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Part 1

An Introduction to Ordered Fields






CHAPTER 0

Warm Up

1. Sets

Roughly speaking, a set is a collection of elements which one would like to house together,
so that the set might be considered as an object unto itself when judicious. If S is a set (note
that labeling the entire set with the symbol S is a manifestation of our considering the set
as an object unto itself worth “naming”) and a is an element of S, then we write a € S;
synonymously, we can say that S contains a. If S does not contain a, then we write a ¢ S.

The empty set, denoted @, is the set which contains no elements.

1.1. Cursory Material.

Subsets. If S and T are sets such that every element in S is also in 7', then we say that
S is a subset of T, in symbols we write S C T (or, equivalently in these notes, S C T'); in
this case, we can also say that T is a superset of S. Two sets S and T" are said to be equal
when S C T and T C S; intuitively, this means that S and T contain all the same elements.
Further, if S is a subset of 7', but 7" is not also a subset of S (in symbols, S C T and T ¢ S),
then we might write S C T' to emphasize that S is a subset of T', but does not equal T'; often
a subset S C T is called a proper subset of T'. Note that if S is a subset of T, but whether or
not S is a proper subset of T' is unknown or unimportant, it is still correct to write S C T or
S C T, even if it happens that S is actually a proper subset of T'. (The point being, for these
notes the symbols C and C are synonymous and can be translated into the english phrase
“is a subset of”; however, C must be translated as “is a proper subset of”).

Set Builder Notation. There are several notations commonly used when describing a set
via the elements contained within the set. The most common general theme of such a set
description follows the paradigm S = {elements within the set}; here S is the label we are
giving to the set whose elements are those described within the curly brackets { }. An explicit
form of this notation might be S; = {a,b,c} or Sy = {all even integers}; here S is the set

whose elements are a, b, and ¢, whereas S5 is the set whose elements are all even integers.

9
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While this explicit description is fine when practical, it is often intractable to list out
all the elements of a set, in which case we frequently rely on a more metaphoric descrip-
tion. This metaphoric description has the general form S = {z such that Q(z)}. In this
case, Q(x) is some proposition based on z which can be determined as true or false, we can
then read the expression S = {x such that Q(z)} as “S is the set containing the elements
x such that Q(x) is true”. It’s important to note here that the symbol x in this notation
is just a dummy variable; i.e., {z such that Q(z)} is the same set as {4 such that Q(A)}
is the same set as {£ such that Q(£)}. As an example of such a description, let S =

2

{x such that z is a real number and z* < 2}; here S is the set containing all real num-

bers whose square is less than 2, in interval notation of the real line, this is the same as
S =(-v2,v2).

In the metaphoric description, it becomes tedious to write “such that” and the shorthand
notation | or : is often substituted; e.g. the set {x such that x is a real number and z? <
2} = {z : x is a real number and 2? < 2} = {z | x is a real number and x? < 2}. Less com-
mon, though preferred by the author, the acronisation s.t. for “such that” can also be used;
e.g., {z such that z is a real number and 2% < 2} = {z s.t. z is a real number and 22 < 2}.
We can be a bit loose on the ordering as well, as long as the metaphoric description is
still clear and correct. Indeed, note that {x such that z is a real number and 2% < 2} and
{real numbers x such that 22 < 2} should describe the same sets. Using our shorthand, we
would arrive at {z | z is a real number and 2% < 2} for the first and {real numbers z | 22 <
2} for the second; in fact, both variations are perfectly good and commonly used to describe
the same set. Further, if R is the set of all real numbers, we may as well have written
{x € R | 2% < 2}; in words, this would translate to “the set of elements z in the real numbers
such that 22 < 2”.

1.1.1. Disjointness. If Sy and Sy are sets which have no elements in common, then we
say that S1 and Sy are disjoint. If Sy, So, ..., Sy, are all sets (for some n > 2), then we say that
the sets Sy (for k € {1,2,...,n}) are mutually disjoint, also called mutually exclusive, when
no two sets share any elements with each other. Described more rigorously, S1, S, ..., S, are
mutually disjoint when for all m, k € {1,2,....,n} with m # k, the sets S,, and Sy, are disjoint.
More generally, if I is a set (with possibly infinitely many elements) and for each k € I there
is an assigned set Sy, then these sets are said to be mutually disjoint when for all m,k € I

with m # k, the sets S, and Sy are disjoint.
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Russell’s Paradox. We have ignored a rigorous definition of a set to this point and will
continue to sweep many of the details aside for the sake of brevity and intuition. However, it
is true that there are restrictions to what one can define as a set. We now present a famous
paradox that can arise from ignoring such details, it is called Russell’s Paradox:

Suppose there were no restrictions on the types of elements we could assign as elements
within a set. Hence let S be a set which contains as elements all sets which don’t contain
themselves; notationally S = {A: Ais a set and A ¢ A} (for example, if A = {a, B, c} then
A € S since A ¢ A; however, if B = {a, B,c}, then B ¢ S since B € B). We now arrive at
the paradox when we ask: is S € S7 You see, if S € 5, then S contains itself, and by the
definition of S we must have S ¢ S; this shows that S € S implies S ¢ S. On the other
hand, if S € S, then by the definition of S, we must have S € S since S contains sets which
don’t contain themselves; this shows that S ¢ S implies S € S. We conclude that S € S if
and only if §' ¢ S, our paradox.

While such a paradoxes do exist, all examples that follow which are claimed to be sets are,
in fact, sets. If the reader finds themselves skeptical of this, let this skepticism be a motivation
to further explore a rigorous account of set theory (of which the literature is plentiful), rather

than an impedance to appreciating the work built on top of the foundational notion of a set.

1.2. Set Operations: Building New Sets From Old.

Union. Given two sets S; and So, the union of S and Ss is the set
S1USy ={zst.zeSorxe S}

Though we needn’t restrict ourselves to two sets. Indeed, suppose that Si,.5s,...,.5, are all

sets for some n > 2, then the union of the sets Si, 59, ..., S, results in the set
S1USU---US, ={xst.xeS orzeSyor - orx € S,}

= {x s.t. € Sy for some k € {1,2,...,n}}

n
For notational convenience, the latter union is typically written as |J Sg; i.e.,
k=1

Uskzslusgu---usn
k=1
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where the symbol & is just a “dummy variable” informing us of the indexes we are to union
over; e.g., Lnj Sy, Lnj Sk, and Lnj S, all represent the same union S; U Sy U ---US,.

Continlu:iilg oflziln this fas%:ién, if I is a set (with potentially infinitely many elements),
and for every k € I we assign a set Si, then the union of the sets S; with k& € I results in
the set

USk:{x s.t. x € S for some k € T}.
kel

n
Note that if I = {1,2,...,n},then |J Sx = |J Sk =51US2U---US,.
kel k=1
1.2.1. Intersection. Given two sets S1 and S, the intersection of S and Ss is the set

S1NSy={zst. ze€S and z € Sy}

As before, we needn’t restrict ourselves to two sets. Indeed, suppose that S, 59, ...,.5, are

all sets for some n > 2, then the intersection of the sets 57,59, ..., S, results in the set
SiNSyNn---NS, ={xst.ze S andxz €Sy and --- and z € S, }

={zst.zeS;foral ke {l,2 .. ,n}}

Notational convenience again insists that we frequently denote the latter intersection as

n
M Sk; ie.,
k=1

n
(Se=5nNn%N---NS5,
k=1

here (as in the case with unions) the symbol k is just a “dummy variable” informing us of
n

n n
the indexes we are to intersect over; e.g., (| S;, [ Sk, and () S, all represent the same
=1 k=1 a=1
intersection St NSy N---NS,.

Most generally, if I is any set, and for every k € I we assign a set S, then the intersection

of the sets Sy (for k € I) results in the set

ﬂSk:{xs.t.xESk forall k e I'}.
kel

n
If1={1,2,...,n},then (| Spx =) Seg=51NSN---NS,.
kel k=1
1.2.2. Complimentation. Given two sets S and T, the relative complement of S in T,

denoted T'\S or T'— S, is the set

T\S=T-S={zst.ze€Tand z & S}.
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In words, the relative complement of S in T is the set of elements in 7" which are not also in
S i.e., those elements in 7" which are “outside” of S.

Often times, there exists some ambient superset R such that every set accounted for
is understood to be considered as a subset of R. In this case, if S C R, we can drop the
adjective “relative” and simply say the complement of S, denoted S¢, noting that S¢ = R\S.
Notice that the notation S¢ does not include R, so it is vital that the set R is understood
from context as the ambient superset, otherwise S¢ is meaningless or misleading. Indeed, if
we were to let S = {a} and ask, “what is S¢?”, there would be no way to answer.

1.2.3. Power Set. Given a set S, the power set of S, denoted 2°, is the set of all subsets
of S. That is,

29 ={Ast. AC S}.

It’s important to note that an element of 2° is a subset of S, a concept often confused. To
further batter this point, if S = {a, b} then 2% = {@,{a},{b},{a,b}}; note that, for example,
a & 29, though {a} € 2°.

THEOREM 0.1.1. Let S be any set. If S has n elements for some n € N, then 25 has 2"

elements. Moreover, for any set S, the cardinality of 2° is larger than that of S.

1.3. Functions. Given two sets S and T, a function from S to T is an assignment of
each element in S to a unique element of T. The notation f : S — T is used to represent a
function from S to T'; here f is a symbolic label representing the assignment of each element
in S, where if s € 5, then f(s) is the (unique!) assigned element in 7. Given a function
f: 8 —=1T,8 is called the domain and T is called the codomain. The image of f, denoted
f(S), is the subset of T' defined by

f(S)={f(s) s.t. s € S}.

A function is not a formula! One very common misconception is that of a function as a

27 with no reference

formula; for example, you might see some literature say “let f(z) = x
to the domain or codomain of the function; in mathematical terms, if you don’t know the
domain where x is being taken from, nor the codomain where f(x) is landing in, then you
do not have a function. To stress the point, a function requires three pieces of information:
1) the domain set S, 2) the codomain set 7', and 3) the assignment f of each element s € §

to a unique element f(s) in 7. However, we in the mathematics community do often abuse
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notation so that if f : S — T has been defined as a function and we reference this function
later, then we often only use the symbol f to represent the function f : S — T'; to exacerbate
this abuse, we will very commonly call f the function! Moreover, it is less offensive if you
give only the domain S and the assignment f without direct mention of the codomain T,
since presumably you know what element f(.S) is, so there is some implicit understanding of
T'; however, this is still sloppy (see Exercise 6 below).

Suppose that f: S — T is a function. We say that the function is injective (also called
one-to-one) when for all s,t € S, it holds that if f(s) = f(¢), then s = ¢t. We say that f is
surjective when f(S) =T that is, f : S — T is surjective when for all ¢ € T there exists an
s € S such that f(s) =t. We say that the function is bijective when it is both injective and
surjective.

Composition of functions. Suppose that f : S — T is a function and that U is a set such
that f(S) C U. Suppose further that g : U — V is a function. The composition of f : S — T
with g : U — V results in the new function go f : S — V defined by go f(s) = g(f(s)).

Iff:5—Tandg:T — S are functions then both compositions go f : S — S and
fog: T — T make sense. If for every s € S it holds that go f(s) = s, then g : T — S is called
the left inverse of f : S — T analogously, if for every ¢ € T' it holds that f o g(t) = ¢ then
g: T — S is called a right inverse of f: S —T. If g: T — S is both a left inverse and right
inverse of f : S — T, then we say that f : S — T is invertible and call g : T'— S the inverse
of f: 8 — T. It is standard to use the notation f~!: T — S for the inverse of f : S — T.
The following proposition gives us some relationships between injectivity, subjectivity, and

invertibility.

LEMMA 0.1.2. Suppose that S and T are non-empty sets and f : S — T is a bijection.

(1) Suppose that f : S — T has both left and right inverses. Let g : T — S be a left
mverse of f: S =T, and h: T — S be a right inverse of f : S —T. Then g = h.

(2) If f: S — T has an inverse f~1: T — S, then the inverse is unique.

Proof.

(1) Let t € T be arbitrary. We will that g(t) = h(t) which will prove that g : T — S
and h : T — S are the same function. Since f is a bijection, there is a unique
element s; € S such that f(s;) = t. Since g is the left inverse of f, this implies
that g(t) = s;. On the other hand, since h is a right inverse of f, it is true that



1. SETS 15

foh(t) =t, and hence f(st) = f(h(t)) =t. Since f is a bijection, this implies that
h(t) = s;. Therefore h(t) = g(t) = s, finishing the proof.

(2) Suppose that f1_1 : T — S and f2_1 : T — S are both inverses of f : § — T.

In particular, this means that f| LT — Sis a left inverse of f : § — T and
fy LT — S is a right inverse of f : S — T, and we just proved that this means

frt = fy'. Hence the inverse is unique.

ProprosITION 0.1.3. Suppose that S and T are non-empty sets. Let f : S — T be a

function. Then:

(1) A left inverse of f: S — T exists if and only if f : S — T is injective.

(2) A right inverse of f: S — T exists if and only if f : S — T is surjective.

(3) An inverse of f: S — T exists if and only if f: S — T is bijective.

Proof.

(1)

Suppose a left inverse g : T'— S of f : S — T exists. Let s1,s9 € S be arbitrary.
If f(s1) = f(s2), the go f(s1) = go f(s2) implying that s; = sg since g : T — S is
the left inverse of f : S — T. This proves that if f : S — T has a left inverse, it is
injective.

Conversely, suppose that f : S — T is injective. Fix some point sy € S. We
now construct a right inverse g : T'— S of f : S — T. For each t € f(S5), there is
a unique point s; € S such that f(s;) = t; we know such an element s; exists since
t is in the image of f, and is unique since f is injective. Hence for t € f(S) define
g(t) = s¢. Forallt € T\ f(9), let g(t) = so. We now have the following function
g : T — S defined by

st te f(s)
g(t) =
so teT\ f(S)
From here, if s € S then go f(s) = s since if f(s) = t, then s = s; and hence
9(f(s)) = g(t) = sy = s. This shows that if f : S — T is injective, it has a left
inverse.
Suppose that there exists a right inverse g : T — S of f : S — T. Let t € T be

arbitrary. We need to show that there exists some s € S such that f(s) = t, from
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which we will conclude that f is surjective. Let s = g(t), then f(s) = fog(t) =1t
since ¢ is the right inverse. This proves that if f :.S — T has a right inverse, then
it is surjective.

Conversely, suppose that f : S — T is surjective. For each t € T, there exists
a element s; such that f(s;) = t; note that there are possibly many elements in S
such which f assigns to t, but we are fixing our favorite one and calling it s;. Define
the function g : T'— S by g(t) = s;. Then for all t € T, f o g(t) = f(s;) =t. This
proves that if f: S — T is surjective, then it has a right inverse.

(3) This is an exercise.

Inverse Image. A general function f : S — T is not necessarily invertible (which by
Proposition 0.1.3 is the same as the statement that f : S — T is not necessarily bijective).
Regardless, given any function f : S — T, we can define the inverse image function (also

called the pre image function), denoted f~!: 27 — 25 which is defined by
(V) ={se€ Sst. f(s)€V}.

Some caution is in order here. Indeed, we have seen the symbol f~! before when defining
inverse functions, but notice that the inverse image function f~1 : 27 — 29 is defined with
domain 27 and codomain 2% and does not depend on the invertibility of f : S — T. On the
other hand, the inverse function f=!: T — S only exists if f : S — T is invertible and is

defined with domain 7" and codomain S.

1.4. Indexed Collections vs. Sets. The elements contained within a general set have
no particular order, nor do redundancies of elements augment the set. For example, the sets
S1 ={a,b,c}, So = {b,a,c}, and S3 = {a,a,b,b,c} are all the same set! Indeed, it is clear
that each of these sets is comprised of exactly the elements a, b, and c. Indeed, if x € 5
then x =aorxz=borx=c;if x € Sy then z =aor x =bor z = c; if x € S3 then then
r=aorx=>borxz=c Thisshows that z € S < =z € Sy < z € S3, from which we
can deduce that S; = Sy = S3.

One can imagine a situation where we want to concern ourselves with the order of the
elements listed within a set or where we may need or want to repeat elements being considered.

One construct that is extensively used to handle this situation is an indexed collection. To wit,
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an indexed collection (also frequently called an indezed family) requires an indexing set I and
an underlying set S. From here, we create an indexed collection by assigning to each element
in I an element of S. To clarify, let I = {1,2,3,4,5} and S = {a,b,c}. Then we can create
the indexed collection {x;};c; with 1 = a, xo = a, 3 = b, x4 = b, and x5 = c. In this way,
we have created collection of elements that behaves like {a,a,b, b, c} and distinguishes this
collection from, say, {a, b, c}. Note also, we could instead have created an indexed collection
{yi}tier with y1 = b,y2 = a,y3 = b,ys = ¢,y5 = a, resulting in the collection behaving like
{b,a,b,c,a} but distinguished from {z;}icr =~ {a,a,b,b,c} by the ordering of the elements;
that is, z; and y; do not agree for every i € I (e.g., x1 = a whereas y; = b).

A concrete and useful perspective of an indexed collection with indexing set I and un-
derlying set S is to view the indexed collection as a function z : I — S. Indeed, if for all
i € I we equate the function value z(i) with the symbol z;, we can identify the function z
with the indexed collection {x;};c;. More on this is discussed when we start into sequences

(see Section 1).

1.5. Cartesian Product. The cartesian product of two sets S1 and So, denoted S7 X S,

results in the set of all 2-tuples (s,t) where s € S7 and t € Sy; i.e.,
S1 x Sy ={(s,t) s.t. s € Sy and t € Sa}.

Slightly generalizing this notion, the cartesian product of the sets Sy, Ss, ..., Sy, denoted
n
S % Sy X -+ xS, or more conveniently [] S;, results in the set of all n-tuples (s1, s2, ..., S,)
i=1
where s; € S; for every ¢ in the range 1 < i < n; i.e.,

n
Sl X SQ e X Sn = HSz = {(51,82, ...,Sn) s.t. s; € Sz for every 1€ {1,2, ,n}} .
i=1
More generally, let I be a set and {S;};c; be an indexed collection of sets. The Cartesian
product of the sets {S;}icr, denoted [] S; is the of all indexed collections {s;}ic; where

el
s; € 5 for every ¢ € I; i.e.,

[15: = {{si}ics st si € Si for all i € I}
i€l
We conclude this section with a venerable question in mathematics, “for a general indexing
set I, is [] S; non-empty?” The answer is... we don’t know! If I is finite, the answer is in
the aﬂ"lrnzaezftive; i.e., whenever I is finite, [];.; S; is non-empty (which can be shown by an
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induction argument — see Section 3). Yet no proof of the non-emptiness of the product
[Lic; Si is known if I has infinitely many elements. That said, the general math community
(particularly those whose work is in analysis) by and large accept that this set is non-empty

as an arxiom; this is the infamous Axziom of Choice.

1.6. Relations, Equivalence Relations, and Partitions. Suppose that S and T are
sets. A subset R C S x T is called a relation. If S =T, then we say that R is a relation on
S. When a particular relation R on S is in consideration, we typically denote the inclusion
(s,t) € R by s ~ t, and say s is related to t. Often the relation R is defined by how the
elements relate to each other, so it is common to introduce a relation R through the symbol
~, because of this it is common to introduce the symbol ~ (or whatever symbol we choose
to use in place of ~) and refer to R as the equivalence relation on S defined by ~. We say
that R is a reflexive relation on S when for all s € S it holds that s ~ s; we say that R is a
symmetric relation on S when for all s,¢ € S it holds that s ~t = t ~ s; we say that R is
a transitive relation on S when for all 7, s,t € S, it holds that if s ~ ¢t and ¢t ~ r then s ~ 7.
If R is a reflexive, symmetric, and transitive relation on S, we say that R is an equivalence
relation on S.

One point of view is that the notion of an equivalence relation on a set is the generalization
of the notion of equality. One can readily check that the relation defined shorthand by
s ~t <= s =1 defines an equivalence relation on any set. If R is an equivalence relation
on a set S, and s € S, then the equivalence class of s is the set {t € S s.t. s ~ t}; we will
denote the equivalence class of an element s by [s]. The collection of all equivalence classes

of S, denoted by S/ ~. That is,
S/ ~={[s] s.t. s € S}.

A partition of a set S is any indexed collection of mutually disjoint subsets {7} };er of S

such that |J 7T; = S. Each element T; in the partition is called a piece of the partition.
i€l

LEMMA 0.1.4. Any partition of S defines induces an equivalence relation on S via the
relation that s is related to t if and only if both s and t belong to the same piece of the
partition. Conversely, any equivalence relation on S induces a partition of S, where each

piece of the partition is one of the equivalence classes.

Proof. Exercise. m
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2. Proof Strategy

Suppose that P is a proposition, let us consider the statement: Prove P. Since P is a
proposition, it can either be true or false. When asked to Prove P, the goal is to create an
argument which implies that P must take the value true. In the discussion that follows, it
is often useful to interpret a proposition P as an implication. Indeed, any proposition P is
logically equivalent to the implication true = P. To convince yourself of this, note that
true = P is true if and only if P is true, which is enough to conclude that they must be
equivalent propositions.

The two basic strategies for “Prove P”:

o (Directly) Create a direct argument that P is true.
e (Contradiction) Conclude that =P is false by assuming that —P is true and deriving

a logical contradiction.

Note that P is true if and only if =P is false, and therefore there is no logical difference
whether your argument shows that P is true or —P is false. In particular, if you can find a

direct argument that —P is false, this is the same as a direct proof that P is true.

ExaMpPLE 0.2.1. Consider the following: Suppose that x is an integer such that x < 2.
Prove that x < 3. Although a bit silly and contrived, let’s argue in two ways. Note here that
the proposition P is that x < 3, and hence =P is the proposition that = > 3.

— Directly (P is true): Since x < 2 and 2 < 3, transitivity of the inequality implies that
T < 3.

— Contradiction: Assume that x > 3. Since x < 2 we have that 3 < x < 2 which, by
transitivity of the inequality, implies that 3 < 2, a contradiction. Therefore, x is not > 3,

implying that x < 3.

From this vantage point, we can start building up proof strategies for more intricate
propositions P. We list several here which is by no means an exhaustive list. However, we
trust that understanding how to build these up will allow one to do so for most propositions

not included.

2.1. Proofs with Implications. We now start adding structure to the propositions we
will try to prove. We start with a familiar lemma to anyone who has had some experience

with logic.
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LEMMA 0.2.2. Let P and Q) be propositions. The following are equivalent.
(1) P = Q.

(2) -Q = -P.

(3) (PAN—-Q) = false.

