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Hilbert’s Tenth Problem

Nicole Bowen, B.S.

University of Connecticut, May 2014

ABSTRACT

In 1900, David Hilbert posed 23 questions to the mathematics community, with
focuses in geometry, algebra, number theory, and more. In his tenth problem, Hilbert
focused on Diophantine equations, asking for a general process to determine whether
or not a Diophantine equation with integer coefficients has integer solutions. Seventy
years later, Yuri Matiyasevich and his colleagues showed that such a process does not
exist, with a proof that has had many applications for modern computability theory.
In this thesis, we give a background on Diophantine equations and computability
theory, followed by an in-depth explanation of the unsolvability of Hilbert’s Tenth
Problem.
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Part 1

Introduction



In countless areas of mathematics, finding solutions to equations is a necessity.
Often, such solutions are sought over the real numbers. However, in some cases, one
may attempt to find solutions that are more restricted, perhaps to certain subsets of
the reals. For example, say we are dealing with an equation whose x and y variables
represent the number of horses and sheep on a farm. In this example, a solution of say
z =+/2 and y = —16 is not so meaningful, so we may want to restrict our solutions
to the natural numbers.

Such examples were the focus for a Greek mathematician named Diophantus (200’s
A.D.), who was concerned with finding only natural or positive rational number solu-
tions to equations, as he considered other values to be nonsensical. Thus, equations
whose solutions are restricted to the natural numbers, integers, or rationals are often
called Diophantine equations.

Even today, many Diophantine equations remain difficult to solve. In particular,
the methods for finding solutions vary depending on the number of variables and the
degree of an equation. As either of these increase, it becomes more and more difficult
to solve the equation, to the point where we still do not have complete methods to
do so. One particular difficulty when attempting to solve Diophantine equations is
that we may not be sure that a solution even exists, and thus any attempt to find
one may be in vain.

In 1900, David Hilbert asked for a method to help solve this dilemma in what
came to be known as Hilbert’s tenth problem. In particular, the problem was given
as follows:

10. DETERMINATION OF THE SOLVABILITY OF A DIOPHANTINE
EQUATION
Given a diophantine equation with any number of unknown quantities and with
rational integral numerical coefficients: To devise a process according to which it
can be determined by a finite number of operations whether the equation is solvable
in rational integers.

In 1970, a Russian mathematician named Yuri Matiyasevich found that such a
process does not exist, with the help of his colleagues Martin Davis, Julia Robin-
son, and Hilary Putnam. His proof, which has had many applications in modern
computability theory, is described in detail in this thesis.



Part 11

Background: Diophantine
Equations and Sets



Chapter 1

Key Definitions and Concepts

1.1 Diophantine Equations

In order to understand Hilbert’s tenth problem, we must first know what a
Diophantine equation is. In general, a Diophantine equation is classified not only
by its form, but also by the range of its unknowns, which are often restricted to the
rationals, integers, or natural numbers. For our purposes, we will define a Diophantine
equation based on the specifications that Hilbert used in the statement of his problem.
When Hilbert states “rational integers”, he was refering to the integers, so we can
define a Diophantine equation as follows:

Definition 1.1.1. A Diophantine equation is an equation of the form
D(xy,....;zp) =0

where D is a polynomial with integer coefficients, and where solutions for xy, ..., x,,
are restricted to the integers.

1.2 Simplifying Hilbert’s Problem

As previously stated, when Hilbert posed his tenth problem, he wanted a method
for determining whether or not integer solutions exist for any Diophantine equation.
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In this section, we will see that it is equivalent to work in the natural numbers,
which for our purposes will include 0. It is important to note that for a particular
Diophantine equation, the problem of deciding whether or not it has integer solutions
is a different problem from deciding whether or not it has natural number solutions.
However, in terms of deciding whether or not a general process exists for checking
the solvability of an equation, it is equivalent to work with the natural numbers. In
other words, we will see in this section that there is a general process for determining
whether or not Diophantine equations have natural number solutions if and only if
there is a general process for determining whether or not Diophantine equations have
integer solutions.

First, we will show that if there is no general process for checking the existance of
natural number solutions, there there is no general process for checking the existance
of integer solutions. Note that we can take a system of Diophantine equations and
compress it into a single Diophantine equation. In particular, the system

Dl(llﬁ'l, ...,l’m) =0
Dk(]]l, ,l’m) =0

has an integer solution z1, ..., x,, if and only if the Diophantine equation
D (1, ., Tp) + oo + Di(1, 0y 7)) =0

has an integer solution x1, ..., z,,.
Now, let D(z1, ..., x,,) = 0 be any arbitrary Diophantine equation, and let E(x, ..., T,
Y11 - Yma) = 0 be the Diophantine equation formed by compressing the system

D(.Tl, ,l’m) =0
I = y%g + y%,Q + yi?, + yi4

Tm = yfn,l + yg@,Q + y72n,3 + y?n,4‘

If D(xy, ..., ;) = 0 has a solution in the natural numbers, then E(x1, ..., Ty, Y11, -, Ym,a)
= 0 must have a solution in the integers, since any natural number can be written
as the sum of four squares. Likewise, if E(x1,...,%m, Y11, -, Yma) = 0 has a so-
lution in the integers, then D(zq,...,z,,) = 0 must have a solution in the natural
numbers. Thus, any arbitrary Diophantine equation D(xy,...,2,) = 0 has natural
number solutions if and only if E(x1,...,%m, Y11, ..., Yma4) = 0 has an integer solu-



tion. So, if we were to find that there is no method of checking whether or not
D(xy,...,2,) = 0 has natural number solutions, then there is no way of checking
whether or not E(x1, ..., Tm, Y11, .-, Yma) = 0 has integer solutions. This means that
we cannot check the existance of integer solutions for any arbitrary Diophantine equa-
tion,as E' is one such equation.

Next, we will show that if there is a general process for checking natural number
solutions, then there is a general process for checking integer solutions. Suppose that
an arbitrary Diophantine equatio D(xq,...,x,,) = 0 has a solution in the integers.
Note that any integer z, can be written as the difference of two natural numbers
ar and bg. Thus, the Diophantine equation D(ay — by, ..., @y — by,) = 0 must have a
solution for ay, ..., @y, by, ..., by, in the natural numbers. Likewise, if D(a; —by, ..., G, —
by,) = 0 has a solution for ay, ..., an, by, ..., b, in the natural numbers, then z; =
a; — by, ..., Ty = ay — by, 18 a solution to D(z1,...,x,) = 0 in the integers. Thus,
any arbitrary Diophantine equation D(xy,...,z,,) = 0 is solvable in the integers if
and only if the Diophantine equation D(a; — by, ..., amym — by,) = 0 is solvable in the
natural numbers. So, if we were to find that there is a method of checking whether
or not any Diophantine equation if solvable in the natural numbers, then we would
know that there is a method of finding whether or not D(a; — b1, ..., ay, — by,) =0 is
solvable in the natural numbers. And if we can check the existance of solutions for
D(ay — by, ..., am — by,) = 0 in the natural numbers, then we can check the existance
of integer solutions for any arbitrary D(xq,...,2,,) = 0.

With this, the question of the solvability of Hilbert’s problem in the integers is
reducible to the question of its solvability in the natural numbers. In general, this
will make our work in proving that Hilbert’s tenth problem is unsolvable easier, as it
allows us to work within the natural numbers only. For the remainder of this thesis,
all lowercase variables can be assumed to be natural numbers, unless otherwise stated.

1.3 Diophantine Sets

With the definition of a Diophantine equation in hand, we can define another
important object of study, called a Diophantine set.

Definition 1.3.1. Let S be a set of n-tuples of natural numbers. Then S is called
a Diophantine set if there exists some Diophantine equation D(ay, ..., Gy, Z1, ..., Tp),
with parameters aq, ..., a,, and unknowns x1, ..., x,,, such that

(a1,...,a,) € S <= Fx1,....,xp[D(ay, ..., an, 1, ..., Tp) = 0].

In order to understand this definition, it is perhaps best to look at some examples.



Example 1.3.2. Let S = {3}, and consider the equation
D(a,z) = (z+1)(a — 3).

First, suppose a € S. Then a = 3, so D(a,x) = (z+ 1)(a — 3) = 0 for all z. Instead,
suppose a ¢ S. Then a # 3,s0a—3 # 0. Then, since x € N, D(a,z) = (z+1)(a—3) #
0 for all . Therefore, we can conclude that S is a Diophantine set, since we have
found a Diophantine equation D(a,z) such that a € S <= Jz[D(a,x) = 0].

Example 1.3.3. Let S = {3,5}. Then consider the Diophantine equation
D(a,z) = (x+1)(a —3)(a —5).

By the same reasoning described in the previous example, a € S <= Jz[D(a,z) =
0]. Therefore, S is a Diophantine set.

1.4 Diophantine Functions, Relations, and Prop-
erties

In the previous section, we found that the sets S = {3} and S = {3,5} were

Diophantine. In some cases, rather than showing that a set of particular n-tuples is

Diophantine, we may want to show that a set of n-tuples with certain properties is
Diophantine, as in the next example.

Example 1.4.1. Let S = {(a,b,c)|a+ b = c}, and let
D(a,b,c,x) = (z+1)(a+b—c).

Then (a,b,c) € S <= Fz[D(a,b,c,x) = 0], so S is a Diophantine set.

In this example, rather than concluding that the set S = {{(a,b,c)la+b=c} is a
Diophantine set, we might instead state that addition is a Diophantine function.

Definition 1.4.2. A function of natural numbers is a Diophantine function when
its set of solutions is a Diophantine set.

In the next example, we show that multiplication is a Diophantine function.

Example 1.4.3. Let S = {(a, b, c)|ab = ¢}, and let
D(a,b,c,z) = (x 4+ 1)(ab — ¢).

Then (a,b,c) € S <= FJz[D(a,b,c,z) = 0], so S is a Diophantine set.



Similarly, we can show that many relations are Diophantine.

Definition 1.4.4. A relation between n natural numbers is a Diophantine relation
when the set of all n-tuples for which the relation holds is a Diophantine set.

In the following example, we show that the less than (and likewise greater than)
relation is Diophantine.

Example 1.4.5. Let S = {(a,b)|a < b}, and let
D(a,b,x) = (b—a)— (z+1).

Then Jz[D(a,b,x) = (b—a) —(x4+1) =0] < Fzb—a=x+1] < a <b.
Therefore, S is a Diophantine set.

Similarly, the relation less than or equal to (and likewise greater than or equal to)
is Diophantine.

Example 1.4.6. Let S = {(a,b)|a < b}. Then consider the equation
D(a,b,x) = (b—a) — x.

Then 3z[D(a,b,z) = (b —a) —x =0] <= Fz[b—a=2] <= a < b. Therefore, S
is a Diophantine set.

The relation of divisibility is also Diophantine.

Example 1.4.7. Let S = {(a,b) | alb}, and let
D(a,b,z) = ax —b.

Then Jz[D(a,b,z) = ax — b = 0] <= dz[ax = b <= alb. Therefore, S is a
Diophantine set.

Further, we can show that certain properties are Diophantine.

Definition 1.4.8. A property of natural numbers is a Diophantine property when
the set of numbers for which this property holds is Diophantine.

In the following example, we see that the property is an even number is Diophan-
tine.

Example 1.4.9. . Let S be the set of all even numbers, and let
D(a,z) =2z — a.

Then a € S <= Fz[D(a,z) = 0], so S is a Diophantine set.



We will also note that for any Diophantine function, relation, or property X (ay, ..., a,),
the condition

rpit, oo, T X (a1, ooy Qs Tty oons )]

is also Diophantine. In other words, if the set
{{ay,...;an) | X(a1,...,an)}
is a Diophantine set, then the set
{{ay, ...,ar) | Fzps, o, wp[X (a1, .oy @, Tpg1, ooy Tn)] }

is also a Diophantine set. For example, suppose there is some Diophantine relation
R. Then there must exist a Diophantine equation D(ay, ..., ap, 21, ..., Z,) such that

R(ay,...,an) <= 3z1,...,xn[D(ay, ..., an, 1, ..., Tp) = 0].
Then it follows that
ATy, ey Tk [ D(@1y ooy Qe pey T1y ooy Tprg) = 0] <= Tz, o, i [R(a1, ooy Gk, T1y oeny Tk
Thus the set
{{ay, ..., an_k) | Fz1, ..., 2K [R(ay, ..., g, 1, ..., k)| }

is a Diophantine set as well.

