢;) for 0 < i < k. Thus ¢, fails to be a k-order of V for all k,
which is exactly what we want.

Fix a well ordering of the requirements Ry given by
R(eo,k’o) < R<617k1> < R(e%b) <L v

and say that R, x,) has higher priority than R, x,) if and only if (e;, k;) < (e;, k).
To ensure that a single requirement R ) is satisfied, do the following to construct
the forest G = (V, F). Assign the first £ many even numbers a;,, a;,,...,a; _,
that have so far not been assigned to any requirement, to the highest priority
requirement without an assignment. Wait for a,,, a;,,...,a;, _, to enter the range

of .. If we wait forever, then R 1y is satisfied trivially, since in that case @, fails
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to be a bijection. Suppose

()06(60) = aio, ()06(61) = ail? e ,gOe(gk,l) = aikfl.

Next, we wait for a stage s by which ¢, has converged on all numbers in N which
are <y max{fy,...,lk_1}. If p. fails to converge on any of these numbers, then
R e,k is satisfied for all k, as ¢, is not total, and therefore not a bijection. Once
we have found this stage s, let ¢, ) be the least odd number greater than s and
greater than all numbers in the range of ¢, on the domain N [ max {/, ..., lx_1}.
Thus if ¢.(m) = c(er), then m is greater than each of ¢y, ... 0.

Put ¢y into V' and make the edge connections /\ E(c<e,k>,aij). With these

0<j<k

edge connections, if ¢, is a bijection and p.(m) = c( k), then there are {y, ..., ¢y
such that E(ciery, (;) and . (¢;) < p.(m) for each 0 < i < k. Therefore ¢, is not

a k-order.

The following picture illustrates a case when we have a priority ordering
Rizm < Rpaaz) <Raps < -

and the sets of even numbers assigned to R 42,7y, R(14,2), R(1,5) all enter the ranges
of @49, 14 and pq, respectively.

The following picture illustrates the same situation as that of the above, except
that one of the numbers from {ag, aig, a11, a12, a13} never enters the range of ¢,
and we win trivially because ¢, is not a bijection.

Notice that the vertex set V that we have defined for our graph G = (V, F) is
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ag /1 ar asg ' Qg ajo ari Q12 aiz )

\
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Fig. 3.3: A case when we have a priority ordering Rus7 < Ruaz) < Rap <

computable, as V' contains all the even numbers, and if an odd number ¢ is in V,
then we will know by stage ¢ of the construction.

Now we define the computable 2-order of V' that witnesses Col o(G) < 2. For
u,v € V, define <y by u <y v if and only if u is odd (and is actually a vertex)
and v is even, or u and v are both even and u <y v, or w and v are both odd (and
actually vertices) and u <y v. Note that this 2-order has type w + w. In fact, we
could even define a computable 2-order that has weak w-type in the following way:.

Let A be the set of even numbers assigned to the requirement R ). Define

the weak w-type 2-order <y by
Ateo ko) Zv Ater i) v Aeg kg v

(what essentially amounts to the natural ordering on the even numbers) with the
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Fig. 3.4: A case when we have a priority ordering Rua7 < Ruaz) < Rug <
-+ but one of the even numbers from {ag, a9, a11, a12, a13} never enters

the range of ¢

addition of placing the odd number ¢y as an immediate predecessor to A

(that is, if we ever put the odd number ¢y into V). Qed

3.3 Weak w-Coloring Number Results

Theorem 3.3.1. (RCAy) The following are equivalent:

1. ACA,
2. For any forest G = (V, F), CollV (G) < 2.

Proof. (1 — 2) This direction follows from Theorem 3.2.1 since Col(G) < 2

implies Col™ (G) < 2 over RCA,.
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(2 — 1) Suppose that for any forest G = (V, E), Col" (G) < 2. Fix a one-to-one
function f : N — N. We wish to show that the range of f exists.

