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Chapter 1

Introduction

1.1 Computability theory and effective algebra

We will assume that the reader is familiar with the basic concepts from
computability theory (cf., e.g., [18]).

Fix an enumeration of the partial computable functions ¢g, 1, ¢o, ..., and
write @, converges to y on input = as @.(x) |= y and @, diverges on input z as
we() 1. If we(x) converges, it does so after a finite number of steps. Denote ¢, (x)
converges to y in s steps by ¢, s(x) |=y. We say that a set of natural numbers X
is computable provided that its characteristic function is computable. A common

example of a set which is not computable is the halting set, defined as follows.
Definition 1.1.1. The halting set K = {e | p.(e)|}.

Another important concept from computability theory is that of a II{ class.

Many facts are known about the computational properties of these classes (cf.,

e.g., [3,9,18]).

Definition 1.1.2. A set C C P(N) is a II{ class if there is a computable relation



R(z,X) on N* x P(N) such that Y € C < VZR(Z,Y).

An equivalent definition is as follows, where a computable tree T is a

computable subset of 2<N.

Definition 1.1.3. A TI{ class is the set of infinite paths through a computable

subtree of 2<N,

Effective algebra is an area of mathematical logic in which computability
theory is used to study classical theorems on algebraic structures, such as groups,
rings, or linear orders, from a computational perspective. A general overview
can be found in [4] and [5]. Often in effective algebra, we consider a computable
algebraic structure (such as a ring or partial order) and ask if certain theorems
about the structure hold effectively. For instance, if it is known classically that
an associated algebraic object exists (e.g., an ideal of a ring or a basis for a vector
space), we may ask if there is an algorithm which finds this object.

Intuitively, a countable algebraic structure is computable if its domain can
be identified with a computable set of natural numbers and the (finitely many)
operations and relations on the structure are computable. If the structure is
infinite, we usually identify its domain with w (the natural numbers). The
following definition makes the notion of a computable algebraic structure more

precise and works if the language is infinite.

Definition 1.1.4. A countable algebraic structure A over the language L is

computable if £ is computable, the domain of the structure is w, and its atomic



diagram {p(a) | ¢(z) is an atomic or negated atomic L-formula, A = ¢(a)} is

computable.

Remark 1.1.5. Definition 1.1.4 can be generalized to say that a countable
algebraic structure has Turing degree d if the language is computable, the domain
1s w, and the atomic diagram of the structure has degree d. Alternatively, a
countable algebraic structure over a finite language has degree d if the join of the

degrees of its domain and all of its operations and relations is equal to d.

For instance, a computable linear order is given by a computable set . C N
together with a computable binary operation <, such that (L, <) satisfies the
axioms for a linear order. An example is the linear order (N, <), where its elements
are the natural numbers under the usual ordering <.

Given a fixed isomorphism type, there may be many different computable
copies, and these copies may have different computational properties. For
example, there are computable copies of the linear order (N, <) in which the
successor relation is computable and computable copies in which it is not. (The
successor relation is easily seen to be computable in the standard ordering
0 <1<2< ..., since y is a successor of x when y = x + 1. However, one can
construct a more complicated ordering such as 18 < 100 < 34 < 2 < ..., where
it is more difficult to determine if one element is a successor of another.) The
atoms of a Boolean algebra are another example; there are computable Boolean

algebras in which determining whether a given element is an atom is computable,



and there are computable copies in which this is not computable. Therefore, the

computational properties can depend on the particular computable copy.
Similarly, it is possible for two structures to be isomorphic but have different

Turing degrees. For instance, a computable lattice can have an isomorphic copy

with the degree of the halting set. This motivates the following two definitions.

Definition 1.1.6. The degree spectrum of a structure is the set of Turing degrees

of all its isomorphic structures.

Definition 1.1.7. The (Turing) degree of the isomorphism type of a structure is

the least Turing degree in its degree spectrum (if it exists).

Remark 1.1.8. Ezcept in trivial cases, degree spectra are always closed upwards

in the Turing degrees (cf. [10]).

It is known that for any Turing degree d, there is a general (non-distributive)
lattice whose isomorphism type has degree d. This is also true for graphs, abelian
groups, and partial orders, to name a few other examples. However, this is not
the case for Boolean algebras, for if the isomorphism type of a Boolean algebra
has a least degree, then it must be 0 (cf. [16]).

Another important idea in effective algebra is the concept of computable
dimension.  Often, it is possible to have classically isomorphic computable
structures which are not computably isomorphic. In other words, although the
copies themselves are computable and structurally identical, there is no algorithm

to find the isomorphism between them.



Definition 1.1.9. The computable dimension of a computable structure is the
number of (classically isomorphic) computable copies of the structure up to

computable isomorphism.

If the computable dimension of a structure is 1, then every computable
coding of the isomorphism type has the same computational properties. Structures
with computable dimension 1 are called computably categorical.

One question of interest is to determine what the possible values for the
computable dimension of a structure can be. For instance, it is known that the
computable dimension of a Boolean algebra or linear order is always 1 or w (cf.
[14,15]), while the computable dimension of a graph or general (non-distributive)
lattice can be n for any n > 0 or w (cf. [8]).

It is also useful to have a nice characterization for the structures which are
computably categorical. As an example, it is known that a computable Boolean
algebra is computably categorical if and only if it has finitely many atoms (cf.
[14]).

With these types of questions in mind, we will now turn our attention to
distributive lattices. Coding methods can be used to show that computable gen-
eral (non-distributive) lattices exhibit every possible computable model theoretic
behavior (cf. [8]). However, the more rigid structure of Boolean algebras restricts
their computational behavior in many ways; some examples of this were given

above. Little is known in effective algebra about classes of lattices between general



(non-distributive) lattices and Boolean algebras. How does slightly weakening
the structure of a Boolean algebra or slightly strengthening the structure of a
non-distributive lattice change the computability results? To address this, we
will consider distributive lattices, which lie between general lattices and Boolean

algebras.

1.2 Distributive lattices

First, we will give a brief overview of the classical theory of distributive lattices
(without computability theory). A more thorough background can be found in

[1] and [7].

Definition 1.2.1. A lattice L is a partial order in which every pair of elements
has a unique join (least upper bound), denoted V, and a unique meet (greatest
lower bound), denoted A. The greatest element (if one exists) is denoted 1, and

the least element (if one exists) is denoted 0.

Definition 1.2.2. A distributive lattice is a lattice in which the meet and join

operations are distributive, that is, for every z, v, z,

cA(yVz)=(xAy)V(zAz)

zV(yANz)=(xVy AxVz).



One example of a non-distributive lattice is the diamond lattice, M3, shown

in Figure 1.1. Notice that M3 is not distributive because

ANyVz)=axzANl=x#0=0V0=(xAy)V(zA=2).

/|\
\'/

Fig. 1.1: M; lattice

Another example is the pentagonal lattice, N5 (see Figure 1.2). This lattice

is also not distributive since

yVeAz)=yV0=y#z=1Az=(yVa)A(yVz2).

Fig. 1.2: Nj lattice

In fact, the following theorem gives a way to check if a lattice is distributive

using the above examples.



Theorem 1.2.3 (Birkhoff [2]). A lattice is distributive if and only if neither M;

nor Ny embeds into it.

One method of building a distributive lattice (with least and greatest
elements) is by “stacking” smaller distributive lattices on top of one another.

For two distributive lattices, we define their sum in the following way.

Definition 1.2.4. If L, and L, are distributive lattices, the sum of Li and Lo,
denoted L & Lo, is the distributive lattice with domain L = L1 U Ly, 0, =0 € L,
(if Ly has a least element), 1, = 1 € Ly (if Ly has a greatest element), and for

every other x,y € L,

r<pyex,ycl;andx <, yorx & L, and y € Ls.

Under this definition of <; on L; & Ly, we see that the meet and join

operations are as follows for any x,y € L.

r A,y ifz,yel;forie{l,2}

TANY=4 =z ifr e L;andy € Ly

Yy ifxrelyandy € Ly



.

xVp,y ifx,yeL; forie{1,2}

x\/y: Y ifoLlandyELg

T ifxelsandy € Ly
\

Also, it is easy to verify that < is distributive. Notice that the sum
operation is associative; i.e., (L1 @ L9) @ L3 and Ly & (Ly @ L3) are isomorphic.
A simple example is shown in Figure 1.3 for a four element distributive

lattice D = {x,y,0,1} with 0 < z,y < 1.

/\
\/
|

Wa

/N

X2 Y2

N
|
N

\/

Fig. 1.3: Exampleof L=D ® D & D
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Note that Definition 1.2.4 can be expanded to L = Lo ® L1 & Ly @ ... for
any sequence {L;} of distributive lattices. If L; has no least element, we may add
a new element 0y, and define 0y, < z for every x € L (if a least element is desired).
Similarly, we may add a new element 17 so that 1, > x for every x € L (if a
greatest element is desired).

Another example of a distributive lattice (with least and greatest elements)
is the lattice L generated by open intervals in Q. Denote this lattice by D,. The
basic elements of L have the form (a,b), (—00,a), and (b,c0). The ordering on L
is set containment; i.e., x < y if x C y. The join of two elements is the usual set
union, and the meet is usual set intersection. Then all other elements of L look
like finite unions and intersections of these open intervals. The greatest element
is (—00,00), and the least element is (). The fact that this lattice is distributive
follows from De Morgan’s laws.

Next we will consider several different types of distributive lattices. The
most common is a Boolean algebra, a distributive lattice in which every element
has a complement. Other types of distributive lattices can be formed by
weakening the notion of a complement in some sense. The first example is a

pseudocomplement, yielding a pseudocomplemented lattice.

Definition 1.2.5. The pseudocomplement of a lattice element x, denoted x*, is

the greatest element y such that x A y = 0.

Definition 1.2.6. A pseudocomplemented lattice is a distributive lattice with least
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element such that every element has a (unique) pseudocomplement.

Note that a pseudocomplemented lattice must also have a greatest element,
0* (by definition of the pseudocomplement).

A Boolean algebra B is one example of a pseudocomplemented lattice, where
x* is the complement of x for every x € B.

A more interesting example is the distributive lattice D,, defined above with
the addition of the pseudocomplement. For each = € L, define z* = Int(z),
where 7 is the set complement of z and Int(y) denotes the interior of y. Note
that z A 2* = 0 since z N Int(Z) C 2Nz = @, and in fact Int(Z) is the largest
open set that is disjoint from x. To distinguish this lattice from D,, call this
pseudocomplemented lattice P,,. Furthermore, this lattice does not form a Boolean
algebra. Consider (a,b) € L. The set (—oo,a) U (b, 00) is the largest set which is
disjoint from (a, b), but (a, b)U(—o0, a)U(b, 00) # (—00, 00) because the endpoints
a and b are missing. In order to include these endpoints, (—oc, a) U (b, 00) must
be extended to a larger set, but then it would no longer be disjoint from (a,b).
Hence (a,b) has no complement in L.

In the case that P, and P, are pseudocomplemented lattices, we have that
P, & P, is also a pseudocomplemented lattice as in Definition 1.2.4. Denote the
least element of P, @ P, by Op and the greatest element by 1p. (Since P; and

P, are pseudocomplemented lattices, they both have least and greatest elements.)
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For any x € P, @ P,, we have that x* is as follows.

;

P~ ifx € Ppand x # Op

1p lfl‘:()p

Op ifxe P,

\

In fact, only P, must be a pseudocomplemented lattice, and P, may be any
distributive lattice. To extend this definition to P = P, & P, @ ... for any infinite
sequence {P;}, add a new element 1p such that 1p > z for every x € P, and let
Op,<p,Ap,Vp, and *p be as above.

Another notion of a weakened complement is the relative pseudocomplement
of two lattice elements. This gives rise to a special type of distributive lattice called

a Heyting algebra.

Definition 1.2.7. The relative pseudocomplement of two lattice elements, denoted

r — v, is the greatest element z such that z A z < y.

Definition 1.2.8. A Heyting algebra is a distributive lattice with least element

such that a (unique) relative pseudocomplement exists for every pair of elements.

Remark 1.2.9. Every Heyting algebra H 1is also a pseudocomplemented lattice
where x* = x — 0 for every x € H. Also, a Heyting algebra always has a greatest

element given by 0 — 0.
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Heyting algebras arise as models of intuitionistic logic, a modification of
classical logic in which the law of the excluded middle does not always hold. We
will exploit this connection between intuitionistic logic and Heyting algebras in
section 4.2.

Notice that any Boolean algebra is automatically a Heyting algebra with
rT—Yy=TVy.

Below is a simple example of a Heyting algebra which is not a Boolean
algebra (see Figure 1.4). In this lattice, we have z — y =y, y — = = x,
u — v =1 for every u < v, and u — v = u for every u > v. It is not a Boolean

algebra because z and y do not have complements.

1

z
x Yy
0
Fig. 1.4: An example of a Heyting algebra

In fact, any finite distributive lattice is a Heyting algebra. To see that
x — y exists for any pair of elements, consider the set {z | x A z < y}. This set
is nonempty because it always contains 0. Also, if there are two incomparable

elements z; and z; such that z A z; <y and z A 23 < y, then since z A (21 V 23) =
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(xAz1) V(T A z) <y, 21V 2 is also in the set, and z; V z5 is strictly above both
z1 and zo. Therefore, since the lattice is finite, this set has a maximum element,
which is the definition of z — y.
The interval algebra D, can be extended to a Heyting algebra where <, A,
and V are as before, and © — y = Int(Z Uy). Denote this Heyting algebra by H,,.
For any pair of Heyting algebras H; and Hy, the sum of H; and H, is also a
Heyting algebra as in Definition 1.2.4, where H = Hy U Hy, Oy = Oy, 1y = 1pg,.

For any z,y € H, x — y is as follows.

/

x—py ifx,ye Hforie{1,2} and x —p, y # 1y,
1y ite,ye Hy and v —g, y=1g,
r—y=
1y if.fGHladeEHQ
Y ifx e Hyand y € H,
\

As above, this definition can be expanded to Hy ® Hy & ... for any sequence
{H;} of Heyting algebras by adding a new element 15 and defining it to be above
every other element in H.

Finally, we describe a way to build a distributive lattice or Heyting algebra
out of (infinitely many) copies of a fixed finite distributive lattice or Heyting
algebra. Let L be a linear order and F' be any finite distributive lattice or Heyting
algebra. We will denote the order on L by <; and the order on F by <pg. Also
denote the greatest element of F' by 1p, the least element of F' by 0z, and meet

and join in F' by Ar and Vg, respectively.
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Define a new distributive lattice or Heyting algebra L(F') as follows. Replace
each point x € L by a copy of F'. Denote this copy of F by F,. Add two additional
elements 177 and Or(py. Define the order <;r) on L(F) by making Oz the
least element, 17,y the greatest element, and for all other elements of L(F'), define

a <pr) bifand only ifa € F;,b € F,, and 2 <y or a,b € I, and a <p b.
Lemma 1.2.10. If F is a distributive lattice, then so is L(F).