1.5 Unions and Intersections of Diophantine Sets

In this section, we will see that the union and intersection of Diophantine sets is
also Diophantine.

Proposition 1.5.1. The union of two Diophantine sets of n-tuples is Diophantine.

Proof. Suppose that S; and S5 are two Diophantine sets of n-tuples. Then there must
be Diophantine equations D; and D, such that

(ay,...,a,) €81 < Fxq,...,xpn[Di(ar, ..., ap, 1, .oy Tpy) = 0]

and
(a1, ...,an) € So <= Ty, ..., y[Da(ay, ..., an, y1, ..., y;) = 0].
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Then consider the equation

D3(ay, ooy Qpy T4y ooy Ty Y1y ooy Y1) = Di(aq, ooy @y 1y ooy ) - Da(@1,y ooy Gy Y1y oo Y1)

Then

ATy, ey Ty Y1y -, Yi[D3(@1, ooy @y T4y ooy Ty Y1, -, 1) = 0]
< dx1, ..., Tpm[Di(a1, ...y Gp, 21, ooy T) = 0] or Y1, ooy Y [Da(an, .oy any Y1,y ooy yi) = 0]
< (a1,...,an) € Sy or {(ay,...,a,) € Sy

< (ay,...,a,) € S1USs.

Therefore, S; U S; is a Diophantine set.
]

Further note that this proposition can be interpreted in terms of Diophantine
functions, relations, and properties using the conjunction “or”.

Proposition 1.5.2. The intersection of two Diophantine sets of n-tuples is Diophan-
tine.

Proof. Suppose that S; and S5 are two Diophantine sets of n-tuples. Then there must
be Diophantine equations D; and D, such that

(a1, ...,a,) €81 < Fxq,...;xpm[Di(ar, ..., an, 1, .oy Tpy) = 0]

and
(a1, ...,an) € So <= Fy1,...,y[Da(ay, ..., an, y1, ..., y;) = 0].

Then consider the equation

2 2
Ds(ay, ooy 1y ooy Ty Y1y ooy Y1) = Di(Q1, ey Gy T1y ooy ) + D5(a@1, ooy Gy Y1y oo Y1) -
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Then

ATy, ooy Ty Y1,y -, Yi[D3(@1, ey @y 1y ooy Ty Y1, -, y1) = 0]
< dx1,....xm[D1(a1, ..., ap, 1, ..., xy) = 0] and Jyy, ..., ym[Da2(a1, ..., apn, Y1, ..., y1) = 0]
<~ (ay,...,a,) € Sy and (ay, ..., a,) € Sy

< (ay,...,a,) € S1NSs.
Therefore, S7 N .S, is a Diophantine set. n

Further note that this proposition can be interpreted in terms of Diophantine
functions, relations, and properties using the conjunction “and”.

Up until now, in order to show that a set is Diophantine, we have had to find a
particular Diophantine equation that fits Defintion 1.3.1. However, with the results
of this section, we can show that a set is Diophantine by representing it as the union
or intersection of other Diophantine sets, as shown in the following example.

Example 1.5.3. Consider the function rem(b, ¢), the remainder on dividing b by c.
Then notice that

a=rem(bc) <= a<candc| (b—a).

We have seen that the sets S; = {{(a,b,¢) | a < ¢} and Sy = {{(a,b,c) | c[(b—a)}
are Diophantine sets. Then since S = {{(a,b,c) | a = rem(b,c)} = S; N Sy, S is
Diophantine.

We will also mention that while the intersection and union of Diophantine sets
remains Diophantine, the complement of a Diophantine set may not be Diophantine.
In fact, we will see that the unsolvability of Hilbert’s Tenth Problem results in part
from the fact that there are Diophantine sets whose complements are not Diophantine.
For examples of such sets, see [1, pgs 57-66].



Chapter 2

More Examples

We have now examined a number of Diophantine sets. Throughout our proof
of Hilbert’s tenth problem, we will use the fact that these and many other sets are
Diophantine. Thus, we devote this chapter to a study of more examples that will be
useful later.

2.1 More Diophantine Relations

The relation equal to is Diophantine.

Example 2.1.1. Let S = {{(a,b) | a = b}, and let
D(a,b,z) = (x+1)(a —b).

Then 3x[D(a,b,x) = (x +1)(a—b) = 0] < a=b < (a,b) € S,s0 S is a
Diophantine set.

Likewise, the relation not equal to is Diophantine.

Example 2.1.2. Let S = {(a,b) | a # b}, and let
D(a,b,z) = (z + 1) + (a — b)*.

Then 3z[D(a,b,z) = (z+1)+(a—0)> = 0] < Fz[(a—b)* =2+1] < (a,b) € S,
so S is a Diophantine set.

12
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Also, the relation does not divide is Diophantine.

Example 2.1.3. Let S = {{(a,b) | a /b}. Note that
a fb < rem(b,a) > 0.

We have already seen that the set S; = {{(a,b,c) | ¢ = rem(b,a)} is a Diophantine
set. Further, we see that the set Sy = {{a,b,c) | ¢ > 0} is Diophantine by considering
the equation D(a,b,c,z) = (¢ — (z+1))(a+ 1)(b+ 1), as
Jz[D(a,b,c,x) = (c—(x+1))(a+1)(b+1) =0] < Fz[c— (z+ 1) = 0]
— dz[c=z+1]
<~ ¢ > 0.
Then S = 51 NSy, where S7 and S5 are Diophantine sets, so S is a Diophantine
set.
The congruence relation is also Diophantine.

Example 2.1.4. Let S = {(a,b,¢) | @ = b(modc)}. Note that
a = b(modc) <= rem(a,c) =rem(b,c).

Then since we have seen that the rem function and equal to relation are Diophantine,
we know that S is Diophantine as well.

2.2 More Diophantine Functions

Define the function arem(b, c) to be the least absolute value | X| among all numbers
X congruent to b mod c. In other words,

arem(b,c) = +bmod ¢ & 0 < arem(b, c) <

N o

For example, while rem(8,5) = 3, arem(8,5) = 2. The function arem(b,c) is Dio-
phantine.

Example 2.2.1. Let S = {(a,b,¢) | a = arem(b,c)}. Note that
a=arem(b,c) <= 2a<c&c|(b—a)orc]| (b+a).

Since we have seen that the less than or equal to and divides relations are Diophan-
tine, we know that S is Diophantine as well.
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The choose function is also Diophantine.

Example 2.2.2. Let S = {(a,b,¢) | (}) = c}. For a proof that this set is Diophantine,
see [1,pgs 44-45].

The function b div ¢, defined to be the integer part of IE’, is also Diophantine.

Example 2.2.3. Let S = {(a,b,¢) | a = b div ¢}. Note that
a="bdivc < ac+rem(b,c)=0b.

Then since we have seen that multiplication, addition, and the rem function are
Diophantine, we know that S is Diophantine as well.

2.3 Another Diophantine Function:Exponentiation

In contrast to the examples that we have seen so far, it is actually quite difficult
and technical to prove that exponentiation is a Diophantine function, i.e that the
set {< a,b,c > |a = b°} is a Diophantine set. At first glance, we might attempt to
prove such a fact by using an equation such as D(a,b,c,z) = (x + 1)(b° — a). The
problem, however, is that this equation is not a polynomial, because of the term b¢,
and therefore is not Diophantine. Thus, we will instead attempt to find a set of
Diophantine conditions on a, b, and ¢ that hold if and only if a = b°. As it turns out,
this is hard to do and requires a number of different steps. In fact, the proof that
exponentiation is Diophantine is perhaps one of the most difficult steps in proving
the unsolvability of Hilbert’s Tenth Problem. We will now turn our attention to this
proof.

2.3.1 Overview of the Proof
In order to prove that exponentiation is Diophantine, we must prove that the set
{{a,b,c)|a = b}

is a Diophantine set. We note that the powers of any given b can be expressed as a
recurrent sequence [, where

Gp(0) =1 and [Bp(n+1) = b5y (n).
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Thus, another way to show that exponentiation is Diophantine would be to show that
the set

{<a,b,c>|a=[c)}
is a Diophantine set. However, it turns out that it is actually easier to work with
another recurrent sequence oy, where b > 2 and

ap(0) =0 ap(l) =1 and ap(n+2)=Dbay(n+1)— ap(n).

First, we will examine some important properties of a;. Then, we will prove that
the sets

S={<a,b>[b>2& Infa=ayn)}

and
Si={<a,byc>|b>4& a=aw(c)}

are Diophantine sets. Lastly, we will attempt to express 3, in terms of a4 in order to
show that exponentiation is in fact Diophantine.

2.3.2 Examining the Sequence q;

First, we will give a formal definition of .

Definition 2.3.1. Let the second-order recurrent sequence o4 be defined for b > 2
as
ap(0) =0 (1) =1 ap(n+2) =bap(n+1) — ap(n).

While this is the definition of o we will use most often, in some cases it will be
easier to use the equivalent form given in Proposition 2.3.2.

Proposition 2.3.2. [t is equivalent to define «y with
ap(n —2) = bay(n — 1) — ay(n).

Proof. From our initial definition of oy, we have that a,(n) = bay(n — 1) — ap(n — 2).
Rearranging the terms in this equality yields ay(n — 2) = bay(n — 1) — ap(n). O

With these definitions of «y in hand, we can start to investigate some of its prop-
erties. One especially important property of qy, is its increasing nature.

Proposition 2.3.3. The sequence ay is strictly increasing, i.e.

0=0(0) <ap(l) < ... <ap(n) < ap(n+1) < ...



Proof. For the base case, let n = 1.
Since ap(1) = 1 and a;(0)=0, we have that

Oéb(O) < ab(l).
Then for the induction case, assume for all n < k that
ap(n —1) < ap(n).

We need to show that a,(k) < ap(k + 1).
By our definition of a4, we know that

ab(k: + 1) = bab(k:) — Oéb(k} — 1),
and by our induction hypothesis, we know that
Ozb(k’ — 1) < ab(k‘).

Therefore, we get that

Oéb(k’ + 1) = bOéb(k’) - Oéb(k’ - 1) > bOzb(k‘) - O./b(k}) = (b - l)ab(k:) Z ab(k‘).

Thus, by induction, for all n > 1,

ap(n —1) < ap(n).

The increasing nature of ay, can be seen in the following example.

16
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Example 2.3.4. For b=2, the first ten terms of oy are
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This example also demonstrates a convenient pattern of ay that occurs when b = 2.
Proposition 2.3.5. When b =2, ay(n) = n for all n.

Proof. For the base case, let n = 0. Then ay(0) = 0. Let n = 1. Then ay(1) = 1.
For the induction case, assume that as(n) = n for all n < k. We need to show that
as(k + 1) = k4 1. By our induction hypothesis, as(k + 1) = 2as(k) — ag(k — 1) =
2k — (k— 1) = k + 1. Thus, by induction, as(n) = n for all n. O

Unfortunately, Proposition 2.3.5 does not necessarily hold for larger values of b, as
shown by the following example.

Example 2.3.6. For b = 3, the first ten terms of a3 are

a3(0) =0

az(l) =1

a3(2) = 3a3(1) — a3(0) =3(1) = 0 =
a3(3) =3a3(2) —a3(l) =3(3) —1=8
as(4) = 3a3(3) —a3(2) = 3(8) —3 =21
as(5) = 3as(4) — as(3) = 3(21) — 8 = 55
a3(6) = 144

as(7) =377

a4(8) = 987

a3 (9) = 2584
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However, there is a weaker form of Proposition 2.3.5 that holds for general b.
Proposition 2.3.7. For all n, ay(n) > n.

Proof. We have seen that this proposition is true for b = 2, so assume that b > 3. Our
proof will proceed by induction. For base cases, we have a;(0) = 0 and a4(1) = 1.
For the induction case, assume that for all n < k, k # 0, that n < a,(n). We need to
show that k& + 1 < ap(k + 1). We find that

ap(k + 1) = bay(k) — ap(k — 1) by definition
> bay(k) — ap(k) since ay is increasing by Proposition2.3.3
= (b—1)ay(k)
> (b — 1)k by our induction hypothesis
> 2k since we assumed b > 3
>k + 1 since k # 0.