We construct a forest G = (V, E) as follows. The vertex set is

Vi={a;, e e NA(Vm <n)[f(m) #e]} U{D;, : e € NA (Vm < n)[f(m) # e]}.

The edge relation is given by

E(ar, ag0) NEW], b)) <= =(3m <n)[f(m) = e].

and

E(a;,bi) <= f(n) =e.

n»-n

This ends the construction of GG.

Now fix a 2-order <y witnessing ColV (G) < 2. We claim that

e ¢ ran(f) <= (3k)[ag <v agq Ab} <v Uiyl

Notice that this suffices to get the range of f, since we also have

e gran(f) <= (Ym)[f(m) # €],

which is a ITY condition, and thus there is a A? way to define the range of f.
Hence by A? comprehension, the range of f exists.

For the forward direction of the claim, assume that e € ran(f). Notice V contains
every element from {af : n € N} and {05 : n € N}. If (Vk)[ag,, <v af], then

every aj, for k > 1 is below af in the ordering <y, which contradicts the fact that
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<y is a weak w-type order. Thus —(Vk)[a; , <v af]. Thus we can fix k € N such
that aj, <y aj.

Now, we also have aj <y ag,, for all £ > k. For if £ > k were least such that
aj >v aj,q, then we would have F(ag, ,af) NE(aj,aj_,) with af >y aj_; (whether
e is in the range of f or not) and aj >y af,,, contradicting the fact that <y is a
2-order.

Similarly to the case for the a’s, if (Vk)[bg,, <y bf], then every b} for k > 1 is
below bf in the ordering <y, which contradicts the fact that <y is a weak w-type
order. Thus —~(VE)[bf,, <v bf]. Thus we can fix k£ € N such that b, <y bf, ;.
Now, we also have bj <y b7, for all £ > k. For if £ > k were least such that
b >v b7, then we would have E (b7, ,b7) A E(by,b;_,) with b >y b7_; (whether
e is in the range of f or not) and b§ >y b7, again contradicting the fact that <y
is a 2-order. Therefore the forward direction of the claim holds.

Conversely, assume (3k)[aj, <y af , A b, <y bf,]. For a contradiction, suppose
e € ran(f). So we can let n be such that f(n) = e. Notice we must have n > k+1,
for otherwise af_; and 0} ; would not be defined as vertices in V.

Then, using the fact that aj <y aj, , and b7 <y by, for all £ > k, we have

(@1 <v ap) AUy <v 0L) A Elar_y, ap) A E(b] 1, b7) A E(ay, b7,).

n—17"Yn nYn

We have two cases: either af <y b5 or b, <y af. Either case violates the fact
that <y is a 2-order. Hence e & ran(f), and we have proven the claim. Thus the

theorem follows.
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The following picture illustrates the contradiction we obtain in proving the back-

wards direction of the claim that

e ran(f) <= (3k)ay, <v aj, 1 Ab; <y bii4].

ag e
0 bo
a§ e
1 bl

Fig. 3.5: A contradiction when f(n) =e

Qed

An interesting open question involves the classification of Theorem 3.3.1 for values
of £ > 2. In other words, can we get a reversal from the statement, “For any k € N,
k > 2, and any forest G = (V, E), ColV(G) < k” to one of the major subsystems.
At the very least, we already know that this statement is provable in ACAg, by
Theorem 3.3.1. It would appear as though the method of proof used for Theorem

3.3.1, however, does not translate into a reversal to ACA, for any case when k > 2.



Chapter 4

Results on Subgraphs

4.1 Finite Subgraphs

In this section we will analyze the following theorem, due to Erdos and Hajnal.

Theorem 4.1.1. (Erdés, Hajnal) If every finite subgraph of a graph G has col-
oring number at most n (2 < n < w), then the coloring number of G is at most

2n — 2.

We state without proof a theorem from [1] about finite graphs. The finitary
nature of the theorem makes it intuitively clear that it is likely provable in RCA.
However, since we have not yet gone through all the formal details, it is indeed
safe to say that the following theorem is provable at least in ACAq, which is all

we need.