Proof. The equivalence between (1) and (3) is standard and easily deduced using, for
example, a truth table. For the equivalence between (1) and (3), we could also argue with a
truth table. However, it may be more instructive to argue as follows. Moreover, P — @
is equivalent to truth = (P = (). From here, the equivalence of (1) and (3) implies
that true = (P = Q) is equivalent to -(P = Q) == —true. With (P = Q)
equivalent to P A =@, and with —true equivalent to false, we discover that P — @ is
equivalent to (P A Q) = false. m

The two basic strategies applied to “Prove P — Q”:

o (Directly)
— Create a direct argument showing that P = @ is true. It suffices to assume
that P is true and argue that this assumption implies that @) is true.
— (Contrapositive) Create a direct argument that -@Q = —P is true. In doing
S0, it suffices to assume that =@ is true and argue that this assumption implies
that =P is true.
e (Contradiction) Conclude that P A —=Q is false by assuming that P A —=Q is true and

deriving a contradiction.

(Fz € S)P(x) < \/ P(x)
€S

(Vz € S)P(x) < /\ P()
€S

3. Induction

THEOREM 0.3.1. The following are equivalent:
1) (The Well-Ordering Principle) If S C N is non-empty, then S has a smallest element.
That is, if S C N is non-empty, there exists some ng € S such that for all n € S, it holds
that ng < n.

2) (Weak Induction) If S C N is such that 1 € S, and n+1 € S whenevern € S, then S = N.
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3) (Strong Induction) If S C N such that 1 € S and n+1 € S whenever k € S for all integers
k in the range 1 < k <mn, then S = N.

Proof. (1 = 2) Suppose that 1) holds and that S C N satisfying 1 € S and n €
S = n+1€S8. Let T =N\ S. We want to show that 7" = @, which will imply that
S = N. We will argue by contradiction. Assume T' # @&. By the Well Ordering Principle
there is some least element ny € T. Since 1 € S, ng > 2; this implies ng — 1 € N\ 7.
Since N\ 7' = S, we conclude that nyp — 1 € S. By the assumptions on S, we have that
ng—1€S = (ng—1)+1¢€.S, showing that ny € S. This is a contradiction since ng € T
and T was defined such that S and T are disjoint. Therefore, T' = &.

(2 = 3) Exercise.

(3 = 1) Assume that 3) holds. Let S € N. We will prove that the well ordering
principle holds by proving that if S does not have a least element, then S = &; that is, we
will prove the contrapositive. To this end, assume that S does not have a least element. Let
T = N\ S. Since S doesn’t have a least element, certainly 1 ¢ S, since any subset of N
containing 1 has a least element (namely, 1). Therefore 1 € T. Now, suppose that n > 1
and k € T for all integers k in the range 1 < k < n. If we can show that this implies that
n+ 1€ T, then by 3) we will conclude that T'= N and hence S = &, finishing the proof. If
n+1¢& T then n+1 € S; however, this means that n+ 1 is the least element in S since k € T
for all £ in the range 1 < k < n, yet S is assumed not to have a least element. Therefore

n+1¢€T, and we're done. m

4. Rational Numbers

Roughly stated, a rational number is any number which can be expressed as the ratio
of any integer p by any non-zero integer ¢; i.e., r € Q when r = p/q for some p € Z and
some ¢ € Z \ {0}. From a different, but equivalent, perspective, the set of rational numbers
is a field (see Definition 1.1.1 below for the definition of a field) which is the “smallest” field
which contains the integers as a subset.

To give a rigorous construction of the rational numbers, we can do the following. Put the
equivalence relation on Z x (Z\ {0}) defined such that (p, q) ~ (r, s) if and only if ps = gr. We
then define the rational numbers Q to be the set of equivalence classes Q = Z x (Z\ {0})/ ~,
with addition + defined by [(p,q)] + [(r,s)] = [(ps + 7¢,gs)], multiplication - defined by
[(p,q)] - [(r,8)] = [(pr,qs)], and ordering defined by [(p,q)] < [(r,s)] if and only if either ¢
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and s have the same sign and ps < gr, or ¢ and s have different signs and ps > gr. Common
notation dictates that the equivalence class [(p,q)] be denoted % or p/q. Note that, for
example, (3,6) ~ (1,2), implying [(3,6)] = [(1,2)], which is the same statement as 2 = 1 in
common notation. The integers are considered a subset of Z by identifying the element p € Z
with the equivalence class %

We will not spend much time in these notes working rigorously to develop all our well-
known properties and manipulations of rational numbers. However, most of these are proved
more generally for ordered fields in the next chapter, so long as we believe that the rational
numbers are an ordered field; fear not, they are. That said, the interested reader can work

through Exercise 5 (13) to get delve deeper into these properties which we will henceforth

take for granted.

5. Exercises

(1) Prove D’Morgan’s Laws: For any set I and indexed collection of sets {S; }ier,
i€l el
(b) [Nsi] = U S
iel iel
(2) What is 2277 That is, what is the power set of the power set of the empty set?
(3) Given sets S and T and a function f : S — T, define the graph of f to be the set
Gy C S xT given by Gy = {(s, f(s)) s.t. s € S}.
(a) Is it true in general that for all s € S, if (s,t) € Gy and (s,7) € Gy, then t = r.
Prove this if it is true, or give a counter example if not.
(b) When is it true that Gy = S x f(S)?
(4) Suppose that S is a set with n elements (where n € N). Prove that the number of
elements in 2° is 2”. Hint: You might try an induction on the number of elements
in S.
(5) Let f :Z — Z be the function defined by f(p) = p°.
(a) What is f~1({1})?
(b) What is f~1({0})?
(c) What is f~1({-1})?
Make sure to briefly justify your answers.

(6) Let S C Zand T C Z and f : S — T be defined by f(s) = s2. With brief

justification, decide if f is injective, surjective, or bijective when:
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(e) S={-1,1}, T ={1}.
Note that in all these problems, the assignment f remained the same, but your
answers changed depending on S and T'. This shows why to define a function, you
really need to know the domain and codomain, and not just the assignment f.

(7) Finish the proof of Proposition 0.1.3.

(8) It often happens that an object is defined that at a first glance seems to be a function,
but in reality it does not satisfy the definition of a function. When this is case, we
say that the function is not well defined; otherwise, if the object does satisfy the
definition of a function (and therefore is a function), we say that the function is
well defined. In the following parts, we give “functions” which are not well defined.
Describe why the function is not well defined.

(a) f:7Z — Nis defined by f(p) = p.
(b) f:Q — Z is defined by f(g) =p+q.
(¢) f:Q@xQ— Qs defined by f(2,%) = %

(9) Prove the implication (2 = 3) in Theorem 0.3.1.

(10) For all r,s € Q with r < s, let ((r,s)) denote the set {t € Q s.t. r <t < s}. Let
I =((0,1)). Consider the indexed collection of sets {S; },cr, where for every r € I,
Sy =((r—3,7+3)). Prove that {J S, = ((—1/2,3/2)) and N S, = {1/2}.

(11) For any pair of sets S and T, let usrsvlrite S ~ T when there is 7znaueléijection f:9—>T.
Show that ~ is reflexive, symmetric, and transitive; i.e., for all sets .S it holds that
S ~ S; for all sets S and T it holds that S ~ T implies T' ~ S; for all sets S, T', and
U it holds that S ~ T and T' ~ U implies S ~ U. Does this prove that ~ defines an
equivalence relation on the collection of all sets?

(12) Suppose that S is a set and R is an equivalence relation on S defined by ~.
(a) Show that if s,¢ € S then s ~ t if and only if [s] = [t].
(b) Show that S/ ~ is a partition of S.

(13) Referring to the construction of QQ given in Section 4.
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(a)

(b)
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Show that (p,q) ~ (r,s) <= ps = qr does, in fact, define an equivalence
relation on Z x (Z\{0}).

Show that the addition [(p,q)] + [(r,s)] = [(ps + rq,qs)] is well defined in
Q. That is, suppose that (p1,q1) ~ (p2,q2) and (r1,s1) ~ (r2,s2), show that
[(p1,q1)]+[(r1, 51)] = [(p2, g2)]+[(T2, s2)]. How does this notion of “well defined”
agree with that introduced in Exercise 87

Show that the multiplication [(p, ¢)]-[(r, s)] = [(pr, gs)] is well defined in Q. That
is, suppose that (p1,q1) ~ (p2,q2) and (r1,s1) ~ (r2,s2), show that [(p1,q1)] -
[(T1,51)] = [(p2,q2)] - [(r2,s2)]. How does this notion of “well defined” agree
with that introduced in Exercise 87

Define the absolute value function |- |: Q — Q by |[(p, q)H = [(Ip|, lq|)]. Show
that the absolute value function is well defined. That is, suppose that (p,q) ~
(r,s), show that H(p, q)]} = H(r, s)]’ How does this notion of “well defined”
agree with that introduced in Exercise 87

Suppose that p,q, and r are positive integers such that ¢ < r. Prove that
[(p,7)] < [(p,q)]- Use this to deduce that for any rational number g, it holds

P <l
that & < 7 < Ip|.

(14) This problem is to help understand the ordered field structure of Q. Define the

positive rationals as the set Py = {r € Q s.t. » > 0}.

(a)
(b)

(¢)

Let r,s € Py. Prove that r + s € Fy.

Define the set —Pg as the negative rationals, i.e., —Pg = {r € Q@ s.t. r < 0}.
Prove that the sets Pp, —Fg, and {0} are mutually disjoint.

Prove that Q = —Pgp U {0} U Py.

(15) Prove the following (useful) equalities by induction.

n(n+1)(2n+1)
Zk2 : .

Zk?’ Ll)

(16) Prove the followmg (useful) inequalities by induction.

(a)
(b)

For every integer n > 4, n! > 2.

If @ > 0, then for every n € N, (1 +a)” > 1+ na.
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17) P that
(17) Prove a;k(k+1)

(a) By induction.

n
n—+1

(b) Using partial fractions.

in two ways:

25






CHAPTER 1

Ordered Fields with an Introduction to the Real Numbers

In this chapter we introduce the basic theory of ordered fields, culminating at the defi-
nition of the real numbers; the unique (up to relabelling) supremum complete ordered field.
Up to this point, the rational numbers have been constructed, and according to Exercise 14
in Section 5, the rational numbers are themselves an ordered field. In fact, we will learn that
any ordered field has a copy (read: potentially relabeled version) of the rational numbers as
a subset; this is a rigorous interpretation of the statement that the rational numbers are the
“smallest” ordered field. We will also see that the rational numbers are incomplete insofar
as every bounded subset of rational numbers does not necessarily have a least upper bound
or greatest lower bound; in essence, the absence of these special bounds creates “gaps” in
the rational numbers, leading to another perspective of the real numbers as the ordered field

which “fills the gaps” in the rational numbers.

1. Fields

DEFINITION 1.1.1. A non-empty set F closed under two binary operations, addition +

and multiplication X, is called a field whenever the following conditions are met:

(F1) (Associativity of Addition and Multiplication) For all a,b,c € F, (a +b) + ¢ =
a+ (b+c)and (axb) xc=ax (bxc).

(F2) (Commutativity of Addition and Multiplication) For all a,b € F, a + b = b+ a and
axb=bxa.

(F3) (Additive and Multiplicative Identities) There exist elements Op, lp € F such that
for every a € F, a4+ 0 = a and a X 1lp = a.

(F4) (Additive and Multiplicative Inverses) For every a € F with a # Op there exist
b,c € F such that a + b = Op and a x ¢ = 1p. We will write b = —a and ¢ = a~! or
c=1/a.

(F5) (Distributive Property) For all a,b,c € F, a x (b+c¢) = (a X b) + (a X ¢).

27
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REMARKS 1.1.2. (1) The assumption of the existence of binary operations of ad-
dition and multiplication on F can be understood rigorously as the existence of
functions + : F x F — F and x : F x F — F where we write +(a,b) = a + b and
x(a,b) =a xb.

(2) The distributive property (F5) is what actually differentiates addition and multipli-
cation; it is also the only property which exposes how addition and multiplication
interact.

(3) Given a set with a single element F = {a}, we can define addition and multiplication
asa+a=aand a X a = a. With these operations, we will find that I is a field
with Op = 1y = a. However, this field isn’t interesting. We call a field with only one
element a trivial field. From here on, we will assume that all fields are not trivial

fields, hence all fields considered will have at least two elements.

NoTATION 1.1.3. We will begin to use familiar notation. For one, we will drop the
subscript F from the identity elements, writing 0 and 1 instead of Op or 1p; we also reserve
the symbols 0 and 1 as the additive and multiplicative identities, respectively, with or without
mention. For another, we won’t continue to use the multiplication symbol x; rather, we use
juxtaposition ab or “dot” notation a - b to symbolize multiplication. Further, we will will
often write a — b instead of a + (—b) and say that we are subtracting b; and we will write a/b

instead of ab~! and say that we are dividing by b.

We will start exploring the algebraic manipulations on a field F with a quick proposition
about how the additive identity 0 € F interacts with multiplication, which matches our

experience with the zero we are familiar with.

PROPOSITION 1.1.4. Let F be a field and a € F. Then a -0 = 0. Moreover, if b € F, then
ab=10 if and only if a =0 or b = 0.

Proof. Let a € F. Then, using the definition of 0 and the distributive property, a - 0 =
a-(040)=(a-0)+ (a-0). Subtracting a - 0 from both sides results in the equality

(@-0) = (a-0)=((a-0)+(a-0)) = (a-0)

The lefthand side is 0; by associativity, the righthand side becomes (a-0)+ ((a-0) —(a-0)) =
a-040 = a-0. Therefore, we find 0 = a-0, proving the first claim. Next, suppose that b € IF.
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If either a = 0 or b = 0, then a-b = 0 by what we have just proved. Conversely, if ab = 0 and
a # 0, then we can multiply both sides of the equality by a~! to find a=!(ab) = a=! - 0. The
righthand side is 0; by associativity, the lefthand side is (a='a)b = 1-b=b. Thus b = o™},

proving the second claim. m

COROLLARY 1.1.5. LetF be a field, 0 € F the additive identity and 1 € F the multiplicative
identity. It holds that 0 #£ 1.

Proof. Since we always assume that F is not the trivial field, there exists at least one
element a € F with a # 0. By the definition of the multiplicative identity, 1-a = a # 0.
Proposition 1.1.4 then implies that 1 #0. =

The importance of the next result — the uniqueness of identities and inverses — in the

development of the algebraic behavior of a field F can not be overstated.

THEOREM 1.1.6 (Uniqueness of Identities and Inverses). Let F be a field. and a,b € F
with a # 0. Then
1) For any a,b € F, a+b=a if and only if b = 0.
2)
3) For any a,b € F, a+b=0 if and only if b = —a.
4) For any a,b €F, a-b=1if and only ifa #0 and b =a~'.

For any a,b € F, ab = a if and only if either a =0 ora# 0 and b= 1.

(
(
(
(

Proof. (1) If a + b = a, then subtracting a from both sides leaves the righthand side
0. The lefthand side becomes —a + (a +b) = (—a+a) +b = 0+ b = b, where we used
associativity along the way. By equating these, we have shown that a + b = a implies b = 0.
Conversely, if b =0, then a + b =a + 0 = a; hence b = 0 implies a + b = a.

(2) If ab = a and a # 0, then multiplying a~' to both sides leaves the righthand side
1. The lefthand side becomes a~!(ab) = (a~ta)b = 1-b = b, where, as before, we used
associativity. By equating these, we have shown that ab = a implies b = 1. Conversely, if
a = 0, then ab = a for any b € F by Proposition 1.1.4. If a #0 and b = 1, then ab =a-1 = a.
Hence either a = 0 or a # 0 and b = 1 implies ab = a.

(3) If a + b = 0, then subtracting a from both sides leaves the righthand side —a. As
in the proof of (1), the lefthand side of the equality becomes b. By equating these, we have
shown that a + b = 0 implies that b = —a. Conversely, if b = —a, then a +b=a — a = 0.

(4) If ab = 1, then Proposition 1.1.4 implies that a # 0. Multiplying a~' to both sides
leaves the righthand side a=!. As in the proof of (2), the lefthand side becomes b. By
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equating these, we have shown that ab = 1 implies that @ # 0 and b = a~'. Conversely, if

a#0andb=a"' thenab=aa"'=1. =
COROLLARY 1.1.7. Let F be a field and 1 € F the multiplicative identity. Then 171 = 1.

Proof. Corollary 1.1.5 implies that 1 # 0, and hence 17! exists. By the definition of
multiplicative inverse, 17! -1 = 1. But this implies that 17! = 1 by the uniqueness of the

multiplicative identity. m
COROLLARY 1.1.8. For every a € F, it holds that —(—a) = a and, if a #0, (a™1)~! = a.

Proof. Let a € F. Then, since —(—a) is the additive inverse of —a by definition, we have
that —(—a) + (—a) = 0. However, a 4+ (—a) = 0 since —a is the additive inverse of a. This
shows that —(—a) and a both are additive inverses of a, which by uniqueness implies that
a=—(—a).

If @ # 0, then a~! exists and a=! # 0 (because if a™! = 0,1 =aa™! =a-0 =0, a
contradiction). Therefore (a=1)~! exists and is, by definition, the multiplicative inverse of a.
But then, aa~! = 1 and (a=!)"'a~! = 1, which implies that a = (a~!)~! by the uniqueness

of multiplicative inverses. m

COROLLARY 1.1.9. Let IF be a field and a,b € F. The following hold.

(1) —a=(=1)-a
(2) —(a+0)=(—a)+(-b)
(3) —(ab) = (=a)b = a(-D)
(4) (=a)(=b) = ab

Proof. (1) Let a € F. Thena+(-1)-a=1-a+(-1)-a=(14+(-1))-a=0-a=0.
By the uniqueness of additive inverses, this implies that (—1) - a = —a.

(2) Let a,b € F. By what we have just proved and the distributive property,
—(a+b)=(-D(a+b) =(=1)-a+(=1)-b=(—a) + (=Db).

(3) Let a,b € F. Then, by the distributive property, ab+ (—a)b = (a+ (—a))b=0-b = 0.
By the uniqueness of additive inverses, this proves that (—a)b = —(ab). The symmetric
argument also shows that a(—b) = —(ab).

(4) Let a,b € F. Then by what we have just proved and Corollary 1.1.8, (—a)(—b) =
—(a(=b)) = —(—(ab)) = ab. =
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COROLLARY 1.1.10. Suppose that F is a field. The following hold.
(1) If a,b € F are such that ab # 0, then a # 0, b # 0, and (ab) ™t =a~1b71L.
(2) Ifa € F with a # 0, then (—a)~! = —(a™1).

Proof. (1) Let a,b € F. If ab # 0, then a # 0 and b # 0 by Proposition 1.1.4. By
associativity and commutativity, we have (ab)(a='b™1) = (aa=1)(bb~1) = 1.1 = 1. By the
uniqueness of multiplicative inverses, this implies that (ab)~! = a~1b~1,

(2) Let a € F\ {0}. Arguing similar to Corollary 1.1.9 (4), we have that (—a)(—(a™ ') =
—((=a)(a™')) = =(—(aa™")) = aa~! = 1. By the uniqueness of multiplicative identities, this
proves that (—a)™' = —(a™!). m

One final collection of algebraic manipulations we mention here are a simple consequence

of associativity and commutativity.

PROPOSITION 1.1.11. Let F be a field and suppose that a,b,c,d € F.
(1) It holds that (a+0b)+ (c+d) = ((a+b)+c)+d = (a+c)+ (b+d) = (a+d)+ (b+c).
(2) It holds that (a-b)-(c-d)=((a-b)-¢c)-d=(a-c)-(b-d)=(a-d)-(b-c).
(3) Ifb#0, ¢ #0, and d # 0, then (a/b)/(c/d) = (a-d)/(b-c).

Proof. Exercise 8 (1). m

At this point we have proved many results which, put roughly, allow us to use “highschool
algebra” on fields. Henceforth we will take advantage of these familiar manipulations and
will often do so without reference to the proof. In reality, the most important result of this
section is the uniqueness of inverses and identities, Theorem 1.1.6; whereas, the results follow
uniqueness are there to build an arsenal of familiar manipulations which we can use without

reserve.

2. Ordered Fields

DEFINITION 1.2.1. Let F be a field and P C F. The pair (F, P) is called and ordered field
whenever the following hold:
(1) P is closed under addition and multiplication. That is, for every a,b € P, both
a+bePanda-bel.
(2) The set P,{0}, and —P partition F, where —P = {—a s.t. a € P}.
If (F, P) is an ordered field, then we call the elements of P the positive elements or positive

numbers of F, and call the elements of —P the negative elements or negative numbers of F.
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NOTATION 1.2.2. It is common to omit explicit mention of the set P and simply say that
F is an ordered field, which implicitly suggests that there is some subset of positive numbers
in consideration, even without explicit mention; however, to be extra careful, we sometimes

write the pair (F, P) in what follows.

PROPOSITION 1.2.3. The rational numbers Q are an ordered field with positive elements

P={reQ st r>0}.
Proof. Exercise 5 (14). m

DEFINITION 1.2.4. Consistent with our intuition at this point, for two elements a,b € F,
we say that a and b have the same sign when a,b € P U {0} or a,b € —P U {0}. That is, a
and b have the same sign when either they are both positive, or both negative, or at least
one of them is 0. Further, we will say that a and b have opposite signs when either a € P

andbe —P,ora€ —Pand be P.

THEOREM 1.2.5. Let (IF, P) be an ordered field.
(1) Leta € F. Then

i)a€P < —a€—P.
it) a € —P <—= —a € P.
(2) 1Ip € P.
(3) Ifa,b e —P thena+be —P.
(4) Let a € P and b € F. Then
i)be P <= a-beP.
it)be —P <= a-be —P.
(5) Let a € —P and b € F. Then
i)beP < a-be —P.
ii)be —P <= a-beP.
(6) Let a € F. Then
i)a€P < aleP.
i) a € —P <= a '€ —P.
(7) If a,b € F then one and only one of the following hold: a —b € P, b—a € P, or
a—b=0.
(8) If a,b € F have the same sign and are non-zero, then b — a € P if and only if
al—bvleP.
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Proof. (1) i) If a € P, then —a € —P by definition. If —a € —P, then by the definition
of P, there exists some b € P such that —a = —b, this then implies that a = b, so a € P.

ii) If @ € —P, then there exists some b € P such that a = —b. Then —a = —(—b) = b by
Theorem ??. Therefore —a = b € P.

(2) By (1), 1 € P if and only if —1 € —P, so it suffices to prove that —1 € —P. Since
—1# 0, and —P, {0}, P forms a partition of F, then either -1 € —P or -1 € P. If a € P,
then (—1)-a = —a € —P. Therefore, —1 ¢ P (since by the definition of an ordered field, if
—1 € P and a € P, then (—1) - a € P, which we just showed was not true); hence —1 € —P.