Therefore, by induction, a,(n) > n for all n. O
We can also compare the values of «y for different values of b.
Proposition 2.3.8. If by = by mod q, then oy, (n) = ay,(n) mod q for all n.

Proof. For the base case, let by = by mod q. Then a4, (0) = 0 and ay,(0) = 0, so
ap, (0) = ap,(0) mod q. Also, ap, (1) = 1 and ay,(1) = 1, so ap, (1) = ap, (1) mod q.
Further, ay, (2) = by, (1) — a4, (0) = by — 0 = by and y, (2) = baay, (1) — ap, (0) = ba,
so by our assumption ay, (2) = ap,(2) mod ¢ .

For the induction case, assume that ay, (n) = ap,(n) mod ¢ for all n < k. We need
to show that ay, (k 4+ 1) = ap, (kK + 1) mod g.
By definition,

O, (k + 1) = blabl (k) — Qg (k - 1)
(07 (k’ + 1) = b2ab2(k) — Oy (k) — 1)

So

Oy, (k’ + 1) - OébQ(k? + 1) == blabl(k) — O, (l{? - 1) - (b2ab2 (/{Z) — Oé@(k‘ — 1))
= blabl (k) - b2ab2<k) - (O‘bl (k - 1) - ab2<k - 1))

Also, since by = by mod ¢, there exist a, 7, 7 € Z such that by = ig+a and by = jg+a,
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so we get that

ap, (K +1) = ap, (k +1) = (ig + a)ap, (k) = (g + a)ap, (k) — (o, (k = 1) — ap, (k — 1))

= anbl( ) qab2( ) + atp, (k) — QQp, (k) - (abl (k - 1) - ab2(k -
- Q(iah (k> - ]ab2(k)) + a(aln (k) - Osz(k’)) - (abl (k - 1) - abz(k -

By our induction hypothesis, we know that a, (k) = ap, (k) mod ¢, so q|(ap, (k) —
ap, (k)), and ap, (k—1) = ay,(k— 1) mod g, so q|(aw, (k—1) — ap,(k—1)). Thus, there
exist r, s € Z such that

ap, (k+1) = au, (k + 1) = qiaw, (k) — jou, (k) + alqr) — (gs)
= qliaw, (k) — jouw, (k) +ar — s).

Thus, Q|(ab1 (k + 1) - ab2(k + 1))7 50 ab1(k + 1) = abQ(k + 1) mod q. SO: for all n, if
b1 = by mod ¢, then oy, (n) = ay,(n) mod gq. O

Corollary 2.3.9. For b > 2, ay(n) = n mod b—2 for all n.

Proof. Since (b — 2)|(b — 2), it follows that b = 2 mod b — 2. Then, by Proposition
2.3.8, ap(n) = as(n) mod b — 2, and further ap(n) = n mod b — 2 by Proposition
2.3.5. O]

The nature of oy, as described by Proposition 2.3.8 and Corollary 2.3.9 will be of great
importance in the following sections. We will also make use of the periodic nature of
oy, described by the following proposition.

Proposition 2.3.10. For any positive integer v, «ap s periodic modulo v.
In Section 3.1.3, the following proposition will be useful as well.
Proposition 2.3.11. For all b > 2 and all n,
(ap(n))? — ap(n + 1ap(n — 1) = 1.

Proof. First, we use the elements of «y to define a matrix A, as follows:

Ab(n):(ab(n+1) —ay(n) )

ap(n) —ap(n —1)

with the convention that a,(—1) = 0. We start our proof by showing that

am = (7))

1)

1).



Notice that

For base cases, note that when n =0,

wo-(g 9)- (0 0)

=40 )= (1 3)

and when n =1,

For the induction case, assume that for all n < k&

Ay(n) = (11’ —01)"

We must show that

By our induction hypothesis,

wesn=an ;)= (0 3) (¢

Thus, by induction, for all n,

20
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Now, notice that

b —1
det(l 0>—1,

and since determinants are multiplicative,

det (Ay(n)) = det ((Zl) _01)”) ST

Also, using our original definition of A,(n), we get that
det (Ap(n)) = (w(n + 1)) (—ap(n — 1)) — (w(n)) (—as(n))
= (a(n))* — ap(n + )ag(n — 1)
Thus we can conclude that

(ap(n))? — ap(n + Day(n — 1) = 1.

Lastly, in Section 2.3.4 we will use another characteristic of a4, described below.
Corollary 2.3.12. At least one of any two consecutive terms of oy is odd.

Proof. Suppose that both ap(n) and a,(n+1) are even. Then (ay(n))* must be even,
and ag(n+ 1)ag(n — 1) must be even as well. Then (ay(n))? —ap(n+1)ap(n—1) > 2.
But this is a contradiction to Proposition 2.3.11. Thus, at least one of a(n) and
ap(n + 1) must be odd. O

We have now finished examining a number of characteristics of a; that we will require
in the following sections. With these characteristics in mind, we can move on to
proving that the sets S and S, are Diophantine.

2.3.3 S is a Diophantine Set.

In this section, we will prove that the set
S ={<a,b>1b>2and Inja = ay(n)|}

is a Diophantine set.
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Lemma 2.3.13. If < a,b > € S, then the Diophantine equation D(a,b,z) = x> —
abr + a? — 1 =0 has a solution for x.

Proof. Let < a,b> € S. Then b > 2 and there exists an n such that @ = a(n). Then
let x = ap(n—1). By Proposition 2.3.11, we know that (ay(n))?>—ap(n+1)ay(n—1) =
1. Then we have that

2 —bay(n)ay(n — 1) + (ap(n —1))* =1
2 — (bay(n) — ap(n — 1)) (ap(n — 1)) — 1
n))? — ap(n + ay(n — 1) — 1

Therefore, when < a,b > € S, the Diophantine equation D(a,b,z) = 2* — abx + a* —
1 = 0 has a solution for x, namely z = ap(n — 1). O

Lemma 2.3.14. For b > 2, if 2*> —bxy + y*> = 1 and y < x, then there exists an m
such that x = ap(m + 1) and y = ap(m).

Proof. Our proof will follow by induction on .

For the base case, let y = 0.

Since 72 —bry+y* =1, x =1. Form =0, ap(0+ 1) = 1 = x, and o,(0) = 0 = v,
and thus our proposition holds.

For the induction case, fix y > 0, and assume that for any y < y and = > g, if
2?2 — b2g + §* = 1, then there exists an m such that Z = ap (1 + 1) and § = ap(1).
Suppose that there is an z > y such that 22 — bzy + 3> = 1. We need to find an m
such that y = a,(m) and x = a,(m + 1). Notice that

1 -y 21
a::by+< y>:by—(y )gby.
T T

Further, since > y, we know that zy > y?> > y?> — 1, and thus y > % Then we

get that
1 — 92 21
x:by—i-( y) :by—<y > > by — .
x x

Now, define 1 = y and y; = by — z. Then since z > by — y, we get that

y=by—x<by—(by—y) =y,

and further that
Ty =Y > Y.
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Also, notice that

2} — bayy +y; = y* — by(by — ) + (by — )
= 4% — %% + bay + b*y? — 2bxy + 22
= y2 — bxy + z?
=1.

Thus x; and y; are such that y; <y, x; > y1, and 22 — bx1y; + y? = 1. Therefore by
our induction hypothesis, there must exist some m; such that

ry = ap(my +1) and y1 = ap(my).
Let m = my + 1. Then

T =by— 1
=bx1 —
= bay(my + 1) — ap(my)
= ap(my +2)
= ap(m+1)

and
y =z =op(m; + 1) = ap(m).

Thus, by induction, for any y > 0 and x > v, if 2% — bxy + y? = 1, then there must
exist some m such that x = a(m + 1) and y = a(m). O

Theorem 2.3.15. The set S = {< a,b > |b > 2 and In[a = ap(n)]} is a Diophantine
set.

Proof. 1t follows directly from Lemmas 2.3.13 and 2.3.14 that there exists a Dio-
phantine equation, namely D(a,b,z) = z* — bax + a?, such that < a,b > € § <=
D(a,b,x) = 0 has solutions for . Thus, by definition, S must be a Diophantine
set. O

2.3.4 S, is a Diophantine Set

In order to show that S, = {< a,b,¢ > |a = a4(c)} is a Diophantine set, we
will find a system of Diophantine conditions that represents it. This system will be
slightly harder to determine than the equation we used to represent S. Therefore, we
will first work through the development of this system, before giving a formal proof
that the system is solvable if and only if < a,b,c >€ S,.
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Determining the System of Diophantine Conditions

Step One:

First, we can consider S, to be the union of the terms of the following sequence
for all b > 4:
< (0),0,0 >, ..., < ap(n),b,n >, .... (2.3.1)

Step Two:

Next, we will rewrite Sequence 2.3.1 in such a way that n does not appear on its
own, but rather only as an argument of «y.

Proposition 2.3.16. The first b—2 terms of 2.5.1 correspond to the first b—2 terms
of the following sequence, for all b > 4:

< ap(0),b,rem(ap(0),b —2) >, ..., < ap(n),b,rem(ap(n), b —2) >, ... (2.3.2)

Proof. First, note that n < b—2 for the first b—2 terms of 2.3.1. By Corollary 2.3.9, we
know that ay(n) = n mod b—2. Therefore, when n < b—2, rem(ap(n),0—2) =n. O

Adjusting our sequence so that n only appears as an argument of «, is particu-
larly useful. Our only way to describe that a triple < a, b, c > belongs to the set of
elements of sequence 2.3.1 is with the conditions b > 4 and a = «4(c), and we do
not know that the latter condition is diophantine. However, we can say that a triple
< a,b, c > belongs to the set of elements of sequence 2.3.2 if b > 4 and Infa = a,(n)]
and ¢ = rem(a,b — 2), all of which we have seen are Diophantine conditions. The
problem remains, however, that only the first b — 2 members of 2.3.1 match 2.3.2.

Step Three:

Here again, we will adjust our initial sequence 2.3.1 by using three new variables,
namely u, v, and w, and setting two conditions to be as follows:

Condition 1 : w = b mod v

Conditon 2 : w = 2 mod u.

Proposition 2.3.17. If w = bmod v and w = 2 mod u and v > 2a,(k) and u > 2k,
then the first k entries of 2.53.1 correspond to the first k members of the following
sequence for all b > 4:

< arem(ap(0),v), b, arem(ap(0),u) >, ..., < arem(ap(n),v), b, arem(ay(n),u) >, ...

(2.3.3)
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Proof. First, note that n < k for the first k£ entries of 2.3.1. Let w = b mod v. Then,
from Proposition 2.3.8, we know that a,(n) = ap(n) mod v. Also, let v > 2a4(k).
Then when n < k, arem(ay,(n),v) = ap(n). Further, let w = 2 mod w. Then, from
Proposition 2.3.8, we know that a,(n) = as(n) mod u, and thus by Proposition 2.3.5,
ay(n) =n mod u. Also, let w > 2k. Then, when n < k, arem(ay,(n), u) = n. O

By requiring that v > 2a4(k) and w > 2k, our new sequence again only matches
sequence 2.3.1 for a finite number of terms. Therefore, rather than setting a par-
ticular k, we will require only that w = b mod v and w = 2 mod u, and then take
the union of all terms of any sequence of the form 2.3.3 such that u, v, and w sat-
isfy these conditons. For each of these individual sequences in our union, there will
be some k > 0 such that v > 2a4(k) and u > 2k, and therefore each individual
sequence will match sequence 2.3.1 for only k terms. However, since we are taking
the union of all sequences of the form sequence 2.3.3 with all u, v and w satisfying
w = bmod v and w = 2 mod u, we can always find some v; > v and some u; > u
such that that k; > k. Therefore, we can be certain that all triples from our original
sequence 2.3.1 will be included in this union. However, our new set will contain extra
triples as well, since for any individual sequence in our union, all of its terms will be
included, not just the first k£ terms that match sequence 2.3.1. Therefore, our next
goal will be to set additional conditions to eliminate these “extra” triples from our set.

Step Four:

First, we will narrow down the location of our “extra” triples by using Proposi-
tion 2.3.10, which states that for any positive v, the sequence 4(0), ..., ap(n), ... is
periodic mod v. Thus, we might predict that sequence 2.3.3 will be periodic as well.
By choosing a specific v, we can control the length of this period, and thus narrow
down the location of all unique triples to a finite initial segment of sequence 2.3.3.
We will choose this v to be as follows:

Condition 3 : v = ap(m + 1) — ap(m — 1).