Proof. L(F) is a lattice with the order described above and meet and join defined

in the following way: for a,b € L(F),

aApb ifa,beF,
CL/\L(F)b:

a ifac F,,be Fy,, ando <py

aVpb ifa,beF,
CL\/L(F)b:

b ifaec F,,be Fy, andx <py

Also, we have

aApr) Opry =0,
aVyr) Opr) = a,
aNpry lor) = a,

aVpr lyr)y = lyr).
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To see that L(F) is distributive, let a, b, ¢ € L(F'). (To simplify the notation,
we will write A for Appy and V for Vipy.) If a,b, c € F,, then the identities follow
from F' being distributive.

Ifa€F,, bceF,, and v <p y, then

aN(bVec)=a=aVa=(aAb)V(aAc), and

aV(bAne)=bANc=(aVDb)A(aVc).

Ifa,be F,,ce F,, and x <1 y, then

aN(bVec)=aNc=a=(aANb)Va=(aAb)V(aAc), and

aV(bANc)=aVb=(aVb) Ac=(aVb)A(aVec).

Ifa,ce F,,be F,, and x < y, then
aN(bVe)=aNb=a=aV(aNc)=(aNb)V(aAc), and
aV(bNc)=aVec=bA(aVec)=(aVb)A(aVec).

The other cases follow by symmetry. O]
Lemma 1.2.11. If F' is a Heyting algebra, then so is L(F).

Proof. From above we have that L(F') is a distributive lattice with least and
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greatest elements. The relative pseudocomplement on L(F') is defined by:

(

a—pb ifa,be F,and a —pb+# lp

L(r) ifa,be F,anda —pb=1p
a —L(F) b=

Lo ifae F,,be F,, andx <py

b ifae F,,be F,, andy <p x

\

Also, for each a # 0r, we have

a —rr) OLry = Oy,

a —rr 1o = 1w,

Orr)y —rr) @ = 1oy,

lyr)y — o) a = a. O

Remark 1.2.12. If H; = H for each i € w and some fized finite Heyting algebra

H, then Hi ® Hy @ ... is the same as L(H) for L = w.

1.3 Computable distributive lattices

The definitions for computable distributive lattices, pseudocomplemented lattices,
and Heyting algebras follow from Definition 1.1.4 and are given more precisely

below.

Definition 1.3.1. A distributive lattice (L, <, \,V) is computable if its domain L

is computable and the ordering < and operations A and V are all computable.
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Definition 1.3.2. A pseudocomplemented lattice (L, <,A\,V,*) is computable if
its domain L is computable, the ordering < is computable, and the operations A,

V, and * are all computable.

Definition 1.3.3. A Heyting algebra (L, <, \,V,—) is computable if its domain
L is computable, the ordering < is computable, and the operations A, V, and —

are all computable.

In the above definitions, we are careful to include all of the lattice operations
in our language. For instance, the relative pseudocomplement of any two elements
in a computable Heyting algebra is computable by definition because — is included
in the language. One may ask if this is actually necessary. For example, the
complement of an element is computable in a computable lattice (B, <,A,V)
which is classically a Boolean algebra (where complementation is not included in
the language). This is because, given z € B, we can search for the unique y € B
such that x Ay =0 and =z Vy = 1. (We may assume that we know 0 and 1, since
this is finitely much information.) The element y exists, so we will eventually find
it and say that * = y. Would this also work for Heyting algebras? In other words,
given a computable distributive lattice H which is classically a Heyting algebra
and a pair x,y € H, is finding x — y computable?

Theorem 1.3.4 shows that in general the answer to this question is “no.”

Theorem 1.3.4. There is a computable distributive lattice (L, <, \,V) which is

classically a Heyting algebra, but for which the relative pseudocomplementation
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function — 1is not computable. In fact, in any computable presentation of L as a
distributive lattice, the relative pseudocomplementation function has Turing degree
0.
Proof. We will build the lattice in stages.

Stage 0: Let Lo = {0, 1, ag, bo, co, To, 20} Define <, A, and V for every pair
of elements as in Figure 1.5. Notice that Ly is classically a (finite) Heyting algebra

with ¢y — zg = x0.

1

|
:E/ O\C
NS
N

Stage s+ 1: Given L, extend it to Lsyq by adding elements agy1, bsy1, Csi1,
ZTsi1, 2z4+1 and defining <, A, and V for every pair of elements as in Figure 1.6.
The lattice Ly is also classically a (finite) Heyting algebra.

For each e < s+1, checkif e € K\ K;_1. (Assume without loss of generality
that at most one number enters K, at each stage t € w.) If so, add a new element

Yo between x, and a1 (see Figure 1.7). Now ¢, — x. = ¥, instead of ..



N\
SN
N/

x/21\c
NS
»
:c/ O\c

SN
N
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LN,
S
NN
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N

Fig. 1.7: Adding y. to L,

In the end, let L = UgL,. L is an infinite Heyting algebra, as it is
a distributive lattice in which * — y exists for each pair of elements. It is
computable as a distributive lattice with the language (L, <, A, V) since, for any
x,y € L, we can run through the construction for finitely many stages until z and
y both appear to determine x Ay, x V y, and how x relates to y with respect to
the ordering <. The important point is that once <, A, and V are defined for any
two elements at stage s in the construction, these definitions never change at any
future stage t > s.

However, the — operation does change; ¢, — =, = x. if and only if e ¢ K.
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Hence, if + — y were computable for any x,y € L, then we could compute K.
Thus, it is not computable in this lattice.

Furthermore, x — y is not computable in any computable copy of L. This is
because L was constructed in such a way that the special elements a;, b;, ¢;, x; and
z; for all ¢ € w can be found computably using the following algorithm. Assume
that we have a computable copy of L in which we know 0 computably (as this is
finitely much information). Search for w,v,w € L such that all of these relations
hold:

uAv=0uAw=0, and 0 < v < w.

Such elements exist, and once found, it must be that u = ag, v = by, and
w = ¢g. Then xg = ag V by, and 2y = ¢g V x¢. Suppose we know ay, by, c, T,
and zz. Then we can find agy1,bki1, Crr1, Trr1, and zxyy computably by again

searching for u,v,w € L such that all of the following hold:

UNANV =z, u ANw = 2z, and 2z < v < w.

It must be that u = ag41, v = bgy1, and w = cx4q.

Now, if z — y were computable for every x,y € L, then we would arrive at
the same contradiction because ¢, — x. = x. if and only if e ¢ K, and for any e,
the elements ¢, and z. can be found in finitely many steps (iterating the method

above e times). O

This means that any computable Heyting algebra must include — in its
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language; it is not the case that — could be derived computably from <, A, and
V being computable.

One may also wonder if the relative pseudocomplementation operator could
be computed from the pseudocomplementation operator. In other words, if we
take the language of a computable Heyting algebra to be (L, <,A,V,%),is x — y
computable for every x,y € L? Again, the answer is “no.” This is immediate

from Theorem 1.3.4.

Corollary 1.3.5. There is a computable pseudocomplemented lattice which s
classically a Heyting algebra but for which the relative pseudocomplementation
function is not computable. In fact, in any computable presentation of L as
a pseudocomplemented lattice, the relative pseudocomplementation function has

Turing degree 0.

Proof. Build the computable lattice L as in Theorem 1.3.4 with one minor change.
At each stage s > 0, if e € K \ K1, add a new element y.,; between x.,; and
aero. Then the sublattice containing 0, ag, by, o, g, and 2z, remains unchanged, so

we can compute the pseudocomplement for each element in L as follows.

* * *
ay = co, by = ap, cy; = ap

y* = 0 for every other y € L

It is easy to see that this holds for the lattice Ly. The key is that z; is

comparable to every other element in L. Therefore, for every y,w ¢ Ly, y, w > zo,
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soyAw > zg. If y ¢ Lo and w # 0 € Ly, then y > z5 > w, so y Aw = w. Hence,
for each y # ag, by or ¢y, the only element w such that y Aw = 01is w = 0.

Then we have cey1 — Tey1 = Terq if and only if e ¢ K as before, so the
relative pseudocomplementation operator is not computable in (any computable

copy of) L. O

It will be useful to have a collection of examples of computable distributive
lattices. The following lemmas will show that most of the distributive lattices,
pseudocomplemented lattices, and Heyting algebras from section 1.2 can be
constructed computably. Both results follow from the explicit definitions of A, V, <

(%, —) given in the definitions of Ly ® L ® Ly & ... and L(F).

Lemma 1.3.6. If {L;}ic, is a uniform sequence of computable distributive lattice
(pseudocomplemented lattice, Heyting algebra), then L = Lo @ L1 ® Ly & ... is a

computable distributive lattice (pseudocomplemented lattice, Heyting algebra).

Lemma 1.3.7. If L is a computable linear order and F' is a finite distributive
lattice or Heyting algebra, then L(F') is a computable distributive lattice or Heyting

algebra, respectively.

1.4 Summary of results

Chapter 2 will deal with prime ideals (or filters) in a computable distributive

lattice. It follows from the definition that the class of prime ideals in a lattice forms
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a I19 class. We will show that the minimal prime ideals of a pseudocomplemented
lattice (or Heyting algebra) also form a 19 class. Furthermore, we will show that
the converse does not hold; it is not true that any II{ class can be represented
by the minimal prime ideals of computable pseudocomplemented lattice or the
prime ideals of a computable distributive lattice. This will follow after proving
that it is always possible to find a (nontrivial) computable minimal prime ideal in
a computable pseudocomplemented lattice and a (nontrivial) computable prime
ideal in a computable distributive lattice. (In fact, if a computable distributive
lattice has a least or greatest element, we will see that is always possible to
find a computable minimal or maximal prime ideal, respectively.) It is known
that the set of maximal filters in a computable Boolean algebra forms a II{
class, and every computable Boolean algebra has a computable maximal ideal
(cf. [3]). These facts rely on the existence of the complement for each element
in a Boolean algebra. Therefore, we will have shown that the existence of the
slightly weaker pseudocomplement suffices to prove the above analogous theorems
for pseudocomplemented lattices and Heyting algebras. Moreover, finding a
(nontrivial) computable prime ideal in a computable distributive lattice will not
require any notion of a complement.

At the end of chapter 2, we will see that, by contrast, it is not always possible
to find a computable prime ideal in a computable general (non-distributive) lattice.

We will show this by constructing a computable (non-distributive) lattice such
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that its (nontrivial) prime ideals code an arbitrary ITV class.

In chapter 3, we will consider the degree spectra of lattices. For general
(non-distributive) lattices, the degree spectra is known to be {c | ¢ > d} for any
Turing degree d (cf. [8,16]). We will extend a result of Selivanov [17] to show
that this is also true for distributive lattices, pseudocomplemented lattices, and
Heyting algebras.

Finally, in chapter 4, we will investigate the possible values of the com-
putable dimension for Heyting algebras and work toward finding a characterization
for the computably categorical Heyting algebras. We will show that the
computable dimension of the free Heyting algebras is 1 or w, depending on
whether there are finitely many or infinitely many generators, respectively. To
show that the computable dimension of the free Heyting algebra on infinitely
many generators is w, we will use the fact that it is a model of intuitionistic
propositional logic over infinitely many propositional variables. In general, we can
say that two Heyting algebras which are computably categorical as distributive
lattices must also be computably categorical as Heyting algebras. However, we will
show that the converse does not hold; there are two Heyting algebras which are
computably categorical as Heyting algebras but not as distributive lattices. The
idea is that having the relative pseudocomplement in the language of computable
Heyting algebras will give us more information that can be used to construct

a computable isomorphism. Lastly, we will make some final remarks on why
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certain algebraic properties of Heyting algebras (the set of atoms, the set of join-
irreducible elements, the subalgebra which forms a Boolean algebra) are not good
candidates for finding a characterization of the computably categorical Heyting

algebras in general.



Chapter 2

Computable prime ideals

2.1 The class of prime ideals

Prime ideals and prime filters are natural substructures of lattices to consider
from the viewpoint of effective algebra because there are many classical theorems
on ideals and filters in the literature to take advantage of. Also, since prime filters
have been studied in Boolean algebras (where every prime filter is a maximal filter
and vice versa), the analogous results on distributive lattices can be compared to
those known for Boolean algebras. Prime ideals and filters of lattices are defined

as follows.

Definition 2.1.1. An ideal in a lattice L is a set I C L such that for all z,y € L,

I satisfies all of the following:

(r<yandyel)=zel,

vyyel=xzVyecl.

28
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Definition 2.1.2. A prime ideal in a lattice L is an ideal P C L such that for all
r,y €L,

rANyeP= (xePoryeP).

Definition 2.1.3. A filter in a lattice L is a set F' C L such that for all z,y € L,

F satisfies all of the following:

(x>yandy € F)=x € F,

r,ye F=xANyeF.

Definition 2.1.4. A prime filter in a lattice L is a filter F' C L such that for all
x,y € L,

tVyeF=(reForyekF).

Remark 2.1.5. The empty set and the entire lattice are always trivially prime
tdeals. If a lattice has a least element 0 and greatest element 1, then a prime ideal
P is nontrivial if and only if 0 € P and 1 ¢ P. Similarly, a prime filter P is

nontrivial if and only if 0 ¢ P and 1 € P.

We will mostly be concerned with prime ideals rather than prime filters, but

the results on ideals will transfer to filters in the following way.
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Lemma 2.1.6. If P is a nontrivial prime ideal of L, then L\ P is a nontrivial

prime filter.

Proof. Suppose x >y and y € L'\ P. If x € P, then since P is an ideal, y € P,
contradicting that y ¢ P. Therefore, z € L\ P.

Now suppose that z,y € L\ P. If xt Ay € P, then because P is prime, either
x € P or y € P, contradicting that x,y ¢ P. Hence z Ay € L'\ P.

Finally, if zVy € L\ P but z,y € P, then zVy € P since P is closed under

join. Again we arrive at a contradiction, so z € L\ Pory € L\ P. H

From this point on, “prime ideal” will always mean “nontrivial prime ideal,”
unless otherwise specified.

We are interested in studying the complexity of prime ideals in a computable
lattice. Recall the discussion of TI{ classes in section 1.1. By Definition 1.1.2, we

have the following.

Theorem 2.1.7. The collection of prime ideals in a computable lattice with 0 and

114s 119 class.