(3) If a,b € —P, then —a,—b € P by (1). Therefore, (—a) + (—b) € P. We have that
(—a)+ (=b) = —(a+b) by Theorem ?? (??). Moreover, —(—(a+b)) = a+ b by Theorem 7?
(??). From this we deduce that —((—a) + (—b)) = a + b, and since (—a) + (—b) € P, then
—((—a)+ (=b)) =a+be —P.

(4)If b € P, then a-b € P by the definition of an ordered field. We will prove the converse
by contradiction. Suppose that a-b € P and b ¢ P. Then either b=0o0orbe —P. If b=0
thena-b=0¢ P, so b# 0. This leaves b€ —P. If b€ —P, the —b € P by (1). Since a € P
by assumption and —b € P, then by the definition of an ordered field, a - (—b) € P. However,
a-(—b) = —(a-b) by Theorem ?? (??). Since we assumed that a-b € P, then —(a-b) € —P.
From this we deduce that —(a -b) € (—P) N P = @, which is our contradiction. Therefore,
a-be P = beP.

(5), (6), and (7) are exercises.

(8) If a,b € P the a=1,b71 € P, or if a,b € —P, then a~!,b~! € —P. In either case,
a~!-b~1 € P. Therefore, a—b € P if and only if a='b=!(a —b) € P. Using the same methods
as we have many times above, a6~ (a—b) = (a=ta)b~! — (b7 1b)a~! = b=t —a~!. Therefore,

a—becPifandonlyifb! —a"'c P. m

2.1. Inequalities on Ordered Fields.

DEFINITION 1.2.6. Let (F, P) be an ordered field. Given a,b € F, we say that a is less
than b, written a < b, whenever b — a € P. We say that a is greater than b, written a > b,
whenever a — b € P. Along these same lines, we say that a is less than or equal to b, written
a < b, whenever b —a € P or b—a = 0. We say that a is greater than or equal to b, written

a > b, whenever a — b€ P ora—b=0.

LEMMA 1.2.7. Let (F, P) be an ordered field and suppose a € F. Then
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(1) ae P <= 0<a.

(2) ae =P <= a<0.

Proof. (1) The notation 0 < a is defined to mean that a — 0 € P. But, a — 0 = a, so
a € P. On the other hand, if a € P, then a — 0 € P since a = a — 0, therefore 0 < a.

(2) If a € —P, then —a = —a+0 € P. But, —a+0 =0 — a, so since 0 — a € P, then
a < 0. On the other hand, if a < 0 then 0 — a € P, which is equivalent to —a € P, but then
a € —P by Theorem 1.2.5 (1). m

Let us spend a moment to rewrite Theorem 1.2.5 in the inequality notation. We have

THEOREM 1.2.8. Let (IF, P) be an ordered field.

(1) Let a € F. Then
i)0<a < —a<0.
i) a<0 <= 0< —a.
(2) 0 < 1p.
(3) Ifa<0 and b <0 then a+b<0.
(4) Let 0 < a and b € F. Then
i)0<b < 0<a-b.
i) b<0 < a-b<0.
(5) Let a <0 and b € F. Then
i)0<b < a-b<0.
i) b<0 < 0<a-b.
(6) Let a € F. Then
i)0<a < 0<al
i) a <0 < a~ ! <0.
(7) If a,b € P then one and only one of the following hold: b < a, a < b, or a =b.

(8) Ifa,b € F have the same sign and are non-zero, then a < b if and only if a=' > b~ 1.

Proof. The proof of this is just using our inequality notation and applying the results of

Theorem 1.2.5. m

PROPOSITION 1.2.9. Let (IF, P) be an ordered field. Then
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(1) Ifa,b,c € F are such that a < b and b < ¢, then a < c. The same can be said for <.
That is, the transitive property holds for the relations < and < on (F, P). Moreover,
if either a <b and c<d ora <b and c<d, then a < d.

(2) a<bandb<a if and only if a = b.

(3) Let a,b,c € F and suppose a < b. Then
i) a-c<b-c < c>0.
i) a-c>b-c <= c<0.
i)a-c=b-¢c < c=0.

(4) If a,b,c,d € F are such that a < b and ¢ < d, then a + ¢ < b+ d. If instead we
assumed that ¢ < d, then a +c < b+ d.

Proof. (1) If a < band b < ¢, then b —a € P and ¢ —b € P. Therefore, c — a =
c—b+b—a=(c—b)+ (b—a) € P, since the addition of two positive numbers is a positive
number. But ¢ — a € P is equivalent to a < ¢ by the definition of <. The analogous proof
works for < by interchanging P U {0} rather than P. For the case that a < b and b < ¢, then
either b < ¢, in which case we have already shown that if a < ¢, or b = ¢, in which case a < b
is equivalent to a < c as b = c¢. The analogous argument works when a < b and b < c.

(2) If a < bthen b—a € PU{0}. If also b < a then a — b € P U {0}, further implying
that b —a = —(a —b) € —P U {0}. Therefore if both a < b and b < a we have that b — a is
either in both P and —P, or b —a = 0. Since —P N P = &, it must be that b — a = 0, which
concludes the proof.

(3) Exercise.

(4)Ifa<bandc<d, thenb—a e PU{0} and d—c € P. Therefore (d—c)+(b—a) € P,
and since (d —c¢) + (b—a) = (b+ d) — (a + ¢); this means a + ¢ < b+ d. If instead ¢ < d,
then d — ¢ € PU {0}, and arguing analogously, we find that (b + d) — (a + ¢) € P U{0}; this

meansa+c<b+d. m

2.2. Interval Notation. Armed with inequalities, we introduce the familiar notation

of intervals. Let F be an ordered field with a,b € F. We have

(a,b) ={reFst.a<r<b}, [a,b) ={r € Fst.a<r<b},

(a,b] ={r e Fst.a<r<b}, [a,b] ={r € Fst.a<r<b}
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Notice that we did not assume that a < b here; however, if a > b, then by definition, each of
these intervals is @. The same is true if a = b, except for [a,a] = {a}.

We also define infinite intervals

(—o00,a) ={reFst.r<a}, (—o00,a] ={reFst. r<a},

(a,0) ={reFst.a<r}, [a,00) = {r e Fs.t.a<r}

3. Absolute Value and Distance on Ordered Fields

3.1. Absolute Value. Once given an ordered field, we get the notion of an absolute
value freely. The absolute value is not only analytically useful, but is so intuitively as well.
Indeed, the absolute value gives us a notion of length or magnitude, as well as further letting

us define a distance between elements within the field.

DEFINITION 1.3.1. Let (FF, P) be an ordered field. The absolute value is a function | - | :
F — F defined as
0<a

(3.1) la| =
—a a<0

THEOREM 1.3.2. The following hold.
(1) For alla € F, |a] > 0 with equality if and only if a = 0.
(2) For alla,beF, |a-bl =|a|-b|.
(3) (Triangle Inequality) For all a,b € F, |a + b| < |a| + |b| with equality if and only if
eithera >0 and b >0, ora <0 and b <0.

Proof. (1) Let a € F. If a > 0, then |a| =a > 0. If a = 0, then |a| =a = 0. If a <0,
then |a] = —a, and —a > 0. This shows that if a # 0 then |a| > 0; otherwise, if a = 0 then
|a| = 0. In particular, we see that |a| > 0 with equality if and only if a = 0.

(2) Let a,b € F be arbitrary. First consider the case that a and b have the same sign.
Then a-b > 0 implying that |a-b| = a-b. If @ > 0 and b > 0, then |a| = a and |b| = b implying
that |a-b| =a-b=|a|-|bl. If a <0 and b <0, then |a| = —a and |b| = —b implying that
la|-|b] = (—a)-(=b) = a-b = |a-b|. Alternatively, suppose the case that a and b have opposite
signs. Then a - b < 0, implying that |a - b| = —(a - b). Without losing generality, assume that
a <0 and b> 0. Then |a| = —a and |b| = b, and hence |a -b| = —(a-b) = (—a) - b= |a] - |b].

Having considered all cases, we conclude that |a - b| = |a] - |b].
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(3) Let a,b € F. Consider first the case that a and b have the same sign. If ¢ > 0 and
b > 0, then a +b > 0, implying that [a + b = a+b = |a| +|b]. If a < 0 and b < 0, then
a+b <0, implying that |a +b| = —(a+b) = (—a) + (=b) = |a| + |b|]. Next, consider the case
that a and b have opposite signs. Without losing generality, assume that ¢ < 0 and b > 0.
In this case a < |a| implying a + b < |a| + b = |a| + |b]; also —b < b implying (—a) + (—b) <
(—a)+b = |al+b|. Since la+b| = a+b < |a|+]b] or |[a+b| = —(a+b) = (—a)+(=b) < |a|+]b],
we have deduced that if @ and b have opposite signs, then |a + b| < |a| + |b|. Since if a and b
have the same sign, we found |a + b| = |a| + ||, or if @ and b have opposite signs, we found
|a+b| < |a| +|b|, we conclude that |a + b| < |a| + |b| with equality if and only if a and b have

the same sign. m

PROPOSITION 1.3.3. Let (IF, P) be an ordered field and a € F. The following hold.

(1) If r € F with r > 0, then |a| < r if and only if —r < a < r. Similarly, |a| < r if and
only if —r <a<r.
(2) If r,s € F withr > 0 and s > 0, then —r < a < s implies that |a| < max{r,s}. If

either —r <a < s or —r <a<s or —r < a < s, then |a| < max{r,s}.

Proof. (1) Suppose that » > 0 and |a| < r. Then either a = a, in which case 0 < a < r.
Otherwise, if a = —a, then 0 < —a < r, which rearranges to —r < a < 0. In either case, this
shows that |a| < r implies —r < a < r. Conversely, suppose that —r < a < r. This implies
immediately that a < r, and by taking the negative through the inequality —a < r. Since
|a| is either equal to a or —a, we find that —r < a < r implies |a| < r. We have finished the
proof for the strict inequality <, the proof for the non-strict inequality < is done the same
by simply replacing the inequalities throughout the argument.

(2) Suppose that r and s are non-negative and that —r < a < s. Then this implies
immediately that a < s < max{r,s}, and by taking the negative through the inequality
—a < r < max{r,s}. Since |a| is either a or —a, we conclude that |a| < max{r,s}. The
argument with any of the strict inequalities swapped with a non-strict inequality is argued

analogously. =

3.2. Distance. The absolute value on an ordered field F is an extremely useful tool,
in large part because it induces a distance. Much of the results we prove concerning the
structure in R only require a notion of distance, rather than the full power of an absolute

value, so it is prudent to introduce and learn to work with the distance.
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DEFINITION 1.3.4. Let (F, P) be an ordered field. The distance induced from the absolute
value is a function dist : F x F — F defined by dist(a,b) = |a — b|.

Since the definition of distance is completely determined by the absolute value, we can

get an analogous theorem as Theorem 1.3.2.

THEOREM 1.3.5. The following hold.
(1) For all a,b € F, dist(a,b) > 0 with equality if and only if a = b.
(2) (Symmetry) For all a,b € F, dist(a,b) = dist(b, a).
(3) (Triangle Inequality) For all a,b,c € F, dist(a, c) < dist(a,b) + dist(b, c).

Proof. Exercise 8 (14). m

REMARK 1.3.6. One proof of the triangle inequality for the distance emphasizes a com-
monly used manipulation when bounded the distance between elements. Indeed, if we want
to get an estimate on the distance between two elements a and ¢ based on their relative

distances to some third element b, we can do so by a judicious addition of 0,
dist(a,b) =la—c|=]a—b+b—c| <|a—bl+ |b— c| = dist(a,b) + dist(b, ¢).
O

Throughout our work in R and later in a more general setting, we will alternate between
considering sets of elements within some distance of one another and intervals. We now

present two results that will help us with this manipulations in ordered fields.

LEMMA 1.3.7. Suppose that F is an ordered field and x,a € F. If there exist v > 0 and
s > 0 such that x € (a —r,a + s), then dist(z,a) < max{r,s}. If instead we assumed that

either x € (a—r,a+s) orx € [a—r,a+s) orx € [a—r,a+ s|, then dist(x,a) < max{r,s}.

Proof. By definition x € (a — r,a + s) if and only if a — r < x < a + s. By subtracting
a from each term in the latter inequality, —r < x — a < s. Now, by Proposition 1.3.3,

dist(z,a) = |z — a| < max{r, s}. The immediate analogue follows for the < case. ®

LEMMA 1.38. Let x,e € F with ¢ > 0. The interval (x — e,x + €) equals the set

{y € F s.t. dist(z,y) <e}. In other words, y € (x — e,z + ¢) if and only if dist(x,y) < €.
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Proof. Let y € (z — e,z + ¢). Then, by Lemma 1.3.7, dist(z,y) < e. Conversely,
if dist(z,y) < e, then —e < z —y < ¢, implying that z — ¢ < y < z + ¢ and hence
ye(r—ex+e) m

We finish this section with one final result which illustrates a common technique in

analysis of proving that two elements are equal using distance estimations.

LEMMA 1.3.9. Let F be an ordered field and a,b € F. Then a = b if and only if for every
positive € € F, it holds that dist(a,b) < €.

Proof. Suppose first that a = b. Then dist(a,b) = 0, and therefore dist(a,b) < ¢ for any
positive € € F. We will prove the converse by proving the contrapositive statement. Suppose
that there exists some positive ¢ € F such that dist(a,b) > . Then, since € > 0, we find that
dist(a, b) > 0, implying that a # b by Theorem 1.3.5 (1). =

4. Common Notation and the Inclusion of Q

In this section we argue that within any ordered field F, there exists a copy of the rationals
Q. Are argument is correct in essence, but skips some of the detailed technicalities that would

blur to confusion the overall theme.

DEFINITION 1.4.1. We say that an ordered field F contains a copy of the rational numbers
Q when there is a subset Qp of F such that there is a bijection between the rationals Q and
the copy Qr which preserves the structure of Q. That is, for every element r € Q, we can
associate an element rp € Qp in such a way that:
(1) (Preserves addition) For all ¢, r, s € Q, it holds that ¢ = r+s if and only if ¢t = rp+sp.
(2) (Preserves multiplication) For all ¢,7,s € Q, it holds that t = r - s if and only if
tF = TF - SF.
(3) (Preserves ordering) For all r,s € Q, it holds that r < s if and only if rp < sp.
In the case that F contains a copy of Q, we will often say that QQ is a subset of F up to

relabelling of elements.
THEOREM 1.4.2. Every ordered field contains a copy of Q.

Proof. The argument goes as follows, we will argue that if F is an ordered field, then F
must contain a copy of N and hence a copy of Z. (Here we are using the word copy analogously

as it is defined above). From here, we will show that there must be a copy of Q in F.
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To start, we know that 1p € F. Hence, for any n € N, we have that 1z +--- + 1g is an
—_———

n terms
element of F. Define ng as this sum of 1y with itself n times. This gives us the copy of N

in F since the set Np defined by Ny = {np s.t. n € N} preserves all the structure (addition,
multiplication, ordering) of N. (Note that the ordering of F is being used here since this
ordering implies that for n,m € N, it holds that n < m if and only if np < mg.)

Next, since F is a field, each element in Ny admits an additive inverse. Therefore, we can
define a copy of the negative integers by (—n)r = —np for any n € N. With a copy of the
negative and positive integers in IF, we then have a copy of the integers in F by letting Zg be
the union of the negative and positive integers along with the zero element Op. As before, Zp
preserves all the structure (addition, multiplication, ordering) of Z.

At this point we have argued that every ordered field contains a copy of the integers.
Finally, to conclude that a copy of the rationals exist in IF, let us note that for all non-zero
elements in Zp, there exists a multiplicative inverse. So, for every r € Q, we have that
r = n/m for integers n € Z and m € Z \ {0}. We then define the element rr € F by
rp = np/my, which makes sense because we have already developed a copy of the integers
in F. Finally, we create the copy of the rationals Qp by collecting all such rg; that is, define
Qp = {rp s.t. r € Q}. This gives us the copy a copy of Q in F, which you can readily confirm

preserves the structure (addition, multiplication, ordering) of Q m

NOTATION 1.4.3. As before when we dropped the subscript F from the 0 and 1 elements,
we will do the same for elements in Qp. In particular, since we have shown that F contains
Q up to relabelling of elements, we will assume that the copy of Q inside of F uses the same

labels we are used to and write statements such as 2/3 € F, rather than 2p/3p € F.

5. Archimedes and the Density of Q
Throughout this section, (F, P) is an ordered field.

5.1. Boundedness and the Archimedean Property.

DEFINITION 1.5.1. Let U C F be non-empty. We say that U is bounded above if there
exists some a € FF such that for all u € U, it holds that v < a. In this case we call a an upper
bound of U. Similarly, we say that U is bounded below if there exists some b € F such that
for all u € U, it holds that b < u. In this case, we call b a lower bound of U. If either U is

not bounded above, or not bounded below, we can say that U is unbounded.
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For any p/q € Q where p,q € Z, the inequality p/q < |p| implies that the set of natural
numbers are an unbounded subset of Q. Indeed, for any p/q € Q, let n = |p| + 1 € N, then
p/q < n. This is an extremely useful property that we explore throughout this section and

with implications throughout the remainder of this text.

DEFINITION 1.5.2. The ordered field (IF, P) satisfies the Archimedean property when N C
F is unbounded above. That is, (F, P) satisfies the Archimedean property when for all a € F,

there exists some n € N such that a < n.

THEOREM 1.5.3 (Some Equivalences of the Archimedean Property). Let (F, P) be an
ordered field. Then the following are equivalent.

(1) (F, P) satisfies the Archimedean Property. That is, for all a € F, there exists an
n € N such that a < n.

2) For all a € F with a > 0, there exits an n € N such that % < a.

(

(
: 1

(4) For any a € F, if |a| < - for every n € N, then a = 0.

(

)

3) For alla,b e F, ifagb—&—%for every n € N, then a < b.

)

5) For all e,a € F such that € > 0 and a > 0, there erists some n € N such that

a<n-e.

Proof. In this proof, we will show that (1) = (2), (2) = (3), (3) = (4), and
(1) <= (5). In Exercise 8 (21), the implication (4) == (1) is proved, completing the
proof.

(1) = (2). Assume that (1) holds. If a > 0, then a~! exists, so there exists some n € N
such that a=! < n by the assumption of the Archimedean property. But then, a > n=! = 1/n.

(2) = (3). Assume that (2) holds. Let a,b € F be such that for all n € N it holds that
a < b+ 1/n. We then deduce that a —b < 1/n for every n € N. If a — b > 0, then by (2),
we can find some n € N such that 1/n < a —b. But then, 1/n < a —b < 1/n, which as we
argued previously, is impossible. Therefore, a — b # 0, leaving a — b < 0. Thus, a < b.

(3) = (4). Let a € F such that |a] < 1/n for every n € N. By assuming (3) with b =0,
this implies that |a| < 0. By the definition of the absolute value, |a| > 0, and hence |a| = 0.
This implies a = 0, finishing the proof.

(1) <= (5). Assume that (1) holds. Let ,a € F be positive arbitrary elements. Then
there exists some n € N such that n > a-e~!; multiplying on both sides of the inequality by

¢ (leaving the direction of the inequality unchanged, since € > 0), this rearranges to n-& > a.
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Conversely, assume that (5) holds. Let a € F. Using (5), we can find some n € N such
that |a| < n -1 (by choosing e = 1). Since a < |a|] and n -1 = n, we have that a < n. Since
a € F was arbitrary, we have proved that the Archimedean Property holds. m

This next proposition is quite intuitive and will be used later. It requires the Well
Ordering Principle of the natural numbers, and the resulting consequences which you will
prove in the exercises below; namely, that a subset of Z which is bounded below has a minimal

element.

PROPOSITION 1.5.4. Suppose that (F, P) satisfies that Archimedean property. Then, for
all a,b € F such that a + 1 < b, there exists some p € Z such that a < p < b. Colloquially,
when the Archimedean principle is satisfied, any two elements which are further apart that 1

must have an integer between them.

Proof. Suppose that a,b € F are such that a+ 1 < b. Let U = {p € Z s.t. b < p}. Since
b is a lower bound of U and U is non-empty by the Archimedean property (i.e., there is some
n € N such that b < n, implying that n € U), Exercises 8 (20) implies there is a minimal
element pg € U. Set p = pg — 1. Since pg is the minimal element in U and p < pg, then
p ¢ U, meaning that p < b. On the other hand, a +1 < b < pg, so a < pg — 1 = p. Therefore

a<p<b m

5.2. Density. Here we will briefly introduce the notion of density within an ordered

field, and prove that the density of the rational numbers is equivalent to the Archimedean
property.

DEFINITION 1.5.5. Let S C F. We say that S is dense in F when for every a,b € F, if

a < b then there exists some r € S such that a < r <.
LEMMA 1.5.6. Any ordered field is a dense subset of itself.

Proof. As F is an arbitrary ordered field, let a,b € F and assume a < b. Since Q C F,
and 0 < 1/2 < 1, we have that a < a4+ (a +b0)/2 < a+ (a + b) = b. Therefore, by setting
r = (a + b)/2, we have found a point r € F such that a <7 <b. =

THEOREM 1.5.7 (Density of the Rationals). The ordered field F satisfies the Archimedean
property if and only if Q is dense in F. That is, F satisfies the Archimedean property if and
only if for all a,b € F, if a < b, then there exists some rational number r € F such that

a<r<hb.



6. SUPREMUMS AND INFIMUMS 43

Proof. Assume first that (IF, P) satisfies the Archimedean Property. Let a,b € F be
such that a < b; in particular, b — a > 0. By the assumption of the Archimedean Property
and Theorem 1.5.3 (5), there exists some n € N such that n - (b —a) > 1; in particular,
a-n—+1<b-n. By Proposition 1.5.4, we can find some p € Z such that n-a < p < n-b.

Dividing through by n, we have a < p/n < b, and by construction, p/n € Q. m

COROLLARY 1.5.8. Let F be another ordered field such that F C F. If F satisfies the

Archimedean property, then F is dense in F.

Proof. Since F is an ordered field, we have that Q C F. If F satisfies the Archimedean

property, then Q is a dense subset of IF, which implies that F is also by Exercise 8 (32). m

6. Supremums and Infimums

DEFINITION 1.6.1. Let (F, P) be an ordered field and suppose that U C F is non-empty.
If U is bounded above and there exists some a € F such that a is an upper bound of U and
whenever ¢ € F is any other upper bound of U, it holds that a < ¢, then we call a the least
upper bound of U, or more commonly, the supremum of U. Analogously, if U is bounded
below and there exists some b € F such that b is a lower bound of U and whenever ¢ € F
is any other lower bound of U, it holds that ¢ < b, then we say that b is the greatest lower

bound of U, or more commonly, the infimum of U.

There is nothing unique about being an upper bound to a set U. Indeed, if a is an
upper bound of U, then so is a + b for every non-negative b. However, there is uniqueness of

supremums and infimums.