Let’s start by finding the period of the sequence arem(a,,(0),v), ..., arem(a,(n),v), ...
under this new condition on v.

Proposition 2.3.18. Ifv = ay(m+1)—ay(m—1), then the sequence ay(0), ..., ap(n), ..., mod
v has a period length of 4m. In particular, the terms of the sequence will be as follows:
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n ap(n) mod v
0 0

m—1 ozb(m' - 1)
m ap(m)
m+1 | ap(m—1)

3m—1| —ap(m—1)
3m —ay(m)
3m+1| —ap(m—1)

Proof. 1t is obvious that
a3(0) = a4(0) mod v
ay(1) = ap(1) mod v
ap(m —1) = ap(m — 1) mod v
ay(m) = ap(m) mod v

Since v = ap(m + 1) — ap(m — 1), we have that
ap(m +1) = ap(m — 1) mod v.

From this, along with our original definition of a4, and the equivalent definition of
given in Proposition 2.3.2,we get that

ay(m + 2) = bay(m + 1) — a(m)
= (bay(m — 1) — a(m)) mod v

= ap(m — 2) mod v



Continuing this process yields

ap(m + 3) = bay(m + 2) — ap(m + 1)
= (bap(m — 2) — ap(m — 1)) mod v

= ap(m — 3) mod v

ay(2m — 1) = ap(m + (m — 1))
= bay(m + (m — 2)) — ap(m + (m — 3))
= (bay(m — (m —2)) — ap(m — (m — 3))) mod v
= (bay(2) — a4(3)) mod v
= ap(1) mod v

=1modwv

ay(2m) = ap(m +m)
= bay(m + (m — 1)) — ap(m + (m — 2))
= (bay(m — (m —1)) — ap(m — (m —2))) mod v
= (bap(1) — a4(2)) mod v
= a;(0) mod v

=0modv

o (2m + 1) = aylm + (m + 1))

= bay(m +m) — ap(m + (m — 1))

= (bay(m —m) — ap(m — (m — 1))) mod v
(bay(0) — ap(1)) mod v

—ap(1) mod v

—1 mod v
To continue past a;(2m + 1), we will show by induction that for all n > 2,
ap(2m 4+ n) = —ap(n) mod v.
For a base case, let n = 2. We have seen that

ap(2m) =0 = —ay(2m) mod v

27
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and that
ap(2m+1) = -1 = —ap(2m — 1) mod v.

Thus,

ap(2m + 2) = by (2m + 1) — ap(2m) by the definition of ay
—bay(2m — 1) — (—ap(2m)) mod v
—(bap(2m — 1) — ap(2m)) mod v

—ap(2m — 2) mod v by Proposition 2.3.2

—ap(m + (m —2)) mod v

(
—ap(m — (m — 2)) mod v by the initial part of this proof
(

—ap(2) mod v
Now for the induction case, assume that for all n < k that
ap(2m +n) = —ap(2m — n) = —ayp(n) mod v.
We must show that
ap(2m+ (k+1)) = —ap(2m — (k+ 1)) = —a(k + 1) mod .
We find that

ap(2m + (k+1)) = bap(2m + k) — ap(2m + (k — 1)) by the definition of «
= —bap(2m — k) — (—ap(2m — (k — 1))) mod v by our induction hypothesis
—(bap(2m — k) — a(2m — (K —1))) mod v
—ap(2m — (k+ 1)) mod v by Proposition 2.3.2
—ap(m+ (m —k—1)) mod v
—ay(m — (m — k — 1)) mod v by the initial part of this proof
= —ay(k+ 1) mod v

as desired.
Using the fact that o,(2m +n) = —ap(n) mod v for any n, we can now calculate
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the rest of the terms of o mod v to be as follows:

ap(2m+1) = —1 mod v

ap(3m —1) = ap(2m+ (m—1)) = —ap(m — 1) mod v
ap(3m) = ap(2m + (m)) = —ap(m) mod v
ap(Bm+1)=a(2m+(m+1)) = —ap(m+1) = —ap(m — 1) mod v

ap(dm —1) = ap(2m+ (2m —1)) = —(2m — 1) = =1 mod v
ap(dm) = op(2m + 2m) = —p(2m) = 0 mod v
ap(dm+1) = a2m+ 2m+1)) = —a(2m+1) = —(—=1) = 1 mod v

At ap(4m) we can see that the terms of a, mod v begin to repeat, resulting in a period
length of 4m. O

Corollary 2.3.19. Ifw = bmod v and v = ay(m+1) —ap(m —1), then the sequence
., mod v has period 4m, with the same terms as the sequence oy mod v.

Proof. Since w = b mod v, by Proposition 2.3.8, we know that a,(n) = a,(n) mod
. [l

Corollary 2.3.20. If w =bmod v and v = op,(m~+1) —ay(m —1), then the sequence
arem(au,(0),v), ...,arem(a,(n),v), ... has period 2m. In particular, the sequence will
be as follows:

n arem(au,(n),v)
0 0
1 1
m—1 ap(m — 1)
m ay(m)
m+1 ay(m — 1)
2m —1 1
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Proof. First, notice that

v=ap(m+1)—ap(m—1)
= (bay(m) — ap(m — 1)) — ap(m — 1)
= bay(m) — 2a4(m — 1).

Then since b > 4 and ay(m) > a,(m — 1) by Proposition 2.3.3, we get that
v > 2a(m).

Then Corollary 2.3.20 follows from Corollary 2.3.19 and the definition of the arem
function. ]

We have now found the period of the sequence arem(a,,(0),v), ..., arem(c,(n),v), ...,
whose elements are the first terms in the triples of sequence 2.3.3. Next, let’s find
the period of the sequence arem(a,(0),u), ..., arem(a.,(n), ), ..., whose elements are
the third terms in the triples of sequence 2.3.3. We will begin with the following
proposition.

Proposition 2.3.21. If w = 2 mod u, then the sequence ,(0), ..., a,(n), ..., mod u
has a period of length u. In particular, the terms of the sequence will be as follows:

n | ay(n) mod u

0 0

1 1
u—1 u—1

Proof. Since w = 2 mod u, we know that a,,(n) = a,(2) mod u by Proposition 2.3.8.
Then by Proposition 2.3.5, we can conclude that a,,(n) = n mod u. O]

Corollary 2.3.22. Ifw = 2 mod u, then the sequence arem(c.,(0),u), ..., arem(ay,(n),u), ...
has a period length of w. In particular, the terms of the sequence will be
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n | arem(ay,(n),u)
0 0
1 1
g—1 5—1
2 2
5+1 5—1
u—1 1
u 0
for even u, and
n arem(ou,(n), u)
0 0
1 1
u—1 u—1
51 5
u—1 u—1
2 2
u—1 u—1
7 1 51
u—1 1
u 0

for odd u.

Proof. Forn =0ton =3, n <, soarem(ay,(n),u) =n. Forn =4 +1ton=u,
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n> g, 80 arem(c,(n)) = u — n. Thus we see that
v (51 ) =0 (31 -3

arem(a,(u—1),u) =u—(u—1) =1

arem(ou,(u),u) =u—u=>0

O

Now that we have examined the periods of the terms of the triples in sequence 2.3.3,
we can examine the period of the entire sequence. First, we will add a new condition
on u, namely

Condition 4 : u|m.
With the addition of this condition, we arrive at the following theorem.
Proposition 2.3.23. If w = bmod v, w = 2mod u, v = ap(m + 1) — ap(m — 1)

and u|m, then sequence 2.3.3 has a period length of 2m. In particular, the terms of
sequence 2.3.3 will be as follows:
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n < arem(ay,(n),v),b, arem(a,(n), u) >

0 <0,b,0 >

1 <1,b,1>
5—1 <op(y—1),b5—1>

5 < ay(§),b, 5 >
24+1 <ap(y+1),b5—1>
u—1 < ap(u—1),b,1>

u < ap(u),b,0 >
u+1 <ap(u+1),b1>
m—1 < ap(m—1),b,1>

m < ap(m),b,0 >
m+1 < ap(m—1),b,1>
2m — 1 <1,b,1>

Proof. From Corollary 2.3.20, we know that arem(a.,(0),v), ..., arem(c,(n),v), ... has
a period length of 2m, and from Corollary 2.3.22; we know that arem(a,(0),u), ...,
arem(au,(n), u), ... has a period length of w. Then since u|m, we know that u|2m,and
thus the period of arem(a,,(0),u), ..., arem(a,(n), u), ... fits into the period of
arem(ay,(0),v), ...,arem(a,(n),v), .... Putting these terms together in the triples of
2.3.3 therefore yields a sequence with a period of 2m. The specific terms of 2.3.3
follow directly from Corrolaries 2.3.20 and 2.3.22 as well. ]

Corollary 2.3.24. If w = bmod v, w = 2mod u, v = ap(m + 1) — ap(m — 1) and
u|m, then the “extra” triples of sequence 2.3.8 can be found in its first m + 1 entries.

Proof. From the specifc terms of arem(a.,(0),v), ..., arem(c,(n),v), ... given in Corol-
lary 2.3.20, and the specific terms of arem(a,(0),w), ..., arem(a,(n),u), ... given in
Corollary 2.3.22, we can see that both sequences are symmetric. Thus, the unique
terms of sequence arem(ay,(0),v), ..., arem(a,(n),v), ... can be found in its first m+1
terms, and the unique terms of arem(w,(0),u),...,arem(a.,(n),u),... can be found
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in its first /2 4 1 terms. Since u|m, 2.3.3 will be symmetric as well, with its unique
terms located within the first m + 1 elements. O

Now that we have located the “extra” triples, we just need to determine condi-
tion(s) to eliminate these triples from our set.

Step Five:
To eliminate the extra triples, we will require that
Condition 5 : 2arem(ay,(n),v) < u.

Proposition 2.3.25. The conditions that v = ap(m + 1) — ap(m — 1), ulm, and
2arem(ay,(n),v) < u eliminate the “extra” triples from our set.

Proof. Recall that

v=op(m+1)—ap(m—1)
— ((ban(m) — aw(m — 1)) — ay(m — 1)
= bay(m) — 2ap(m — 1)
> 2ap(m)

Thus when n < m+1, arem(a,,(n),v) = ap(n). Since all the extra triples are located
within the first m + 1 terms of 2.3.3, the condition 2arem(a,(n),v) < w can be
rewritten as 2a,(n) < u. Then by Proposition 2.3.3, we know that n < as(n), and
therefore 2n < w. This implies by Corollary 2.3.22 that arem(o,(n),u) = n. Thus,
the conditions that we implemented do in fact ensure that arem(ay,(n),u) = n and
arem(cu,(n),v) = ay(n). O

By eliminating these extra triples, we have now constructed a set that is equiva-
lent to the set of elements of sequence 2.3.1.

Step Six:

The previous steps have given us a set of conditions that can be used represent
the set of elements of sequence 2.3.1. The only thing left to do is check that these
conditions are Diophantine. In Example 2.1.4, we saw that the equivalence relation
is Diophantine, and thus we know that Condition 1 and Condition 2 are Diophantine
conditions. Also, in Example 2.2.1, we saw that the arem function is Diophantine,
and thus we know that Condition 5 is Diophantine as well. A slight problem occurs,
however, with Condtions 3 and 4, as we do not know that the condition u|m together
with v = ap(m + 1) = ap(m — 1) is Diophantine. From the previous section, we know
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that the conditions s — bsr +r? = 1 together with 7 < s are Diophantine conditions
that imply that Im[s = a,(m) and r = ap(m—1)]. Thus we can express the condition
v=ap(m+1)—ap(m—1) = bay(m) — 2a(m — 1) in a diophantine way with the
condtions s — bsr + 12 =1, r < s, and v = bs — 2r. However, we can only ensure
the existance of m; we cannot set any conditions on m itself in a Diophantine way.
Thus we cannot guarantee that the condition u|m is Diophantine. In order to fix this
problem, we will use the following proposition.

Proposition 2.3.26. If (ay(k))?|ay(m), then ay(k)|m.