Proof. This follows from Definition 2.1.2 since it uses only universally quantified
statements. It is computable to tell if a given prime ideal is nontrivial by Remark

2.1.5 (using the fact that 0 and 1 are in the lattice). O

As a lattice may contain multiple prime ideals, the concept of a maximal or

minimal prime ideal is defined as follows.
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Definition 2.1.8. A minimal prime ideal P in a lattice L is a prime ideal such

that, for every other prime ideal Q) of L, ) & P.

Definition 2.1.9. A maximal prime ideal P in a lattice L is a prime ideal such

that, for every other prime ideal @ of L, P ¢ Q.

At first, the class of minimal prime ideals of a lattice L seems more complex
than the class of prime ideals because Definition 2.1.8 quantifies over subsets of
L. However, we will see that this is not the case for pseudocomplemented lattices
and Heyting algebras. The following lemma gives a useful characterization of the

minimal prime ideals in a pseudocomplemented lattice.

Lemma 2.1.10 (Grétzer [7]). Let L be a pseudocomplemented lattice and P be a

prime ideal of L. The following are equivalent:
(i) P is a minimal prime ideal.
(ii) Ifx € P then a* ¢ P.
(iii) If x € P then ™ € P.
Theorem 2.1.11. The class of minimal prime ideals of a pseudocomplemented
lattice is a T1Y class.

Proof. From Theorem 2.1.7, the class of prime ideals of a pseudocomplemented
lattice forms I1{ class, and part (ii) (or part (iii)) of Lemma 2.1.10 is a universally

quantified statement for deciding whether a prime ideal is minimal. O
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Theorem 2.1.11 can also be proven by appealing to the characterization of
I19 classes as infinite paths through computable subtrees by Definition 1.1.3. The
set of infinite paths through a tree T is denoted by [T]. This first requires one

technical lemma about the pseudocomplementation function.

Lemma 2.1.12 (Grétzer [7]). Let L be a pseudocomplemented lattice. For

x,y € L, the following identities hold.
(i) (zVy) =z Ny

(i) ™ Ay*™ = (z Ay)*™

Theorem 2.1.13. If L is a computable pseudocomplemented lattice, there is a

computable tree Ty, and map F such that
F : [Ty] — minimal prime ideals of L
1s a bijection and preserves Turing degree.

Proof. Let {ag,ay,as, ...} be an effective enumeration of the domain of L. Define

T}, by induction on the length of o. For |¢| = k > 0, o represents the guess that

{aa(o) , e ak 1 )} can be extended to a minimal prime ideal, with
, a; ifo(i)=1
a;?(l) _
af ifo(i)=0

Begin with 77, = (). Suppose by induction that o € T, and that we have defined

I, D {ag(o), a(f(l), Lo.ay kl U}, Define

Iy =1, U{ap} U{q; | j <kand 3z,y € [, U{a;} (a¢; <xVy)}
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Iowo =1, U{a;} U{a; | j <kand 3z,y € I, U{a;} (a; <z Vy)}
Note that because of the bounded quantifiers, these sets are computable.
Now check if there is an a; such that ¢« < k and both a;,a} € I,.1. If so, do

not put o x 1 € Tp. Otherwise, put ¢ * 1 € T;. Perform a similar check for I,.q.

Define F' on [T7] by

F(f) = Pr={ax | f(k) =0} U{a; | f(k) =1}

We first verify that Py is an ideal of L. Let aj,a; € P; and suppose
that a; V ap ¢ Py. Then, by construction, (a; V a;)* € Pr. Also, a; V ar = ay
and (a; Vag)* =a, for some ¢,n € w. Take m = max(j,k,¢,n) + L
Then a;,ak,(a; V ap)* € Ify,. Also, a; V ar, € Ifpy, since £ <m—1 and
a;,ar € Irpypm—1 U {aﬁT{l)} with a; < (a;Va). Thus, both (a; Vay) and (a; Vag)*
are in Ifp,, which is a contradiction because f would not be a path, as f [ m
would not have been extended. Similarly, let a, € Py with a; < ai. Suppose that
aj & Py. As above, this implies that a} € Py. Take m = max(j, k) + 1. Then
g, @} € Ifpm, j <m—1, and a; < (ax V ax), 50 a; € Iy, as well. Again, this is a
contradiction because f | m would not have been extended.

Next we show that Py is prime. This relies on the fact that either a; or a}
is in Py for each i € w, but not both a;,a] € P; (or the path would not have
been extended). Suppose that x Ay € Pr but x,y ¢ Pr. Then z*,y* € P by

construction. Since Py is an ideal, *V y* € Py. This means that (z*V y*)* ¢ Pf.

By Lemma 2.1.12, (z* V y*)* = 2™ Ay™ = (z A y)™. Also, since z Ay € Py, we
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have (z Ay)* ¢ Py, so (v Ay)*™ € Py. This contradicts that (x A y)™ ¢ Py, so at
least one of  or, y is in P.

Furthermore, as noted above, the construction ensures that for each i € w,
if a; € Py, then af ¢ P;. Therefore, by Lemma 2.1.10, Py is a minimal prime
ideal.

Any path f can be computed from Py since f(i) = 0if a; € Py and f(i) =1
if a; ¢ Py. Similarly, knowing f, we can say that a; € Py if and only if f(k) = 0.
Therefore, Py =7 f.

To see that F' is injective, let fi, fo € [T1] such that f; # f,. Then f; and
fo differ on some i € w; let ¢ be the least such that fi(i) # f2(¢). This means
that one of a;,a; is in Py, and the other is in Pf,. We cannot have Py = Pj,, or
we would have that a;,af € Py, but this contradicts that f; is a path in 77, (by
construction, f; [ ¢ would not have been extended). Therefore, Pf, # Py,.

Now let P be a minimal prime ideal of L. Again, by Lemma 2.1.10, either
a; € Poral € P for each i € w. Let f be such that f(i) = 1if a; € P and
f(i) =0if af € P. Then f € [Ty], for if not, then there would be some o € T},
such that f | n = o | n but o has no extension in 77. Then there is some j
such that a;, a} € Ioufn). However, l,.pn) C P, so aj,a; € P, contradicting that
P is a minimal prime ideal of L. Therefore, f € [T] and F(f) = P, so F is

surjective. ]

We obtain several corollaries to Theorem 2.1.13 which follow from known
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facts about ITY classes. For instance, in a computable pseudocomplemented lattice,
there is always a minimal prime ideal of low degree and one of hyperimmune-free
degree (cf. [9]).

On the other hand, it is more interesting to know whether these classes of
minimal prime ideals can represent all TI{ classes. That is, given a I1? class C, is
there a computable pseudocomplemented lattice L such that C' codes the set of

prime ideals in L? In the next section, we will see that this is not always possible.

2.2 Computable minimal prime ideals

We will prove that it is always possible to find a computable minimal prime ideal
in a computable pseudocomplemented lattice. Since there are I1{ classes with no
computable members (cf. [9]), this will show that the converse of Theorem 2.1.13
does not hold; that is, there is no way to code an arbitrary 19 class into the
minimal prime ideals of a computable pseudocomplemented lattice.

First, we need to define the dense set of a pseudocomplemented lattice.

Definition 2.2.1. Let L be a pseudocomplemented lattice. The dense set of L,

denoted D(L), is given by

D(L) ={z | z* = 0}.

The following lemma uses the dense set to yield another characterization of
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the minimal prime ideals in a pseudocomplemented lattice.

Lemma 2.2.2. Let L be a pseudocomplemented lattice. P is a minimal prime

ideal of L if and only if P is a prime ideal of L and P N D(L) = .

Proof. For the forward direction, let P be a minimal prime ideal of L and suppose
that x € PN D(L). Then x € P and 2* = 0. By Lemma 2.1.10, z € P implies
x* ¢ P. However, 0 is in every prime ideal. Therefore, P N D(L) = .

For the reverse direction, suppose that P is a prime ideal of L and that
PND(L)=0. If z* ¢ P for all z € P, then P is a minimal prime ideal by Lemma
2.1.10. Assume for a contradiction that there is an x € P such that z* € P. Then
xVa* € P,and by Lemma 2.1.12, (zVa*)* = a2*Ax™ =0,s0 xVz* € PND(L).

However, P N D(L) = (), meaning x* ¢ P as desired. O

An important property of the dense set of a pseudocomplemented lattice L

is that it is a filter in L. To show this, we first need the following lemma.

Lemma 2.2.3. Let L be a pseudocomplemented lattice. If x,y € L and x < v,

then y* < x*.

Proof. Let x,y € L and suppose that x < y. By definition, y* Ay = 0. Then we

have

O=y"ANy=y"AxzVy) =W ANz)VEYy ANy) =W Ax)VO=y" Az

Since z* = max{z | z Az =0} and y* Az =0, y* < z*. O
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Lemma 2.2.4. Let L be a pseudocomplemented lattice. The dense set D(L) is a

filter in L.

Proof. Suppose that x € D(L) and that z < y. Then y* < z* = 0 by Lemma
2.2.3,s0 y € D(L). Hence D(L) is closed upward.

Now suppose that z,y € D(L). Let z = (zAy)*. Assume for a contradiction
that z > 0. Since y* = 0,2z Ay > 0 (otherwise, if z Ay = 0, then z < y* = 0).

Similarly, z A (z Ay) > 0. Therefore, we have
O<zA(zAyYy) =(@Ay)Az=0.

Hence z =0, so (z Ay) € D(L), and D(L) is closed under meet. Thus, D(L) is a

filter of L. O

The main tool in showing that it is always possible to construct a computable
minimal prime ideal in a pseudocomplemented lattice is the prime ideal theorem

(also called the Birkhoff-Stone prime separation theorem).

Theorem 2.2.5 (Prime ideal theorem [1]). Let L be a distributive lattice. If I is
an ideal in L and F a filter in L such that I N F = (), then there is a prime ideal

P in L such that I C P and PN F = .

Corollary 2.2.6. In a distributive lattice with 1, every proper ideal is contained

mn a maximal ideal.

We are now ready to prove main theorem of this section. Given a computable

pseudocomplemented lattice L, the idea is to construct a minimal prime ideal P in
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stages by including one of x or z* in P for each x € L so that PND(L) = (). Then,
after each stage, Theorem 2.2.5 ensures that the (finite) ideal we have built so far
will extend to a prime ideal. The fact that P does not intersect D(L) guarantees

that it will be minimal by Lemma 2.2.2.

Theorem 2.2.7. Let L be a computable pseudocomplemented lattice. There exists

a computable minimal prime ideal in L.

Proof. Let (L,<,A,V,*) be a computable pseudocomplemented lattice with
domain {ag = 0,ay,as,...}. We will build a computable minimal prime ideal
P C L in stages; at each stage s we will determine whether a;, € P or a} € P.
Also, if a; € P, then this will imply that a} ¢ P (and vice versa), so P will be
computable.

Define

a; lf{fZ:l

a; lfé‘z:O

Stage 0: Let Py = {0,1} with 0 < 1. Note that 0 ¢ D(L) since 0* = 1, so
P,ND(L) = .

Stage s + 1: Given P,, we will build P,;;;. By induction, assume that
P, = {ag°,af',...,a%} and that ai’ Vai' V---Vas ¢ D(L). If one of az1 € P
or a;,; € P already, then set P, = P, and go to the next stage.

Otherwise, let

Ii={z|xz<(al"Vai'V---Va)}.

s
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Suppose that there is an « € I such that 2 = 0. Then x < (ag’ V ai* V -+ V a5*),
and, by Lemma 2.2.3, (ag’ V ai* V --- V a)* < z* = 0. This implies that
(ag® Vai* V---Vas) € D(L), contradicting the induction hypothesis. Thus, we
have that ;N D(L) = (). By Theorem 2.2.5, there exists a prime ideal J D I with
JND(L) = 0. Since one of as1,al,, € J and (a” Vai' V---Vas) € J, it must
be that one of (ay’ Vai'V---Vas)Vasy or (a’ Vai' V---Vai)Va:,, isin J and
not in D(L). If (ag’ Vai* V---VaS) Vas ¢ D(L), then let Py = Py U {asy1}
(so e541 = 1). Otherwise let Pyyy = P;U{al,,} (so e541 =0).

In the end, let P = U,P;.

Observe that this construction ensures that for every i € w, one of a; or a; is
in P, and PND(L) = 0. To verify that P is an ideal, first let a; € P with a; < a.
Suppose that a; ¢ P. Then, by construction, aj € P. Let m = max(j, k). At
stage m, aj, ax € Py and Py, C I, = {z | 2 < (ag’ Vai' V---Vagr)}. By Theorem
2.2.5, I, extends to a prime ideal J such that J N D(L) = (. Since a; € J,
aj < ax, we have a; € J, but a; € I,,, € J, so aj,a; € J. This contradicts Lemma
2.1.10 (since J is a minimal prime ideal of L by Lemma 2.2.2). Thus a; € P.
Now suppose a;,ar € P but a; V ay, ¢ P. By construction, (a; V a;y)* € P. By a
similar argument, we reach a stage s where Ps extends to a minimal prime ideal J
containing (a; V ai) and (a; V ax)*, again contradicting Lemma 2.1.10. Therefore,

P is an ideal of L.

Now suppose that (a; Aay) € P but aj, ar ¢ P. Then a},a; € P. As above,
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there is a stage s where P; extends to a prime ideal J containing (a; A aj) and

al,ay. Since J is prime, J must contain at least one of a;, ar. Then J contains

o
both a;, aj or ax, aj,, which cannot happen. This shows that P is prime.

Finally, since P is a prime ideal of L and P N D(L) = ), P is a minimal

prime ideal by Lemma 2.2.2, and it is computable by the above comments. O

Note that Theorems 2.1.13 and 2.2.7 hold for Heyting algebras as well, since

Heyting algebras are also pseudocomplemented lattices.

2.3 Computable prime ideals in a distributive lattice

We would like to know if it is always possible to find a (nontrivial) prime ideal of a
computable lattice effectively. Since the results for finding computable (minimal)
prime ideals in computable pseudocomplemented lattices or (maximal) filters in
Boolean algebras rely on the existence of the pseudocomplement and complement,
respectively, it seems much harder to effectively find a prime ideal in a distributive
lattice where this is not necessarily a notion of a complement (even in a weakened
sense). It turns out that no complements or pseudocomplements are needed; it
is always possible to find a computable prime ideal in a computable distributive
lattice. Theorem 2.2.5 is used in a manner similar to Theorem 2.2.7; at each stage,

it ensures that the (finite) ideal we have built so far will extend to a prime ideal.