PROPOSITION 1.6.2. Let (IF, P) be an ordered field. Suppose that U C F is non-empty. If
the supremum of U exists, then it is unique. Similarly, if the infimum of U exists, then it is

unique.

Proof. Suppose that a,a’ € F are both supremums of U. Then a < a’ since a’ is an
upper bound of U and a is the supremum; symmetrically, ' < a since a is an upper bound
of U and «’ is the supremum. Since a < a’ and a’ < a, then a = d’.

The analogous argument work for the infimum and is left as an exercise. m

NOTATION 1.6.3. If the supremum of some sete U exists, we write sup(U) as the supre-

mum. Similarly, if the infimum of a set U exists, then we write inf(U) for the infimum. Since
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the supremum and infimum are both unique (if they exist), there is no ambiguity about which

element sup(U) or inf(U) represent.

ExXAMPLE 1.6.4. For every integer n > 2, let U,, = {7“ EQst. —=<r<l1- %} Define

0
U =;2,U,. We will show that the infimum and supremum of U both exist in Q, and that
inf(U) € U while sup(U) ¢ U.

We first show that inf(U) = —% and —% € U. To proof this, let us observe that —1/2 € Uy,
which further implies that —1/2 € U. Moreover, if b is any lower bound of U, then b < —1/2
since —1/2 € U. Notice that for any integer n > 2, —1/2 < —1/n, from which we deduce
that —1/2 is a lower bound of U, and therefore —1/2 is a lower bound of U. Since —1/2 is
a lower bound of U, and for any other lower bound b of U, it holds that b < —1/2, we have
proved that —1/2 = inf(U).

We next prove that sup(U) =1 and 1 ¢ U. By design, for any integer n > 2, 1 — 1/n is
an upper bound of U, and 1 —1/n < 1, so 1 € U,. Since 1 ¢ U, for any integer n > 2, then
1 € U by the definition of U. This also shows that for every integer n > 2, 1 is an upper
bound of U,, and hence an upper bound of U. To show that 1 is the least upper bound, we
will argue by contradiction. Suppose that a € QQ is an upper bound of U such that a < 1.
Then 0 < 1 — a, so, by the Archimedean property (which we have proved holds in Q), there
exists some n € N such that 1/n < 1 —a. But then, a < 1 — 1/n. By the density of the
rational numbers, there exists some r € Q such that a < r <1 —1/n. In particular, r € U,
and thusly in U, but a is smaller than r, contradicting that a is an upper bound of U. So,

1 < a, proving that 1 is the least upper bound, and therefore we conclude sup(U) = 1. O

EXAMPLE 1.6.5 (Supremums don’t always exist). Consider the ordered field Q, and let
U= {r €Qst. r?< 2}. Then we claim that the supremum of U does not exist as an element
of Q. We readily check that U is bounded above (by 2, say) and is non-empty (for example,
1 € U). We will prove that sup(U) does not exist in Q. We break this into two pieces.

We first prove that if s = sup(U) € Q exists, then s* = 2. We will argue by contradiction.
Suppose that the supremum s exists, but s # 2. Immediately we know that s > 1 since
1 € U and s is an upper bound of U. If s> > 2, then using the Archimedean property, let
n € N be large enough such that n - (s> — 2) > 2s. Rearranging this, we get s> — 28 > 2. In
particular, by adding n% to the lefthand side (making it larger), s? — 2s + # > 2. We then
have (s — l)2 > 2. This shows that s — % must also be an upper bound of U, but s — % <s,

n
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contradicting that s was the least upper bound. This contradiction shows that s? ¥ 2. If
s? < 2, then using a similar argument, we can apply the Archimedean property to find an
n € N large enough such that (s + %)2 < 2. But this contradicts that s is an upper bound,
since s < s+ %, and s + % € U (because its square is less than 2). This contradiction shows
that s> £ 2. Therefore, since s? ¢ 2 and s2 ¥ 2, which contradicts the fact that s?> # 2. So,
52 =2.

We next finish this example by proving that there is no element s € Q such that s? = 2.
Again, we argue by contradiction. Suppose that there is some p/q € Q such that (p/q)? = 2.
We can assume that either p is even and ¢ is odd, or p is odd and ¢ is even (since we can
divide off all common factors of 2). Now, if (p/q)? = 2, then p? = 2¢?, which shows that p?
is even. However, p? is even if and only if p is even. Therefore, p is even. In particular, there
is some m € Z such that p = 2m. Now, 2¢® = p? = 4m?, so ¢*> = 2m?. This shows that ¢ is
even, which happens if and only if g is even. We have thus showed that if (p/q)? = 2, then p
and g must both be even, which contradicts that we can assume that p or g is odd.

Hence we conclude that sup(U) does not exist in Q. Indeed, we proved that if s = sup(U)
is an element in Q, then s> = 2, but we’ve also prove that there is no element s € Q such

that s2 = 2. O

PROPOSITION 1.6.6. Let (IF, P) be an ordered field and U C F be non-empty. Define
—U ={—u s.t. ue U}. Thensup(U) exists inF if and only if inf(—U) exists in F. Moreover,
if sup(U) eists, then inf(—U) = —sup(U).

Proof. Suppose that s = sup(U) exists in F. Then for all u € U, u < s. But then, for all
u € U, —s < —u, showing that —s is a lower bound of —U. Moreover, if [ € F is any lower
bound of —U, then for all u € U, [ < —u, showing that u < —[. This shows that —[ is an
upper bound of U, and since s is the supremum of U, s < —[. This then implies that [ < —s.
Since —s has been shown to be a lower bound of —U such that for any other arbitrary lower
bound [ of —U it holds that [ < —s, we have proved that —s = inf(—U).

The analogous proof works when assuming that inf(—U) exists in F and is left as an

exercise. W

6.1. Infinite Supremums and Infimums. We briefly introduce intuitive notation here
which builds a symbolic language we can use to describe supremums and infimums when the

sets are unbounded.
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NOTATION 1.6.7 (Sup and Inf for Unbounded Sets). Let (I, P) be an ordered field and
S C F. If S is unbounded above, we write sup(S) = co. If S is unbounded below, we write

inf(S) = —o0.

LEMMA 1.6.8. Let (IF, P) be an ordered field and S C F. The following hold.

(1) sup(S) = oo if and only if for every r € F with r > 0, there exists some s € S such
that r < s.
(2) inf(S) = —oo if and only if for every r € F with r > 0, there exists some s € S such

that s < —r.

Proof. These are directly from the definition of sup(S) = oo and inf(S) = —oo, where we
simply have explicitly written out what it means for S to be unbounded above or unbounded

below. m

NOTATION 1.6.9 (Sup and Inf for the Empty Set). The standard convention (for good
reason) requires that we define sup(@) = —oo and inf(&) = co. Note that this is the opposite

convention as for unbounded sets.

The intuition behind these notations for supremums and infimums goes as follows. To
find the supremum of a set S, a subset of some ordered field F, we start out to the left at
—oo and move to the right towards 400 until we just hit the point at which no members of S
can be found any further to the right. If S is unbounded above, then we must keep moving
to the right until we hit +00. On the other hand, if S = &, then we’re already done when
we started at —oo. The mirror intuition holds for the infimum, where in the infimum case,

you are moving from the right starting at +o0o to the left towards —oo.

7. The Real Numbers

DEFINITION 1.7.1. An ordered field (F, P) is called supremum complete when for all

non-empty subsets U C F which are bounded above, the supremum of U exists in F.

Example 1.6.5 shows us that the ordered field Q is not supremum complete. Incredibly
though, there does exist a supremum complete ordered field which satisfying the Archimedean
Property. Moreover, such a field is essentially unique. The main result for this section is
Theorem 1.7.4, proved below, after a few other interesting results that we need to build up

along the way. The proofs of some of these results are not as technically complete as they
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should be to make the argument truly rigorous; however, the outline and theme of each proof
is correct and captures the truth and intuition of the results without obfuscating them with

technicalities.

LEMMA 1.7.2. Let (F, P) be an ordered field satisfying the Archimedean property. If T C F
is any subset which is bounded above, there exists a subset U C Q such that the set of all
upper bounds of T is the same as the set of all upper bounds of U, which further implies
that sup(U) exists if and only if sup(T') exists, in which case sup(U) = sup(T). This further
implies that for every a € F, there exists a subset U C Q such that sup(U) = a. (Note that,

as always, we are using the copy of the rationals Q in the field F in our consideration).

Proof. Let T C F be non-empty and bounded above. For each a € T, define U, =
{reQs.t.r<a}. Now, let U = |J U,. We need to show that an element b € F is an upper
bound of F if and only if it is anaflgper bound of U. If b is an upper bound of 7', then for
every a € T, a < b. But this means that for every » € U,, we have r < a < b, so b is an upper
bound of U,. Since this is true for every a € T, it holds for every element in the union U of
the sets U,, and hence b is an upper bound of U. Conversely, suppose b is an upper bound
of U. Let a € T. For a contradiction, suppose that a > b. By the density of the rationals,
there is some r € Q such that b < r < a. But this implies that r € U, since r < a, and hence
r € U. But this contradicts that b is an upper bound of U, since b < r. Therefore, a < b.
Since a € T was arbitrary, this proves that b is an upper bound of 7.

The remaining parts of the proof are an easy corollary to what we have just proved and

left as Exercise (25). m

THEOREM 1.7.3. Let F be an ordered field satisfying the Archimedean property and suppose
that R is a supremum complete ordered field satisfying the Archimedean property. Then there

exists a copy of F as a subset of R.

Proof. After relabelling elements, we can assume that Q C FNR. Let a € F. Define
T = {a}, then clearly sup(T') = a. By Lemma 1.7.2, there exists some set U C Q such that
sup(U) = a. Since we have assumed that R is supremum complete, then sup(U) exists in R
and hence, after possibly relabelling the element, a € R. Therefore, a € F implies that a € R,
proving that FC R. m
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THEOREM 1.7.4. Up to relabelling of elements, there exists exactly one supremum com-
plete ordered field which satisfies the Archimedean Property. We call this field the real num-
bers, denoted by R.

Proof. Suppose that R’ is another supremum complete ordered field satisfying the
Archimedean Property. From Theorem 1.7.3 we have, after relabelling, R C R. But the
result of Theorem 1.7.3 will work just as well for R’, and therefore R C R’. m

A picture to have in mind is that if F is any ordered field, then, up to relabelling elements,
Q C F. If further F satisfies the Archimedean property, then, up to relabelling of elements,
Q C F C R. In intuitive poetry, Q is the smallest ordered field, and R is the largest ordered

field satisfying the Archimedean property.

7.1. Inherited Properties on R.
THEOREM 1.7.5. The rational numbers Q are a dense subset of R.

Proof. R is an ordered field satisfying the Archimedean property, therefore QQ is dense
in R by Theorem 1.5.7. m

DEFINITION 1.7.6. The set R\ Q is called the irrational numbers. If a is an element of

the irrational numbers, we say that a is irrational.

THEOREM 1.7.7. The set of irrational numbers is dense in R. That is, given any two
elements s,t € R such that s < t, there exists an irrational number a € R\ Q such that

s<a<t.

Proof. In Exercises 8 (31), you prove that given any two rational numbers p, g € Q such
that p < ¢, the number a = p + %(q — p) is irrational and p < a < ¢. If s,t € R with

s < t, then by the density of the rationals, we can choose p,q € Q such that s < p < g < t.

1

Therefore, defining a = p + 7

(¢ —p) we have s < p < a < ¢ < t, and since a is irrational,

the proof is finished. m

THEOREM 1.7.8. Let S C R be a non-empty subset. Then sup(S) exists in R if and only
if S is bounded above. Analogously, inf(S) exists in R if and only if S is bounded below.

Proof. By definition, R is supremum complete. Therefore any set is bounded above

(resp. bounded below) has a supremum (resp. infimum) in R. On the other hand, if S is
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not bounded above (resp. below), then there are no upper bounds (resp. lower bounds) of

S, and hence has no supremum (resp. infimum). m

DEFINITION 1.7.9. Let z € R and n € N. Define the set S = {r € Q s.t. v < z}. If S is
non-empty, we define the nth root of = by 2!/" = sup(S). Otherwise, if S is empty, we say
that the nth root of z does not exist in R. As standard notation dictates, if n = 2 and z!/2
exists, we will often write \/z instead of z'/2; more generally, we can write {/z for /", but

rarely will within these notes.

7.2. Construction of R.

8. Exercises

(1) (a) Prove Proposition 1.1.11 (1).
(b) Prove Proposition 1.1.11 (2).
(c) Prove Proposition 1.1.11 (3).
2) Prove Theorem 77 (7
3
4
)
6
7) Prove Theorem 7?7 (?77).
8) Prove Proposition 1.2.9 (3).
9

Prove Theorem 77 (77).

Prove Theorem 77

Prove Theorem 77 (77).

(2) ?)
(3) (77)
(4) (77).
(5) Prove Theorem ?7 (77).
(6) (77)
(7) (
(8)
(9)

(a) If a,b,c,d € F are all positive such that a < band ¢ < d, thena-c<b-d. If
instead we assumed that ¢ < d, thena-c<b-d.
(b) If a,b,c,d € F are all negative such that a < b and ¢ < d, then b-d < a-c. If
instead we assumed that ¢ < d, thenb-d <a-c.
(10) Let (IF, P) be an ordered field.
i) Prove that if a € F and b € P, then a < a + b.
ii) Prove that if a € F and b € —P, then a + b < a.
iii) Use i) (or ii) to prove that there are infinitely many elements in F.
(11) Let (F, P). Suppose that S C F and T' C F are such that for all s € S and for all
t € T, it holds that s < t. Prove that S and T are disjoint.
(12) Let (IF, P) be an ordered field.
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(a) Prove that for every a € F, it holds that |a| = | — al.
(b) Prove that for every a € F, it holds that a < 0 if and only if a = —|a.

(13) Let (F, P) be an ordered field. Prove the reverse triangle inequality for the absolute
value: For all a,b € F, it holds that ||a| — [b]| < |a + b].

(14) Prove Theorem 1.3.5.

(15) Let (F, P) be an ordered field. Prove the reverse triangle inequality for the distance:
For all a,b € F, it holds that |dist(a, b) — dist(b, ¢)| < dist(a, c).

(16) Let (F, P) be an ordered field and suppose that r € F is positive. Prove that the
function | - |, : F — F defined by |a|, = r - |a| satisfies the claims of Theorem 1.3.2
(1) & (3), but that Theorem 1.3.2 (2) holds if and only if r = 1.

(17) Let (F, P) be an ordered field and suppose that r € F is positive. Prove that the
function dist, : F x F — F defined by dist,(a, b) = r - dist(a, b) satisfies all the claims
of Theorem 1.3.5.

(18) Fill in the missing details of Theorem ?7.

(19) Fill in the missing details of Theorem ?7.

(20) In this problem, you will prove the following proposition: Let (F, P) be an ordered
field satisfying the Archimedean property and U C 7 is bounded below in F (i.e.,
there exists some b € F such that for all p € U, it holds that b < p). Then U has a
minimal element. You will prove this in a few steps.

(a) Prove that if (I, P) satisfies the Archimedean property, then for all a € F there
exists an n € N such that —n < a.

(b) If U C Z is bounded below in I, prove that there is some ng € N such that for
all p € U, it holds that —ng < p.

(¢) Using ng from part ii), let U = {p + ng s.t. p € U} (basically, you are “moving
U to the right” by ng). Use the Well Ordering Principle on N to prove that U
has a minimal element py.

(d) Using ng and pg from part iii), let pg = po — ng. Prove that py € U is the
minimal element of U.

(21) Let (IF, P) be an ordered field.

(a) In Theorem 1.5.3, prove that (4) = (1), completing the proof of the theorem.

(b) In Theorem 1.5.3, prove directly that (2) = (1).

(c¢) In Theorem 1.5.3, prove directly that (3) = (1).
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(22) Let (F, P) be an ordered field satisfying the Archimedean Property. Let a € F.
Prove that the following four statements are equivalent:
(a) a =0.
(b) For all n € N, |a| < 1/n.
(c) For all € € Q such that € > 0, |a| < e.
(d) For all € € F such that € > 0, |a| < e.
(23) In this problem you will prove that 3 is an upper bound to the set U = { i % st.n € N}.
You will do this in steps. =

(a) Using Exercise 5 (16), show that for any integer n > 4,
n n
1 8 k
> <3+ > ok,
k=0 k=4
(b) Prove that for all n > 4,

- —k _ o (g4 _o-(ntD))
1;42 P (2 P )

Hint: Note that

1 n . n i 1 n i n N n+1 3
522— =y 27F - 522— =y 27F -y 2"
k=4 k=4 k=4 k=4 k=5

Many terms on the righthand side cancel.
(c¢) Deduce from part b that for all n > 4, i 2% < 1. Hence, with the help of
part a, conclude that 3 is an upper bounlzi:;l)f the set U.

(24) Finish the proof of Proposition 1.6.6.

(25) Finish the proof of Lemma 1.7.2.

(26) Suppose that S and T are both subsets of the ordered field F such that S C T.

(a) If sup(S) and sup(7T') exist, prove that sup(S) < sup(7T).
(b) If inf(S) and inf(7T') exist, prove that inf(7") < inf(S).

(27) Suppose that (IF, P) is an ordered field and S C F is bounded above. Assume further
that sup(S) exists in F. Let T' C F be the set of upper bounds of S (i.e., b € T if
and only if b is an upper bound of S). Prove that inf(7T) exists in F by proving that
inf(T") = sup(9).

(28) Let (F, P) be an ordered field and suppose that S C F and T' C F are subsets such
that inf(S), sup(7'), and inf(7") exist.
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(a) Let S + T be defined as the set S+ T = {s+ts.t. s€ S,t € T}. Prove that
inf(S + T') = inf(S) + inf(7T"). (In particular, inf(S + T') exists).

(b) Let S — T be defined as the set S —T = {s —ts.t. s€ S,t € T}. Prove that
inf(S —T) = inf(S) —sup(T'). Hint: You could do this directly, but it might be
easier to notice that S —T = S + (—T) where —T = {—t s.t. t € T}, and then
use part (a) along with Proposition 1.6.6.

(c) Let a € F. Define the set a-T asa-T = {a-t s.t. t € T}. Prove that if a > 0,
then inf(a - T') = a - inf(T'); otherwise, if a < 0, then inf(a-T") = a - sup(T).

(29) For every n € Nwithn > 2,1et U, C Q be defined by U,, = {7“ €Qst. — % <r<l- %}
Let U = ()25 Uy. Show that inf(U) and sup(U) both exist in Q by finding their
values, and further show that inf(U) € U, whereas sup(U) € U. Hint: It may help
to look at Example 1.6.4.

(30) Let (IF, P) be an ordered field and suppose that U C F is such that sup(U) and
inf(U) exist; in particular, U is non-empty. Prove that inf(U) = sup(U) if and only

if U is a singleton set (i.e., there exists some u € F such that U = {u}).

(31) Let a,b € Q with a < b and define k = a + %(b —a). Prove that a < kK < b and

k € I (the irrational numbers, see Definition 1.7.6).

(32) Suppose that F is an ordered field with subsets S and 7. Suppose further that

S C T. Prove that if S is dense in F, then so is 7.

(33) Let F be an ordered field. Suppose that a,b € F with a < b.

(a) Prove that a is the infimum and b is the supremum of each of the intervals
(a,b), (a,b], [a,b), and [a,b]. Hint: First prove this for (a,b). The remaining
three cases are then easily deduced.

(b) What analogous statements can be said about infinite intervals (a, o), [a, 00), (—o0, a),

and (—oo,al?
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CHAPTER 2

Sequences and Sequential Convergence in R

1. General Sequences

This section introduces us to a fundamental concept in analysis, a sequence. Although we
will concern ourselves mostly with sequences consisting of elements from a field, the concept
of a sequence is more general and deserves attention. (If the reader feels unfamiliar with the
terms indexed collection, indexing set, or underlying set [in the context of indexed collections],

see Section 1.4).

DEFINITION 2.1.1 (Sequences: Indexed Collection Version). Let S be a set. A sequence in
S, also called a sequence of elements in .S, is an indexed collection of elements with indexing
set N and underlying set S. That is, a collection of elements {z, },en such that x,, € S for

every n € N, is called a sequence in S.

DEFINITION 2.1.2 (Sequences: Function Version). Let S be a set. A sequence in S, also
called a sequence of elements in S, is a function whose domain is the natural numbers N and

whose codomain is S. That is, a function x : N — S is called a sequence in S.

REMARK 2.1.3. These two definitions for sequences agree. Indeed, if x : N — S is a
sequence given by the function definition, then we have the corresponding sequence {x;, }nen
in S from the indexed collection definition by defining z,, = x(n) for all n € N; conversely,
if {z}nen is a sequence in S given by the indexed collection version, then we can define
the sequence x : N — § from the function definition by defining x(n) = z,, for all n € N.
Therefore, you can see that the difference in definitions is not a fundamental mathematical

divide, but rather two different perspectives referring to the same object of study. O

It is most common notationally to take the perspective of a sequence being an indexed

collection. For this reason, we take a moment to review some notational conventions.

oo

NotaTION 2.1.4. When indexing over N, it is common practice to write 52, rather

than ,ey. For example, the sequence {z,}nen is more commonly denoted {z,}5° . It is

55
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also important to note that the symbol n is a dummy variable; the sequence {z,}7°; can
harmlessly be denoted {zy}32; or {z¢}g2,, for example. Moreover, the symbol z is not
sacred, we could write, “let {y,}°°; be a sequence in S”, or “let {4, }5°; be a sequence in
S”, etc., and have no trouble in understanding what is being defined. However, unlike the
“dummy” indexing character n, once the symbol z (or y or A or ...) has been introduced for a
sequence, then it is the label for that sequence from then on unless explicitly changed. These
appropriate uses of symbols within sequence notation is one arena where taking the function
definition perspective is useful; indeed, if you have a function z : N — S, then you know that
x is the label for that function (you wouldn’t suddenly change the label to f, say), and you
wouldn’t worry about the variable symbol you use as the argument for z (e.g., z(n) or x(k)
or z(£)), as long as you did so consistently within the appropriate context (e.g., writing
z(n) = n? for all n € N” is the same description as writing “z(k) = k2 for all k£ € N”, but
is different than “z(n) = k? for all n € N”). Moreover, these notational conventions can be

easily analogized to the setting of more general indexed collections.

2. Convergence of Sequences in R

We move to the setting of the ordered field R. We will frequently use the symbols | - |

and dist as the absolute value and distance introduced in Sections 3.1 and 3.2.