Proof. Suppose that ay(k)? | ap(m). If ap(m) = 0, then m = 0, so ay(k)|m.Then
assume that ag(m) # 0. Then since ay(k)? | ap(m), ap(k) < ap(m), so k < m. Then
by the division algorithm, we know that we can find some [ and n such that

m=kl+n0<n<k

. Recall from the proof of Proposition 2.3.11 that we can define the matrix A, whose

b _01> . Then we find that

elements are defined by a3 and for any z, Ay(x) = (1

Ap(m) = (i _01)m
_ b —1 n+kl
Ere
1 0 1 0
= Ay(n) - Ap(k)'

Plugging in for each matrix, we find that

(ab(m+1) —ay(m) ):(ab(n+1) —ay(n) >_(ab(k+1) —ap(k) ))l.

ap(m)  —ay(m —1) ap(n)  —ap(n—1) ap(k) —ap(k—1

Then it follows that

ap(m+1)  —ay(m)
( )

ap(m) —ap(m — 1)

(ab(n+1) —ay(n) )_(ab(k+1) 0

ap(n)  —ap(n—1)
Then considering this congruence element-wise, we find that

ap(m) = ap(n) - ap(k + 1) —ap(n — 1) - 0 = ap(n) - ap(k + 1) mod (o (k)).

I
0 — oy (k- 1)> mod (ay(k)).
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Therefore,
ay(k) | (a(m) — ap(n)as(k +1)%).

Now, suppose that there is some d such that d|ay(k) and d|ap(k + 1). Recall that
by Proposition 2.3.11,

(k) — ap(k + Dag(k — 1) = 1.

Then d|1, so d = 1. Therefore, we know that o, (k) and oy (k+1) are coprime. Putting
this together with the fact that ay(k) | (cp(m) — ay(n)ay(k + 1)?), we find that

ap(k) | ap(n).
However, we also know that n < k, and therefore by Proposition 2.3.3,
ap(n) < ap(k).

So, ap(n) = 0, meaning n = 0, and m = kl. With this, we find that

=)
. Then it follows that

-[(B )]

_ (cz,b((lz))b —ag(k)> - (ab(ko— 1) ab(ko_ 1))]l

= ot (& 51 —euti -} g)]l
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Then if we consider this equivalence mod ay(k)? , all terms in the summation become
0 except for those with ¢ = 0 and ¢+ = 1. Thus

o) = (4wl )

ap(m) —ap(m — 1)

= (Dl (k — 1) <é (1)) + (=D (k) o (k — 1) (ll) _01> mod (a(k)?).

Then if we consider this congruence element-wise, we find that

ap(m) = (=1 ay(k)ay(k — 1) mod (ap(k)?)
and thus that

ap(k)? | [an(m) — [(=1)" May(k)ay(k — 1)'71]] .
Then since we know also that a,(k)? | ap(m), we find that

ap(k)? | log(k)oy(k — 1),

meaning

ap(k) | log(k — 1)1
Now, again by Proposition 2.3.11, we know that
(k) — ap(k + Day(k —1) =1

and thus o(k) and o, (k — 1) are coprime by the same reasoning used to show that
ap(k) and op(k + 1) are coprime. Thus, it follows that

ay(k) | I,

and since m = [k,
ay(k) | ow(m)
as desired. O]

Therefore, we can use the diophantine condition that u? — but + > = 1 to guarantee
that Ik[u = a,(k)] and then set the Diophantine condition that u?|s, where s = a;(m)
for some m.

We are now prepared to give a formal proof that S, is a Diophantine set.
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Formal Proof

Lemma 2.3.27. Given a,b,c, suppose there exist s,r,u,t,v,w such that the following
conditions hold:

b >4,
w?—but +1* =1
s*—bsr +1r° =1

r<s

u?|s
v =bs —2r

vlw—1b
ujw — 2

w > 2
P—wry +y? =1

2a < u
a =arem(z,v)

c =arem(z,u).
Then a = ap(c).
Proof. First, by Section 2.3.3, we know that

b 3k = (k)
w—but +t* =1 =
Likewise, by Section 2.3.3, we know that
b>4
r<s dm[s = ap(m) and r = ay(m — 1)]

sS2—bsr+rt=1

Also, by Proposition 2.3.26, we have that

s = ap(m)

Next, by Definition 2.3.1, we get that
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v=>bs—2r
s = ap(m) v =bay(m) — 2a(m — 1) = ap(m + 1) — ap(m — 1)
r=ay(m—1)

Further, by Section 2.3.3, we know that

w > 2

P —wry +y* =1

} Injr = ay,(n)]

Next, note that the condition v|(w — b) implies that w = b mod v and the condition
u|(w — 2) implies that w = 2 mod u. Therefore, by Propositions 2.3.5 and 2.3.8, we
get that

T = u(n)
v[(w—">0) »x=ay(n)modwvand x =n mod u
ul(w — 2)

Now, note that for any n and m, we can let

n=2m=+j with 7 <m

for some [ and j.In particular, this is always possible because we allow that [ = 0.
Given this, we can now show that

T = ap(n) = £ap(j) mod v.

First, recall that we can define the matrix Ay(n) using «y, as follows:

Ab(n):(ab(”+1) —ab(m)

ap(n) —ap(n —1)

Further, recall that in the proof of Proposition 2.3.11, we found that

= (1)

Then given that n = 2lm + j, we find that



Further, because we know that v = ap(m + 1) — a(m —

1) — ap(m — 1)), meaning ap(m + 1) = ap(m —

Now, suppose we attempted to find the inverse of Ay(m), i.e the matrix (;Z z) such

o) (G 1) -

that

= Ay(m)* - Ap(5)™

i = (M), )
="t —ainn)
= - (_Of’é:zn:)l) ab?frgni)l

(

oq,(m + 1)

ap(m)

Then we end up with the system of equations

ap(m + 1)d — ap(m

Il
_ o O =

g
9
ap(m+1)f — ap(m)h

h

)
ap(m)d — ap(m — 1)
)
)

(
ap(m)f —ap(m —1

mod v

) ot

b 7)

1), we know that v|(as(m
1) mod v. Therefore,

40

_l_
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which we can solve to find that

d= —oq,(m — 1)
f=ay(m)

g = —ay(m)
h=ap(m+1)

meaning

Ay(m)™! = (—ab(m —1)  ay(m) ) _

—ap(m)  ap(m+1)

Putting this together with our previous result, we now have that

Ap(m) = —Ay(m) " mod v
and thus
Ap(m)? = —Ay(m) T Ay(m) = — ((1) (1)) mod v.

Putting this together with our result that

Ap(n) = Ab(m)Zl : Ab(j)il7
we find that

Ap(n) = £A,(5)*! mod v

where all four combinations of the + and — signs are possible. Then examining this
congruence element-wise, we find that

r = ap(n) = +ay(j) mod v,

as desired.
Next, we can examine the following sequence of inequalities to find that 2a4(j) < v:

2a5(7) < 204(m) since 7 < m

< (b—2)ay(m) since b > 4
= bay(m) — 2a4(m)
< bay(m) — 2a(m — 1) since ay is increasing
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Therefore, we now have that

205(7) <
a=arem(z,v) »a=arem(r,v)=arem(cay(n),v) = ay(j)
r = ap(n) mod v

Then, with this result and the fact that a4 , we have that

a = ay(j)

27 <20(7) =2a < u
20 < u }]_ b<])

With this, we have that

¢ = arem(z,u)
x =nmodu
n=2lm=j ¢ = arem(z,u) = arem(n,u) = j
ulm

27 <u

J

And finally, we arrive at our desired result, as

a= abw} @ = ()

c=]
O
Lemma 2.3.28. Let a = oy(c) and b > 4. Then there exist s,r,u,t,v,w such that:

w?—but +1* =1
s*—bsr +1r° =1
r<s
u?|s
v =bs —2r
vlw—1b
ujw — 2
w > 2
P—wry+y? =1
2a <u
a =arem(z,v)

c =arem(z,u).



43

Proof. First, we choose u such that u = a4(k) for some k, u is odd, and 2a < u. We
can guarantee that we can find such a u, because by Proposition 2.3.3, we know that
ayp is an increasing sequence, and by Corollary 2.3.12, we know that at least one of
any two consecutive terms of «y is odd.

Next, we let t = ap(k + 1). Then by Section 2.3.3, we know that the condition

w—but+t*=1

holds.
Further, we let m = uk, and choose r and s such that s = ap(m) and r = ay(m—1).
Then by Proposition 2.3.3 and Section 2.3.3, we know that the conditions

s>—bsr+r’=1landr<s

both hold.

Then by the proof of Proposition 2.3.26, we find that
s = op(uk) = (=1)" L uay(k)ay(k — 1)" mod (ay(k)?).

Since u is odd, u — 1 is even, meaning (—1)“~! = 1. Further, since u = ay(k), we
have that
s = u?ap(k — 1)*! mod u?,

and thus the condition u? | s must hold.

Next, since we know that s = a;(m) and r = ap(m — 1), we can find that

bs — 2r = bay(m) — 2ac(m — 1)

so we can choose v = bs — 2r.

Next, we’ll guarantee that there is some w that satisfies the conditions w > 2,
vlw — b, and u|w — 2. In particular, this requires that the system w = b mod v and
w = u mod u has a solution for w. By the Chinese Remainder Theorem, we know
that such a solution exists as long as v and v are coprime. To check that this is in fact
the case, suppose that there is some d such that d|u and d|v. Since u?|s, it follows
that d|s. Since v = bs — 2r, d|2r, and since u is odd, d is odd, so d|r. Therefore, since
s> —bsr +1? =1, d|1, so d = 1. Therefore, u and v are in fact coprime.
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Further, we can choose 2 and y such that = = a,(c) and y = a,,(c + 1). Then by
Section 2.3.3, we know that the condition

v —wry+y* =1
holds.

Next, by the condition v|w — b, we know that w = b mod v, and therefore by
Proposition 2.3.8, we know that a,(c) = as(c) mod v. Then since a = 4(c) and
r = au(c), we find that = a mod v. Also, above we saw that v > 2a;(m). Then
2a < u and m = uk, we know that a < m < ap(m), meaning v > 2a. Thus, we can
conclude that a = arem(z,v).

Lastly, since w > 2, we know by Corollary 2.3.9 that =z = «a,,(¢) = ¢ mod w — 2.
Then since ulw — 2, x = ¢ mod u. Further, we know that 2¢ < 2a4(c) = 2a < w.

Therefore, we can conclude that ¢ = arem(z, u).
[

Theorem 2.3.29. S, is a Diophantine set.

Proof. Since all conditions stated in Proposition 2.3.27 and 2.3.28 are Diophantine
conditions, these two propositions together prove that S* is a Diophantine set. O

2.3.5 The set {< a,b,c > |a =0} is Diophantine

We have now completed our analysis of of «y, with the important result that
S, = {< a,b,c > |a = ap(c)} is a Diophantine set. In this section, we will compare
S, to the set {< a,b,c > |a = b°}. In particular, we will attempt to rewrite b¢ in
terms of «y, and thus prove that exponentiation is Diophantine. For convenience, we
will define 0° = 1 throughout this section.

We will begin our comparison with the following proposition.
Proposition 2.3.30. (b —1)" < ap(n+1) < b

Proof. Our proof will proceed by induction.
Let n=0. Then (b—1)" =1, ap(n+1) =1, and " = 1, and since 1 < 1 < 1, the
proposition holds. Let n = 1. Then (b—1)" =b—1, ap(n+ 1) = b, and b" = b, and
since b — 1 < b < b, the proposition holds. For the induction case, assume (b—1)" <
ap(n + 1) < b" for all n < k. We must show that (b — 1) < ap(k+ 1+ 1) < oL
By our induction hypothesis, we know that

ab(k + 1) < b
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and so
b-ay(k+1)<b-b*,
meaning
b- Oéb(k‘ + 1) — ab(k) <b- bk
Thus,

ap(k +2) < bFFL
Also, by our induction hypothesis we know that
(b—1)F <ay(k+1)
and therefore
b—1)-b-1DF<(b—-1) ap(k+1) =bay(k+ 1) — ay(k + 1).
Then since «y, is increasing, we know that
(b—1)-(b—1)F <bay(k +1) — ap(k),

meaning
(b — 1)'“rl < ap(k + 2).

Thus, we have found that
(b— 1) < ay(k 4 2) < b
This implies, by induction, that for all n > 0,
(b—=1)" <a(n+1) <"
0

Next, we will prove a similar but slightly more complex inequality. Although it
may seem strange at first, it will actually be quite useful in developing a Diophantine
way to express b° in terms of .