Theorem 2.3.1. Let L be a computable distributive lattice. There exists a

computable prime ideal in L.
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Proof. Let (L,<,A,V) be a computable distributive lattice with domain L =
{ag, a1, aq,...}. We will construct a computable prime ideal P C L in stages,
where at each stage s, we determine whether azyq € P or ag,; ¢ P (with the
convention that once an element is left out of P, it is left out forever so that P
will be computable in the end).

Stage 0. Consider ay # a; € L. If these elements are comparable, say
ap < aj, then let Py = {ao} and a3 ¢ Fy. Otherwise, if ap and a; are not
comparable, it does not matter which element goes in and which stays out, so let
Py ={ap} and a; ¢ F.

Stage s: Suppose that a;y,a;,,...,a;, € Py and ajy,a,,...,a;, ¢ Ps_1.

Also, suppose by induction that
(Cljo VAN Qj, VAR aje) ﬁ (aio V Ay VeV aik). (231)

To decide whether to put asy; into Ps or leave it out, check the following
two conditions:

(a) If (aj, ANaj, A---Naj,) < (ai,Va,V---Va;,Vas), then do not put
asy1 into Ps.

(b) If (aj, Naj, N---Naj, Nasy1) < (ai, Vai, V---Va;), then put asiq
into P,.

Otherwise do not put asyq into Ps.

Note that conditions (a) and (b) cannot both be satisfied in a distributive

lattice; if so, then
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jo N aj, N+ Naj,
= (aj, Naj N---Naj,) N (@i, Va, V---Va, Vas) by (a)
= (aj, Naj N---Naj, Naiy) V (aj, Naj A Naj, Naiy) V
s Vo(ajo Nagy Ao Nag, Nag ) Vo(agy ANag, A Aag, A agi)
<aj,Va,V---Va, V(a,Va,V---Va,) by (b)
= i, V a;; V- Vay,.

This contradicts (2.3.1).

We use Theorem 2.2.5 to show that the construction is valid. Suppose that
at stage s, we have a;,, a;,,...,a;, € P;_y and aj,,a;,,...,a5, ¢ Ps_y. lfasyq € P,
consider

Io={y |y <(ap Vai,V---Va;, Vag1)},
and
Fo={y |y = (aj Aaj N---Nag,) .

Notice that I is an ideal in L and Fj is a filter in L; I, is the ideal generated
by all of the elements which are in P,, and F; is the filter generated by all of the
elements which are not in P,. If I, N F, # (), then there is some y € L such that

(ajo Naj, N---Naj,) <y <(ag,Va,V--Va,Vas).

Then condition (a) is satisfied, implying that a1 ¢ P,. However, this contradicts

that a,.; € P. Hence I, N F, = (). By Theorem 2.2.5, there is a prime ideal J in
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L such that I, C J and J N Fy = (); that is, everything in P, so far extends to a
prime ideal which does not contain any of the elements left out of P;.

Similarly, at stage s, if aszyq ¢ Ps, let

IS:{y|y§(ai0vai1v"'\/aik)}7

and

FS:{y‘yZ(ajo/\ajl/\"'/\ajz/\as—i-l)}'

If I, N Fy # 0, then (aj, Aaj, A+ ANaj, Nase1) < (ai, Va, V- Va;,).
This satisfies condition (b), so asy1 € Ps, which is a contradiction. Therefore
I,NF, =0, and Theorem 2.2.5 applies as above.

In the end, let P = U,P,.

Now we verify that the resulting P is a prime ideal in L. Suppose a; < a,
and a, € P. If a; ¢ P, let s be the least stage where a,, € P, but a; ¢ P;. From
above, P; extends to a prime ideal J containing a, and a, ¢ J (since a, € Fj
where F; N J = (). This contradicts that J is an ideal. Therefore P is closed
downward.

Suppose ag,a,, € P but ax V a, ¢ P. Let s be the least stage where
ag, @y, € Py and ag V a,, ¢ P,. As above, we get a contradiction because P
extends to a prime ideal J where ay,a,, € J but a; V a,, ¢ J. Thus P is closed
under join.

Similarly, suppose a A a,,, € P but a ¢ P and a,, ¢ P. Let s be the least
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stage where a; A a,,, € Py and ay, a,, ¢ Ps. There is a prime ideal J extending P
such that ay A a,, € J but ay, a,, ¢ J, contradicting that .J is prime.

Therefore, P is a prime ideal in L. This ideal is computable because for any
ay € L, there is a finite stage s in which we see that a; € Ps or a; ¢ Ps (and this

never changes in future stages). O

Computable maximal and minimal prime ideals can also be found in a
computable distributive lattice, with a few extra conditions. In both cases we
need two safe “starter” elements to put in or leave out. For a computable maximal
prime ideal, the only safe element to leave out is the greatest element 1 (otherwise,
we may accidentally include the entire lattice in the prime ideal.) Furthermore,
if the lattice does not have a greatest element, it may not have a maximal prime
ideal at all. Likewise, for a computable minimal prime ideal, the only safe element
to initially include is the least element 0. Again, if the lattice does not have a

least element, it is possible that it has no minimal prime ideal.

Corollary 2.3.2. Let L be a computable distributive lattice with 1. There exists

a computable mazximal prime ideal in L.

Proof. Construct P as in Theorem 2.3.1, except at stage 0, put a; # 1 into F, and
leave out ay = 1 (assuming without loss of generality that ap = 1). Also, at stage
s, if neither conditions (a) or (b) from Theorem 2.3.1 hold, put as into P;. Then P

is still a computable prime ideal in L, and P is not the entire lattice because 1 ¢ P.
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Suppose that there is another prime ideal J in L such that P C J. Let s > 0 be

the first stage where P # J; i.e., as11 € J but as11 ¢ Ps. (We will not have s = 0

because J # L.) Let a;,a;,...,a; be the elements in P,_; and a;,,a,,,...,a,,
the elements not in P,_;. Note that a;,,a;,,...,a; € J and a;,,a;,...,a;, ¢ J.
Since asi1 ¢ Ps, it must be that (ajy,aj,,...,a5,) < (G, Giyy-- -, V Gsy1), S

this is the only condition forcing a4 ¢ P;. However, asyq € J, and this condition
contradicts the fact that J is closed downward. Thus, no such J exists, so P is a

computable maximal prime ideal in L. O

Corollary 2.3.3. Let L be a computable distributive lattice with 0. There exists

a computable minimal prime ideal in L.

Proof. Construct P as in Theorem 2.3.1, except at stage 0, put ag = 0 into P and
leave a; # 0 out of P (assuming without loss of generality that ag = 0). Then
P is still a computable prime ideal in L. Suppose that there is another prime
ideal J in L such that J C P. Let s > 1 be the first stage where P # J, so
asy1 € Py but agrq ¢ J. (We will not have s = 0 since every ideal contains 0.) Let
Qig,s Wiys - - -5 @, € Ps_y and ajy, aj,,...,a;, ¢ Ps_y. Since az41 € Py, it must be that
(ajo Naj, N---Naj, Nase1) < (a, Va, V---Va;, ), since this is the only condition
forcing asy1 € Ps. Now ajy, aiy,. .. a4 € J, 80 (ajy ANaj, N---Naj, \asy1) € J
since J is closed downward. However, (a;, A aj, A---Aaj;,) ¢ J and as4q1 & J,
contradicting the fact that J is a prime ideal. Therefore, there is no such J

properly contained in P, so P is a computable minimal prime ideal in L. O]



46

2.4 Prime ideals in a non-distributive lattice

If a computable lattice is not distributive, then it is not always possible to find a
computable prime ideal. We will show this by proving that any II9 class can be
coded as the set of prime ideals of a computable non-distributive lattice with least
and greatest elements. Since there are 1Y classes with no computable members
(cf. [9]), there will be computable non-distributive lattices with no computable
prime ideals.

To build a computable non-distributive lattice, we will first need the concept

of a partial lattice.

Definition 2.4.1. A partial lattice (L, <, A, V) is a set L with a partial order <

such that the meet and join operations (A and V) are defined on a subset of L.

It will also be useful to extend the idea of a partial lattice to a partial

substructure, such as a partial filter.

Definition 2.4.2. A partial filter F' is a subset of a partial lattice L such that
for every a,b € L:

Ifa<banda € F, thenb € F.

If a,b € F and a A b is defined in L, then a A b € F.

We may similarly define its dual, a partial ideal.
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Definition 2.4.3. A partial ideal [ is a subset of a partial lattice L such that for
every a,b € L:

Ifa>band ael, thenb e I.

Ifa,be I and a Vb is defined in L, then aVb € I.

The idea will be to build a computable non-distributive lattice out of special
“generator” elements xq, Xo, r1, T1, T2, T9,... which form an antichain, along with
least element 0 and greatest element 1. We will also set x; Az; =0 and x; Vi; =1
for every ¢ € w, so ; and Z; can be thought of as complements.

These generator elements will code a fixed T C 2<¢ into the prime ideals
of L in the following way. Given a path f € [T], the prime ideal coded by f will

include x; or z; for each i € w under the following convention. Denote

0 =

@ if f(i) =0

Then the (nontrivial) prime ideal coded by f will be the ideal generated by
{xg(o), :c{(l), a:g@), o

We will build L in stages. At stage 0, Lo = {0, 1, xq, Zo} with 0 < z¢, Zo < 1,
xo incomparable to Zg, xg A g = 0, and xo V 29 = 1.

At the beginning of stage s + 1, we will have a finite partial lattice Lj

generated by {zg, Zo, 1,21, ..., Zs, Ts} under the partial meet and join operations
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with the following properties.
(P1) For each i <s, x; AZ; =0and z; Vz; = 1.
(P2) All finite joins of x; and Z; elements are defined for all i < s.

(P3) If c €T, |o| =n+1 < s, and o has no extensions in 7', then

VR A AV VE A |

(P4) If c € T, |o| =n+1 < s, and o has an extension in 7', then

27O v afW oy ag™ <1

(P5) If uw A v is defined, then u A v = 0 if and only if there is an i < s and an

e € {0,1} such that u < 2% and v < x;"°.

(P6) If u A v is defined, u Av # 0, and u Av < 230 V 27! V -+ V ;" for some

iy ..., in < sande; € {0,1} (that is, uw A v is bounded by a finite join of z;

and 2; elements), then v < 23° V! V---Vai» or v < x’ Vi V-V

There are two special cases of this property.

(P6a) If uAwv is defined, uAv # 0, and thereis a o € T with |o] = n+1 < s for
which uAv < acg(o) \/xif(l) Veevaa™ then u < xg(o) \/xf(l) Veevag™

0)

or v < xg( V x‘f(l) VARRVEADN

(P6b) If uw A v is defined, u Av # 0, and u A v < 25 for some i < s and

e € {0,1}, then u < x5 or v < a5.
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It will be helpful to think of defining a partial filter or ideal in stages. If L,
is a finite partial lattice and u,v € Lg,let U = {w: w > u} and V = {w : w > v}.
Let F(U,V) be the (finite) partial filter generated by U and V. We will think of

F(U,V) as being defined inductively in finitely many stages as follows.

e r € Fy(U,V) if and only if 2 > u or z > v.

e x € F,1(U, V) if and only if x > a A b for some a,b € F,(U,V). (Note that

since a > aAa, F(U, V) C Fi11(U,V).)

Then F(U,V) = Fy(U,V) where t is the least stage such that Fi,(U,V) =
E(U,V).

We can define the partial ideal I(U’, V') generated by U’ = {w : w < u}
and V' = {w : w < v} similarly. To be precise, we will think of 7(U’, V') as being

defined inductively in finitely many stages in the following way.
e xc [H(U, V') if and only if z < w or z < .

e v € [ (U, V') if and only if z < a V b for some a,b € I,(U',V'). (Note

that since a < aVa, (U, V') C I,,1(U', V"))

The next few lemmas are properties of partial filters of the form F(U, V) as

defined above that will be useful later.

Lemma 2.4.4. Let Ly be a finite partial lattice satisfying (P1)-(P6). 0 € F(U,V)
if and only if there is an x; with i < s and an € € {0,1} such that u < z5 and

v<alE.
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Proof. 1f there is an i < s and € € {0,1} such that v < 25 and v < $il_a, then
uAv<aiAz; =0,and 0 € F(U,V).

Conversely, suppose that there is no such ¢ and €. We will show by induction
on t that 0 ¢ F,(U,V) and {x;,2;} ¢ F(U,V) for all i < s and all t. By
assumption, this holds for Fy(U, V). Assume by induction that 0 ¢ F;_1(U,V)
and {z;,2;} ¢ F,_1(U, V). Since {x;,2;} ¢ F,_1(U,V), 0 ¢ F,(U,V) by (P5) and
by definition of Fy(U,V’). Suppose for a contradiction that {z;,z;} C F(U,V).
Then z; > a Ab and &; > ¢ A d for some a,b,c,d € F,_ (U, V). By (P6b),
a < x;or b <z In either case, x; € F,_1(U,V). Similarly, by (P6b), ¢ < z;
or d < &;, and hence &; € F, (U, V). Together, these facts contradict that

{ZEZ,i‘Z} ¢ E_l(U, V) D

Lemma 2.4.5. Let Ly be a finite partial lattice satisfying (P1)-(P6) and let
F(U,V) be as defined above for some fired u,v € Lg such that 0 ¢ F(U,V).

If there is a finite join 230V ;' V---Vai* € F(U, V), thenu < 230V V.-V

0 in

£0 1 En
orv<x 'V, V-V

Proof. Suppose x3) V ai! V---Vair € F(U, V), sox) Vil V---Vai" € F(U,V)

0
for some ¢t. If t = 0, then u <’ V' V---Vai" or v <@’ Vay' V.- V"

in

by definition. Otherwise, we have that z;°Vay V---Vai" > aAb for some
a,be F,_1(U, V). Since 0 ¢ F(U,V), we have a A b # 0. Thus, by
(P6), a <z Vai V---Vaim or b < a0 Vil V.- Vo', In either case,

in in

rd Vil Ve Vat € F (U, V). Therefore, if 230 V i vV --- Vit € F(U,V),
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it must be that 230 V2! V---Vai* € Fo(U,V), and u < 230 V a3l V -+ V 7" or

in

v< P Vg VeV O

in

We will also need to know how to extend a finite partial lattice by defining
one new meet and one new join in such a way that properties (P1)-(P6) are
preserved. Let Ly be a finite partial lattice which satisfies (P1)-(P6), and fix
u,v € Ly such that u and v are incomparable.

Suppose that we would like to define u A v. Consider the set

My ={z]|z<wand z <vand (Vw € L)[(w < uand w < v) = w ¥ z]}.

In other words, M,, represents the set of possible candidates for u A v. There are
two cases to consider. Either |M,,| > 2 or |M,,| = 1. In either case, we will show

that it is possible to define u A v in the following lemmas.