DEFINITION 2.2.1. Let {x,}5°; be a sequence in R. We say that the sequence {zy}2°
converges when there exists an element xg € R such that for all ¢ > 0 there exists some
ne € N such that for all n > n,, it holds that dist(z,,x9) < e. In this case we say that
the sequence {z,}22, converges to xg; we call zg the limit of the sequence; and we write

lim z, = xq, or x,, = Tg as N — Q.
n—0o0

While the initial look at the definition of convergence might seem contrived, it matches
our intuition for what convergence should mean. To wit, a rough and intuitive definition
of convergence would go as: the sequence {z,}>° converges to xo when the sequence gets
gradually closer to xo as n gets larger in such a way that as n — oo, the sequence settles on
xg. With this intuition, we can consider € > 0 as an arbitrary “tolerance” to test how close
the sequence is to xg, and hence n. tells us at what point in the sequence, the subsequent

elements xn_, Tn +1,Tn.+2, ... are all closer to x¢ than the tolerance e.
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THEOREM 2.2.2. The limit of a sequence is unique. That is, if {x,}°, is a sequence in

R which converges to both the elements xo and yo, then xo = yo.

Proof. Suppose that {z,}5° ; is a sequence which converges to the elements zp € R and
yo € R. We will prove that o = yo using Lemma 1.3.9, by proving that for every ¢ > 0 it
holds that dist(zg,y0) < €. To do so, let € > 0. Let ni,ny € N such that for every n > nq,
it holds that dist(z,,x0) < £/2, and for every n > ng, it holds that dist(z,,yo) < £/2. Let
N = max{nj,n2}. We then have

dist(z0,y0) < dist(zo, xn) + dist(zy,y0) < % + % —¢

where the first inequality uses the triangle inequality and the second is from the our choice
of n1 and no along with the observation that N > n; and N > nsy. Therefore, for any € > 0,

we find dist(zg, y0) < €, proving that xg = yp. =

EXAMPLE 2.2.3. Let {r,}"2; be a sequence in R defined by r, = 2"5;3. We will prove

that lim r, = %
n—oo

Background Work: Given some € > 0, it’s our job to find some n. € N such that for all

3 _2_ 3.
= £ — £.; hence,

2n—3 2 3.

5n 5 —  Bn?

n > ne, 2n—3 _ %‘ < e. Let’s note that 22

5n B0 in particular,

2n—3
5n

- %‘ = 5% Now, we want 5% < g, and since we're searching for a good choice of n, we

can rearrange the last inequality to find n > %
Proof: Let € > 0 be arbitrary. Using the Archimedean property, let n. € N be any integer

such that n. > 3/e. In particular, if n > n. then n > 2, implying ¢ > % Therefore, for all

e’

n = ne,
dist < 2) 2n—3 2 3 <
ist (rn, =) = ——|l=—<ec.
"5 5n 5 n
Since € > 0 was arbitrary, we have proved that lim % = % O
n—oo

EXAMPLE 2.2.4. Let {s,}°2 be the sequence in R defined by
n
1
= )

We will prove that lim s, = 1.
n—oo
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Background Work: We first use partial fractions to realize that for any k € N, k(k =

% — l%kl Therefore,
Z”: 1 4 { 11 } g Z”: 1 (N e
Sn = —_— —_———— = _—— —_— _—— —_
P k(k+1) — k k+1 k:lk k:1k+1 k:lk k:2/~c
Now .
n n—+ n
1 1 1 1 1
> i- (02 ( -1) -1
Pt k P k ( k = k n+1
from which we can now see that s, =1 — +1 Therefore, our job s1mphﬁes to showing
that 1 — —5 — 1, and it’s useful to note that dist(s,,1) = ‘1 - T+1 —1| = n+1

Proof : Let € > 0. Let n. € N be large enough that —6 < €. In particular, for every

n > ne, it holds that - 1 < e since = < o L o1 o <e Notice that for any n € N,
n n n n+1
1 1 1 1 1 1
8n=2=z{—}= N T
— k(k+1) — k k+1 k:lk k:2k: n+1
Therefore, for any n > n.,
1 1
dist HN=1-—-1|= <
ist(sn, 1) ’ n+1 ’ ntl > °
Since £ was arbitrary, we have proved that lim s, = 1. O
n—oo

EXAMPLE 2.2.5. Let {x,}°°; be the sequence in R defined by z,, = (—1)". We will prove
that the sequence {z,}2%; does not converge.

Background Work: To prove that {z,}7°; doesn’t converge we need to show that for
all x € R there exists some € > 0 such that for all n € N there exists an m > n such
that dist(z,,z) > . We have that x,, = 1 if n is even, however x,, = —1 when n is odd.
If x € R, then either x # 1 or z # —1 (potentially x isn’t equal to either). Let’s say
d = max{dist(x,1),dist(x,—1)}. Then, we have that for any n € N either dist(z,,x) = d or
dist(zp+1, ) = d, showing that € = d is an judicious tolerance to use.

Proof: Let x € R be arbitrary. Define ¢ = max{dist(x, 1), dist(x, —1)}; note that £ > 0.
Now, for any n € N we have that either z, = 1 and z,41 = -1 or z,, = —1 and z,41 = 1.
In particular, dist(z,,x) = € or dist(z,+1,z) = . In either case, for any n € N, there exists
some m > n such that dist(z,,,x) = €. This proves that {z,}°2, does not converge to z,

and since x was arbitrary, we have proven that {z,}>°; does not converge. O
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3. Properties of the Limit

Let us start here by proving an intuitive result that, stated roughly, illustrates that for
a sequence to converge and the limit of the convergence depends only on the behavior of the

sequence as n approaches infinity.

THEOREM 2.3.1 (Only the Tail Matters). Let k be an arbitrary non-negative integer.
Suppose that {x,}22, is a sequence in R. Define the sequence {yn}o>; by Yn = Yk4n. Then

{zn}02 converges if and only if {y,}5°; converges, and in that case lim z, = lim y,.

Proof. Assume first that {x, }72, converges and suppose that xg is the limit. Let ¢ > 0.
Let n. € N be large enough that for all n > n., it holds that dist(z,, z¢) < €. Now, if n > n.,
then n + k > n. and so dist(z, 4, o) = dist(yn,zo) < €. Therefore, we have found an n.
such that for all n > n,, it holds that dist(yy,zo) < €. Since € > 0 was arbitrary, we have
proved that that lim ¥, = xg. Thus we have proved that if lim x, = zg, then lim y, = .

n—00 n—00 n—00

Now assume that {y,}>°; converges and suppose that yp is the limit. Let ¢ > 0. Let 7,
be large enough that for all n > 7., it holds that dist(y,,yo) < €. Define n. = n. + k. Then
for all n > ng, it holds that n — k > n. and so dist(y,—x, yo) = dist(z,,yo) < &. Therefore,
we have found some n. such that for all n > n., it holds that dist(x,,yo) < . Since ¢ > 0

was arbitrary, we have proved that lim x, = yg. Thus we have proved that if lim v, = yo,
n—oo n—oo

then limx, = yo. ®

NOTATION 2.3.2. In Theorem 2.3.1, it is most common to denote the sequence {yy}22

by {Zniktney or {zn};2, . since this matches our intuition.

DEFINITION 2.3.3. Let {z,}72; be a sequence in R. We say that the sequence {z, }7; is
bounded below when there exists some | € R such that [ < x,, for every n € N. Analogously,
we say that the sequence is bounded above with there exists some b € R such that =, < b
for every n € N. If the sequence is both bounded above and below, we simply say that the

sequence is bounded.
ProOPOSITION 2.3.4. Every convergent sequence in R is bounded.

Proof. Let {z,}72, be a convergent sequence with limit g € R. Let n; € N be chosen
such that for every n > ny, it holds that dist(z,, s, ) = |2, — 2o| < 1; such an n; must exist

since this sequence is assumed to converge. By the reverse triangle inequality, this implies
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that |z,| — |zo| < 1 whenever n > nj, which quickly rearranges to |z,| < 1 + |zo| for every
n > ny. Let r = max{|x1|,..., |Zn, |, |xo| + 1}. Then, for every n € N, we have that |z,| < r,

proving that the sequence is bounded. m

LEMMA 2.3.5. Suppose that {x,}5° | is a sequence in R which converges such that lim x, =
n—oo
xo # 0. Then there exists some ng € N such that for all n > ng, it holds that |xo|/2 < |z,| <
3|:L‘0‘/2.

Proof. Since it is assumed that zg # 0, then |xo| > 0. Let ng € N be chosen such that for
all n > nyg, it holds that |z, — zo| < |zo|/2. By the reverse triangle inequality we have both
|zn| — |zo| < |x0|/2 and |zo| — |zn| < |x0|/2. Rearranging the first of these inequalities, we get
that |z,| < 3|zo|/2 whenever n > ng; rearranging the second gives |z,| > |z¢|/2 whenever

n>mng. N

THEOREM 2.3.6. Suppose that {x,}5°; and {y,}7>, are sequences in R which converge

to xg and yg, respectively. The following hold.

(1) For any o € R, the sequence {x, + ozyn}flo:l converges to xg + ayg.
(2) The sequence {zpyn o converges to xoyo.

(3) If yo # 0 and yn, # 0 for any n, then the sequence {x,/yn}o> converges to xo/yo.

Proof. (1) Let ¢ > 0. Find ni,ny € N such that for every n > nj it holds that
|, — 0| < 5, and for every n > ng it holds that |y, — yo| < m Set ne = max{ny, na}.

Then for all n > n., we have

|(zn — ayn) — (xo — ayo)| = |(xn — z0) + (yn — Y0)| < |20 — 20| + | |yn — Yol

<€+H ° <€+8 €
—t T < -+ =c
2 2l +1 "2 2

Thus, (T + ayn) = 20 + .

lim
n—o0

(2) Since the sequence {zy}22, converges, it is bounded. Let r > 0 be chosen such that
|x,| < r for every n € N. Let ni,ny € N be chosen such that for every n > ny it holds that

|7 —x0| < 5., and for every n > ny it holds that |y, —yo| < m Define n. = max{ni,na}.
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Then, for every n > n., we have

‘mnyn - xO:‘/O’ = |$nyn — TnYo + TnlYo — m0y0| = |xn(yn - yO) + yO(l'n - 1'0)’

< |znl lyn — vol + |vol [2n — ol < 7|yn — yol + [yol |zn — 900’
13

€ e €
Flgols—e— <S4 E=e.
2r

<r
Ayl +1 "2 2

Thus, lim (z,y,) = Toyo-
n—oo
(3) It suffices to prove that 1/y, — 1/yo, since (2) then implies xy,/yn = zn(1/yn) —
xo(1/y0) = xo/yo. To this end, use Lemma 2.3.5 to choose n; € N such that for every
n > ny it holds that |y,| > |yo|/2. Choose ny € N such that for every n > ng it holds that

[y — yo| < @5. Define n. = max{nj,na}. Then,

L1 yo—wn| lyn—w0l _ lyn—wol _ |pol?e/2
e unl - < 2 2/9
Yn Yo YnlYo ’yn| |y0| ’y0| /2 |y0| /2
Thus, lim - = 1, which further implies lim 2z = %0 m
n—oo0 Yn Yo n—oo In Yo
REMARKS 2.3.7. (1) Theorem 2.3.6 can be interpreted as a confirmation that the

limit operation respects pointwise-defined algebraic operations on convergent se-
quences. In words, as long as the sequences in consideration converge, the limit of
a sum is the sum of the limits; the limit of a product is the product of the limits;
and the limit of the ratio is the ratio of the limits.

(2) In Theorem 2.3.6 (1) and (2) you will notice when we had a scalar multiplied by
the limit terms, we scaled ¢ by dividing off by the absolute value of the scalar and
added 1 in the denominator. The reason that we added 1 in the denominator was

to avoid trouble when the scalar happens to be 0.

THEOREM 2.3.8 (Squeezing Principle). Suppose that {zn}02 1, {yn}o2,, and {a,}32 are
sequences in R satisfying x, < an < yn for every n € N. If there exists some | € R such that

lim z, =1 and lim y, =1, then the sequence {a,}72, also converges and lim a, = I.
n—oo n—o0 n—oo

Proof. Suppose that lim z, =1 and lim y, = [. Let ¢ > 0. By assumption, it holds
n—oo n—oo

that z, — [ < ap, — [ < y, — [ for every n, and therefore |a,, — | < max{|z, — |, |y, — |}

also holds for every n. Let nq1,n9 € N be chosen such that for every n > nj it holds that

|z, — ] < &, and for every n > ng it holds that |y, — | < e. Then, with n. = max{ni,na},
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for every n > n., we have that |a, — | < max{|z, — [, |yn — [|} < e. Thus, the sequence

o0 1 —
{an}22, also converges and nhHH;O ap=1. m

EXAMPLE 2.3.9. Suppose that {y,}22; is a sequence which is bounded, but does not

necessarily converge. For every n > 1 define z,, = HQEJ;EL - We will prove that lim z, = 0.
n—o0

By assumption there is some r > 0 such that —r < y,, < r for every n. This implies that

r r r
B T

The rightmost inequality follows from the identity n? —n 4+ 1 > n, which is easily proved via
induction. From here, it is an easy exercise to prove that 1/n? converges to 0 as n — oo, and
we have proved that 1/n — 0 as n — oo (in fact, knowing that 1/n — 0, you can use the
Squeezing Principle to prove that 1/n? — 0, since 0 < 1/n? < 1/n). By Theorem 2.3.6 (1),
both —r/n? and r/n converge to 0 as n — oo. By the Squeezing Principle, this implies that

lim z, = 0. ]

n—oo

THEOREM 2.3.10 (Limits Respect Non-Strict Inequalities). Let {a,}7>; and {b,}>>, be

convergent sequences in R such that for all n € N, a, < b,. Then lim a, < lim b,.
n—oo n—oo

Proof. Suppose that lim a, = a and lim b, = b. We want to show that a < b. We will
n—oo n—oo

argue by contradiction. Suppose that b < a. Let € = a—b; note that € > 0 by the contradiction

assumption. Let N € N be large enough that both |ay —a| < /2 and |by — b| < /2 (we are

using Exercises 9 (13) here). By assumption 0 < by—any = (by—b)+(b—a)+(a—an). We have

that by —b < e/2,a—an < /2, and b—a = —e. Therefore, 0 < by —ay < e/2—e+¢/2 =0.

Since 0 < by — any < 0 is clearly a contradiction, we must have a < b. m

4. Divergent Sequences

DEFINITION 2.4.1. Let {x,}°, be a sequence in R. We say that this sequence diverges
to 0o, denoted nh_}rgo Ty = 00, when given any r > 0, there exists some n, € N such that for
all n > n,, it holds that z,, > r. Analogously, we say that the sequence diverges to —oo,
denoted nh_}rgo T, = —o0, when given any r > 0, there exists some n, € N such that for all

n > n,, it holds that z,, < —r.
REMARK 2.4.2. Compare Definition 2.4.1 to Notation 1.6.7. They are quite similar. [

LEMMA 2.4.3. Suppose that {zy}22 is a sequence in R. The following hold.
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(1) If lim x, = oo, then the set of elements {x,, : n € N} comprising the sequence is
n—oo
unbounded above.
(2) If lim z, = —oo, then the set of elements {x,, : n € N} comprising the sequence is
n—oo

unbounded below.

In particular, by considering the contrapositive statements, this implies that if a sequence is

bounded it does not diverge (though this still does not imply that it converges).

Proof. Exercise 9 (15). m

5. Monotone Sequences

DEFINITION 2.5.1. Let {z,}°2 ; be a sequence in R. We say the sequence is non-decreasing
when for every n € N it holds that =, < z,41; if < is exchanged with <, then we can say
the sequence is strictly increasing. We say that the sequence is non-increasing when for
every n € N it holds that x,, > x,41; if > is exchanged with >, we can say the sequence is
strictly decreasing. We say that the sequence is monotone when it is either non-decreasing

or non-increasing.

THEOREM 2.5.2 (Monotone Convergence for Sequences). Suppose {x,}>2 is a monotone

sequence in R. Then the following hold.

(1) If {xn}22, is non-decreasing, then li_>m xy, = sup{x, : n € N}, including the possi-
n—oo
bility that the sequence diverges to oo when sup{x, : n € N} = occ.
(2) If {xn}5°, is non-increasing, then li_>m xn, = inf{x, : n € N}, including the possi-
n—oo

bility that the sequence diverges to —oo when inf{x, : n € N} = —oc.

In particular, this implies that a monotone sequence will converge if and only if it is bounded.

Proof. (1) Suppose {z,};>, is bounded and non-decreasing. Since the sequence is
bounded, the set {x, s.t. n € N} is also bounded. Hence let b = sup {z), s.t. n € N}, which
exists in R. We now show that nh—>120 T, = b. Let ¢ > 0. Since b — ¢ is no longer an upper
bound of sup {x,, s.t. n € N}, there exists some n. € N such that b —e < z,_. For all n > n,,
Tn, < Tp, 80 b—e < x,. Since b is an upper bound of the set sup {z,, s.t. n € N}, we must
then have that for all n > n., it holds that b — e < x,, < b, and hence dist(zp,b) = |z, — b| =

b— 1z, <b—(b—¢)=c. Since € was arbitrary, we proved that lim z, = b.
n—oo
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Alternatively, assume that the sequence is non-decreasing but unbounded. Then, since
r1 < x, for every n, we see that the sequence is bounded below, so the assumption of un-
boundedness implies that the sequence is unbounded above. We will prove that the sequence
diverges to oo, which will finish the proof since {z,, s.t. n € N} is unbounded above and there-
fore sup {x,, s.t. n € N} = oo. Let r > 0 be arbitrary, and use the fact that the sequence is
unbounded above to find some n, € N such that r < z,,,. By the non-decreasing assumption,
this implies that for every n > n,, it holds that r < z,,, < z,, which proves that the sequence
diverges to oo. So, as before, this proves that 11_}1(101o Ty = 00 = sup {z, s.t. n € N}.

n
(2) Exercise 9 (16). m

6. Subsequences

DEFINITION 2.6.1. A function n : N — N will be called a subsequence index when it
is strictly increasing. That is, we will say that n : N — N is a subsequence index when
n(k) < n(m) whenever k < m. It is most common to write ny for n(k), and viewing n as a

sequence of natural numbers {n;}2°,; = {ni,n2, n3,...}.

LEMMA 2.6.2. Suppose that {n;}3, is a subsequence index. Then for every k € N it
holds that k < ny,.

Proof. Exercise 9 (17). =

DEFINITION 2.6.3. Let S be a set (not necessarily a subset of R) and {z,}7° ; a sequence
in S. A subsequence of {x,}52 is a sequence {x,, }3>, where {ni,n2,ns, ...} is a subsequence

index.

REMARK 2.6.4. The definition of subsequence we give above takes the perspective of a
sequence being an indexed collection. However, we might gain some intuition looking at
this through the function interpretation of a sequence. If x : N — S is a sequence, then a
subsequence is a composition xon : N — S where n : N — N is a subsequence index. From

this perspective, we have the identification x(n(k)) <> @, . O

NOTATION 2.6.5. It is not uncommon to have an explicit formula for a subsequence index,
such as n; = k% + 1, say. In this case, it is common to subscript a subsequence with the

formula for ny, such as {z2,1}72,.
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EXAMPLE 2.6.6. Let {z,}72, be the sequence in R defined by z, = (—1)" for every
n € N. Consider the subsequence {wo,}3°, = {2, 24,%6,...}. Now mg, = (—1)%* =1, so
this subsequence {x2;}72, is {1,1,1,...}. In particular, this subsequence converges to 1, even

though the overall sequence does not converge. ([l

DEFINITION 2.6.7. Suppose that {n;}?°; and {m;}?2 | are both subsequence indices. We
say that these eventually saturate N when there is some N € N such that for every n > N,
it holds that n € {ng s.t. k € N} or n € {my s.t. k € N}. More generally, suppose that
{n](fl)}zil, {n,(f)}zozl, s {n,(:)}zozl are all subsequence indices. We say that these eventually

saturate N when there exists some N € N such that for every n > N, it holds that n €
T .
U {n,g]) s.t. k € N}.

j=1
EXAMPLE 2.6.8. Define the subsequence index {nj}3>,; by nr = 2k. Define another
subsequence index {my}3°, by my = 2k+5. Then {n;}3, and {m;}7; eventually saturate
N since for all n > 6, either n = 2k for some k or n = 2k + 5 for some k. Notice that
{nk s.t. k e N} U {my s.t. k e N} = {2,4,6,7,8,9,10,...}, so starting at 6 and beyond every
natural number lands in one of the two subsequence indices, which is what we need to conclude

the saturation. J

THEOREM 2.6.9. Let {x,}22, be a sequence in R and x € R. The following are equivalent.
1

2
3

The sequence {x,}22, converges to x.
Every subsequence of {x,}22, converges to x.

(1)
(2)
Every subsequence of {x,}S2, has a further subsequence which converges to x.

n=1
4) There exist subsequence indices n T2 1y s " >, which eventually saturate N
k Jk=1 k Jk=1

such that for j =1,....r, all subsequences {xnu)}z‘;l converge to x.
k

Proof. (1) = (2): Suppose that (1) holds. Let {z,,}3>, be any subsequence of
{,}52 ;. We need to prove that klg{)lo Zp, = x. To that end, let € > 0. By (1), there exists
some k. € N such that for all n > k., it holds that dist(x,,z) < e. Then for all k > k.,
ng > ng. > ke, so dist(xy,,z) < e. This shows that given an arbitrary ¢ > 0, there exists
some k. € N such that for all & > k., it holds that dist(z,,,z) < €, and hence kl;rgo Ty, = .
Since the subsequence was arbitrary, this proves that all subsequences converge to x.

(2) = (3): Assume that every subsequence converges to x. Then any further subse-

quence must also converge to x by our last proof.



66 2. SEQUENCES AND SEQUENTIAL CONVERGENCE IN R

(3) = (1): By proving the contrapositive. Suppose that the sequence itself does not
converge to z. This means that there exists some € > 0 such that for every n € N, we can find
some m > n such that dist(z,,,x) > e. This allows us to build a subsequence inductively as
follows. Let n; > 1 be any index such that dist(z,,,z) > . Define ns > n; to be any index
such that dist(x,,,z) > e. Continuing inductively, for every k € N, we define ny; > ny such
that dist(xy,,x) > €. Thus we have created a subsequence {z,, }7°, where for every k € N, it
holds that dist(zy,,z) > . But this prevents any further subsequence from converging to z
as the distance from any element in the subsequence to x is bounded below by €. Hence there
exists a subsequence which does not have a further subsequence converging to z, proving the
contrapositive implication.

(1) = (4): Immediate. Indeed, (1) says that {z,}5°, is a sequence converging to x;
since the indices of this sequence saturate N, it must be that (4) holds.

