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Math 5120: Complex analysis. Homework 1 Solutions

Omitting details of the computation, with z = x + iy the answers are:
o Rz =x* - 6x2y7 +y*, Iz = dxy(x? - y?).
o Rzl =x/( +y7), Iz7! = —y/(F +)).
e Rz-D/z+1D)=2+y" = D/(x+ 1?2 +y%), I(z—D/z+ 1) = 2y/((x + 1)> +y?).
o Rz2= (2 -/ +y?)?%, 8272 = —2xy/(x* + y)*.

This is an easy direct computation, or can be done by noting that all of these numbers have modulus 1, the first
pair have argument 7 + 5 (so multiplication by 3 gives multiples of 27), while the other pair in the second set
have arguments +% (so multiplication by 6 gives multiples of 27).

One may apply the quadratic formula.

If |a| = 1 then

’1—ab = la ||a—|a|2b !

and an analogous argument using b holds if |b| = 1. The only exception is when the denominator vanishes,
which occurs iff @b = 1. In the case that either |a| = 1 or || = 1 we conclude immediately that this occurs iff
a=">b.

An equation in complex variables is two equations in real variables, in this case two simultaneous linear equa-
tions. A fast way to extract them is to take the complex conjugate, so we have

az+bz+c=0
az+bz+¢=0.

Multiplying by a and b respectively,

lal*z + abz + ac = 0

abz + b’z +be =0
the difference eliminates zZ and we obtain
(laP - 1bP)z + (ac — b&) = 0
so that there is a unique solution iff |a| # |b|, in which case the solution is

bc —ac

=
a2 — b2

Each of the following statements is equivalent.

<1

=l
—ab
-b a-b
l—abl—al_a
la® + |b|> = ba — ab < 1 — ab — ab + |al*|b|?
lal*(1 = |b*) < 1 - |bf?

(lal < Tand |b] < 1) or (jal > 1 and |b| > 1).

<1




1.1.5.3

1.1.5.4

1.2.1.1

1.2.1.2

1.2.2.2

By induction and the triangle inequality
|Z ﬂjaj‘ < Y lillad < Dl =1
J=1 j=1 =1

It is easiest to solve this problem if you recognize it as the equation of an ellipse with foci at +a, as then you
know what to expect. In any case it is easy to see

2al=la+al=la-z+a+z <l|z—al+l|z+al =2

so that |a| < |c]| is necessary for the existence of z satisfying the equation. Then for |c| > |a| we may set z = |cl|a/|a|
and find that |z — a| = |c| — |al, |z + a| = |c| + |al, so |z — a| + |z + a| = 2|c|, whence it is also sufficient.

To find the maximum of |z| on the curve is easy, because repetition of our first argument shows |z| < |c| on the
curve, but the point z = |cla/|a| has |z| = |c|, so this maximum is achieved. The minimum is a little trickier. One
way is as follows:

4z =42 =(z- @)+ + )G -a) + G+ a) =z — a* + |z + a* + 2|z* - 2lal*

s0 2(|z> = lal*) = |z — al* + |z + al*>. Then use the general inequality 2xy < x> + y? for x,y € R to see
2lz —allz + a| < |z - al* + |z + a* with equality iff |z — a| = |z + al, and substitute into the square of the equation
for 2|c| to obtain 2|c]* < |z —al® + |z + af*. Combining these we have 2lc)? < 2(|z|2 - |a|2), $0 |z1> > |c]? - lal?,
with equality iff |z — a| = |z + a|. The latter fact allows us to guess that a point at distance +/|c|? — |a> from O in
a direction perpendicular to a will lie on the curve, a guess that is rapidly verified using Pythagoras’ theorem.

The easy way to do this is to note that symmetry is preserved under rotation by /4, such that the lines become
the axes, then use that the symmetric points with respect to the axes are obtained by + and conjugation, and
rotate back. The points are then

e (xe™ra) = ta,

e M xeimlAa) = e e 4G = Fia.