Lemma 2.4.6. If |M,,| > 2, then it is possible to extend Ly to L., by adding a

new element z = uAv, and properties (P1)-(P6) are maintained in L', = LsU{z}.

Proof. Let L, = Ly U {2z}, where z ¢ L,. Define the order on z as follows. For
each z € L, set

r>zexe F(UYV),

and x and z to be incomparable otherwise. Define z = u A v.
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We will verify that if z € F(U,V), then = > y for every y € M,, (which
also implies that 0 ¢ F(U,V)). That is, the above definition does not lead to a
contradiction where we set x > 2z and = < z simultaneously. We will show this by
induction on t in Fy(U, V). If x € Fy(U,V), then x > u or x > v, and therefore
x >y for every y € M,,. Assume by induction that this property holds for all
x € F,_1(U, V). Let x € F,(U, V). Then z > a A b for some a,b € F,_1(U,V).
Since |M,,| > 2, let y; # y2 € M,,. By the induction hypothesis, a > yi, 3, and
b > y1,y2. Also, y1,1y2,a,b € Ly, and a A b is defined in the partial lattice L, so
a Nb >y, 1. However, since y; and yy are incomparable, these inequalities are
strict, and hence y1,yo < a A b < x. Therefore, y < x for every y € M,,.

It is also easy to see that < is a partial order on L/. That is, the definition
of the order on z preserves transitivity of <.

Notice that z is really the greatest lower bound of u and v, for if there is
some w € L4 such that w < v and w < v, then w < y for some y € M,,. By
definition, w < z.

Next, we will show that L/ is a partial lattice. We must check that the
addition of z does not interfere with any previously defined meets or joins in L.
Suppose that a A b is defined in L, and that z < a,b. We wish to show that
z < a Ab. By definition, a,b € F(U,V). Then a Ab € F(U,V) because it is a
partial filter. Therefore, z < a Ab. Similarly, suppose that cvVd € L, and z > ¢, d.

We wish to show that z > ¢V d. Since z > ¢,d, both ¢ and d are below u and
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v. Therefore, ¢V d < u,v. Since u and v are incomparable, the inequality must
be strict. Then there is some y € M,, such that ¢V d < y. By definition, then,
z>cVd.

Finally, we will check that properties (P1)-(P6) are maintained in L..
Properties (P1)-(P4) hold automatically since they are satisfied in Lg. Also, since
z # 0, L satisfies (P5). Suppose that z < x3° V 27! V -+ V 27" for some indices
ip < i < -+ < i, in {0,1,...,s} and each ¢; € {0,1}. Then, by definition,
v Vgt VeVt € F(U, V). By Lemma 2.4.5, since L, satisfies (P1)-(P6) and
we have already seen that 0 ¢ F/(U,V), we have that v < x3” Va3 V.-V a;" or

in

v <2 Vg V-V, and (P6) holds as desired. O

Lemma 2.4.7. If |M,,| = 1, then L, may be extended to L. where uAv is defined
(possibly by adding a new element), and properties (P1)-(P6) are maintained in

L.

Proof. Suppose that M,, = {a} for some a € Ls. If there is an i < s and a
e € {0,1} such that v < 5 and v < z; ¢, then, by (P5), we must have that a = 0.
Define u A v = 0. This preserves (P5), and since no new elements were added to
L, we automatically have that (P1)-(P4) and (P6) hold. In this case, it is easy
to see that 0 is the greatest lower bound for v and v and that this definition does
not change any previously defined meets or joins in L.

Otherwise, suppose that there is no such ¢ and e. By Lemma 2.4.4,

0¢ F(U,V).
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€

Next, check whether there is a finite join 2}’ V xj' V --- V " for some

0
igp < i1 <--- <i,and g; € {0,1} such that a < 2;° V 27" V--- V7" but neither
u <)Vl VeVt nor v <z Vg VeVt If no such join exists, then
define uAv = a in L. By definition, a is the greatest lower bound of v and v, and
L’ remains a partial lattice since a € L,. Properties (P1)-(P6) are also preserved
under this definition.

If there is such a finite join, then let L. = Ly U {2} where z ¢ L. Define

the order on z as follows. For each x € L, set
r<zer<a,

r>zeve F(UYV),

and z and z to be incomparable otherwise. Define z = u A v.

We will first verify that if z € F(U,V), then z > a, so we do not
simultaneously attempt to define < z and x > z. We will show this by induction
ontin F(U, V). If x € Fy(U,V), then x > u or x > v. In either case, z > a.
Since a is strictly below u and v, we have that x # a, and therefore z > a.
Assume by induction that this property holds for F;_,(U, V'), and suppose that
x € F(U, V). Then © > b A c for some b,c € F;_;(U,V). By the induction
hypothesis, a < b,c. Hence a < b A c. We will argue that this inequality must
be strict. Suppose for a contradiction that a = b A ¢. By hypothesis, there is
a finite join x;) V a7l V- V 7" such that a < 277 V 27} V --- V27" but neither

u <V V-V norv <z Vg V-V Since a,b,c € L, and (P6)
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holds in Ly, we have that b < 23° Vay' V---Vai» orc <22 Vg V.-V In
either case, this means that x;” V ;' vV --- VvV ai* € F(U,V). Since 0 ¢ F'(U,V),
we have that u < z;° Vi V---Vai" orv <) Vay! V.- V" by Lemma 2.4.5,
yielding the desired contradiction. Therefore, a < b A ¢ < x as required.

It is easy to see that the order on z preserves transitivity of <, so < is a
partial order on L.

Also, if there is some w € L, such that w < v and w < v, then w < a, and
by definition, w < z. Therefore, z is really the greatest lower bound of v and v.

To see that L’ is a partial lattice, first suppose that b A ¢ is defined in Lj
and z < b,c. By definition, b,c € F(U,V). Since F(U,V) is a partial filter,
bAce F(U,V) as well, and hence z < b A ¢. Now suppose that d V e has been
defined in L, and z > d,e. Then d,e < a. Since L, is a partial lattice, d Ve < a,
and therefore d V e < z. Thus, L is still a partial lattice after the addition of z.

Lastly, we will check that properties (P1)-(P6) hold in L. We automatically
have that L. satisfies (P1)-(P4). It also satisfies (P5) since z # 0. To verify
(P6), suppose that there is a finite join such that z < z° V 2! vV -+ V 25"

20 71 n "

Then ;) V ;' V-~ Vai» € F(UV). Since 0 ¢ F(U,V), then we have that

in

u<zPVay V.-Vt orv <)Vl V-Vt by Lemma 2.4.5. Therefore,

in

(P6) holds in L’ as well. O

Now suppose that we would like to define vV v for fixed u, v incomparable in

L which satisfies (P1)-(P6). If u = 2;? Vi V---Va;" and v = $§8 \/x?i Ve -\/:v?-z
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for some ip < iy < -+ <y, jo < J1 < -+ < jm, and €;,0;, € {0,1}, then u Vv
may be defined in the following way.

If there is an iy, = j, and ¢, = 1 — §;, then any element y above both
u and v must also be above z;* V lee_ek = 1. In this case, define u V v to be
1. If this does not happen, let K = {ig,i1,...,0,} U {jo,J1,---,Jm} and write
K ={ko,k1,...,k¢}. For each k., we know that the exponents of x, in u and v
must agree; let this exponent be ;. Then define u Vv to be zj V :L‘fi \VERERV, xfﬁ
(This gives a correct definition because the finite joins of x; and #; elements have
already been defined correctly by property (P2).)

Now suppose that at least one of u or v is not of the form V' v---Vai"

0 in

for some ip < i; < --- <14, and €; € {0,1}. Consider the set
Muy = {2 ] 2 >wuwand z>vand (Vw € L)[(w >u and w > v) = w £ z]}.

Similar to before, m,, represents the set of possible candidates for u V v. Once
again, there are two cases to consider; |my,| > 2 or |my,| = 1. In either case, we

will show that Ly can be extended to L’ in which u V v is defined.

Lemma 2.4.8. If |my,| > 2, then it is possible to extend Ly to L), by adding a

new element z = uV v, and properties (P1)-(P6) are maintained in L', = LsU{z}.

Proof. Let L = Ly U {2z}, where z ¢ L,. Define the order on z as follows. For

each z € L, set
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x>2@3y€muv(l’2y>7
r<zexzellU,V),

and z and z to be incomparable otherwise. Define z = u V v.

First, we will show that if z € I(U’, V"), then x < y for every y € my,. This
will ensure that the above definition does not force x < z and x > z simultaneously
for any € L. Proceed by induction on t in I,(U’,V'). If z € I,(U’, V'), then
x < worx < v, and therefore z < y for every y € my,. Assume by induction
that this property holds for x € I,_1(U",V’). Let x € I,(U',V'). Then x < aVb
for some a,b € I,_1(U’, V). Since |my,| > 2, let y; # yo € my,. By induction, we
have that a < y;,y2 and b < y,y2. Therefore, a Vb < yq,yo. Since y; and y, are
incomparable, it must be that z < a Vb < y1,y2. Thus, z < y for every y € my,.

It is easy to see that < on L. is a partial order, since the order on z preserves
transitivity of <.

Also, if there is some w € L, such that w > wu,v, then w > y for some
Y € Myy,. By definition, then, w > z. Hence z really is the least upper bound of
u and v.

Now we will verify that L, is a partial lattice. Suppose that a Ab was defined
in L, and that z < a,b. Then a and b are both above u and v. Since L, is a partial
lattice, we have that a Ab > u,v. Since u and v are incomparable, this inequality

must be strict. Then there is some y € my, such that a A b > y. Therefore,
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z < a N b by definition. Next, suppose that ¢V d was defined in L, and that
z > c¢,d. Then ¢,d € I(U’,V’). Since I(U’, V") is a partial ideal, cvd € I(U",V").
Therefore, z > cV d.

Lastly, we will show that L’ preserves properties (P1)-(P6). We automati-
cally have that L’ satisfies (P1)-(P4) since they are satisfied in Ls. Property (P5)
is also satisfied because no new meets were added to L. Property (P6) also holds
because no new meets were satisfied, and because z is a new element, z = u Vv is

not of the form z3 vV ai! V-V a" for any ip < i; < --- <i, and g; € {0,1}. O

Lemma 2.4.9. If |my,| = 1, then Ly may be extended to L. where u V v is
defined in such a way that L. remains a partial lattice and properties (P1)-(P6)

are maintained.

Proof. Suppose that |m,,| = {a} for some a € L;. Define u Vv =ain L. It
is clear that a is the least upper bound of u and v. Since no new elements were
added to L., it is still a partial lattice. Because no new meets were defined and
no new elements were added to L., properties (P1)-(P6) are still satisfied. (If
a =) Vg V.-V for any ig < i; <--- <1, and ¢; € {0,1}, then any meet

less than a in L was also less than a in L;.) ]

The following lemma shows that the ideal coded by f is a prime ideal in

any lattice which satisfies properties (P1)-(P6).

Lemma 2.4.10. Let T' C 2<% and L be a lattice such that L = UL, and each L,
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satisfies (P1)-(P6) with bound s. Then, for any path f € [T, the ideal generated

by {x(;(o),a:{(l), ...} is prime in L.

Proof. Let I be the ideal generated by {x{;(o),x{(l),...}, and suppose that

uAv €l Ifu<asandv < x; fore € {0,1}, then since f(i) =cor f(i) = 1—¢

f()

and a € I for every a < z;"’, at least one of u € I or v € I.

Otherwise, by (P5), u Av # 0. Since I is closed downward and under joins,
uAv < xg(o)\/m{(l)\ﬁ -V for some n. Then, by (P6),u < xg(o)\/x{(l)\/- v
orv < al@valW v v ™ Therefore, u € I orv e I.

Furthermore, I nontrivial. Clearly I # () since it contains one of z; or Z;
for every i € w. The fact that I # L follows from (P3) and (P4), since a join
25OvaWv. . vag™ =1 only if ¢ € T does not have an extension. For any path
o(n)

f, there is always an extension of f [n for any n € w, so xg(o) v xf(l) VoV,

is always set to be strictly less than 1. Hence 1 ¢ I, so I # L. O]

Theorem 2.4.11. Every I1{-class can be coded as the set of prime ideals of a

computable (non-distributive) lattice with least and greatest elements.

Proof. Let T C 2<¢ be given. We will build a computable (non-distributive)

lattice (L, <, A, V) such that
F :[T] — Prime ideals of L

is a bijection and preserves Turing degree.
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As mentioned above, we will build L in stages. At each stage, the partial
lattice L, will be extended to Ls,; by adding new generator elements, defining
some meets and joins of generator elements, and defining one new meet and one
new join.

Stage 0: Let Lo = {0,1,x0, %o} with 0 < x¢,Zo < 1, 2y incomparable to Zy,
o ANTo =0, and zg V 2o = 1.

Stage s+1: Suppose by induction that we have a partial lattice L, generated
by the antichain of z; and Z; elements for ¢ < s which satisfies (P1)-(P6). We will
extend Ly to Lgyq by first adding new elements x4, and Z,,; to maintain these
properties with bound s+ 1 (i.e., the properties will hold for i < s+ 1 and o € T
with [0 =n+ 1 < s+ 1). Then we will define one new meet and one new join.

Let L, = LU {Zsp1, 8541}, where 0 < 2441,2541 < 1, and 2,44 and
%411 are incomparable to all other elements of L, (and each other). Then define
Top1 Aoy = 0 and 2,41 V Z541 = 1. Now L), satisfies (P1).

In order for L, to satisfy (P2)-(P4), add new elements and define new
joins as follows. For each n < s and each choice of indices 1 < 11 < -+ < 1,
from {0,1,...,s} and each choice of ep,e1,...,6, € {0,1}, check whether
v Vg VeVt =11in L. If so, set 230V a;! V---Vai" Vag,, =1 If
not, add a new element defined as z;) V! V---Va;" Vg, . Order these elements
(with each other and all elements of L) as follows. Set this element to be greater

than 0 and strictly less than 1. We define y < 23° vV ;! V --- V 2i" V g, if and

0
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only if either

(1) ye Lyand y < x° V' V--- V", or

0 in )
(2) y= xyq, OF

(3) y=a;°va* V.- Va;* vas, for some indices jo < ji < -+ < ji from

{io, 91, ... in}

L, satisfies (P5) because the only new meet defined in L/, that was not
defined in L, is &441 A 2541 = 0. Also, notice that all new joins in L), have the
form 23> v ail V.-V air Voo, for indices ip < i < -+ < iy, in {0,1,..., 5}
and €,g; € {0,1}. Suppose u A v is defined in L), and u Av # 0 (hence, u Av
was defined in L,). Ifu Av < 2%V V.-V Vg, then by construction,
either (1) uAv € Ly and u Av < o) V!l V---Vai", or (2) u ANv =125, or
B) unv = xjf)o \/xjfl VeVt v oag, ) for indices jo < ji < -+ < ji from
{i0,71,...,in}. Clearly (2) and (3) do not hold because u Av € L,. Therefore, (1)

holds, and it follows that L, satisfies (P6) by induction.