Theorem 4.1.2. (Nash-Williams, from [1]) A finite graph G = (V, E) can be
partitioned into at most k forests if and only if for every non-empty set U C V,

e(U) < k(U] -1).

66
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The Nash-Williams theorem will be useful to us as we prove the following theorem
Theorem 4.1.3. (RCA() The following are equivalent.
1. ACA,

2. For all graphs G and all n > 2, if every finite subgraph H of G has

Colo(H) < n, then Col?(G) < 2n — 2.

3. For all graphs G and all n > 2, if every finite subgraph H of G has

Colpo(H) < n, then Col’V(G) < 2n — 2.

Proof. (2 — 3) This direction follows easily, since Col?(G) < 2n — 2 implies
Col"(G) < 2n — 2 over RCA,.

(3 — 1) Let G = (V, E) be a forest and let n = 2. By Lemma 2.1.2, RCA, suffices
to prove that every finite forest ' has Colyo(F) < 2. Thus the hypothesis for
statement 3 is satisfied, so we may apply it to get ColV'(G) < 2; but this implies
ACA, by Theorem 3.3.1.

(1 — 2) Let G = (V, E) be a graph such that V' = {vg, v1,v9, ... }. Furthermore,
let k =n— 12> 1. By hypothesis every finite subgraph H = (Vy, Ey) of G has
Colpo(H) < k+ 1. Now, since H is finite and Colo(H) < k + 1, we claim that
H is a union of at most k forests. Let Vi = {vo, v1,...,v;}. Fix a k + l-ordering

<y,, of Vi such that

Voy S 0 S Uty Sy o Sy Ve
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Since Colpo(H) < k + 1, we know that for each 0 < i < k, there are at most i
many vertices connected to vy, which are lower than it in the ordering <y, . For
k < < j, there are at most k vertices connected to vy, which are lower than it
in the ordering <y,,. Therefore the number of possible connections in H has the

following upper bound:

e(Vy) < 04+1+-+k+k((j+1)—k)
k(k —1)

— T+l<;|\/'H]—k2
_ k(%—%ﬂvm—k)
- # (- (57))
< E(|VE| - 1).

Notice that we have indeed counted every edge in the finite subgraph H of GG, and
possibly more.

Fix a finite subgraph H = (Vi, Ey) of G. By the above, for U C Vj we have
the bound on the number of edges in the subgraph of H induced by U: e(U) <
k(JU|—1). Now by the result of Nash-Williams, H is a union of at most k forests.
Thus every finite subgraph of GG is a union of at most k forests.

Now we claim that the entire graph G is also a union of k forests. (Note that
this requires no more than WKLg.) To prove this claim, we build an k& branching
tree, which, intuitively, guesses at level ¢ which forest to put v;_; into, and stops

building above a node of the tree whose guess includes a cycle in one of the alleged
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forests. We work with the tree 7= k<N. Label the nodes of T in following way.

Define the function f : T — (Finy)* by

o f(0):=(0,...,0), where there are k¥ many components, each consisting of

0.
o f(o) :=(F§,...,F7 ), where F? ={v; : j < |o|ANo(j) =i} for 0 <i < k.
Now we define a subtree S C T by
o€ S <= each F/ is a forest, for 0 <17 < k.

Since S C T, and each node in T" has k many successors, each node in S has
no more than £ many successors, so it is bounded. Since we have the property
that every finite subgraph of G is a union of k forests, we have that, for each
J, {vo,...,v;} is a union of k forests, so that there is some path such that each
of the elements from {vy,...,v;} fits into one of the F along that path without
creating a cycle. Therefore we can conclude that S is infinite, and so by weak
Konig’s lemma, that S has a path. Let g be such a path in S. It is clear that ¢
k—1
gives us k many forests (Fy, ..., FY_|) such that G = U F?, because each v; was
=0
included in the union at some finite level of the tree, ;nd we are guaranteed that
the tree will continue above that level, ensuring that each v; will be included in
the limit. Thus the claim is proved. Since G is a union of k forests, and k = n—1,

we have that G is a union of at most n — 1 forests, so that Col%(G) < 2n — 2, as

Theorem 3.1.3 goes through in ACA,. Qed



Appendix A

Erdos-Hajnal Examples

A.1 A Few Definitions

Recall the following theorem of Erdos and Hajnal we analyzed in Chapter 4.