Proposition 2.3.31. For allb >0 and all ¢ >0, if x > 16(c + 1)(b+ 1),then

Qpgra(c+1)

b <
T ag(c+1)

<b°+1.

Proof. First, we note that since x > 16(c+1)(b+1)¢, x > 16. Our proof will be split
into two cases, one for b = 0, and one for b > 0.



Case 1: Let b = 0.
Say ¢ = 0. Then for any z,

abw+4(c+ 1) _ abx+4(1) _ 1 _
a(c+1) (1) 1

Then since we have defined 0° = 1, we obtain that

Apgig (C —+ 1)

< 2,
az(c+1)

and thus our proposition holds.
Then instead say ¢ > 0. By Proposition 2.3.30, we know that

Uppia(c+1) < (bx +4)° = 4°
and
az(c+1) > (x—1)9

and therefore
pgra(c+1) < 4¢
az(c+1) = (z—1)

Then since x > 16(c + 1)(b+ 1)°, it must be true that x > 5, and thus

1 <1
(x —1)°

Then

0 S Oébm+4(C+ 1) 1’

ag(c+1)
so again our proposition holds.
Case 2: Let b > 0.
First, we will show that
- 1
Quepale 1) b4 1.

az(c+1)

Will will proceed by proving a series of inequalities.

(a.)

Qpera(c+1) < (bx + 4)°
a(c+1) — (z—1)°




This inequality follows from Proposition 2.3.30, which tells us that

Qppya(c+1) < (bx +4)°

and
ay(c+1)>(x—1)"
(b.)
iy _ (0
i

Notice that
(bx + 4)° _ (bx (1 + %) _
(a=1" (@(1-3) w(1-1) (1-1)°

Then since % < %, it follows that

c 4\¢1c
(br +4)° _ (1+3)0

@17 = a-Yy
as desired.
(c.)

()7 v

47



Notice that

Since = > 16,

meaning

and so

Thus

as desired.
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(T+2)%b° be

(-0 = -2y

4\° 4\° 4\°
1+—) (1——) < 1 since (1——) >0
T T T

1 (&
— (1——6) <1

we know that




b¢ b¢

(- (-1 = G_oF

We know that

meaning

and therefore

It then follows that
be b b

=D0-9 ~ 0-90-9 @ o

as desired.

Here, we must show that

2c
(-2 -5
X X

for all ¢. This inequality will follow by induction.
Let ¢=0. Then



Then assume that for ¢ < k,

Then let ¢ = k£ + 1. Then

A0 20+D)
-2y
T

8k 4\?
1-—- —> <1 — —) by our induction hypothesis.

T

_ 8 + 8k L 16 4 64k B 128k
x x? x3 )
(16+64k) B (128k> >0
2 3 -

<= 16 + 64zk — 128k > 0

Notice that

< x + 4k — 8 > 0

e z(1+4k) — 8k >0.

20

Then by our initial assumption, we know that when ¢ = k41, x > 16, so in particular,

x > 8k, and further z > %. Therefore

x(l+4k) — 8k >0,

meaning

(16—!—64k) B (128k) >0
22 3 -



Then we get that

8 + 8k 16 + 64k 128%
1 — + 5] -
T 2 3

> 1 - 8 + 8k
T

_ 8(k+1)

N T

Then when ¢ = k + 1, it holds that

4\ 8
(1——) 1-
X xr

Therefore, by induction, for all ¢ > 0,

4 2c
(1__) -5
X xr

v

A%

We can then conclude that

IN

as desired.

o1



Notice that

16¢
= — < 1+ —
1—; X
16¢
< <1 —_—
T — 8¢ T
2
<= < x+ 16¢
T — 8¢

<= 2? < (x4 16¢) (z — 8c) since x > 8¢
— 1? < 2%+ 8cx — 12872

0 < 8cx —128¢°

<=0 < 8c(x— 16¢)

< c=0o0r0 < zx— 16¢.

Then since x > 16(c+ 1)(b+ 1)¢, it must always be true that

0 < x—16¢
and thus

as desired.
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1
bc(l—l-iC) < b+1
x

Notice that

1
bc(l—l-ﬁ) < b4+1
x

b¢16¢

<:>bc+( > < b°4+1

(1601)0)
= <1
T

<= 16cb° < .

Then since x > 16(c + 1)(b+ 1)°, it must be true that > 16¢b°, and thus
16
bc(1+—c) < B+l
iy
as desired.

Putting the seven previous inequalities together, we get that

abx+4(c + 1)

< b+ 1.
az(c+1)
To prove our proposition, it remains to show that

Oéba;_|_4(c + 1)

bC
= az(c+1)

This is easily done since, by Proposition 2.3.30, we know that

Qpera(c+1) > (bx + 3)°
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and
ag(c+1) < 2

meaning

= (b+32)° > 0°.

Qpera(c+1) S (bx + 3)° br +3\°
ag(c+1) — x¢ B x

Thus, combining Case 1 and Case 2, we can finally conclude that for all b > 0 and
all ¢ >0, if > 16(c + 1)(b+ 1)°, then

Oébm+4(C + 1)

b <
(e +1)

< b+ 1.

Corollary 2.3.32. If x > 16(c+ 1)(b+ 1)¢, then
b = ppra(c+ 1)divag(c+ 1).
Proof. By Proposition 2.3.31, we know that

Oébx+4(C + 1)

b <
(et 1)

< 0+ 1
for > 16(c+ 1)(b + 1)°. Then the integer part of %ﬁ;) must be b°. O

Recall that in Example 2.3.32, we found that the div function is diophantine.
Therefore, Corollary 2.3.32 provides us with the desired diophantine way of expressing
b¢ in terms of ay. The only slight problem left to deal with is expressing the condition
x > 16(c + 1)(b+ 1)¢ in a Diophantine way. We solve this problem easily with the
following theorem.

Proposition 2.3.33. If x = 16(c + 1)apya(c+ 1), then x > 16(c+ 1)(b+ 1)°.
Proof. Using Proposition 2.3.30, we get that
apra(c+1) > (b+3)° > (b+1)°.
O

Note that there are obviously an infinite number of choices of x that would fulfill
the requirement that > 16(c + 1)(b + 1)¢. The reason for using as4 is simply that
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is automatically fulfills the condition that the base of o be greater than or equal to
4.

We have now seen that we can represent the set

{{a,b,¢) | a =10}
by the set

{{a,b,c) | x =16(c+ 1)apya(c+ 1) and a = appra(c + 1)diva,(c+ 1)},
In order to make the conditions
r =16(c+ 1)apia(c+ 1) and a = appya(c + 1)diva,(c + 1)

Diophantine, we can replace a4, Qpera, and o, (c+1) each with the set of conditions
given in Proposition 2.3.27. Thus, the set {{(a,b,c) | a = b} is Diophantine.
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Chapter 3

Key Concepts and Definitions

3.1 Register Machines

In order to understand Hilbert’s tenth problem, we first needed to understand
Diophantine equations and Diophantine sets. In addition, we need to specify what
is meant by “devis[ing] a process” that determines if Diophantine equations have
solutions. In modern times, this “process” can be thought of as an algorithm, so the
question of whether or not a Diophantine equation has solutions can be thought of
as a question of computability. Thus, we now turn to giving a background on the
computability concepts necessary in understanding Hilbert’s tenth problem and its
negative solution. In this section, we will examine a model of computation known as
a register machine.

Definition 3.1.1. A register machine M consists of a finite number of registers
Ry, ..., R,, each of which can hold a natural number, and a finite length program
of instructions Ly, ..., L,,, where each instruction L; must have one of the following
forms:

[} Ll Rk — Rk +1 (and GO TO Li+1)

o L;: If R #0, then R, — Ry —1 and GO TO L,
If Rk = 07 then GO TO Li+1

o7
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o L;: HALT

In order to understand this definition better, let’s look at some examples. Our
first example is a machine that can be used to add two natural numbers together.

Example 3.1.2. Let M consist of two registers Ry and Ry and the following program:
e Lo Ry — Ry + 1 (and GO TO L,)

o [: If Ry 7é O, then Ry — Ry —1 and GO TO Lg
(else GO TO Ls)

o [o: If R, 7é O, then Ry — Ry —1 and GO TO L3
(else GO TO Ls)

e [3: HALT

Then suppose the initial input in R; is 2 and the initial input in Ry is 3. Then
the following diagram represents the progression of M:

R : 2131314145 |5]6]61]5
Ry : 3 (3221|1700 01]O0
Next Instruction: L() L1 LO L1 LQ L1 LO Ll L2 L3

Instead, suppose the initial input in R, is 13 and the initial input in Ry is 4. Then
the following diagram represents the progression of M:

R : 13 14|14 15|15 |16 | 16 | 17 | 17 | 18 | 18 | 17
Ry : 4 143322110, 00|0O0
Next Instruction: Lo L1 LO L1 LO L1 LO L1 LO L1 LQ L3

For a third case, suppose the initial input in R, is 5 and the initial input in Rj is
0. Then the following diagram represents the progression of M:

Ry 5 16|65
Ry : 0O[0] 010
Next Instruction: || Lo | L1 | Lo | L3
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Note that the progression of the register machine M is different for different initial
inputs. In particular, the order of the insturctions used, the contents of R; and Ry
at each step, and the number of steps used before reaching the halt instruction, all
vary depending on the initial input.

It is also possible that, on some or all inputs, a register machines will never reach
the halt instruction, as shown in the following example.

Example 3.1.3. Let M consist of one register R, and the following program:

.L()Z R — R +1

e Li: If Ry # 0 then Ry - R; — 1 and GO TO L

e [o: HALT

Then let the initial input of R; be some natural number n. Then the following
diagram represents the progression of M:

R;: nin+l|n|n+l|n
Next Instruction: || Lo | Ly Lo | Iy Ly

Thus, on any input, this register machine enters an infinite loop and never reaches
HALT.

3.2 Computable and Computably Enumberable Sets

Now that we know the definition of a register machine, we can define a computably
enumerable set.

Definition 3.2.1. A set S of n-tuples is called computably enumerable when there
exists a register machine M such that M reaches a halt on input aq, ..., a, if and only
if (ay,...,a,) € S.

Note that this definition requires that M runs forever on any input that is not in
S. However, as a register machine progresses on some input, we may not be able to
tell if the machine will run forever, or if it simply has not reached a halt yet. Thus,
a stronger classification of sets is the computable set, defined as follows:
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Definition 3.2.2. A set S of n-tuples is called RM — computable when there exists
a register machine M such that on input aq, ..., a,, M halts with output 1 if and only
if (ai,...,a,) € S and with output 0 if and only if (a1, ...,a,) ¢ S.

Thus, if a set is computable, we have a definitive way of checking whether any
given n-tuple is in the set. To show that Hilbert’s problem is unsolvable, we will
show that Diophantine sets are not computable, which implies that we have no way
of checking whether or not the Diophantine equation that represents the set has
natural number solutions (if there was a way, then the set would be computable). In
order to do this, we will make use of the following well-known theorem.

Theorem 3.2.3. A set S is computable if and only if S and S¢ are computably
enumerable.

Now that we have a background on Diophantine sets and the appropriate com-
putability concepts, we are prepared to prove the unsolvability of Hilbert’s Tenth
Problem. We will begin with a comparison of Diophantine and computably enumer-
able sets.



Part 1V

The Proof

61



Chapter 4

Comparison of Diophantine and
C.E. Sets

In this chapter, we will see that a set is Diophantine if and only if it is computably
enumerable. In general, it is a trivial fact that any Diophantine set is computably
enumerable. If a set is Diphantine, then we know that there is some Diophantine
equation that represents the set. Therefore, we can build a register machine, based
on this equation, which will halt if and only if an input is a solution, making the set
computably enumerable. On the other hand, it is not so obvious that a computably
enumerable set is Diophantine. Our goal in the following sections will be to prove
that it is.

4.1 Further Examination of Register Machines

By definition, we know that if a set S is computably enumerable, then there is
a register machine M such that on input x, M reaches a halt if and only if x € S.
We also know that M must have some finite number of registers, call them Ry, R,,
...,R,,, and some finite number of instructions, call them Ly, L, ..., L,,. To picture
M, the progression of M on some input x € S, we can use the following diagram:
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t=0 t=1 t=2 t=s
Rl o= 1,1 1,2 T1,s
R2 20 = 0 2,1 2.2 T2s
Rn 7nn,O =0 Tn,1 Tn,2 Tn,s
Lo | bo=1|lo1 | loa lo,s
Ll ll,O =0 ll,l l1,2 ll,s
Lm lm,O =0 lm,l lm,2 lm,s

where
e s is the number of steps that it takes for M to reach a halt on input x € S
e cach r;; is the entry in register I?; at time ¢

e and each
{17 if L; is the next instruction at time ¢
it =

0, else.