S

(0) o(s+1)

Next, for each o of length s + 2, we define 25" v 7™ v... v 27 in the

following way. If o ¢ T or if 0 € T but has o has no extensions in T, then set

27O v 2y v aZSY = 1 1f o does have an extension in T, then add a new
element to Ly for z5@ v afW v ... v x;’ffrl). Set this element to be above 0

and strictly below 1. Also, define y < xg(o) \% x‘f(l) VeV x‘;ffrl) it and only if

y <afOvalW v vl or y < a7,
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Clearly, the resulting structure after defining these new joins is a finite
partial lattice which satisfies (P1)-(P4). Since no additional meets have been
defined which were not defined in L[, ,, by induction we have that (P5) is
maintained.

To see that (P6) is still satisfied, as no new meets have been defined, and
the only new joins are of the form z{° vV a{' V.-V 3" for some o € T of length
s + 2, suppose that u A v # 0 is defined and that u Av < zf° V a{* V- Va7t
If 2° V' V.-Vl =1, then (P6) holds because we already have u,v < 1.
Otherwise, zJ° V 27" V --- V 277" was added as a new element, and either (1)

uhNv <z Val' V.-Vl

s )

or (2) u Av < 4. However, the only element
below 2774 is 0, so (2) contradicts the fact that u A v # 0. Therefore, (1) holds,
and (P6) is satisfied by induction.

Now we will define one new meet and one new join in L, ,. Let u and
v be the N-least elements such that u A v is not yet defined. If v < v, then
u Av = u. Similarly, if v > v, then u A v = v. Otherwise, suppose that u and v

are incomparable. Consider the set
My ={z]|2z<wand z <vand (Vw € L)[(w < uand w < v) = w ¥ z]}.

If |My,| > 2, then Lemma 2.4.6 shows how to extend L, to a finite partial
lattice L7, , in which u A v is defined and properties (P1)-(P6) are maintained
with bound s + 1. In the other case, if |M,,| = 1, then Lemma 2.4.7 gives us the

3 "
extension to L, .
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Next, search for the <jy-least pair of elements u,v such that v V v is not
yet defined in L7, ;. If u < v, set u Vv = v. Similarly, if u > v, set u Vv = w.
Otherwise, suppose that u and v are incomparable. If u = z;? V a7 V---V x;"
and v = xjgv:p;?; \/--~\/x§7’: for ig < 11 < - < ip, Jo < J1 < 0 < Im,
and ¢;,0; € {0,1}, then define u V v as in the comments above Lemma 2.4.8.
Otherwise, suppose at least one of u or v is not of the form z;° vV 7' v --- Vv 27"

0 in

for ig <4y <--- <, and ¢; € {0,1}. Consider the set
My = {2z | 2 >wuand z > v and (Vw € L)[(w > v and w > v) = w £ z]}.

If |myy| > 2 or |my,| = 1, then L7, may be extended to a finite partial
lattice in which u V v is defined and properties (P1)-(P6) are maintained with
bound s + 1 by Lemma 2.4.8 and Lemma 2.4.9, respectively. Let L, be the
resulting structure.

In the end, let L = UsL,. L is a partial order in which every pair of
elements has a least upper bound and greatest lower bound defined at some finite
stage s, and this definition never changes at future stages ¢ > s. Therefore, L is
a computable lattice. Also, properties (P1)-(P6) are satisfied with bound s for
every in Ly C L.

By Lemma 2.4.10, the ideal generated by Iy = {a:g(o), x{(l), ...} is prime for
each f € [T7.

Finally, we show that the map F' : [T] — prime ideals of L is a bijection

which preserves Turing degree.
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To see that F' is injective, let fi, fo € [T] with f; # fo. Also, let F(f1) = Iy,
and F(fy) = Ij,. Then there is some i such that f1(i) # f2(4), so one of x;, Z; is in
Iy, and the other is in Iy,. If Iy = Iy,, then both z;,%; € Iy, and since Iy, is an
ideal, z; V &; € If,. However, x; V Z; = 1, meaning [y = L, but I is a nontrivial
prime ideal in L.

Now let I be a prime ideal in L. Since 0 € I and x;Az; = 0 for every i € w, [
contains at least one of x; or Z; for every ¢ € w. Also, since I # L and x;Vz; = 1 for
every ¢ € w, I does not contain both x; and z;. Let f(i) =1ifz; € I and f(i) =0
if £ € 1. Then f € [T}, since if there is a ¢ € T such that |o| = n, o does not
have an extension of length n+ 1 in 7', and f and o agree on the first n elements,
then by construction, mg(o) \/x(f(l) Veeevag™ = mg(o) \/x{(l) Veevah™ =1in L.
Since I is closed under join, x{(l) VeV xf;(") =1 € I, contradicting that [ # L.
Thus, f € [T] and F(f) = I. Therefore, F is surjective.

For a fixed f € [T, let F'(f) = I;. The path f can easily be computed from
Iy since f(i) =1 if and only if x; € Iy and f(i) = 0 if and only if ; ¢ I;. Thus
J <r I

In the other direction, let w € L. We will show how to compute whether
w € Iporw ¢ Iy from f. If w = 0, then w € Iy, and if w = 1, then
w ¢ Iy. Otherwise, let s be the first stage such that w enters L,. Check whether

w < x{j“’) \% x{(l) Veeeval®af so, then w € I;. If not, then we will show that

w ¢ 1. Suppose for a contradiction that w £ xg(o) \Y% x{(l) Ve Val® and w e Iy.
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Then there must be a least stage ¢ > s such that w < xg(o) \Y% x{(l) VeV x{(t)
in L;. Since t > s, w € L, 1. By definition, we have that either (1)
w < ZL’g(O) \Y m{(l) VeV xﬁtl_l) or (2) w< x{(t). Since ¢ is the least such that w
is below a finite join of the form xg(o) v 513{(1) (VERERY, x{(t), (1) cannot hold. Also,
(2) is not possible since the only element less than x{ © at stage t is 0. Therefore,

w¢ I, and Iy <p f.

Lastly, notice that L is not distributive. If it were, then we would have
(ﬁo\/xl)/\(fo/\i’l) = (960/\3?:0/\:?:1)\/@1/\%0/\3?:1) =0v0=0.

However, since L satisfies (P5), and it is not true that both v = zy V x; £ af
and v = $g A4 < ;¢ for any i € w and ¢ € {0,1}, a new element
z=(xo V1) A (g ANZ1) >0 would be added in the construction of L. Then

z > 0 and z = 0, a contradiction. Thus, L is not distributive. O



Chapter 3

Degree spectra of lattices

3.1 Background

We would like to know the degree spectra of lattices as in Definition 1.1.6. It is
known that there is a general (non-distributive) lattice with degree spectra {c | ¢ >
d} for any Turing degree d (cf. [8,16]). The following results will be combined to
show that the same is true for distributive lattices, pseudocomplemented lattices,

and Heyting algebras.

Theorem 3.1.1 (Selivanov [17]). There exists a computable sequence of finite

distributive lattices {L;}ie,, such that L; does not embed into L; for any i # j.

The sequence of distributive lattices in Theorem 3.1.1 is such that each L;
has sixteen elements in common (eight at the bottom and eight at the top) and
1+ 1 “blocks” in the middle formed out of 4¢ + 2 additional elements. The first

three lattices in the sequence are shown in Figure 3.1.

Theorem 3.1.2 (Richter [16]). Fiz an algebraic structure (e.g., group or lattice).

If there is a computable sequence of finite algebraic structures {A;}ico such that

66
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A; does not embed into A; for i #j, and, for each S C w, there is an algebraic
structure Ag such that As <r S, and A; embeds into Ag if and only if i € S, then,

for each d, there is an algebraic structure whose isomorphism class has degree d.

Ly Ly Ly
Fig. 3.1: The sequence L; for : =0,1,2

3.2 Degree spectra for distributive lattices

Theorems 3.1.1 and 3.1.2 together yield the following result.

Theorem 3.2.1. For any Turing degree d, there is a distributive lattice, a

pseudocomplemented lattice and a Heyting algebra with degree spectra {c | ¢ > d}.
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Proof. Since each L; in the sequence from Theorem 3.1.1 is a finite distributive
lattice, each L; is also a Heyting algebra (and hence also a pseudocomplemented
lattice). Also, for any i # j, L; does not embed into L; as a lattice, so L; also
does not embed into L; as a pseudocomplemented lattice or Heyting algebra.

Fix S = {ig,11,12,...} Cw. We can build an infinite Heyting algebra Lg =
Li,®L;, ®L;y,®..., where Lg <p S since we add the block L; to Lgifi € S. If,
instead, we are thinking of each L; as a distributive lattice or pseudocomplemented
lattice, then Lg is an infinite distributive lattice or pseudocomplemented lattice,
respectively.

The same argument to show that L; does not embed into L; (as a distributive
lattice) for i # j shows that if i ¢ S, then L; does not embed into Lg. The key
fact is that, due to the stacking of the lattices, for any x,y € Lg where z is in a
copy of L; and y is in a copy of L; with L; below L; in Lg, x < y. In other words,
if x and y are incomparable, then they must be in the same copy of L; in Lg.

For each L;, there are exactly two elements a and b that are incomparable
to four other elements in L; (see Figure 3.2). Every other element of L; is
incomparable to only three or fewer other elements. Therefore, any embedding
of L; into Ls must send a to G or b where d,lS sit in a copy of L; in Lg for
some j € w and a < b. If a is mapped to ZA), then 21 < 2z < 23 < 24, the four
elements incomparable to a in L;, must map to 94 < ¢35 < 92 < 91, the four

elements incomparable to bin a copy of L; in Lg. However, then we have that
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aV zo =aV zz, but Bngg + Z)ngg. Thus a € L; must be mapped to a in a copy
of L in Lyg.

Once a +— a is fixed, this forces z1 +— 21, 20 +— 29, 23 +— 23, 24 — 24,
alNzagNzg — aNZyNZ3, aNzg — aNZ3, aVz3 — aVzg, and aVzgVzy — aVzzVzy,.
Now consider ¢y € L;. This element is incomparable to z4. The only elements
incomparable to 2, are a,a V 23, and ¢y. Since a and a V Z3 are already images
of elements in L;, the only valid choice for the image of ¢y is ¢g. This forces
wi=cgVaVzVzt—VaV i3V iz =w.

Now consider c¢;, which is incomparable to ¢;. The only elements
incomparable to ¢y are Z4, a V 23V Z4, and ¢;. The first two are already images
under the embedding, so it must be that ¢; — ¢;. Similarly, we must have
Cy > Cg,C3 +> C3,...,Coi—1 F Coi_1.

If j < ¢ for this copy of L; in Lg, then at some point we map ¢, — b
for some odd number k. Suppose the three elements incomparable to ¢, are
cp_1 < d < cgy1- In this case, we have already sent ¢;_; — 94. This forces
Ch_1 Ve — Yy V b="bvV y3. Now d is incomparable to ¢, so its image must be
incomparable to b. The elements incomparable to b are Y1, Y2, Y3, and yy, but yu
is already the image of ¢;_1. Also, d < ¢ V ¢,_1, so its image must be less than
bV U3. Of 91,72, and g3, only 75 < bV U3, so we must have d — gy3. Since ¢y is
incomparable to ¢, its image must be incomparable to b in Lg, making ¢; and ),

the only choices for the image of cp1.
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Next, we seek to map cgio (possibly b) to an element in Lg. Only four
elements remain in the copy of L; in Lg which are not already the image of
something from L;: 4o, 91, bV Uz V U3, and 1. Since cp.o is incomparable to cjiq
and two other distinct elements, its image must be incomparable to three elements,
one of which being 3; or 7,. However, g, is incomparable to only two elements,
Z;V]jg V g3 is incomparable to only one element, and 1 is comparable to every other
element in Lg. While 7 is incomparable to three elements, one of these includes
13, but cxio > ck, S0 cxio cannot be sent to ;. There is nowhere in Lg to send
Cr+2, SO it is not possible to have ¢ > j.

Finally, if ¢ < j, we have the reverse problem; we send b to ¢ for some odd
number k. Since b is incomparable to four elements and ¢ is incomparable to at
most three elements, the embedding will fail for ¢ < j.

Therefore, the only embedding of L; into Lg is the one which sends L;
into the copy of itself in Lg. That is, L; embeds into Lg if and only if i € S.
By Theorem 3.1.2, then, the degree spectra of Lg (as a distributive lattice,

pseudocomplemented lattice, or Heyting algebra) is {c | ¢ > d} for any fixed

Turing degree d. [

Roughly speaking, this means that one can code information into the
isomorphism type of a Heyting algebra instead of just coding information into
particular presentations. Recall from section 1.1 that this is not the case for

Boolean algebras, for if the isomorphism type of a Boolean algebras has a
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least degree, then it must be 0 (cf. [16]). In this sense, distributive lattices,
pseudocomplemented lattices, and Heyting algebras behave more like general
(non-distributive) lattices than Boolean algebras. Contrast this to what we
have seen in the previous chapter; when searching for prime ideals effectively,
distributive lattices (and pseudocomplemented lattices and Heyting algebras) are

more similar to Boolean algebras than general (non-distributive) lattices.



Chapter 4

Computable dimension of Heyting algebras

4.1 Free Heyting algebras and intuitionistic logic

Intuitionistic logic is classical logic without the law of the excluded middle.
That is, ¢ V —¢ is not intuitionistically valid. We will mostly work with
propositional intuitionistic logic over the language (X, A, V,—, L, T), where X =
{g,x1,x2,...} is the set of propositional variables, A,V, and — are the logical

9

connectives, L is “false,” and T is “truth.” Denote provability under intuitionistic
logic by ;. Let ¢ =; 1 denote that the formula ¢ is equivalent to the formula
1 under intuitionistic logic, meaning that F; ¢ < 1. Like propositional classical
logic, propositional intuitionistic logic is decidable (cf., e.g., [11]).

A special class of formulas are those which cannot be written as a disjunction

of other nonequivalent formulas. Propositional intuitionistic variables have this

property.

Definition 4.1.1. An intuitionistic formula ¢ #; L is called join-irreducible if,

whenever ¢ =; 11 V ¥y, then either ¢ =; 1, or ¢ =; 5. A formula which is not
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join-irreducible is called join-reducible.