(4) = (1): Suppose that for j =1, ..., 7, the subsequence indices {n(j),}3>, eventually
saturate N and that each of the subsequences {xnlgj)}zo:l converge to . Define N € N such
that for all n > N, it holds that n is in one of the subsetting indices; such an N must exist
by the saturation assumption. Take € > 0. We need to find some n. € N such that for all
n > ne, it holds that dist(x,,z) < €. To start, for each j = 1,2,...,7, let k; € N be chosen
such that for all £ > k;, it holds that dist(a:ng),x) < e. Let k. = max{ky, ...,k } and define
ne = max{n,(gla), - nl(;), N}. Ifn > ng,thenn > N,son = n,(gj) for some k and j. Moreover, by
the construction of n., if n = nlgj), then k > k;, and therefore dist(z,,z) = dist(xn;ﬂ ,x) < e
Putting these pieces together implies that for every n > ng, it holds that |x,, — x| < €, proving

that the original sequence converges to z. m

EXAMPLE 2.6.10. Suppose that {z,}>2, is a sequence in R such that there is an z € R
where the subsequence of odd terms {xg;_1}72 | and the subsequence of even terms {xay} 32,
both converge to x. Since the subsequence indices of odd and even terms eventually saturate

N, the sequence {z, }7° ; must also converge to z. O

EXAMPLE 2.6.11. Once again, consider the sequence {z,}% ; defined by z,, = (—1)".
The sequence of even terms {xo}72; = {1,1,1,...} clearly converges to 1, whereas the se-
quence of odd terms {zg_1}72, = {—1,—1,—1, ...} clearly converges to —1. Since these two
subsequences do not converge to the same point, we conclude the overall sequence {z,}72

does not converge. O
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EXAMPLE 2.6.12. Let p be a positive integer. The sequence {1/nP}>°; converges to 0.
We have multiple ways to prove this at our disposal. One is to notice that n < nP, implying
that 0 < 1/n? < 1/n and hence apply the Squeezing Principle armed with the already-proved
knowledge 1/n — 0. Another method is to notice that the sequence {1/nP}2° is, in fact,
a subsequence of {1/n}5° ,, and since 1/n — 0, all its subsequences must also converge to
0. (To confirm that {1/nP}2° is a subsequence of {1/n}>° ;. if we define ny = kP for every

k € N, then {ni,ng, ...} is a subsequence index and {1/ny}32 , is the sequence {1/n?}>> ;). O
THEOREM 2.6.13. FEvery sequence in R has a monotone subsequence.

Proof. Let {z,}>2, be a sequence in R. Define a peak index of the sequence to be an
index n € N such that z, > z,, for all m > n. Let T be the subset of N containing all the
peak indexes of the sequence arranged in ascending order. We now break the proof into two
cases.

The first case is when there are infinitely many elements in T'. In this case, we can apply
the Well Ordering Principle to label each element in 7" in ascending order T' = {ny, ng, ns, ...}
with ny < ngyq for every k. Hence {ni,ns,...} is a subsequence index and, by the definition
of peak index, we find z,, > x,, , for each k. Thus {z,,}72, is a non-increasing sequence
(and thus monotone).

In the second case, T' has at most finitely many elements (including the possibility that
T = @). Let ny € N\ T be chosen to be an upper bound of T. By definition, n; ¢ T and
is thusly not a peak index. This means that we can find some ny > n; such that z,, > zp,.
Now, since ns > ny and n; > p for every p € T, we have that ny is not a peak index, so we
can find some n3 > ng such that z,, > z,,. Continuing this way inductively, we can create
a subsequence index {ni,n2,ns, ...} such that the subsequence {x,, }32, is strictly increasing

(and thus monotone). m
COROLLARY 2.6.14. FEwvery bounded sequence in R has a convergent subsequence.

Proof. Let {z,}32, be a bounded sequence. Since the sequence is bounded, every
subsequence is also bounded. Since every sequence has a monotone subsequence, we conclude
that the sequence has a bounded monotone subsequence. By the Monotone Convergence

Theorem for sequences, this implies that there is a subsequence which converges. m
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7. Cauchy Sequences

We begin discussion of Cauchy sequences in this section. It turns out that the usage
Cauchy sequences have become indispensable in the study of analysis and the definition is
easily generalized to much more general spaces than R. The main theorem of this sequence

is Theorem 2.7.6 below.

DEFINITION 2.7.1. Let {z,}72; be a sequence in R. We say that that the sequence is
Cauchy when given any € > 0 there exists some n. € N such that for all n,m > n., it holds
that dist(xy,, ) < €. A sequence is said to satisfy the Cauchy criteria when it is a Cauchy

sequence.

REMARK 2.7.2. Given a way to measure distances between points, the determination of
whether a sequence is Cauchy or not is an intrinsic property of the sequence; it only requires
examination of the elements of the sequence itself. This is in contrast to the determination of
whether or not a sequence converges. Indeed, given a notion of distance, to determine whether
or not a sequence converges, we need to consider a candidate limit to critique distances
between the tail of the sequence and this candidate limit; generally the candidate limit is
extrinsic information, found in the ambient set in which the sequence is being considered,

rather than information within the sequence itself. ]

PROPOSITION 2.7.3. Let {x,}5°°, be a sequence in R which converges. Then {x,}5> ;| is

Cauchy.

Proof. Suppose that xg is the limit of the sequence {z,}>% ;. Let ¢ > 0 and let n. € N
be chosen such that for all n > ng, it holds that dist(z,,z¢) < £/2. Now, if n,m > n., then
using the triangle inequality, dist(zy, Zy) < dist(xy,, o) +dist(zo, zm) < €/2+¢/2 = €. Since
e > 0 was arbitrary, and we found some n. € N such that for all n,m > n. it holds that

dist(zp, zm) < £, we have proved that the sequence {x,}5°, is Cauchy. m
PROPOSITION 2.7.4. Every Cauchy sequence in R is bounded.

Proof. Let {z,}:°; be a Cauchy sequence. Let n; € N be chosen such that for every
n > ny, it holds that dist(xy,, n,) = |Tn — Tn,| < 1; such an n; must exist since this sequence
is assumed Cauchy. By the reverse triangle inequality, this implies that |z,| — |zn,| < 1

whenever n > ny, which quickly rearranges to |x,| < 1+ |z,,| for every n > n;. Let
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r =max{|x1|, ..., |Zn, |, |Tn,| + 1}. Then, for every n € N, we have that |z,| < r, proving that

the sequence is bounded. =

LEMMA 2.7.5. A Cauchy sequence in R converges if and only if it has a convergent

subsequence.

Proof. If a Cauchy sequence converges, then certainly it has a convergent subsequence;
just take the subsequence to be the entire sequence itself.

Let us now prove the converse (and more interesting) direction. Let {x,} 2, be a Cauchy
sequence in R and assume that the subsequence {z,, }2° converges. Let xyg € R be the limit
of this subsequence. We will prove that the entire sequence converges to zg. Let ¢ > 0.
Using the Cauchy assumption, choose n. € N such that for every n,m > n. it holds that
dist(ay, ) < /2. By the assumption of the convergent subsequence, let k. € N be chosen
such that for every k > k. it holds that dist(xy,,z0) < €/2. Now, by the definition of a
subsequence index, for any n > n., we can find some k£ > k. such that n < ng, which then
implies

dist(zp, xo) < dist(xy, Ty, ) + dist(zy, , x0) < /2 +¢/2 =¢.
Here dist(zp, zp, ) < £/2 since n, ny > ne, and dist(zy,, , z¢) < £/2 since k > k.. Therefore, for
any n > n. it holds that dist(z,, o) < e, proving that if a Cauchy sequence has a convergent

subsequence, then the entire sequence also converges. m
THEOREM 2.7.6. A sequence in R converges in R if and only if it is Cauchy.

Proof. We proved in Proposition 2.7.3 that a convergent sequence is Cauchy.

Conversely, let {x,,}7°; be a Cauchy sequence in R. Theorem 2.6.13 tells us that this se-
quence has a monotone subsequence {x,, } 3. This monotone subsequence must be bounded,
since the entire sequence is bounded by Proposition 2.7.4. By the monotone convergence the-
orem for sequences, this further implies that the subsequence {z,, }3°, converges. By Lemma

2.7.5, this then implies that the sequence itself converges. =

8. Sequences and Convergence Within Subsets of R

Up to now, we’ve concerned ourselves with sequences in R which converge in R. However,
there is often good reason to consider not only when a sequence converges in R, but when

it converges within a particular subset of R. We begin some exploration in this direction in
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this section; however, this paradigm arises time and again throughout the remainder of these

notes.

DEFINITION 2.8.1. Let {z,}°; be a sequence in R, and let U C R. We say that the

sequence converges in U when the sequence converges and the limit is an element of U.

REMARK 2.8.2. Suppose U C R. Most commonly, when we are interested in whether a
sequence {zy}>°, converges in U, then we have assumed that the sequence was in U to start
with. That is, we usually start with the assumption that some sequence {x,}°° ; isin U (i.e.,
xn, € U for every n), make some further assumptions on the sequence, and then ask whether

or not the sequence converges in U, if it converges at all. ([

THEOREM 2.8.3. Let F be an ordered field satisfying the Archimedean Property. Then,
up to relabelling elements, we can assume that F C R. The field F is supremum complete, if

and only if every Cauchy sequence in F converges in .

Proof. Suppose first that F is supremum complete. Then we know that, by possibly
relabelling elements, F = R. In this case Theorem 2.7.6 proves that every Cauchy sequence
in ' converges in F.

Conversely, suppose that F has the property that every Cauchy sequence in F converges
in F. Let U C F be non-empty and bounded above. Since F C R, then U is also a non-empty
subset of R which is bounded above. Hence sup(U) exists in R; let b = sup(U). We need to
prove that b € F to complete the proof. We have proved that there is a sequence {z,}°° ; in U
which converges to sup(U). Since this sequence converges, it is Cauchy, and since U C F, this
sequence is also in F. By assumption, every Cauchy sequence in F converges in F implying
that the sequence {z,,}>° converges in F. Since limits are unique, and this sequence was
chosen such that nlgrolo xn = b, we have proved that b € F. This finishes the proof since given
an arbitrary non-empty subset in F which is bounded above, the supremum of that set is and
element of IF, and hence F is supremum complete.

There are two noteworthy ways to interpret the result of Theorem 2.8.3. The first is that
if F C R is any sub-field, then F = R if and only if every Cauchy sequence in F converges in F.
The second is that the property of supremum completeness is equivalent to the property that
every Cauchy sequence converges. This latter perspective warrants the following definition,
which turns out to be more general and useful in many settings than the notion of supremum

completeness.
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DEFINITION 2.8.4. Let U C R. We way that the set U is complete whenever any Cauchy

sequence in U converges in U.

EXAMPLE 2.8.5. The half-open interval (0, 1] in R is not complete. Indeed, the sequence
{1/n}s2, is in (0,1] (since 1/n € (0,1] for every n) and is Cauchy since it converges to 0.
However, 0 ¢ (0,1], and therefore there exists a Cauchy sequence in (0, 1] which does not

converge in (0, 1]. O

EXAMPLE 2.8.6. R is complete. Indeed, Theorem 2.7.6 proves that every Cauchy sequence

in R converges in R. (I

PROPOSITION 2.8.7. Let U C R be a non-empty set with only finitely many elements.

Then U 1is complete.

Proof. Assume that U has only finitely many elements, say U = {uy,...,uy} for some
N € N. Let {z,}32, be a sequence in U which is Cauchy. Let € be chosen as the minimal

distance between any two consecutive points in U; i.e.,
¢ = min {dist(u;, u;) s.t. 4,5 € {1,..., N} and i # j}.

Since we have assumed the sequence {z,}52; is Cauchy, this means that there is some
ne € N such that for all n > n. it holds that dist(zy,,z,.) < €. Since x, = uy for some
k€ {1,2,..., N}, this implies that for all n > n., it holds that dist(z,,,ux) < . By the choice
of g, if u € U and dist(u,u) < ¢ then u = ug; otherwise, dist(u,ur) > . This means that
when n > n,, it holds that x,, = ug. This proves that if {x,}72 is Cauchy in U, it must be
the that the tail of the sequence is eventually a constant element in U, which converges to
that constant element in U. Hence, any Cauchy sequence in U converges in U, proving that

U is complete. m

9. Exercises

(1) Let {z,}>2, be a sequence in R and let g € R. Prove that {z,}7°; converges to
xo if and only if the sequence {d,}°; in R defined by d,, = dist(zy,xo) converges
to 0.

(2) Let {an}22, be a sequence in R, let @ € R, and let & > 0. Prove that {a,} >,

converges to a if and only if given any £ > 0 there exists some n. € N such that for
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all n > n., |a, — a|] < ke. (Basically, you are proving that for some constant k, the

tolerance ke is just as arbitrary as ¢ itself).

Reprove Theorem 2.2.2 using the distance function dist rather than the absolute

value. Look at Remark 77 for some clarity, if needed.

In Example 2.2.3 we proved that the sequence {r,}7°; converges to %, where for
2n—3

every n € N we define r, = #£-=. Since we now know the sequence converges, find

the minimal positive integer ngy such that for all n > nyg, it holds that ‘rn — %‘ < ﬁ.
Compare how you found this ng to how we found n. in the example.
Let {r,}52; be a sequence in R defined by
_— 3n? —b5n
" oBn241
Prove that {r,}°°; converges and find the limit.
Let {s,}52, be the sequence in R defined by

= 1
Sn_;k(k+1)(l€+2)'

Prove that {s,}2>°, converges and find the limit of the sequence. Hint: It might
help to look at Example 2.2.4.
Let {z,}72, be the sequence in R defined by

3=

if n # 2 for any k € N
Ty =

1 ifn=2%for some k € N

For clarity, the first few terms in this sequence are 1, 1, %, 1, %, %, %, 1,
Prove or disprove that {z,}7° ; converges.
Assume that {hy,}22 is a sequence in R\ {0} which converges to 0. Let z € R and
define the sequence {z,}°2; in R by
I (33+hn)37x3
nE

Prove that lim z, = 322
n—oo
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(9) Let a,c € R\ {0}, b,d € R where we assume that d # —cn for any n € N, and
k,k" € N. Define the sequence {r,}>%, in R by
an® +b
= ——.
" enk +d
(a) If k = k', prove that lim r, = 2.
n—oo
(b) If k > k', prove that li_>m rn, = +00 when a and ¢ have the same sign, otherwise
n—oo
lim 7, = —o0.
n—oo
(c) If k < K/, prove that lim r, = 0.
n—oo
(10) Let us extend Theorem 2.3.6. Suppose that {x}}°2,, {z21°°,, ..., {zF1>, are all

sequences in R which converge. Use induction to prove the following.

k )
(a) The sequence { > x’“} | converges and

n

r=1 n=
k
: Y\ o
Jm () = 2 (Jim )
r= r=
k 00
(b) The sequence { I x%} | converges and
r=1 n=
k k
. A\ .
Jm (Ten) = T f )
r= r=

(11) Let {x,}52, be a sequence of positive real numbers. Prove that lim z, = 0 if and
n—oo

only if lim J% = +o00. (For the meaning of a limit diverging to +oo, see Definition
n—oo “n

2.4.1). Could we conclude something similar if we only assumed that {x,}5° is a

sequence in R\ {0}, but not necessarily all positive?
(12) Let x € R be fixed. Suppose that {a,}2° is a sequence in R which converges to a.

Define the sequence {z,}2° by =, = x + ay, for every n € N.

(a) Prove that lim z, =z + a.

n—o0
(b) By considering a,, = 0 for every n, use this to give meaning to taking the limit
of a constant lim x = z.
n—oo

uppose that {a, }>° ; and {b, }>° ; are convergent sequences in R such that lim a, =

13) S that ooy and {by }o2 t in R hthtl'_>
n o
a and lim b, =b.
n—oo
(a) Prove that for any € > 0 there exists n. € N such that for all n > n., it holds

that both |a, —a| < € and |b, — b| < e.
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(b) Extend this result by induction. That is, suppose that {1}, {x2},,
oy {zF}o0 | are convergent sequences such that nhﬁ\lglo xl = r; for every i €
{1,2,...,k}. Prove that given any ¢ > 0 there exists some n. € N such that for
all n € N it holds that |z} —r| < e, and |22 — 75| < ¢, and ..., and |2F — 7| < €.

(14) Let {an}22, be a sequence of real numbers and let a € R. Prove that 7};1{.10 anp = a
if and only if there exists a sequence {b,,}7° ; which converges to 0 such that for all

n €N, |a, —a|] < by,

(15) (a) Prove Lemma 2.4.3 (1).

(b) Prove Lemma 2.4.3 (2).

(16) Prove part (2) in the Monotone Convergence Theorem for sequences, Theorem 2.5.2.

(17) Prove Lemma 2.6.2.
(18) Let {x,}52 be the sequence in R defined by

1 if n = 3k for some k£ € N

Ty = Zlffik if n =3k + 1 for some k € N

k
s(L+27F)+ > % if n=3k+2 for some k € N
m=1

Prove that lim z, = 1.
n—oo
(19) In Case 2 of the proof of Theorem 2.6.13, we claim that we can inductively created
a sequence of integers n; < ng < ng < --- such that z,, < z,, < z,; <---. Prove
this is true. That is, use induction to prove that we can build such a sequence of
positive integers as described. Hint: With P the set of peak indices described in
Case 2, let ng be the minimal element in N such that for all m € P, m < ng. Then

define the set T' by

T = {k: € N : there exists a collection positive integers ni, ns, ..., ng

such that ng =n1 <ng < ... <ng and zp, < Tp, < ... < xnk}

Use induction to show that T'= N.

(20) Let T'={r € Q@ s.t. 0 <r < 1}. As T contains an infinite number of rational num-
bers and the rational numbers are countable, then T is also countable. In particular,
there exists a bijection ¢ : N — T. Let {z,}72, be the sequence in R defined by

zn, = @(n). (In this way, we have “arranged” the rational numbers between 0 and 1
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into a sequence). Prove that {z,}7° ; has a convergent subsequence.

n

(21) Let {s,}52, be the sequence in R defined by s, = > 1.
k=1
(a) Prove by induction that for every n € N, Z >1+73.

Hint: Here is the intuition behind this mequahty Suppose that n = 4, then

SEITTUE) P E S TERE U BTG S
—k 2 3 4 5 6 7 8 9 16
>1+1+(1+1)+(1+1+1+1)+(1 +1)—1+4
-T2 \4 4 8 8 8 8 16 16/ 2
N—— R N’
=1/2 =1/2 =1/2

(b) Prove that lim s, = +o0.
n—o0
(¢) Prove that given any € > 0 there exists some n. € N such that for all n > n.
and m=n+1, |s, — sp| <e.

(d) Is {sp}>2, Cauchy? Justify your answer.

(22) The following claim is false and hence the given proof has some fault in it. Find the
fault in the proof and provide a counter example to show that the claim is false.

Claim: Let {an}22, and {b,};2, be sequences in R such that {a,}72 is Cauchy
and {b, }>2, is bounded. Then the sequence {anb,}5> is Cauchy.

Proof: Let B > 0 be such that for all n € N, |b,| < B; we can find such a B since
the sequence {b,}°2 is bounded by assumption. Let ¢ > 0. Let n. € N be large
enough such that for all n > n. and for all m > n., it holds that |a,, — an| < /B;
we can find such a n. since the sequence {a,}5° ; is assumed to be Cauchy. Now,

for all n > n, and all m > n., we have
lanbn, — ambpm| < ‘B(an - am)} = Bla, — am| < B(e/B) =¢.

Therefore {a,b,}5>; is Cauchy.

(23) Give yet another proof that the sequence {1/n}2° ; converges in R by proving directly
that it is Cauchy. (That is, don’t use the fact that it converges to then imply that it
is Cauchy, instead show that the sequence is Cauchy directly by using the definition

of what it means for a sequence to be Cauchy).
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(24) Suppose that {x,}° ; is a Cauchy sequence in R. Prove directly from the definition
of a Cauchy sequence that the sequence {mi}gozl is a Cauchy sequence. Hint: Note
that |22 — 22| = |Tn + T |T0n — Zm].

(25) Suppose that {z,}2°; and {y,} 2, are Cauchy sequences. Prove directly from
the definition of a Cauchy sequence that the sequence {znyn o2 is Cauchy. Hint:
Following the argument of Theorem 2.3.6 (2), it may help be helpful to start your
manipulations with the observation that |Znyn — TmYm| = |Tn¥n — TmYn + TmYyn —

(26) Consider the following proposition: There exists a constant ¢ € R such that for any
n,m € N with m < n, the bound kg:m k% < ﬁ holds. Although we have not yet
proved this proposition, assume it is true for this problem. Define the sequence
{sn}o2, by sp, = i 2z Using the proposition, prove that the sequence {s,}32;
converges in R. =

(27) Let a,b € R be chosen so that a < b. Prove that the interval [a,b] = {r € R s.t. a <r < b}
is complete.

(28) Let S ={1/n s.t. n € N}.

(a) Prove that S is not complete.

(b) Prove that S U {0} is complete.



CHAPTER 3

The Topology on R

We will exhaustively use interval notation from here on, so if you find yourself unfamiliar
with it, refer back to Section 2.2. This chapter is to introduce us to several topological notions
on the real number line; such as, open and closed sets, compact sets, and how such sets help

us learn from and about structures we have already become familiar with on R.

1. Open Sets

DEFINITION 3.1.1. A subset U C R is said to be open when for every z € U there exists
some &, > 0 such that (x —e;,x +&,) C U. Stated equivalently, U is open when for every
x € U there exists some £, > 0 such that for every y € R with dist(z,y) < &, it holds that
yel.

REMARK 3.1.2. The equivalence of the two stated definitions in Definition 3.1.1 follows

immediately from Lemma 1.3.8. (|

PROPOSITION 3.1.3 (Open Intervals are Open). The following are open subsets in R.

(1) R and 2.
(2) Any interval of the form (x,y) where x < y.
(3) Any interval of the form (—oo,y) or (x,00).

Proof. (1) If z € R, then for any £ > 0, the interval (x — e,z + ) is a subset of R,
implying that R is open. On the other hand, there are no elements in ¢ to check, hence the
proposition that & is open is vacuously true.

(2) Let z,y € R with z < y. Take z € (z,y) and let ¢, = min{z — =,y — z}; that is
e, = min{dist(z, z), dist(y, z) }. We will be finished once we show that (z —¢,,z+¢,) C (z,y).
To this end, since e, < z — z, we find that z —¢, > z — (2 — ) = z; since ¢, < y — z, we
find that z+ ¢, < z+ (y — z) = y. This shows that z < z —¢, < z+ ¢, < y and hence
(z—es,2+¢) C(z,y).

77
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(3) This follows the same outline as the previous proof, where if z € (—00,y), then take

e, =y —z; if z € (x,00), then take e, = z — x. The details are left as an Exercise. m

THEOREM 3.1.4. Let {U;};cr be an indexed collection of open subsets in R. Then

(1) The set |J U; is open in R.
(2) If I is hz;[only finitely many values, then the set (| U; is open in R.
iel
Put poetically, the union of arbitrarily many open sets is op:n and the intersection of finitely
many open sets is open.