In order for M, to be a valid progression of M, the values of each r;; and each [,
must fit a number of characteristics, including the following:

e The first instruction must be Ly,
ie. l070 =1.

e At any particular time ¢, there must be exactly one instruction that comes next,
i.e. for any ¢, there exists some j € [0, m] such that [;; = 1 and for all k& € [0, m],
k? 7£ i, lkﬂg - 0

e The only halt instruction is the last instruction,
i.e. I, s =1, where L,, is the halt instruction, and for all ¢ # s, I,,; = 0.

e At any time ¢, the values of 714, ..., 7, and lo4, ..., L,y result from applying one
of the possible RM instructions, as described in Definition 3.1.1, to the values
of T1t—15--Tnt—1 and l07t—1a'--7lm,t—1'

Note that for any x € S, the values of each r;; and each [;;, will have these
properties, and if there are values of each r;, and each [;; that have these properties
for some x, then x € S. Therefore, to show that S is Diophantine, we will rewrite
the above conditons as Diophantine conditions that hold if and only if x € S.
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4.2 Preparation for Determining Diophantine Con-
ditions

In order to determine the system of Diophantine conditions that are met if and
only if x € S, we must first determine what constants, parameters, and variables we
will need. Since we have a particular register machine M associated with our set S,
the values of m and n are constants. Our parameter will be x, representing any input
we might put into M. Since the number of steps in M, varies with each input x, s
will be a variable. We might also attempt to make each value of 7;; and [;, variables
as well, but since s changes with each step, each input x would require a different
number of variables. Instead, note that we could take our register machine and define
the values R}, ..., R}, Lg, ..., L;,, where

e forany i € [1,n], Rf = > ;- Q" for some @ € N
=0

e for any j € [0,m], Lj = > ;- Q" for some Q € N.
=0

Note that as long as () is a large enough base, each r;; and each [;; could be uniquely
recovered from each R and each L}. With this value of (), we could also define the
value I, where

o I=>1-Q"
t=0
So, the variables in our Diophantine conditions will include s, @, I, R}, ..., R}, and
L§, ..., L.

In addition, we will also make use of a new binary relation, <.
Definition 4.2.1. Let r» and s be two numbers written in base 2 notation, i.e.
Yy ) Yy '
7’:27}21 (0<r<1) and S:ZSZQZ (0<s,<1)
i=0 i=0

for some y € N. Then r < s if and only if r; < s; for all i € [0, y].

In order to show that < is a Diophantine relation, we will use the following lemma,
without proof.
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Lemma 4.2.2. r < s if and only if (i) =1 mod 2.

Theorem 4.2.3. < is a Diophantine relation.

Proof. In Example 2.2.2, we saw that the choose function is Diophantine, and in
Example 2.1.4, we saw that the congruence relation is Diophantine. Therefore, by
Lemma 4.2.2, < is a Diophantine relation. O

With these preparations in place, we can now determine the Diophantine condi-
tions that represent S.

4.3 Determining the Diophantine Conditions

We will proceed by examining each desired characteristic individually and the appro-
priate Diophantine condition(s) that can be used to represent them.

Property: () must be a sufficiently large base to uniquely determine each r;; and each
Lt

Diophantine Conditions: = + s < % and m+1 < Q.

Reasoning: At any time ¢, r;; cannot be any larger than x +¢. Thus, any ) > = + s
would suffice to uniquely determine each r;;. We instead require that Q@ > 2(z + s)
for later reasons. Further, since each [, is no larger than 1, @ > 1 is sufficiently
large. We instead require that ) > m + 1 for later reasons.

Note that our intention is to set condtions on the values of each r;; and [;;, and
the above property allows us to do so by setting conditions on the values of R7, ..., R},
L§, ..., Ly, when examined base ). However, the Diophantine relation that we have
at our disposal is <, which compares values base 2 rather than base (). Therefore,
we will set the following condition on () to make it easier for us to convert back and
forth between values written in base 2 and base ().

Property: @ is some power of 2.
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Diophantine Condition: () < 2Q) — 1

Reasoning: Take any value () € N. Then the values @, 2¢Q), and 2¢) — 1 can be
written in base 2 as

x kL ok x 2! x 20
Q =[] lan] L[] Lo ] [a]
2 = .o ] la] laa] [ ] Lao | [0
o= lofloflofloflol 1]

where each 0 < a; < 1. Also, note that () is a power of 2 if and only if there is a
unique ¢ such that a; = 1.

Since we know that ) > 1, we know that there is at least one ¢ such that a; = 1.
Then let k be the lowest value of ¢ such that a; = 1. Then in subtracting 1 from 2@,
we obtain the following:

x kL ok x 21 x 20

Q@ =l.Jlad 2] o]lo][o0]
_2@:!.--\!1\10\!0\!0\!0\
1 =loflollol[lollo][1]
20-1 = | .. | ol [ ][] 1] [1]

Note that for all values of ¢ that are visible in the above chart, the condition
@ =<2 — 1 holds. Now suppose that there is some h > k such that a; = 1 as well.
If h=Fk+1,ie. if agy = 1, we can see from the above diagram that our condition
Q = 2Q —1 is no longer satisfied, as the coefficient on 2**! in @ would be 1, while the
coefficient on 2! in 2QQ — 1 would be 0. Thus, we can assume that a;_; = 0, meaning
that after subtraction, the coefficient on 2" in 2Q) — 1 is 0. Again, this contradicts
our condition, as we assumed that the coefficient on 2" in @Q is 1. This contradiction
can be illustrated as follows:
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x2h  x2h-t x kL ok x 21 x 20

@ =Ll Jlallol [ JlofJla]lol[lo][o]

o =l lof el il loflofloll[o]
1o =loflollollofloflofJlollol[1]

20-1 = [ Lo Lo o]l a] 1]

Therefore, the condition () < 2¢) — 1 guarantees that there is only one value of ¢ such
that a; = 1, and thus that @ is a power of 2.

Property: An arbitraty I € N has the form I = > Q'
— =0

Diophantine Condition: 1+ (Q — 1)1 = Q**!

Reasoning: Using the formula for a geometric series, we get that

For the remaining properties, it will be useful to examine the conversion between
a number written in base () and that number written in base 2. Let N € N. First,
let’s examine NV in base ). We know that we can write any N as

N:th-QtwhereOSqt<Q.
t

Then since () is some k-th power of 2, we can write N out in base () as follows:

x@Q?  xQ'  xQ° e X(2])2 0 x (20 x(2k)0

e ol lel [l (el = [ [e] (o) (ol
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Next, let’s examine N in base 2. We know that we can write N as

N:Zuv-2vwhere0§uv§1.

Then N written in base 2 will be as follows:

x 22k 92kl NP ARG LG L x 21 x 20

A AR A A o PR s PO O IR o ) o O R R P

Now, suppose we want to convert between N written in base () and N written in
base 2. For a particular ¢, we know that the value of ¢, can range from 0 to 2¥=1 + 1.
Then let’s consider the value of ¢, - Q! for the various possibilities of ¢.

qt q - Q" value ¢, - Q' written in base 2
o XK= okt2 okt okt
0 (0)- 27 0 0 0] 0 0 0 ]0
1 (20) - 2 0 0 0 0 0 T |0
2 20) - 27 0 0 0 0 1 0 |0
3 2T 12027 || 0 0 0 0 1 T 10
4 (22) . okt 0 0 0 1 0 0 0
5 2212 2% |0 0 0 1 0 1 [0
6 27120 2% |0 0 0 1 1 0 |0
7 (212129270 0 0 1 1 T |0

oF-T (2F 1) 2" 0 1 0 0

T 1| 2T+ 2927 |0 1 0] o0 0 1 [0

The important thing to notice here is that for any ¢, the value ¢, - Q' written in base
2 only ever has a 1 as the coefficients on 2 through 2*+*=1  Therefore, each ¢
determines exactly the values of uy; through gy (x—1). For example, gy determines ug
through wg_1, ¢ determines wu; through usg_1, ¢o determines wuox through ugz,_1, and
so on. In particular, for any ¢,

Ukt+(k—1)--- Ukt +1 Ukt
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is the value of ¢; written out in base 2. Now that we understand this relationship, we
can continue examining the remaining properties.

Property: An arbitrary R} € N has the form R = > 7, - Q' (0 <7y < %)
=0

Diophantine Condition: R} < (% — 1) foralli=1,2,...n

Reasoning: We know that we can write any arbitrary R} € N as Rf = Y r;y - Q'
t

with 0 < r;; < @ for all t. Therefore, we just need to show that the condition
Ry < (% — 1)1 guarantees that s is a large enough bound for this summation, i.e.
that for all ¢ > s, r;» = 0, and that for all t € [0, s], 7, < % Since we know that ()

is some k-th power of 2 and I = > Q' , we find that
t=0

(%—1)[:5:(2’“—1—1)-@.

t=0

Then since 2871 — 1 < @Q, so the coefficients on Q° through Q° when (% — 1)1 is
written in base @ will be 2¥~1 — 1. Also, note that the value 2¥~! — 1 written in base
2 can be determined as follows:

x2k=1 x 2! x 20

o2 =[] foflo]lo]
1= loflollol[1]
21 = Lo L] ] 1]

Therefore, by our previous examination of converting between base () and base 2,

we know that we can write (% — 1) I in base 2 as
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sy ¥ oy &g § 8 8 s
Lo dfolfolfo] [ollaflelf1] ool ] Lofle]le]fe]

XQ)\@/ X'\\\@X ><'\>\€d X\)\é/ ><\ /\/ N N
3 3 8 8 ¥ ¥ ¥ h - e N9
+‘\» +‘Wz _Qz +‘\z _\91 +‘\» +‘Wz _Q» +% _Q» +‘\» +C\»
Lo lfolfollol [olfz]l2][2] Lo 2]l ]lz] [o]lz]l2]l7]
XQs—H XQS XQI XQO

Therefore, for all t > s, r;; = 0, and for all ¢t € [0,s], r;; < % (if it weren’t, then
the coefficient on each 2*~! in R would not be a 0). Thus, our condition guarantees
that R} € N has the desired form.

Property: An arbitrary L} € N has the form L¥ = > 1;, - Q" (0 <[;, < 1).
— =0

Diophantine Condition: L7 < I for all j =0,1,...,m

Reasoning: Again, any L}, € N can be written as ) [;,-Q" (0 < I;; < Q). Therefore,
— ’ =0

we just need to show that our condition guarantees that s is a large enough bound for
this summation, i.e. that for all ¢ > s, [;; = 0, and that for all t € [0,s], 0 < [;; < 1.
First, note that I in base 2 and base (@) is
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XQerl XQS XQl XQO

J§X 18\? +ng +ch ﬁfx ﬁfv ﬁ?/ ﬁjx ﬁ; ﬁ{x ﬁ) ﬁ)
Lo flodfoflo] [oflollolfs] . [oflo]lolfz] L[ol[o]lo]l1]

Then by the condition L < I, we find that L} in base 2 and base () is

N N N

XC»\\@/ X'\\\@X X'\a@ X'\a@/ X\/ /\/ N N
\? & & & & ® ¥ & " W N Q
o oy o T . jﬁ I A A
Lo Jlollolfo] [ollolfollz] .. [ollolfo]lz] [o]lo]lo][?]
XQs—H XQS XQI XQO

Property: For any ¢ € [0, s], there is exactly one j € [0, m] such that [;; = 1.

Diophantine Condition: I = »_ L} (Note that this is a Diophantine condition be-
7=0

cause m is a constant.)

Reasoning: As we just examined, the condition Lj < I for j = 0,1,...,m guaran-
tees that for j =0,1,...,m, L} in base 2 is
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s & 8§ &8s o8 s
;o= [oflofloll?] oflolloflz] [ollo]lo][?]

S & 4§ &8s 8 s
+L1‘=!0HOHOH‘?\ LoJlollo]fz] Lollo][o]l?]
+L§=!0HOHOH?\.-- LoJlodlo]fz] Lollo][o]l?]
+L;=!0HOHOH?\.-- LoJlollo]fz] Lollo][o]l?]