Theorem A.1.1. (Erdés, Hajnal, [2]) If every finite subgraph of a graph G has
coloring number at most n (2 < n < w), then the coloring number of G is at most

2n — 2.

In this chapter we present a few of the examples that show the previous result is
sharp.

In [2], the relation R(«, 3,7,0) is defined.

Definition A.1.2. The relation R(«, 3,7, d) holds if for every graph G = (V| F)
with |V| = « and if every subgraph H of G with |H| < 7 has coloring number

< 3, then Col(G) < 6.

The case we are interested in is when v = w, and we see that the above theorem

amounts to the statement saying that R(w,[3,w,23 — 2) holds. This result is
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actually sharp, i.e., there are examples showing that R(w, 5,w,203 — 3) does not

hold.

We will give a few of these examples, but first we need a definition.

Definition A.1.3. (Erdds, Hajnal, [2]) We define graphs G(k, 1) = (V(k, 1), E(k,1))

for{>3ifk=2andfor!l>2if k> 3.

1.

V(k,1) = w.

. We define B(k,!) as a disjoint partition of type w of w.

j € By(k,1) ifj:l(];)i+s, ogs<z<’;)

. We define the set of edges E(k,[) for k > 3,1 > 2. First we define a partition

of type | — 1 of each B;(k,1).

k k
Assume j € B;(k,l), j = <2)i+3, O§3<l(2).

k k
. J € B, (k1) f0r0§r<l—21f7“(2> §s<(7"+1)(2).

j € Biyo(k,1) if (1—2) (S) <r< l(g)

{j.7'} € E(k,1)if 5,5 € B;,(k,l) for some ¢ and r < [ —1 and j < j',

J =i <k-1

()t ()is () o} e - (5) <o < - ().

If p # li — 1 for some i, p > 0, then for every 0 < w < k — 1,

{(p— 1)(’;) +v,p(§) +w} e E(k,1)
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forw(k—n—(g}) <v<(t+)(k—1)— (w;tl).

A.2 The Examples

To show that R(w,3,w,3) fails, we construct a graph G such that every finite
subgraph of G has coloring number < 3, but Col(G) > 3 (classically). We obtained
this example from [2].

Define G = (V, E) in the following way. Let V = wU{ao}, where ag is an element
disjoint to w. Say A = {ap}. Let G(w) = G(2,3).

Let j =3i+s,0<s<3 Foriew,letv(j,A,G)=0if s=0,v(j,4,G) ={ao}

ifs=1ors=2.

ag {ag}Nw =10

Fig. A.1: The graph G such that Col(H) < 3 for every finite H C G, but

Col(G) > 3.

Now we construct a graph to show that R(w,4,w,5) fails. That is, we construct



73

a graph G such that every finite subgraph of G has coloring number < 4, but
Col(G) > 5 (classically). We obtained this example from [2].

Define G = (V, F) in the following way. Let V = w U {ao, a1}, where agp, a; are
disjoint to w. Say A = {ag,a1}. Let G(w) = G(3,2) and G(A) = 0.

Now we define the vertices from A to G(3,2). Let j = 6i + s. Say v(j, A, G) =0

if 0 <s<4. Say v(j, A, G) ={ap,a1} if 4 < s <6.

ag aq {ao, Cll} Nw = @

Fig. A.2: The graph G such that Col(H) < 4 for every finite H C G, but

Col(G) > 5.
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