Proof. (1) If |JU; = @ then it is open. Otherwise, if |JU; # &, let z € | U;.
Since x is in the urﬁ(l)n, there exists some iy € I such that x EZEIUiO. Since Uj, is opleeri by
assumption, there exists some €, > 0 such that (x — e, x + ;) C U, implying further that
(z — €z, 7+ &) € U Ui Thus, | U; is open.

(2) If (U :Zeé then it isleolpen. Otherwise, if (\ U; # @ then let x € (| U;. For
every 1 € lIG ,I U; is open, and therefore for each i € Il e‘clhere exists some ¢; > (;Esluch that
(xr —ei,x +¢;) C U;. Let e, = min{g; s.t. ¢ € I'}; since this minimum is over only finitely
many positive elements, it holds that ¢, > 0. Now, for every i € I, (x — e,z + ;) C
(x —e4,x+¢;) C U, implying (z —e,, ¢ + ;) C U;. Therefore, since (z — e,z +¢,) C U; for

every i € I, we deduce that (v —e,, 2 +¢,) C (N U;. m
i€l

1.1. Neighborhoods.

DEFINITION 3.1.5. Given some z € R, we say that a set U is a neighborhood of x whenever
there exists some open set V with x € V and V C U. If U is a neighborhood of x and
happens to be open, then we say that U is an open neighborhood of x. In the case that U
is a neighborhood of =, we say that x is an interior point of U; we denote the set of interior

points of U by int(U), or commonly U® in other texts.
LEMMA 3.1.6. For any subset U C R, it holds that int(U) is open.

Proof. Let U be an arbitrary subset of R and let = € int(U) be arbitrary. Then there
exists some &, > 0 such that (x —e,,z+e,) C U. We will show that (x —e,,z+e,) C int(U),
finishing the proof. To this end, let y € (z—e,, z+e,). Since the interval (z—e,, x+¢,) is open,

there is some ¢, > 0 such that (y —ey,y+¢y) C (v — €4, ¢ +€,), which by transitivity implies



2. CLOSED SETS 79

that (y —ey,y +¢y) C U. This implies that y € int(U), and since y € (x — &5, +€,) =
y € int(U), we conclude that (z — e, 2 +¢,) C int(U). m

DEFINITION 3.1.7. Given some z € R, we say that the set U is a deleted neighborhood of
x whenever there exists a neighborhood U of z such that U = U \ {x}.

LEMMA 3.1.8. A set U is a deleted neighborhood of some point x if and only if x o4 U and

there is some open set U containing x such that U\ {z} C U.

Proof. U is a deleted neighborhood of x if and only if U U {z} is a neighborhood of z.
From here, U U {z} is a neighborhood of z if and only if there is an open set V containing
x such that V € U U {z}. This proves that U is a deleted neighborhood of z if and only if
there is an open set V containing x such that V C U U {z}, and it is clear that V C U U {z}
if and only if V' \ {} € U. This is enough to deduce the result. m

EXAMPLE 3.1.9. Any open set U is a neighborhood of all of its elements. Alternatively,
if U is any neighborhood of x, then the set U \ {z} is a deleted neighborhood of = (created
by “deleting” z from the neighborhood U). In fact, O

PRrOPOSITION 3.1.10. Let U C R. The following are equaivalent.

1
2
3
4

U is open.
Every element of U is an interior point of U. That is, int(U) = U.
For every x € U, there is a neighborhood V' of x such that V C U.

(1)
(2)
(3)
(4)

For every x € U, there is a deleted neighborhood V' of x such that V C U.

Proof. (1) <= (2): Suppose that U is open. Then U is a neighborhood of every
point in U by the definition of an open set, and hence U C int(U). However, by definition,
int(U) C U, and thus int(U) = U. Conversely, assume that int(U) = U. Lemma 3.1.6 shows
that int(U) is open, and with int(U) = U, then U is open.

The remaining proofs are the content of Exercise 7 (5). m
2. Closed Sets

DEFINITION 3.2.1. A subset U C R is called closed when the complement R\ U is open.

EXAMPLE 3.2.2. Any finite subset of R is closed. That is, if U C R has only finitely

many elements, then U is closed. Indeed, let U C R be assumed to only have finitely many



80 3. THE TOPOLOGY ON R

elements. The case that U = @ is dealt with below in Proposition 3.2.3, so we will assume
here that U has n elements for some n € N. Label U such that U = {u1, ug, ..., u,} where

up < ug < -+ < uy. It is easy to show that
R\ U = (—o0,u1) U (ug,u2) U--- U (tp—1,Up) U (ty, 00)

which is a union of sets already proved to be open, and hence is open. Therefore, the

complement R\ U is open, implying that U is closed. [l

PROPOSITION 3.2.3 (Closed Intervals are Closed). The following are closed subsets in R.

(1) R and 2.
(2) Any interval of the form [x,y] where z < y.
(3) Any interval of the form (—oo,y| or [z, 00).

Proof. (1) We have that R\R = @ and R\ @ = R, both of which are open by Proposition
3.1.3. Hence R and @ are closed.

(2) Let z,y € R with x < y. Then R\ [z,y] = (—o00,2) U (y,00). Both (—oo,z) and
(y,0) are open by Proposition 3.1.3, hence so is there union by Proposition 3.1.4. Therefore
[x,y] is closed.

(3) If z,y € R, then R\ (—o0,z] = (z,00) and R\ [y,00) = (—o0,y). Since (x,00) and
(—o0,y) are both open by Proposition 3.1.3, we conclude that (—oo, ] and [y, 00) are both
closed. m

Let us conclude with this brief introduction to closed sets by providing the analogue of

Theorem 3.1.4 above.

THEOREM 3.2.4. Let {C;}icr be an indexed collection of closed subsets in R. Then

(1) The set ( C; is closed in R.
i€l
(2) If I has only finitely many elements, then the set | J C; is closed in R.
i€l
Put poetically, the intersection of arbitrarily many closed sets is closed and the union of

finitely many closed sets is closed.

Proof. (1) By D’Morgan’s Laws, R\ [ N CZ} = J(R\C). Since R\ C; is open for each
i€l i€l
i € I, the union | (R\ C;) is open by Proposition 3.1.4. This shows that R\ [ N C’Z} is open,
i€l iel
hence () C; is closed.
il
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(2) By D’Morgan’s Laws, R\ [U CZ} = ﬂ (R\ C;). Since R\ C; is open for each i € I
and I is finite, the intersection ﬂ;(eDRf\ ) izsei)pen by Proposition 3.1.4. This shows that
1€
R\ [ U Ci] is open, and hence |J C; is closed. m
i€l i€l
ExaMPLE 3.2.5. To get a feel for why an infinite union of closed sets may not itself be
closed, consider the sets C,, = [1/n,1 — 1/n] for every n > 2. Then, for each n, the interval

C,, is closed; however, |J C, = (0, 1), which is not closed. O
n>2

3. Classifications of Points in a Set

In Definition 3.1.5 above, we already defined the notion of an interior point of a set. In

this section we give some other classification of points within a set.

DEFINITION 3.3.1. Let U C R. A point z € R is called a boundary point of U when for all
neighborhood V' of z, it holds that VNU # @ and VN (R\U) # @. The set of all boundary
points of U is denoted bdry(U), or commonly OU in other texts.

ExXaMPLE 3.3.2. Suppose that J is an interval in R with left endpoint @ € R. Then
a € bdry(J). Indeed, notice that since J is an interval with left endpoint a, there is some
0 < 6 < 1 such that (a,a+ ) C J; we also note that (—oo,a) C R\ J. Now, (a —1,a+1) is
a neighborhood of a and @ # (a,a+ ) = (a—1l,a+1)N(a,a+6) C (a—1,a+1)NJ and
@#(a—1a)=(a—1l,a+1)N(-00,a) C (a—1,a+1)N(R\ J). Thus a € bdry(J). O

LEMMA 3.3.3. Let U C R. The sets int(U) and bdry(U) are disjoint. Moreover, every
point x € U is either in int(U) or bdry(U); that is, U C int(U) U bdry(U).

Proof. By definition, it should be clear that int(U) and bdry(U) are disjoint since both
definitions can not be simultaneously satisfied without deriving a contradiction. So, we need
only show that every element of U is either a boundary point, or an interior point. To this
end, suppose that x € U. If ¢ int(U), then this means that for every neighborhood V of z,
it must be that V' ¢ U. This is equivalent to stating that if « ¢ int(U), every neighborhood
V of x has the property that V N (R \ U) # &; but since z € V N U, it must also be that
VNU # @. Thus x is a boundary point of U. =

DEFINITION 3.3.4. Let U C R. A point x € R is called a limit point of U when for all
deleted neighborhoods V' of z, it holds that U NV # @. The set of limit points of U will be
denoted limpts(U).
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EXAMPLE 3.3.5. The set of limit points of Q in R is all of R. That is, limpts(Q) = R.
Indeed, let x € R and V be any deleted neighborhood of x. According to Exercise 7 (4),
there is some £ > 0 such that (z —e,2) C V. But then, by the density of the rationals, there
is some r € Q such that r € (z —¢,x), and thus VNQ # &. Since V was an arbitrary deleted
neighborhood of z and we showed that V' NQ # &, this proves that « € limpts(Q). However,

x was an arbitrary element of R, proving that R = limpts(Q). O

LEMMA 3.3.6. Let U C R. The element x € R is a limit point of U if and only if there is

a sequence {xp}o in U\ {z} such that lim z, = x.
n—oo

Proof. Exercise 7 (7). m
We end this section with one of the manifestations of a famous theorem by Bolzano and

Weierstrass.

THEOREM 3.3.7 (Bolzano-Weierstrass Theorem). If S C R is bounded and has infinitely

many elements, then S has a limit point.

Proof. If S has infinitely many elements, then we can create a sequence {z,}">; such
that z,, = x,, <= n = m; this is equivalent to saying that there is an injection x : N — §
and defining z,, = x(n). Since S is bounded, the sequence {z,}>°; is bounded. Therefore,
by Corollary 2.6.14, {z,}7°; has a convergent subsequence {x,, } which converges to some
x € R. We claim that = € limpts(S). If for every k € N, z,,, # x, then {z,, }7° is a sequence
in S\ {z} converging to x, and hence z is a limit point of S by Lemma 3.3.6. Otherwise,
suppose that K € N is such that z,,, = x. Since no two points of the sequence {z,}>°; are
equal, it holds that at most one of the points in the subsequence {x,, }32; is equal to z. In
particular, for all & > K, x,, # x. Therefore the sequence {xn, , }72, is in S\ {z} and

converges to x, once again showing that z is a limit point of S. m

4. Classification of Closed Sets

We have seen above a few equivalent ways to recognize open sets. In this brief section,
we present an extremely useful ways to recognize closed sets. To start, we present a useful

result.

LEMMA 3.4.1. Let U C R. Then for every element x € bdry(U) there is a sequence
{zn}22, in U which converges to x. In particular, bdry(U) \ U C limpts(U).
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Proof. Suppose x € bdry(U). Then, by the definition of a boundary point, for every
n € N there is an element z,, € (x — 1/n,z + 1/n) NU. This defines a sequence {z,}7,
in U such that the estimate dist(x,,z) < 1/n holds. Hence nlgrolo = z. To see now that
bdry(U) \ U C limpts(U), suppose that x € bdry(U) \ U. If {x,}° is a sequence in U
converging to = (and we just proved such a sequence exists), then since x ¢ U, this sequence

isin U \ {z} and we hence conclude that = € limpts(U). m

THEOREM 3.4.2. Let C C R. The following are equivalent.

1
2
3

C is closed.
bdry(C) C C.
limpts(C) C C.

(1)
(2)
3)
(4)

4) Fvery sequence in C which converges in R, converges in C.

Proof. (1) = (2). By contradiction. Suppose that b € bdry C' and b ¢ C, implying
that b € C°. Since C° is open as C is closed, there exists some ¢ > 0 such that (b—¢e,b+¢) C
C°. But then, (b —¢,b+ ¢) is a neighborhood of b which does not intersect C, contradicting
that b is a boundary point of C.

(2) = (3). In Exercises 9 (8), we prove that if b € R is a limit point of C' which
is not an element of C, then b € bdry(C). Therefore, if limpts(C) ¢ C, there exists some
b € limpts(C) \ C, implying that b € bdry(C), further implying that bdry(C') ¢ C. This
proves the contrapositive statement.

(3) = (4). Assume (3). Let {x,}°°, be a sequence in C' which converges in R. Suppose
that nlgrl;o Tn = x. We need to prove that x € C, which we will do by contradiction. Suppose
that « ¢ C, then {z,}2%, is a sequence in C' = C'\ {z} which converges to z. By Lemma
3.3.6, this implies that z is a limit point of C, and by assumption limpts(C) C C. This is
our contradiction since we assumed x ¢ C' and hence proved = € C.

(4) = (1). By the contrapositive. Assume that C is not closed. Then C* is not open.
Therefore, there exists some z € C¢ such that for every ¢ > 0, (r — e,z +e)NC # @. In
particular, for every n € N, there exists some z, € C such that x, € (x — 1/n,z + 1/n).
This implies that for every n € N, it holds that dist(x,,z) < 1/n and hence nh_)r{.lo Tp = X.
Therefore, {z,}7°; is a sequence in C' which converges in R, but does not converge in C,

proving the contrapositive. m
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Because R is complete, property (4) and completeness are identical. We state this rigor-
ously in the following lemma, but understand that in spaces other than R, spaces which may

not be complete, this is not necessarily the case (see, for example, Exercise 7 (21)).
LEMMA 3.4.3. Let C C R. Then C is closed if and only if it is complete.
Proof. Exercise 7 (14) m

5. Compactness

DEFINITION 3.5.1. Let K C R. We say that K is sequentially compact when given any
sequence {z,}52; in K, there exists a subsequence {x,, }3>, which converges in K. Briefly,
K is sequentially compact when every sequence in K has a subsequence which converges in

K.

THEOREM 3.5.2. Let K C R. K is sequentially compact if and only if K is closed and
bounded.

Proof. Suppose first that K is closed and bounded. Let {z,}72; be a sequence in K.
Since K is bounded, so is the sequence, and therefore by Corollary 2.6.14, there exists a
subsequence {x,, }?°,; which converges in R. But since {z,, }3°, is a sequence in K which
converges, then it converges in K, since K is closed. This proves that K is sequentially
compact.

To prove the converse, we will prove the contrapositive. Assume that K is either not
closed or not bounded. In Exercise 9 (15), we prove that if K is not closed, there exists
a sequence {x,}°°; which converges to a point ¢ K, which by Theorem ?? implies that
every subsequence of {x,}°°; converges to x, precluding the possibility that {x,}°°; has a
subsequence which converges in K. In the same exercise, we show that if K is not bounded,
then there exists a sequence {y,}>2; which diverges, in which case every subsequence of
{yn}52, diverges, precluding the possibility that {y,}°°; has a convergent subsequence. In

either case, if K is either not closed or not bounded, then K is not sequentially compact. m

DEFINITION 3.5.3. Let K C R. An open cover of K is a collection {U; };cr of open subsets

in R such that K C |J U;. We say that the open cover {U, };cr of K admits a finite subcover
el
of K when there is a finite subset A C I such that K C |J U;. The set K is called compact
i€EA
when every open cover of K admits a finite subcover of K.
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EXAMPLE 3.5.4. The interval (0, 1] is not compact. To show this, consider the collection
of open sets {U, }52, where U,, = (+,2). We have that (0,1] C G Uy, and but there does not
exist a finite subcover. Indeed, suppose to arrive at a contradiré:ﬁon we assume that there is
a finite subcover, say {Uy,,Un,, ..., Up,, } is an open cover of (0,1]. Let N = max{ni,...,nm };
this implies that U,, C Uy. Thus '61 Up, =Un = (%, 2). However, Uy certainly does not

=

cover (0, 1] since, for example, ﬁ € (0,1] but ﬁ Z Un. g

THEOREM 3.5.5 (Heine-Borel Theorem). Let K C R. Then K is compact if and only if
K is closed and bounded.

Proof. The proof that if K is compact, then it is closed and bounded is done with a
contrapositive argument in Exercise 9 (17).

To prove the converse, we first prove a simpler case. Suppose that a,b € R with a < b.
We will now prove that [a, b] is compact. Let {U; }icr be an open cover of [a, b]. Define the set
T = {t € [a,b] s.t. {Ui}icr admits a finite subcover of [a,t]}. Our argument will show that
b € T which will finish the proof of this simpler case. Moving forward, let us make a useful
observation. If ¢t € T, then s € T for every a < s < t, since any finite cover of [a,t] is also
a finite cover of a subset [a, s] of [a,t]. We next observe that T is non-empty since a € T,
which is clear since there must be some ¢ € I such that a € U; (and hence there is a finite
cover of [a,a]). Since T is non-empty and bounded above by definition, sup(7') exists; define
k = sup(7T'). We will finish the proof by showing that k£ € T" and k£ = b. To this end, we note
that a < k < b since b is an upper bound of 7" and a € T'. Therefore, there is some iy € I such
that k € U,,, which further implies that there is some € > 0 such that (k — e,k +¢) C Uj,.
By our first observation, we deduce that ¢t € T for every a < t < k. In particular, there exists
at el with kK —e <t < k. By the definition of T', there exists some n € N and indices

n
i1,...,0n € I such that [a,t] C |J U;,. But then, for any s with k¥ < s < k — ¢, we have that
k=1

[a,s] C U, U [ G Uik] = CJ Ui,. This shows that there is a finite subcover of [a, s] which
first shows thatk:kle T sincke: (])f < s and second implies that & = b, since otherwise we could
have chosen s € T with s > k, contradicting that k is an upper bound of T. Hence k =b € T,
proving that [a, b] is compact.

To prove the general case, assume that K C R is closed and bounded. If K = & then
K is trivially compact. Otherwise, let a = inf(K) and b = sup(K), which exist since K is
bounded and non-empty. Note here that K C [a,b]. Let {U;}5°, be an arbitrary open cover
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of K. Define V = R\ K, which is open since K is closed. Then {U;};°, U{V} is an open
cover of R and hence of [a,b]. Therefore, there exists a finite subcover {U;,,...,U;,,V} of
[a, b] which in turn is a finite subcover of K, since K C [a,b]. However, with KNV = &, we
deduce that {U;,,...,U;,} covers K. Thus we have proved that any open cover of K admits
a finite subcover, proving that K is compact.

From Theorem 3.5.2 and the Heine-Borel Theorem 3.5.5, we arrive at an immediate

corollary.

COROLLARY 3.5.6. Let K C R. The following are equivalent.
(1) K is compact.
(2) K is sequentially compact.
(3) K is closed and bounded.

6. Relative Topology

DEFINITION 3.6.1. Let S C R. A set V C S is called relatively open in S when there is
an open subset U C R such that V = SN U. Analogously, a set C' C S is called relatively
closed in S when there is a closed subset K C R such that C = SN K.

PROPOSITION 3.6.2. Let S C R. A subset U C S is relatively open in S if and only if for
every x € U there exists some €, > 0 such that (x — ey, +¢,) NS C U. Equivalently U is
relatively open in S if and only if given any x € U there is some €5, > 0 such that if y € S
and dist(x,y) < &5.

Proof. Suppose that U C S is relatively open and let V' C R be open such that
U=5NV. Let z € U. Then x € V and since V is open, there is some €, > 0 such that
(x —eg,x+e;) CV. Hence (x —e,x+e)NSCVNS=U.

Conversely, suppose that U C S has the property that for every « € U there is some
€z > 0 such that (z —e;,2 +¢,) NS C U. Define the open set V = J (2 — 2,2 + €2).
By the definition of V, U C VNS and VNS = J,cyl(x — €z, 2 +e,) NS] C U. This proves
that VNS = U, and thus U is relatively open in S. m

PROPOSITION 3.6.3. Let S C R. A subset C C S is relatively closed in S if and only if
the set S\ C is relatively open in S.

Proof. Exercise 7 (18). m
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If interpreted corrected, Theorem 3.4.2 is still valid for relatively closed sets (we simply
need to define relative limit points and relative boundary points, which can be done by taking
the intersection of the limit points or boundary points with the set we are working relative
to). However, Lemma 3.4.3 does not generally hold and needed the fact that R was complete.

We explore this fact in Exercise 7 (21).

DEFINITION 3.6.4. Let S C R and z € S. We call a subset V' C S a relative neighborhood
of z in S when there is a neighborhood U of x such that UNS = V.

PROPOSITION 3.6.5. Let SCR, z €S, and V C S. The set V is a relative neighborhood
of x in S if and only if there is some € > 0 such that (x —e,x +¢) NS C V. Put differently,
V is a relative neighborhood of x in S if and only if there exists some € > 0 such that for

every y € S with dist(x,y) < €, it holds that y € V.

Proof. Suppose first that V is a relative neighborhood of x in S. Let U be a neighborhood
of z. Then there exists some € > 0 such that (xr —e,z +¢) C U. Hence (z —e,x+¢)NS C
UnNS = V. Conversely, suppose that there is some € > 0 such that (x — e,z +¢)NS C V.
Define the set U as U = V U (x — ¢,z + ¢). Then U is a neighborhood of x and by how we
defined U, UNS=V. m

DEFINITION 3.6.6. Let S C R and K C S. A collection {U,};cs is called a relative open
cover of K in S when U; is relatively open in S for each i € I, and when K C |J U;. We
way that a relative open cover of K in S admits a finite subcover when, as beforeje‘cjllere isa
subset A C K with finitely many elements such that K C |J U;. Finally, we say that K is
relatively compact in S when every relative open cover of KZ Elﬁ S admits a finite subcover.

LEMMA 3.6.7. Let S C R and suppose that K C S. Then K is relatively compact in S if
and only if K is a compact subset of R.

Proof. Suppose that K C S is relatively compact in S. Let {U;};c; be an open cover of
K. Then {SNU,}cr is a relatively open cover of K in S and, by assumption, admits a finite
subcover {S NU,;}ica, where A C I is some finite subset. But then, as S NU; C U; for each
i, it is clear that {U;};ca also covers K, and hence {U;}ier admits a finite subcover of K.
Since {U;}ie; was an arbitrary open cover of K and we have proved that it admits a finite

subcover of K, we conclude that K is compact.
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For the converse, suppose that K C S and K is compact. Let {V;};c; be a relatively
open cover of K. By the definition of relatively open, for every ¢ € I there exists an open
set U; such that U; NS = V;. Hence K ¢ UV; € |JU;. Since K is assumed to be
compact, there exist i1,...,7, € I such that }(E'IC UilszI--- U U;,. Since K C S, then
KclU,U---uU;,|nS=1[U;,NnS|U---U[U;,, nS] =V;; U---UV, . Therefore, {V;}icr
admits a finite subcover of K, proving that K is relatively compact. m

One point Lemma 3.6.7 illustrates is that we don’t actually need to define relatively
compact since a subset K is relatively compact in S if and only if it is compact. However,
unlike the case with open and closed sets, it is not generally true that the intersection of an
arbitrary compact set with S results in a relatively compact subset. Also, the Heine-Borel

theorem does not generally hold either, and really depended heavily on the completeness of

R. We explore these issues in Exercise 7 (20).

7. Exercises

(1) Let J C R. Prove that J is an interval if and only if for all =,y € J, it holds that
(x,y) C J. Note: If x > y, the interval (z,y) = &, so we don’t need to specify
whether or not x < y to make sense of this statement.