Join-reducible formulas in intuitionistic logic have the following nice de-
composition property. This can be used to analyze the complexity of the set of

join-reducible or join-irreducible formulas.

Theorem 4.1.2 (O’Connor [13]). Let ¢ be a formula in intuitionistic logic. If ¢
15 join-reducible, then ¢ =; Y1V o V -V @,, where each @; is a conjunction of

subformulas of ¢ and @; Z; .

Corollary 4.1.3. Let ¢ be a formula in intuitionistic logic. It is computable to

determine whether ¢ s join-reducible or join-irreducible.

Proof. There are finitely many subformulas of ¢ and therefore finitely many
conjunctions of these subformulas (not counting the conjunction of a subformula
with itself). Therefore, we can check all of the finitely many combinations
Y1 Vo V-V, where each ; is a conjunction of subformulas of ¢ and ¢; Z; .
By Theorem 4.1.2, if ¢ is join-reducible, we will find that ¢ =; 1 Vo V---V o,

for some combination. Otherwise, ¢ is join-irreducible. O
Corollary 4.1.4. Propositional variables in intuitionistic logic are join-irreducible.

Proof. This follows from Theorem 4.1.2 since the only subformula of a proposi-

tional variable z is x itself. O

The following substitution lemma for formulas in propositional intuitionistic

logic will also be useful later.
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Lemma 4.1.5. Let p(z) and ¥ (x) be formulas in intuitionistic logic. If x,, and x,,

are new variables not appearing in either formula, then the following equivalence

holds.

zz:m\/xn] = [Q:m\/xn] ‘

Proof. Let Var(y) denote the set of propositional variables in ¢. Given an
intuitionistic propositional formula ¢(x) with z € Var(yp) and z,,,z, ¢ Var(p),
let ¢ be the formula ¢ [(z,, V x,,)/z]. Then Var(¢) includes x,, and z,, but not x.

It follows directly from Theorem 5.2.4 in [19] that

o= = ¢ =Y.

Now let v be an intuitionistic propositional formula with z,,,x, € Var(«)

but z ¢ Var(a), and let o be the formula afz/z,, z/x,]. Again by Theorem 5.2.4
in [19] we have that

a=s f=d = 0.
Combining these, we have

p=ip=> o= =@ =9
Notice that ¢’ = p[(z V z)/z], and since z V z =; x, ¢’ =; ¢. Therefore,
p=iv === =Y 0=

as desired. 0
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Heyting algebras are models of intuitionistic logic. The free Heyting algebra

on finitely many generators is defined as follows.

Definition 4.1.6. The free Heyting algebra on n generatorsis the Heyting algebra
formed from the equivalence class of formulas of n propositional variables under

provable equivalence in intuitionistic logic.

Currently, only the free Heyting algebra on one generator has been
completely characterized (cf. [12]). It is an infinite lattice, as there are infinitely
many nonequivalent intuitionistic formulas of one propositional variable. The free
Heyting algebra on infinitely many generators is similarly defined for infinitely
many propositional variables. Let H, and H, denote the free Heyting algebra on

n and w generators, respectively.

4.2 Computable dimension of free Heyting algebras

The free Heyting algebras provide a good starting point for investigating the
computable dimension of general Heyting algebras because of their connection to
intuitionistic logic. It is easy to see that the free Heyting algebra on n generators
is computably categorical because any isomorphism is completely determined by
the n generators, which is finitely much information. On the other hand, we will
see that H,, is not computably categorical.

For the following theorem, we think of H, as the collection of propositional

formulas in infinitely many variables modulo equivalence under intuitionistic logic.
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More formally, fix a Godel numbering of the propositional formulas of intuitionistic
logic and assume that the code for a formula ¢ A ¢, p V ¢, or ¢ — 1 is always
greater than the codes for ¢ and . Let the elements of H, be the equivalence
classes [¢(Z)] under provable equivalence in intuitionistic logic. Since propositional
intuitionistic logic is decidable, this gives a computable copy of the free Heyting

algebra on w generators. The operations are computed in the obvious way:
[¢] < [¢] if and only if H; p — 9,

[l A Y] = e Ay,
[l VY] = eVl
Let this copy be fixed.
We will build fIw, a computable copy which is not computably isomorphic
to H,,. Once a number n enters the domain of H,, in the construction, it is given
a label at stage s, denoted by ag(n). The label is a propositional formula in

intuitionistic logic, and it should satisfy the following properties:

a(n) = lim ag(n) exists; (4.2.1)
n#m = a(n) % a(m); (4.2.2)
For each ¢ there is an n such that a(n) =; ¢. (4.2.3)

The function o will be the Ag isomorphism from [—A[w to H,. Condition
(4.2.1) says that « is a total AY function. Conditions (4.2.2) and (4.2.3) say that

« is one-to-one and onto, respectively.
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To ensure « is an isomorphism, we will have the following requirements.

C. :  Forall Oe{A,V,—}, and for all s € w, k,¢,m € H,,
If as(k) O as(f) =; ag(m), then for all t > s,

ay(k) O au(0) =; au(m).

These requirements will also make H, computable, since once we define the
join, meet, or relative pseudocomplement of elements, these relationships never
change in future stages (even though the labels themselves may change).

Finally, we have requirements D, to diagonalize against all possible

computable isomorphisms.
D, : Ve : ]:[w — H,, is not an isomorphism
The main action of D, is the following.

e At stage s of the construction, D, picks a large index s(e), takes the first
number n not in the domain of I:Iw yet, and defines a,(n) = z4.). We call

n the witness for D,.
o At stages t > s, we check if . ;(n) converges. If not, there is nothing to do.

o If p.i(n) does converge, we check whether ¢.;(n) is the code of a join
irreducible formula in H, (using Corollary 4.1.3). If not, then ¢, is not an
isomorphism by Corollary 4.1.4, since it maps a join-irreducible element to

a join-reducible element. If this happens, we say D, is satisfied.
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o If ¢..(n) converged and is the code for a join irreducible intuitionistic
formula, then we say that D, is waiting to diagonalize. When D, is
next eligible to act, we diagonalize as follows. Let m; and my be large
numbers (not in the domain of f[w), and let x; and x;,; be large indexed
propositional variables (that have never been used before). Set as(my) = z;
and a(ms) = ;1. Change the label of n to as(n) = z; Va;11. (Now ag(n)
is join-reducible, and D, will be satisfies as long as a(n) = as(n), which will
follow in the general construction.) Similarly, for any label that is currently
using (), change the label by substituting z; V 2,41 for x4 (Plus perform
some other clean-up duties to add new elements to map to formulas which

were labels and are no longer labels.)
We are now ready to go through the construction of H,.

Theorem 4.2.1. H, is not computably categorical.

Proof. We will build H,, in stages.

Stage 0: Let H,o = {0,1} and define ag(0) = L and ag(1) = T. (These
values will never change.)

Stage s + 1: Assume that we have already defined I—:Tw,s and «a,. We first
take care of the next D, requirement that needs attention. Let D, be the highest
priority diagonalization requirement that is either waiting to diagonalize or is

waiting to define its witness.
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If D, is waiting to define its witness, then let n be the <y-least element
not in the domain of [—A[w,s. Let s(e) be a large index. Put n into ﬁ%sﬂ and set
@s41(n) = 4. For all other m in the domain of }AIW, set agy1(m) = ag(m).

If D, is waiting to diagonalize, we do the following.

e Splitting: As described above, split n into the join of m; and ms. Set

sp1(mr) = x5, agp1(me) = g1, and a1 (n) = 2 V T4

e Relabeling: For all other m in the domain of ]:Iwﬁs, if &4y occurs in ag(m),

then set
€T; V C(]Z‘+1:|

oz (m) = as(m [
Ls(e)

If 25 does not occur in as(m), then set agy1(m) = as(m).

For each formula ¢ which was in the range of o, and is not currently in the

range of a1, add a new large number ¢ to }AIMS“ and map as1(¢) = .

Second, at stage s+1, we extend the range of a, 1. Let ¢ be the formula with
the least Godel number which is not intuitionistically equivalent to any formula
currently in the range of agy 1. Let k be the <y-least number not currently in
I:Iw,sH. Put k into [:[w,sﬂ and set s 11(k) = ¢.

This ends the construction.

Note that the requirement D, picks a new variable x4 (not already seen
in the construction) to split if ¢, looks like an isomorphism. If s is the first stage

at which ag(n) is defined, then the label of n can change only once for each of
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the finitely many variables x; occurring in a(n) which is a witness for some D..
Therefore, an element’s label changes at most finitely often, and each «ay reaches
a limit.

Next we will show that the requirement C. is satisfied for vV (A and — follow
similarly). Fix s and elements k, ¢, and m in the domain of H,, and suppose
as(k)Vas(l) =; ag(m). If ay = a, on these elements for all ¢ > s, there is nothing
to show. Otherwise, let ¢ be the least stage such that o, # «, for at one element.
By the construction, a; differs from a, by substituting in z; V x;1; for z4e), where
x; and x;41 do not appear in a4(n) for any n so far. Notice that if any element n

does not mention w(), then

Then, by Lemma 4.1.5,

as(k) V as(l) =; as(m)

& (k) vV as(0) [w} =, au(m) {M}

Ts(e) Ts(e)

V(o[ ) < [

Ls(e)

o ay(k) l—x V Tt

Ts(e)
=4 Oét<k) V Oét(€> =; Oét<m)

To see that the map « is one-to-one and onto, suppose that a(m) =; a(n)

but m # n. Then from the construction, it must be that the substitution of

Vi for z4) made a(m) and «(n) intuitionistically equivalent. That is, there is

some least stage t where az(m) Z a(n) for every s < t, but oy (m) =; ay(n). This
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contradicts the fact that the requirements C, are satisfied (again using Lemma
4.1.5).

The labeling map is onto because every intuitionistic propositional formula
© is eventually the image of some n in the domain of H, by the construction, and
if n is relabeled, the second part of the relabeling procedure picks a new m so that
asy1(m) = ¢. Relabeling is done only finitely often (if s is the first stage at which
as(n) = ¢, then we pick a new natural number m such that ay(m) = ¢ at a later
stage t > s at most once for each variable occurring in ¢ which is a witness for
some D, requirement), so there is some element which is mapped to ¢ in the end.

Finally, as noted above, meeting the C, requirements ensures that H, is
computable and isomorphic to H,. The labeling map « is a bijection, and the C,

requirements give us that o preserves A, V, and —, thus also preserving <. O
The following result will give us that the computable dimension of H,, is w.

Theorem 4.2.2 (Goncharov [6]). If A and B are computable structures which are

AY isomorphic but not computably isomorphic, then the computable dimension of

Ais w.
Corollary 4.2.3. The computable dimension of H,, is w.

Proof. This follows from Theorem 4.2.2, since the isomorphism « : H, — H, in

Theorem 4.2.1 is AJ and not computable. O

This completely characterizes the computably categorical free Heyting
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algebras; a free Heyting algebra is computably categorical if and only if it has
finitely many generators. In contrast, the free Boolean algebra on infinitely many
generators (the countable atomless Boolean algebra) is computably categorical
(cf. [14]).

The proof of Theorem 4.2.1 uses the generators to diagonalize against all
partial computable functions. The next theorem is about the complexity of the

set of join-irreducible elements of H,, (which contains the generators).

Theorem 4.2.4. Let ¢ be any c.e. degree. There is a computable copy of H, in

which the set of join-irreducible elements has Turing degree c.

Proof. Let C' be an infinite c.e. set which is not computable. We will build a copy
of H, with requirements C, as in Theorem 4.2.1, modifying the requirements D,
so that the element initially labeled by xs. is join-irreducible if and only if e ¢ C'.
To achieve this, let stage 0 be as before, and at stage s + 1, D, picks the first
natural number n not yet in the domain of f[w and sets ag(n) = xg.. Then, if
e € (s, we say that D, is waiting to diagonalize. When it is allowed to act at a
stage t > s, it chooses large numbers 2m + 1 and 2m + 3 (larger than any index
currently in the domain of ﬁw) and splits zg, by setting ay(n) = Tomi1 V Tomys
and relabels all other elements of H,, appropriately. Also, extend the range of
sy at stage s 4+ 1 as before; find the least formula ¢ which is not currently in

the range of a1, the least natural number n which is not currently in ]:Iw, and

set asy1(n) = .
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Notice that, if as(n) = ¢, then the label for n € H, will change at most
once for each even indexed variable in ¢ which is currently a witness for some D,
at stage s. Once zo is split into the join of x9,, 11 and xy,,13, these odd indexed
variables are never split at a later stage. Therefore, lim, o, exists, and f[w is
computable.

Let J,, denote the set of join-irreducible elements of H,. To compute C'
from .J,,, run through the construction of H,, above and wait until n enters the
domain of H,, at some stage s with o (n) = 29.. If n € J,,, then a(n) = a,(n) (x2.
is never split), so e ¢ C. Otherwise, e € C'. Conversely, knowing C', to determine
if n e J,, run through the construction of H, until n enters H,, at some stage s
(for the sake of satisfying some C, or D.). Then as(n) will be an intuitionistic
formula of finitely many variables z;,, z;,, ..., x;, . For every j, 1 < j <k, if any ¢,
is even and i;/2 € C, then z;; will eventually be split. Continue running through
the construction until the stage ¢ > s where every z;; has already been split if it
is supposed to be (according to whether i;/2 € C'). Then a(n) = a;(n), and it is
computable to check whether the intuitionistic formula «(n) is join-irreducible. If

so, then n € J,. Otherwise, n ¢ J,. Therefore, C =¢ J,. O

4.3 Computably categorical Heyting algebras

In addition to the finitely generated free Heyting algebras, we will show another

class of Heyting algebras is computably categorical. Namely, we will consider
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Heyting algebras of the form L(F) from section 1.2, where F'is a finite Heyting
algebra and L is a linear order, and the Heyting algebras have the L-good property
defined below. These results can also be stated for distributive lattices, so we will
obtain a class of distributive lattices which are computably categorical as well.
Moreover, we will show that there is a computably categorical Heyting
algebra which is not computably categorical as a distributive lattice. On the other
hand, if a Heyting algebra is computably categorical as a distributive lattice, then
it is also computably categorical as a Heyting algebra. Thus, we will prove that

the converse of this statement does not always hold.

Definition 4.3.1. A finite distributive lattice F' is called L-good if, whenever F

embeds into L(F), the image must be of the form F, for some x € L.