The vertices of an equilateral triangle are mapped to the vertices of an equilateral triangle by any map of the
form z = a(z + ), and for any given equilateral triangle there is a map of this form that takes it to the triangle
with vertices 1, e?/3, ¢=27/3 The correct choice is 38 = a; + a» + a3 and & = 3/(2a; — a» — a3). It is obvious
that the equality

a% + a% + (1% =aja; + aas + aza

is preserved by the map z — az, and readily verified that it is preserved by z — z + . Thus it suffices to verify

the equality for the triangle with vertices 1, e?/3, ¢=2%/3_ in which case both sides are easily checked to sum to
2.
If 7 = ¢ then

1+cos¢p+...+cosnpg=R(A+z+...+7")

_ sRl _Zn+1
-z
1-z-7"'+7"
_ 1 —cos¢—cos(n+ 1)¢ + cosng
a 2—-2cos¢
I—Z—Z’Hl +Zn
1+z>-z2-2
_ sin¢g —sin(n + 1)¢ + sinng
a 2 —-2cos¢

sing + ...+ sinng
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1.2.2.4 Letw = cos(2xi/n) + isin(27i/n) = e*™/". Provided h is not a multiple of n we have w"" # 1 and thus

1.2.3.1

1.2.3.5

1.2.4.5

)k _ 1= th B 1= eZJThi o

T+w"+... +w =
1 —wh 1 —wh

To see when az + bZ + ¢ = 0 represents a line, recall exercise 1.1.4.4. We must have infinitely many solutions
for the simultaneous equations, so they must be the same, so |a| = |b| and ac = bc. An equivalent form of the
latter is that ¢ is a real multiple of (a + b); we may find this by summing it with its complex conjugate to find
(a + b)¢ = (@ + b)c, from which the ratio (a + b)/c is real. To be certain that the solution set is one dimensional
not two dimensional we must insist that |a| # O.

Rotation around the origin preserves the circle |z| = 1, preserves angles, and may be used to move a to lie on
the positive real axis. WLOG a > 1. Then the circle through a and 1 has center (a + 1) and radius $(a - 1).
The circles intersect at right angles iff the radii to the intersection point are at right angles iff (by Pythagoras’
theorem) the sum of the squares of the radii of the circles is the square of the distance to the center of the the
circle through a and (ll Written algebraically, this is equivalent to

l+%(a—é)2=1+%(a2+a—12—2)= %(a2+a—12+2)= }L(a+é)2

I think it likely that this problem will have caused difficulties. The reason is that the spherical distance in
equation (28) on page 20 of the book is not a geodesic metric! It is the metric corresponding to chords of the
sphere, so the triangle inequality is always strict for three distinct points because they cannot all lie on a chord
(the chord intersects the sphere at two points only). This and the fact that the center of the disc in the plane is
not the same as the center of the circle on the Riemann sphere mean that you cannot do either of the following:
(1) take the distance d(a, a + Ra/lal), or d(a,a — Ra/lal) (because a is not the center in the spherical metric), (2)
take half of d(a — Ra/lal, a + Ra/|al) (because the metric is not geodesic, so half of the diameter is not the radius).
You can do one thing to simplify your calculations, which is to rotate the plane (an isometry of the spherical
metric) so a € R. At this point you have the option of finding the images on the sphere (using equations (25)
and (26) on page 18), then find the center, then find the length of the chord corresponding to the radius. This
latter can also be done by Pythagoras’ theorem, which makes the problem much simpler.

Suppose that the length of the chord joining the images of a = R on the sphere is 2s. Then the distance from
the center of the sphere to the midpoint of the chord is V1 — s2 (by Pythagoras), so the distance radially from
this midpoint to the sphere is 1 — V1 — s2. The landing point of the ray is the spherical center of the disc, and
the spherical radius we seek is the hypotenuse of the right triangle with vertices the landing point, the midpoint
of the chord, and the image of a + R. Since we have just seen the sides of this triangle have lengths s and

1 — V1 — 5?2 the hypotenuse has length 2(1 — V1 — s2) (Pythagoras again). So it suffices to find s. By formula

28 on page 20,
2|(a+R) - (a—R)| 4R

ST U@t R +@-R?) (U +@+R)(1+@-R3)

We can then compute

, (1+@+R?*)(1+(a-R?) -4R?
T (0 +@+RA(1 +(a-R?)
_1+@+R?*+(a—R?*+(d® - R*)? - 4R?
B (1+ (a+R?)(1 + (a-R)3)
_1+2(@* -R)+(a> - R’
 (1+(@+R?)(1+(a-R)7?)
~ (1+a® - R
 (1+@+R?(1+(a-R?)

1-ys
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so that

Spherical radius of disc = 2(1 - m)
|1 +a - R2|
) ( A+ @r R0+ - R)Z)”z)
_ 2( V(1 +a* = R>)? +4R* — |1 + d? —R2|).
V(1 +a? — R)? + 4R?
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