1= Lollodlolfe] . [oflolfo]ls] [ollo]lo][1]
Note that each of the columns of the coefficients on 2°, 2%, 2% . 2% (we will

refer to these as the columns of interest) has k — 1 columns of all zeroes to its left.
Also, note that at most, any column of interest could have m + 1 1’s. If this were
the case, then during addition we would carry a value of mT“ or % (whichever is an
integer) over to the next column to the left. If this value were large enough, then we
would end up carrying a value of m;l or gz over to the next column to the left, and
so on. Our concern would be that this value eventually gets carried all the way to
the next column of interest. In order for this to happen, either ”";,51 >1,0r 5 > 1.
However, recall that in our first condition, we set Q = 2¥ > m + 1. Therefore, the
possibility of any value getting carried into a column of interest during addition is

eliminated. Thus, for any column of interest,

e if there are no 1’s, the value of I in this column will be a 0, a contradiction to
our condition.
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e if there is a single 1, the value of I in this column is a 1, as required by our
condition.

e if the number of 1’s is greater than 1 and even, the value of I in this column
will be a 0, a contradiction to our condition.

e if the number of 1’s is greater than 1 and odd, then the value of I in some column
to the left (but before the next column of interest) will be a 1, a contradiction
to our condition.

Thus, the condition I = Zo L} guarantees that for any ¢ € [0, s, there is exactly one
‘]:
J € [0, m] such that {;, = 1.

Property: lpo = 1.

Diophantine Condition: 1 < Lj

Reasoning: We know that 1 in base 2 is

/'\/
<

%X\\ %&X’\ %@ \{Q/’\/ ><\/ /\/

&L E P L N
1= Lodlollolfo] .. Loflolfolfo] Loflollo][1]
Then the condition 1 X L§ guarantees that L{ in base 2 must be

/'\/
'\)\6 N N

G & x ¥ X 2

o o o I . A o
o= 2 )l el ] o [l ] Ll ]l

Thus, lpp = 1, as desired.
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Property: [, = 1 if and only if ¢ = s, where L,, is the halt instruction.

Diophantine Condition: L} = @°

Reasoning: The condition L7, = @)° implies that L} in base (@) is

XQS XQs—l XQl XQO

The conditions that follow can be used to ensure the property that at any time
t, the values of 714, ..., "ny, log, -y Ly are determined by applying the appropriate
instruction of M to the values 1 4_1, ..., Tn4—1, lot—1, ..., lm—1. Thus, these conditions
will depend on the particular instructions Ly, ..., L,, that make up M.

For any j € [0,m] such that the instruction L; is GO TO L,, we include a copy
of the following condition.

Diophantine Condition: QL} < Ly

Reasoning: In base @, we know that L7 is

XQS Xstl XQl xQO
L = ’ 0 ‘ ’ lj,s ’ lj»l ‘ ’ lj,O ‘

J

Then QL in base () and base 2 is
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N N N
¥ & ¥ N
N N N ) N > N N
X X X X X N X /
+ + +

+ O G
|

o][0][0]] [01[0]

Further, L7 in base ) and base 2 is

XQS-H XQS XQl

WV < P
P R R s .
& & & & > > W N o &
o o o o R o A
Lo Lo ffodlo] Tolflollo]ln LoJLoJ[o]ha] [ol[o]]

Thus, for any ¢, the value [;; is compared with the value [,;;. Therefore, the
condition QL} =< L; guarantees that for any ¢, if [;; = 1, then ;11 = 1.

j € [0,m] such that the instruction L, is IF R; = 0, GO TO L, (IF
R; # 0, GO TO Lj41), we include a copy of the following conditions.

Diophantine Conditions: QL; =< L; + L3, and QL} = L}, + QI — 2R;

Reasoning:

First, we will show that the condition QL} =< L; + L}, guarantees that for any
t such that [;; = 1, either [;;,41 = 1 or [,;41 = 1. We know that QL;in base () and
base 2 is



XQerl XQS XQl XQO

liams o]

N N N

¥ & ¥ ¥
%><® %XQ . = . N %@x\ < «{/\ ~ ~
I, o . A 2 A S8
Lo JloJfofln ] [olfollo]] . [o]fo][o]fu] [o]fo][o][o]
Further, L7 in base () and base 2 is
XQs—i-l XQS XQI XQO

(’X@\@ \%XQ\Q @X\\\@ @X\\\@ ?f‘X\ ® ﬁ/\ \@X\ * \&«/\ N Q
_\9/ _\9) _pz _pz _Q) _pz _\ﬂ) +% _pz _ﬁz _\9/ _&
Lo lofloffo] [olfo]lolls o JLof[olna] [oflol[ o]l
And lastly, L7, in base () and base 2 is
XQerl XQS XQl XQO
xﬁ/\ x\\\”}\ XN\\@ XQ\@/\ X «@/\ < P
R S R ﬁ ﬁ 3 s 8 5§ 83
’ 0 H 0 H 0 H 0 ‘ ’ 0 H 0 H 0 Hlj+1,s . IOHOHOHZJ‘HI‘ IOHOHOHZHLO‘

Then we can see that when ()L}, L7, and L7, are written in base 2, any l;;
lines up with [, ;1 and l;;,41. Therefore, for any ¢ such that [, = 1, the condition
QL;f =L, + L;H guarantees that either [,;1 = 1 or [j11441 = 1 (we know from a

previous condition that they cannot both be 1).
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Next, we will see that the condition QL < L7, + QI — 2R} specifies that if
ri¢ = 0, then it is [, ;41 = 1, whereas if r;; # 0, then it is [j 41441 = 1. First, we know

that QI in base ) and base 2 is

XQerl XQS XQl XQO
L0 |
N N N
& & * ¥
& & & & SO ¥ e NN
_ﬂ» +‘Wz _g» +% +‘Wz _@ +"'\z _p) +% _p) _‘_‘\» _‘_%
Lo Jfoflo i ] Lofloffolfa] . [offo]fofla] [o]lo][o]fo
Then recall that in our first condition, we set r;; < %, so any 2r;; < (). Further,
note that any value 27, , 27, 1, ..., 2r; 5 is divisible by 2, so any of these values written
out in base 2 will have a coefficient of 0 on the term 2°. Thus, the value 2R} in base
2 has a coefficient of 0 on all 20, 2% 22k 25k In particular, 2R} in base @ and
base 2 is
XQs-i—l XQS XQl XQO

Lo

o lo oo o] - D] R

Now, suppose that for some ¢ such that /;;, = 1, r;; = 0. Then our set up to find
the value L}, + QI — 2R} in base 2 will look like one of the following two cases,

depending on the specific value of .
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Case A: t #£0
o )00 ] o0 [0 ][0] -
ar oo 0o ] Codfo o)1) -
L+l R I O R A [
I e o O | R |
Lo+ QI 2R N [ O | [
Case B:t =0

00 00 e [0 0 [0 ][ 0]

Q1 Lo Jlofol[ 1+ Jloflolfo]fo]
Li+QI 2l e e Jloflo]fo]fo]
28, 2l e Lo Jloflo]fo]fo]
Ln+Qr-2ry = |2 Jl 2 f[ 2l o J[2][2][2][2]
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In case A, we don’t know for certain what the coefficients on any of the terms to
the right of 2* are. So, it is possible that borrowing would have to occur during the
subtraction. However, this borrowing will stop at the 2 column, because the value
of L7,y + QI here is a 1. In case B, we know no borrowing occurs to the right of
2041k hecause we can see that all of these coefficients are 0’s. Thus, in either case,
we know that the coefficients on 2¢+D* remain undisturbed. Further, note that the
condition QL = L7, + QI — 2R} requires that b = 1. If [;11441 = 1, then a = 0,
and so b = 0, a contradiction to our condition. If l;44441 = 0, then a = 1, so b = 1,
as required. Therefore, we can conclude that if r;; = 0, then /;;;,1; = 0, and thus
by the condition QL; =X Ly + L}, 4, lp111 =1

On the other hand, suppose that for ¢ such that {;; =1, r;; # 0. Then again we
must consider the following two cases, depending on the specific value of ¢.

Case A: t #£0
Ba = o 0000 fbmed [0 0 ][0 ][0
or = . [oJolo 1] [oJfollol[1]
Ba+er = . [ 22« [oJlo]o][1]
QR; = .. ’ ? H ? H ? H 0 ‘ ’atleastonel H 0 ‘
TRe YO S o | N | B e
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Case B:t=0
B = o [0 [0 ][0 i [0 ][0 ][0 0]
or = . [0 o] ] Do[ollo]o]
Baver = o[22 2]« ] [ol[o][0][ o]
2R;f :’7"7"7" 0 HatleastonelHO‘
Baver-om = . [ |22 e ) 222 7]

Just as before, in either case, we know that any borrowing that occurs to the
right of the 2% column is stopped at the 2*. But since 7;; # 0, we know that at
least one of the coefficients on 21 2%+2 - - 20+DE=1 iy 9R* will be a 1. Thus,
the borrowing begins again wherever this first 1 is placed, and will continue through
to the coefficient of 2(*+D* in Li+ QI It lj11,11 = 1, then a = 0. Then, during
borrowing, a will become a 1, making b = 1, as required. If /;1;,.; = 0, then a = 1.
Then, during borrowing, a will become a 0, making b = 0, a contradiction to our
condition. Thus, if 7;; # 0, lj 11,41 = 1.

Lastly, we have to make sure that any restrictions L; of the form R; — R; + 1
or R; = R; — 1 are followed correctly. In order to do this, we can use the following
conditions.

Diophantine Conditions:

Fori=1,
Ri=QR;+> QL;—> QL +x
f g
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and for i = 2,3, ..., n,
R =QRi +) QL; -} QL
f g
where ) QL% is the sum over all f such that Ly : R; — R; + 1 and ) QL; is the
f g
sum over all g such that L, : R; — R; — 1.
Reasoning: For ¢ = 2,3,...,n, we can picture the condition R} = QR; + ZQL} —
!
> QL; as follows:
g

XQs—i—l XQS XQl XQO
QR = |ris| [rwa| o [rol [ 0]

+
QL = |lpa| |lpw] o [lpol | 0]

+
QLr, = p] [lposs| o o] [ 0]
QLgl = ’191,8 ’19175—1‘ ’lgl,o‘ ’ 0 ‘
QL% = ’lgﬁvs ’l%vs—l‘ ’lgﬁao‘ ’ 0 ‘
R;-k = ri,s-l—l‘ ’ Tis ‘ ’ Ti1 ‘ ’ 73,0 ‘

Note that this picture would be the same for the condition R} = QR + > QL} —
f

> QL; + x, with the addition of z in the Q° column.
g
Then 7,0 = 0 for all ¢ = 1,2,...n, and r1p = =, as desired. For any t # 0,

Tig = Tig—1 tlp o1+ o+ lpe1 =l o1 — oo — lgge—1. At time ¢, if the instruction
at time ¢ — 1 was to add 1 to R;, then one of the Iy, ; 1, ..., Iy, .1 Will be a 1,
and 7;; = 7r;;—1 + 1. If the instruction was to subtract 1 from R;, then one of the
lgy 15 s lgge—1 will be a 1, and 73y = r; ;1 — 1. For any other type of instruction,
rit = Tit—1. Thus, our conditions guarantee that each for any time ¢, each register
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has the appropriate entry.

To conclude, given a computably enumerable set .S, there must be some register
machine M such that M halts on input z if and only if x € S. We have now seen a
group of Diophantine conditions that will be satisfied if and only if there is a progres-
sion of M that halts on input x. Therefore, these Diophantine conditions are satisfied
if and only if z € S, so S is a Diophantine set.

We have now seen that a set is Diophantine if and only if it is computably enumer-
able. With this result, we can proceed to prove the unsolvability of Hilbert’s tenth
problem.



Chapter 5

Hilbert’s Tenth Problem is
Unsolvable

From our background in computability theory, we know that there are many sets
which are computably enumerable but not computable. By the remarkable result
proved in Chapter 4, we now know that these sets are Diophantine sets that are not
computable. Then if we consider the Diophantine equation that represents any such
set, we know that there is no process to determine whether or not the eqauation is
solvable in the natural numbers. Thus, the process desired by Hilbert does not exist,
and his tenth problem is proven unsolvable.
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