The embedding in Definition 4.3.1 is a lattice embedding; that is, the map
preserves <, A, and V. A Heyting algebra embedding, abbreviated as “HA-
embedding,” must also preserve —. Distributive lattice embeddings will be
abbreviated as “DIL-embeddings.”

The following is a sufficient for determining whether a finite distributive

lattice is L-good.

Lemma 4.3.2. If |F| > 2, and if for every a € F with a # 0,1, there is ab € F

such that a and b are not comparable, then L(F) is L-good.

Proof. For a contradiction, suppose that F'is not L-good and fix an image of F'in

L(F) which lies in more than one F, component. (We will view F' as this copy of
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itself inside L(F’).) Fix F, such that O € F, and fix a minimal nonzero element
of F'. We claim that ay € F} as well. Clearly, we cannot have ay € F, for y <, x
for then we would have Op <p ag and ag <pr) O, violating the embedding.
Suppose ayg € F, for some y >; x. By hypothesis, there is an incomparable
element by € F and we can assume that ag Ap by = Op. If by € F, for z < v,
then in the embedded copy of F', we have by <p(r) ap and so ag Arr) by = bo,
which is incorrect. Similarly, by ¢ F, for z > y: if by € F., then ag <r(F) bo,
so ag Apr) by = ap. If by € F,, then ag Arry by € F, which is not equal to (the
embedded image of) Op. Therefore, ag € F,.

Now consider ag V by. Because ag and by are incomparable, ag V by is strictly
above both ag and by. Let a; = (ag V by). We know a; cannot be 1z because then
all of F would lie in F), (since we’'d have the images of O and 1p in F,). Also,
clearly a; # 0. So again, a; has some element b; € F such that a; and b; are
incomparable. (Note b; cannot be either ag or by.) Again, a; V by must be strictly
above a; and b;. Again, a; V by cannot be 1p because all of F' would lie in F.
Repeat using the hypothesis. However, F' is a finite lattice, and this process will

generate an infinite chain in F":
ag < a1 = (ao\/b0> <CL2:((1,1\/61> <CL3:(CL2\/b2) < ...

Thus F' cannot be split by the map such that part of it is sent to F, and part is

sent to F), for x <, y. O

Lemma 4.3.3. Let L be a computable dense linear order without endpoints and
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let F be a finite distributive lattice or Heyting algebra which is L-good. The
computable structure (distributive lattice or Heyting algebra) L(F') is computably

categorical.

Proof. Fix L(F'), a computable “nice” copy in which it is possible to determine
x € L such that a € F, for each a € L(F). Let D be a computable distributive
lattice or Heyting algebra which is isomorphic to L(F). Use a back-and-forth
argument to build the computable isomorphism ¢ : D — L(F'). Initially let
©(0p) =0p, and ¢(1p) = 1.

Forward direction: Let n be the <j-least element of D that is not yet in the
domain of . Search in D for a copy of the lattice F' that includes n. Call this
copy F' C D. Since ¢ will be defined for all points of each copy of F' at the same
time, all points of F” are not currently in the domain of ¢. Once F’ is found,
because D is L-good, F’ must be of the form F, for some x € L. Currently, ¢
maps only finitely many copies of F' from D — L(F'), so there are finitely many
copies of F already mapped to the left of F’ (copies of the form F, for y < x)
and finitely many copies of F' to the right (copies of the form F), for y >, x). Find
a copy of F'in L(F) which has the same number of copies of F' to the left and
to the right. (This can be done since L(F) is a computable “nice” copy.) Then
define p(F’) = F by mapping each a € F’ to the corresponding a € F.

Backward direction: Let n be the <j-least element of L(F') such that n is

not yet in the range of . Since L(F) is the “nice” copy, we can find z € L and
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F, C L(F) such that n € F,. By construction, ¢ does not yet map into any of
the members of this F,. As above, there are only finitely many copies of F' which
have already been mapped to the left of F}, and finitely many copies to the right.
Search in D for a copy of F' which has the same number of copies of F' to the
left and to the right. Call this copy £’ in D. D is L-good, so F' = F), for some
y € L. Therefore, define ¢(F’) = F by matching up elements as in the forward

direction. 0

Let L be a countable dense linear order without endpoints, and let F; and F;
be finite distributive lattices or Heyting algebras. Also, let D; and Dy be subsets
of L which partition L and are dense in L. That is, DiUDy = L, D1N Dy = (), and
for any x < y, [z,y] N Dy # 0 and [x,y] N Dy # (. Form the structure L(F}, Fy)
by replacing each point € Dy by a copy of F} (call this copy F} ) and replacing
each point x € Dy by a copy of F, (call this copy Fy,). As above, L(Fy, F) is a
computable distributive lattice or Heyting algebra. We will refer to F} , and F5,
as components of the lattice L(F}, Fy).

Say that the pair (F, Fy) is L-good if, whenever F; (for i = 1 or 2) is
embedded in L(Fy, Fy), then the image of this embedded copy of F; has to lie
entirely in some F}, or some F,,. That is, in this definition, we allow F; to
embed into L(Fy, F3) by embedding into a component of L(F}, F3), but we do not
allow I} to embed in such a way that part of it lies in one component and part

of it lies in another component.
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The basic idea will be to build a Heyting algebra H of the form L(F}, Fy),
where L is a countable dense linear order without endpoints and the pair (F, F3)
is L-good, such that L(F}, Fy) is computably categorical as a Heyting algebra but
not as a distributive lattice. Also, the finite Heyting algebras F} and F5 will have

the following properties.

(P1) F; DL-embeds into F.

(P2) If we have a copy of F; DL-embedded inside F3, then using —, we can tell
that this copy of Fj sits inside a copy of Fy and is not a complete copy of

.

Consider the finite distributive lattices (which are also Heyting algebras) F}
and F, given in Figure 4.1. We will verify that F} and F5 satisfy the above desired

properties and that (F}, F») is L-good.
Lemma 4.3.4. F; DL-embeds into F.

Proof. Clearly F} embeds into F; by matching up points with the same names
(with 1 to b3). In Fi, ag and by have three distinct elements which are not
comparable to them. All other elements have fewer distinct non-comparable
elements (by has one, a; has two, b; has two, as has one, and 0 and 1 are comparable
to every other element). Therefore, when F) embeds into I, ap and by must be
sent to elements of F5, which are not comparable to at least three other distinct

elements (possibly others). In Fy, ag is not comparable to three elements, by is
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not comparable to four elements, and all other elements are not comparable to
fewer than three elements. If ay € F; were mapped to any element other than ag
or by € Fy, there would not be three incomparable elements to map by, by, by € F}
to. Similarly, b, € F; cannot be mapped to any element other than ag or by in F5.
However, if ag is mapped to by, there are three elements above ag in F; and only
two elements above by in F5, so there would be no room for all of the elements

above ag in F. Hence the only embedding of F} into F3 is the obvious one. [

Lemma 4.3.5. The — operation can distinguish between Fy DL-embedded into

Fy atself or Fy DL-embedded into F5.

Proof. Notice that if F} DL-embeds into F5, then
by — ay = as,
but if F} embeds into F itself, then
by — ay = as.
In other words, if ¢ : F} — F5 is the embedding,
p(b2 —F az) # @(b2) —r, p(az). 0

Remark 4.3.6. Using just the V and N operations, though, it is not possible to

tell whether F is inside Fs or a copy of itself, since
as V by =by = (1), and

a2/\b2 == bl.
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Lemma 4.3.7. If L is a countable dense linear order without endpoints and Fy, I

are as above, then (Fy, Fy) is L-good.

Proof. Both F; and F, have the property that every element other than 0 or 1 is
not comparable with at least one other element. Then (Fy, F») is L-good by an

argument similar to the one in Lemma 4.3.2. O

Theorem 4.3.8. If L is a countable dense linear order without endpoints and

F\, F, are as above, then L(Fy, Fy) is computably categorical as a Heyting algebra.

Proof. Let H; and H, be computable Heyting algebras which are isomorphic to
L(Fy, F;). We will think of Hs as being a computable “nice” copy of L(Fy, Fy).
This will mean that each element of H, is labeled as in Figure 4.1 and that, for
each a € Hy, we will know the z € L and i € {0,1} such that a € F, ,.

Match up the least and greatest elements of H; and H,. Use a back-and-
forth argument to build the rest of the computable isomorphism.

Forward direction: Let n be the <y-least element of H; that is not in the
domain of the isomorphism yet. Search in H; for a copy of the lattice F; that
includes the point n. This copy of F} is either a component of the form Fj , or it
sits inside a component of the form F; ,. Use the — operation as in Lemma 4.3.5
to tell which situation is the case. If this copy of F} sits in an F, component, then
search for the remaining elements of the component.

Since we will map components to components all at once, all of the points

in this component are currently not in the domain of the isomorphism. Finitely
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much of the isomorphism has been determined so far, so there are finitely many
copies of F} and Fy (possibly none) to the left of this component and finitely
many copies to the right which have already been mapped somewhere under the
isomorphism.

From the structure of Hy, we know that there is a copy of the component
in H, with the same number of copies of F; and Fj to the left and to the right.
Map the component to this copy (by matching up named elements).

Backward direction: This time we are given an element of Hy which is not
in the range yet. Since H, is “nice”, we already know what lattice element n is
and which component it is in (a copy of Fj or Fy). Search for this component
in H; as above: look for a copy of this component which has the same number
of copies of F; and F3 to the left and right in the isomorphism so far. The fact
that H; is L-good means we know that if we find this copy, then the component
embeds entirely in it. Use the — operation to determine whether this copy is Fj or
F,. If the components match (they are both Fj or both F3), map the component
containing n to its copy in H; by matching named elements. Otherwise, keep
searching and checking for an appropriate copy in H; in which the components

match up, and map the current component to its copy in Hj. O

Theorem 4.3.9. There are computable distributive lattices which are classically

isomorphic to a Heyting algebra but are not computably isomorphic to each other.
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Proof. Consider the Heyting algebra L(F}, F,) from above, where L is a countable
dense linear order without endpoints. We will build computable distributive
lattices L; and Ly such that L; = L, = L(Fy,Fy), but Ly and Ly are
not computably isomorphic. To achieve this, we will meet the following R,

requirements.

R, : e+ Ly — Lo is not an isomorphism

Stage 0: Initially add O, and 1;, to be the least and greatest elements of
L;, respectively (for i = 1,2). Then add one copy of F} and one copy of F» to L
with every element in the F) copy less than every element in the F, copy under
the ordering <j,. Do the same for L,.

Stage s+1: Suppose by induction that L; (for ¢ = 1,2) consists of a
finite sequence of alternating copies of F; and Fj;. Between each pair of these
components, add a new copy of F; and a new copy of Fy so that they are still
alternating. Also, if the current least component is a copy of F} (or F}), add a
new copy of Fy (or F1) and make that the new least component. Similarly, add a
new greatest component.

Next, we will take care of the R, requirements. Let R, for e < s be the
least diagonalization requirement which is waiting to diagonalize or waiting to
define its witness. If R, is waiting to define its witness, assign R, a copy of F} in
Ly which is not assigned to any other R; requirement. Call this copy of L; the

witness for R,.
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If R, is waiting to diagonalize, check if ¢, s(n) converges for every n in the
copy of Fy which is the witness for R, and that the images ¢, s(n) all lie in one
copy of Fy in Lg. (If this never happens, then R, is trivially satisfied.) If this
happens, change the image copy of F; to a copy of Fy by adding the two extra
points at the top as in Figure 4.1. Then we say that R, is satisfied. Now there
will be two copies of I3 in a row in Lo, so add a new copy of F; between these
two copies to keep the copies of F} and F5, alternating in Ls.

A standard back-and-forth argument (without computability theory) can
be used to show that L; and L, are isomorphic to L(F}, F,), given that D; and
Dy are dense and partition L. Also, L; and L, are computable, since once the
relationship between any two elements in L; (for ¢ = 1,2) is defined at stage s,
this relationship never changes in future stages ¢ > s. In particular, diagonalizing
by changing copies of F} into copies of F, does not change <;,,Ar,, or Vi,,
since we have already verified in Lemma 4.3.4 that F; embeds into F, in such
a way that the ordering and meet and join operations are preserved. Therefore,
L; and Ly are computable, and Ly & Ly = L(Fy, F»). However, meeting the R,
requirements ensures that there is no computable isomorphism from L; to L.

Thus, the distributive lattice L(Fj, F») is not computably categorical. ]

Remark 4.3.10. Theorem 4.53.9 would not work with Hy = Hy = L(Fy, F3) as
Heyting algebras because changing a copy of Fy into a copy of Fy would change

— i, as in Lemma 4.3.5.
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In searching for a characterization for the computably categorical Heyting

algebras, three possible candidates are as follows.

(1) A Heyting algebra is computably categorical if and only if it has finitely

many atoms.

(2) A Heyting algebra is computably categorical if and only if it has finitely

many join-irreducible elements.

(3) A Heyting algebra is computably categorical if and only if its regular

subalgebra as a Boolean algebra is computably categorical.

If (1) were true, then the characterization for Heyting algebras and Boolean
algebras would be the same. However, it is possible to construct a computable
Heyting algebra with finitely many atoms which is not computably categorical.
As a simple example, consider the Heyting algebra H with least elements 0 and
1, two atoms z and y such that t Ay = 0 and z Vy = 2z, and an N-chain
ng < np < ng < ... above z (see Figure 4.2). Let H' be a computable copy of
H in which the successor relation S(n;,n;) is not computable. Then there is no
computable isomorphism from H’ to H. If there were a computable isomorphism

) for any n.,n. € H' by computing

¢ : H — H, then we could compute S(n},n’ g

'Y
S(e(n;), ¢(n;)), since the successor relation is computable in H (where S(n;,n;)

holds if and only if j =i+ 1).

Furthermore, the free Heyting algebra on infinitely many generators has no
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0
Fig. 4.2: Heyting algebra with an N-chain above two atoms

atoms but is not computably categorical. In contrast, it is known that the free
Boolean algebra on infinitely many generators (that is, the countable atomless
Boolean algebra) is computably categorical. Therefore, it is not enough to look
at the atoms of a Heyting algebra when studying computable dimension.

The possible characterization given by (2) is motivated by the fact that the
join-irreducible elements are the same as the atoms in a Boolean algebra but not
necessarily so in a Heyting algebra. One direction of (2) fails because the free
Heyting algebra on finitely many generators is computably categorical but has

infinitely many join-irreducible elements (cf. [13]).
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The regular subalgebra of a Heyting algebra H is the set of regular elements
Reg(H) = {z : 2™ = z}, and this always forms a Boolean algebra. However, the
same example from Figure 4.2 can be used to show that one direction of (3) fails,

since its regular subalgebra is the Boolean algebra B = {0, z,y, 1}.
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