(2) Let J C R. We say that J is not connected when there exists some r € R such that
J C (—o0,r) U (r,00), but J ¢ (—oo,r) and J ¢ (r,00). If this does not hold, then
J is called connected. Prove that J is connected if and only if J is an interval.

(3) Prove Proposition 3.1.3 (3).

(4) Let x € R.

(a) Suppose that U C R. Prove that U is a neighborhood of x if and only if there
exists some ¢ > 0 such that (r —e,z+¢) CU.

(b) Suppose that U C R. Prove that U is a deleted neighborhood of z if and only
if x ¢ U and there exists some ¢ > 0 such that (z —e,z) U (2,2 +¢) C U.

(5) Finish the proof of Proposition 3.1.10.

(6) Let U C R which is bounded. Prove that sup(U) and inf(U) are boundary points of
U.

(7) Prove Lemma 3.3.6.

(8) For any set U C R, prove that limpts(U) \ U = bdry(U) \ U.



7. EXERCISES 89

(9) Let U C R. An element = € U is called an isolated point of U when there exists an

e > 0 such that (z —e,z +e)NU = {z}.

(a) Prove that if x is an isolated point of U, then z € bdry(U).
(b) Prove that if = is an isolated point of U, then z ¢ limpts(U).
(c) Prove that if x € bdry(U) U U and « is not an isolated point of U, then z is a
limit point of U.
(10) Let U = {1 st.ne N} U (2,3].
(a) What is bdry(U)? Justify your answer.
(b) What is limpts(U)? Justify your answer.

(11) Let U C R.

(a) Prove that U is open if and only if U and the boundary of U are disjoint; i.e.,
U is open if and only if bdry(U)NU = @.
(b) Prove that if U is open, then U C limpts(U).

(12) Prove that the only two subsets of R which are both open and closed are, in fact, R
and . One way to do this is to show that if U C R then U is both open and closed
if and only if bdry(U) = @ (look at Exercise (11) and Theorem 3.4.2 to establish
this) and then show that bdry(U) = @ if and only if U = R or U = @.

(13) Let C' C R. In Example 3.2.2, we showed that such a set C' is closed. Here you will
prove this fact in two different ways.

(a) Prove that C' = bdry(C) and apply Theorem 3.4.2.
(b) Prove that limpts(C) = @ and apply Theorem 3.4.2.

(14) Prove Lemma 3.4.3.

(15) Suppose that C C R.

(a) Suppose that C' is not closed. Prove that there exists a sequence {z,}>2, in C
and an element x ¢ C such that nh_)rglo xp = x. Hint: Try x € limpts(C) \ C.

(b) Suppose that C' is not bounded. Prove that there is a sequence {z,}7>; in C
which diverges.

(16) Let U and V be disjoint open subsets of R. Suppose that € U and y € V satisfy
x < y. Prove that there exists some r € R such that z < r < y with » € U and
r & V. Hint: The value r = sup{u € U : u < y} should work.

(17) Suppose that K C R.
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(a) Suppose that K is not closed, then by Theorem 3.4.2; there must be some
limit point  of K such that z ¢ K. Prove that {U,}32,, with U, defined by
U, = (—oo,z—1/n)U(z+1/n,00), is an open cover of K which does not admit
a finite subcover.

(b) Suppose that K is not bounded. Prove that {U,}°,, with U, defined by
U, = (—n,n), is an open cover of K with no finite subcover.

(c) Prove the “other direction” of the Heine-Borel Theorem 3.5.5. That is, prove
that if KX C R is compact, then it is closed and bounded. Hint: The two
previous parts should be a huge help in proving the contrapositive.

(18) Prove Proposition 3.6.3.
(19) Let U C R be open and C' C R be closed.

(a) Prove that a subset V' C U is relatively open in U if and only if V' is open in R.
However, find a counter example to show that there exists a closed set C' and
a relatively open set V C C', but V is not open as a subset of R.

(b) Prove that a subset K C C is relatively closed in C if and only if K is closed
in R. However, find a counter example to show that there is an open set U and
a relatively closed set K C U, but K is not closed as a subset of R.

(20) Consider the set C' = [—v/2,v/2] N Q.

(a) Prove that C is both relatively open and relatively closed in Q.

(b) Prove that C is not relatively compact, which shows that the Heine-Borel theo-
rem generally hold when working in relative topologies (we really did need the
completeness of R, which is not available in Q).

(21) Let S C R. Prove that a subset C' C S is relatively closed in S if and only if every
sequence in C' which converges in S actually converges in C'. However, show that
this does not imply that a relatively closed set is complete by giving an example of

a set C' which is relatively closed in @, but is not complete.
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Continuous Functions on R

We now start the exploration of functions R — R. More specifically, we will start looking

at continuous functions.

DEFINITION 4.0.1. Let U be a non-empty subset in R and let f : U — R be a function.
We say that f is continuous at a point xg € U when for every € > 0 there exists a §; > 0 such
that if 2 € U and dist(x, z) < . then dist(f(zo), f(x)) < e. If it so happens that f : U — R
is continuous at every point in U, then we simply say that f is continuous (or sometimes

continuous on U).

ExaMPLE 4.0.2. Consider the function f: R — R defined by

fa) = x z€Q
0 zeR\Q
Then f is continuous at the point 0, but is not continuous at any other point zy € R\ {0}.
To prove that f is continuous at 0, let € > 0. Let us make two observations. The first
is that for every z € R, we have |f(x)| < |z| (since either |f(x)| = |z| when z € Q, or
|f(z)| = 0 when ¢ Q). The second is that dist(z,0) = |z — 0] = |z| and dist(f(z), f(0)) =
|f(z)— f(0)] = |f(x) —0] = |f(x)] < |x|; this shows that dist(f(z), f(0)) < dist(x,0). Armed
with these observations, define § = e. For any z € R such that dist(z,0) < ¢ we find
dist(f(x), f(0)) < dist(x,0) < § = e. This proves that f is continuous at 0.

To prove that f is not continuous at any other point, let o € R\ {0}. We will prove that
for any § > 0, there exists some = € R such that dist(z, z¢) < ¢ and dist(f(z), f(z0)) > |zo|/2.
To do so, let § > 0. Suppose first that o € Q. Then f(xz9) = x¢. By the density of the
irrational numbers, there is some element x € R\ Q such that dist(z,z¢) < d. Since f(z) =0
for this z, we find dist(f(z), f(zo)) = |f(x) — f(x0)| = |0 —x0| = |z0| > |z0|/2. Alternatively,
suppose that zyp € R\ Q. Then f(xg) = 0. By the density of the rational numbers, we can

find some rational number = with |z| > |z¢|/2 and dist(z,x9) < J; Indeed, there must be

91



92 4. CONTINUOUS FUNCTIONS ON R

some rational x € (xg — d, 29 + 0) N (zo — |x0|/2, z0 + |20|/2). Now, since f(z) = =, we find
dist(f(x), f(zo)) = |f(x) = f(zo)| = |z — 0] = |z| > |zo|/2. In either case, we find that given
any d > 0 there exist some x € R with dist(z, z9) < ¢ and dist(f(z), f(x0)) > |xo|/2, proving

that f is not continuous at xg. ([l

1. Continuous Functions and Sequences

There are many ways to recognize continuity of functions, one of the most useful is how a
function maps sequences. We spend this section exploring some of these ideas, starting with

the main theorem.

THEOREM 4.1.1. Let U C R and let f : U — R be a function. The function f:U — R s
continuous at some point o € U if and only if given every sequence {x,}22 1 in U converging

to xo, the sequence {f(x,)}52, converges to f(xo).

Proof. Suppose first that f is continuous at zg. Let {z,}22; be a sequence in U
converging to zg. We need to prove that nh_)rgo f(zn) = f(xo). To this end, let € > 0. By the
assumption of continuity, there exists some ¢ > 0 such that if x € U and dist(x,zg) < J then
dist(f(x), f(xo)) < €. Since the sequence {x,}7° ; converges to xo, there is some ns € N such
that for every m > ng, it holds that dist(zy,z¢) < 0. But then, by our choice of ¢, for every
n > ng, it holds that dist(f(zy), f(x0)) < e. This proves that Jlﬁ\nolo f(zyn) = f(xo).

Conversely, assume that for every sequence {z,}7°; in U converging to z¢ € U, it holds
that nILI{:O f(zn) = f(zo). We need to prove that f is continuous at zp. We will argue by
contradiction. Assume that f is not continuous at xg. Then, there exists some € > 0 such
that for every & > 0 there is some = € U such that dist(x, z) < ¢ and dist(f(z), f(z0)) > €.
In particular, with this choice of ¢, for every n € N we can find an element z,, € U such that

dist(zp, o) < 1/n and dist(f(xy), f(zo)) > . However, this sequence {z,}°2; that we have

oo

defined converges to xq (since dist(zy,xo) < 1/n for every n), but the sequence {f(z,)}5

does not converge to zg (since dist(f(zy,), f(z9)) > € for every n), which contradicts our

assumption. This contradiction implies that f is continuous at zg. m

REMARK 4.1.2. Notice that Theorem 4.1.1 says that if {x,,}°° ; is a sequence in U which
converges in U at a point of continuity of a function f : U — R, then we can commute the

limit and the function: lim f(z,) = f( lim zy). O
n—oo n—oo
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COROLLARY 4.1.3. Let U C R and let f : U — R be a function. The function f is
continuous at xog € U if and only if for all sequences {x,}22 ¢ in U which converges to xg, it

holds that the sequence {f(xy)}02, converges in R.

Proof. The difference between what we are currently trying to prove here and what we
have proved in Theorem 4.1.1 is that here we show that we don’t add the assumption that
the sequence {f(zy)}22, converges to f(xp), but rather, we simply assume convergence. If
we assume that f is continuous at xg, then given any sequence {z,}"2; in U converging to
x0, it holds that {f(xy)}22, converges by Theorem 4.1.1. Conversely, suppose that for every
sequence {x,}°°; in U converging to g, it holds that {f(z,)}5>; converges. We will prove
that this implies that {f(zy)}>2, converges to f(zp). To do so, let {x,}2; be any sequence
in U converging to xg. Define the sequence {7, }7°; as follows

) Tnj T even
Ty =
o n odd
That is, {Z,}52; = {=0o, z1, %0, 2, To, X3, ...}. Now, the subsequence of even terms of {Z,, } 2 ;
is the original sequence {z,}>°, which converges to xo by assumption; the subsequence of
odd terms of {Z,}"°, is constantly equal to xg, and hence converges to xo. Hence {Z,}>2,
is a sequence in U which converges to zop. By assumption, this implies that the sequence
{f(Zn)}5, converges. However, the subsequence of odd terms of {f(Z,)}°, is constant
f(xo), and hence coverges to f(xg), which implies that the entire sequence converges to
f(zo). This then implies that the subsequence of even terms of {f(Z,)}32 also converges
to f(xo), and since this subsequence of even terms is the same sequence as {f(x,)}22, we
conclude that nhﬁr{.lo f(zn) = f(xo). By Theorem 4.1.1, we have proved that f is continuous

at zg. m

COROLLARY 4.1.4. Let U C R and let f : U — R be a function. The function f is
continuous on U if and only if for every sequence {xn}22, in U which converges in U, it

holds that { f(xn)}22, is a convergent sequence.
Proof. This is an immediate consequence of Corollary 4.1.5. =

COROLLARY 4.1.5. Suppose that f : R — R is a function. Then f is continuous on R if
and only if given any convergent sequence {xy,}o2 ,, the sequence { f(x,)}o>, converges. That

18, f s continuous on R if and only if f maps convergent sequences to convergent sequences.
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Proof. This is an immediate consequence of Corollary 4.1.5. m

EXAMPLE 4.1.6 (A Non-Example). Consider the function f : R\ {0} — R defined by
f(z) = 1/z. The sequence {1/n}>2, is in the domain of f and converges in R. However,
the sequence {f(1/n)}>2, = {n}>2, does not converge in R. Although this may seem to
contradict the results in this section, it does not. The reason this does not contradict our
previous results is that, while the sequence {1/n}5°; is in the domain of f and converges in

R, it does not converge in the domain of f.

EXAMPLE 4.1.7. Let f : R — R be defined by f(z) = ax? for some constant @ € R. Then
f is continuous. To prove this, Theorem 2.3.6 implies that if {z,, }>°  is a convergent sequence,
then so does the sequence {ax2}22 ;. That is, if {x,,}°°; converges, so does { f(z,)}2>;. Since

f maps convergent sequences to convergent sequences, we can conclude that f is continuous.

0

2. Continuous Functions and Topology

THEOREM 4.2.1. Suppose that U C R and f: U — R is a function. The following hold.

(1) The function f is continuous at xo if and only if for all neighborhoods V' of f(x¢),
it holds that f=1(V') is a relative neighborhood of xo in U.
(2) The function f is continuous on U if and only if for all open subsets V. C R, the

inverse image f~1(V) is relatively open in U.

Proof. (1) Assume first that f: U — R is continuous at xg. Let V' be a neighborhood of
f(zo). We can find some ¢ > 0 so that (f(z¢) —¢€, f(x0) +¢) C V. For notational simplicity,
let Vo = (f(xzo) — &, f(zo0) + €). By the continuity of f at zp, we can find some 6. > 0
such that for all x € U with dist(zg,x) < J. it holds that dist(f(z), f(z9)) < e. That is,
r € (z0— 0, 20+0:)NU = f(x) € V., which is equivalent to (zg— 6,0 +8)NU C f~1(V).
Since V. C V, we have f~1(V.) C f=1(V), which, by Proposition 3.6.5, proves that f~1(V)
is a relative neighborhood of = in U. The converse is proved in Exercise 9 (9).

(2) First assume that f : U — R is continuous. Let V' C R be open. We must prove
that f~(V) is relatively open in U. If f~}(V) = @, then we’re done since @ is open and
g =2nU. If f7Y(V) # @, then for all z € f~1(V), it holds that V is a neighborhood of
f(x) and from (1), this implies that f~!(V) is a relative neighborhood of = in U. This proves
that f~!(V) is a relative neighborhood of all elements in U, implying that f~!(V) is open.
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For the converse, assume that f~1(V) is relatively open in U whenever V is open. We will
to prove that f is continuous. Let xg € U be arbitrary. Let V be a neighborhood of f(z¢) and
find some € > 0 such that (f(xo)—e¢, f(zo)+e) C V). As before, let Vo = (f(xg)—¢, f(xo)+e).
By assumption, f~1(V%) is relatively open in U and, by how V. was defined, zo € f~1(V%);
in particular, f~1(V%) is a relative neighborhood of xg in U. Since Vz C V, we find that
7Y (Vo) € f~Y(V), implying that f~1(V) is also a relative neighborhood of xq in U. By (1),
we deduce that f is continuous at zg, and since zg was chosen arbitrarily, we conclude that
f is continuous. =

While the previous theorem works in relative topologies on R, when the domain set U of
a function f : U — R is open, the manifestation of this theorem is much more simply stated,

which we record here.

COROLLARY 4.2.2. Suppose that U C R is open and f : U — R is a function. The
following hold.

(1) The function f is continuous at xog € U if and only if given any neighborhood V' of
f(xq), the inverse image f~1(V) is a neighborhood of xy.
(2) The function f is continuous in U if and only if given any open set V', the inverse

image f~Y(V) is open.

Proof. These follows immediately from Theorem 4.2.1, since if U is open, then any
relative neighborhood of z in U is a neighborhood of zg, and any relatively open set in U is

open. W

3. Continual Limits of Functions

While considering continuity, we have so far allowed the domain of a function to be a
general subset of R. When considering “continual limits” we must be a bit more selective
about the domains we consider, since to take a continual limit, we really want to have the
function variable move along a continuum of values. Namely, this requires that we assume

our domain sets contain an interval.

DEFINITION 4.3.1. Let U be a subset in R containing the interval (a, b) for some a < b.
Let f: U — R be a function. We say that f has a lefthand limit at b, or that a lefthand limit
of f exists at b, when there exists some 1y, € R such that for all € > 0 there exists some 6. > 0

such that for any x € U with < b and dist(z, b) < d, it holds that dist(f(x),y) < e. In this
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case, we say that gy, is the lefthand limit of f at b and often denote this by mli}r})l_ f(z) = up.
Symmetrically, we say that f has a righthand limit at a, or that a righthand limit of f exists
at a, when there is some y, € R such that for all € > 0 there exists some J. > 0 such that for
any x € U with a < x and dist(z,a) < d, it holds that dist(f(x),y,) < €. In this case, we
say that y, is the righthand limit of f at a and often denote this by wlgggr f(z) = Ya.

NOTATION 4.3.2. Let {z,}°°; be a sequence and zo € R. We will write x,, T 9 when
Ty < x9 for every n € N and nh_{rgo Ty = xo. If z, T 0, we will say that the sequence {z,}2°
converges to xqg from below. Analogously, we will write x,, | ¢ when x, > xg for every n € N
and nh_)n;o Ty = x0. If 2, | 20, we will say that the sequence {z,}>°, converges to xg from

above.

LEMMA 4.3.3. Suppose that U C R contains an the interval (a,b) for some a < b. Suppose

that f : U — R is a function. Then there exists some y, € R such that liril f(z) =yp if and
T—b—

0o
n=1

only if for all sequences {x,}° in U converging to y, from below, it hold that {f(xy)}

converges to yp. Symmetrically, there exists some y, € R such that limJr f(x) = yq if and only
r—a

if for all sequences {xy}52 ;1 converging to a from above, it holds that { f(x,)}52, converges

to Yq .-

Proof. Suppose first that the lefthand limit of f exists at b and is equal to yp; i.e.,
mligl_ f(z) = yp. Let {x,}°2, be a sequence in U converging to b from below. We need to
prove that {f(z)}>2, converges to y,. Let € > 0. Let . > 0 be chosen such that if z € U
with z < b and dist(z, b) < &, it holds that dist(f(x),y) < . Since nlgr;@ xn = b, there exists
some n. € N such that for every n > n. it holds that dist(z,,b) < €. Hence, for every n > n.,
we have that x,, € U, z,, < b, and dist(zy,b) < e, which implies that dist(f(zy),y) < €.
This proves that nlgrolo f(xn) = w.

We now argue the converse direction by a contrapositive argument. Assume that y; is
not the lefthand limit of f at b. This means that there exists some € > 0 such that for all
d > 0, there exists some z € U with z < b and dist(z,b) < J, but dist(f(z),y) > . In
particular, for every n € N, there exists some z,, € U with x,, < b and dist(z,,b) < 1/n such
that dist(f(zy),yn) > €. By definition, the sequence we have defined {z,}>°, in U converges
to b from below, but {f(z,)}52; does not converge to y, since dist(f(xy),yp) > € for every
n. This finishes the contrapositive argument.

The symmetric arguments for the righthand limit are done in Exercise 7 (?7). m
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DEFINITION 4.3.4. Suppose that U C R is a neighborhood or a deleted neighborhood
of some point zg € R. Let f : U — R be a function. We say that f has a limit at xq, or
that a limit of f exists at xg, when there exists some yg € R such that wgin_ f(z) = yp and
mli}g; f(z) = yo. That is, f has a limit at x9p when f has righthand and lgfthand limits at

xo and these limits are equal. In this case, we say that yg is the limit of f at xp and often

denote this by xh—gclo f(z) = yo.

PrRoOPOSITION 4.3.5. Let U C R be a neighborhood of some point xg and f: U — R be a
function. Then f is continuous at xq if and only if f : U — R has a limit at xg and the limit

equals f(xg). Symbolically, f : U — R is continuous at xq if and only if li_>m f(x) = f(z0).
T—x0

Proof. Suppose first that f is continuous at xg. Let ¢ > 0. By the definition of
continuity, there is some d. > 0 such that for every z € U with dist(z, z¢) < . it holds that
dist(f(x), f(xo)) < e. Then certainly for any x € U with z < z¢ and dist(x,zg) < J¢ it
holds that dist(f(x), f(z0)) < &, showing that lim f(x) = f(x¢). The symmetric argument

T—x0—
works to show that lim f(z) = f(z¢). Hence, if f is continuous at xg, then lim f(z) =
T—x0+ T—T0—

im_f(2) = f(xo).

For the converse, assume that lim f(x) = lim f(z)= f(zo). Let € > 0 be arbitrary.

T—T0— T—T0+

Using the definition of lefthand limits, find 6; > 0 such that for every x € U with z < z¢
and dist(x,zp) < 01 it holds that dist(f(x), f(zo)) < €. Symmetrically, using the definition
of righthand limits, take dy > 0 such that for every z € U with 2y < x and dist(z,xg) < ¢
it holds that dist(f(z), f(z0)) < €. Define §. = min{d1,d2}. By our definition of ., we then
have that if z € U with dist(x, zg) < d., it holds that dist(f(z), f(zo)) < €, proving that f is

continuous at xg. m

4. Continuous Images of Sets
4.1. Continuous Images of Compact Sets.
THEOREM 4.4.1. Suppose that U C R is open, and K C R is compact with K C U. If

f:U — R is continuous, then the image f(K) is compact. Poetically, the continuous image

of a compact set is compact.

Proof. Suppose that {U;}ics is an open cover of f(K). Then by Exercise 9 (14),

{f71(U;)}3e, is an open cover of K. Since K is compact, there exists a finite subcover
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{f~1(U;,)}, of K. But then {U;, }Y, is a finite subcover of f(K). Hence any open cover
of f(K) admits a finite subcover of f(K) proving that f(K) is compact. m

COROLLARY 4.4.2. Suppose U C R is open, K C U 1is non-empty and compact, and
f U — R is continuous. Set ymax = sup{f(z) s.t. z € K} = sup f(K) and ymin =
inf{f(z) s.t. x € K} =inf f(K). Then there exists (not necessarily unique) elements Tmin, Tmax €

K such that f(l‘max) = Ymax and f(xmin) = Ymin-

Proof. By Theorem 4.4.1, we know that f(K) is compact, in particular it’s closed and
bounded. In Exercise 9 (6) we have shown that ymax and ymin are in the boundary of f(K).
Since f(K) is closed, this implies that Ymax, Ymin € f(K), which further implies there exist

some points Tmax, Tmin € K such that f(Zmin) = Ymin a0d f(Tmax) = Ymax. ™

COROLLARY 4.4.3. Suppose that U C R is open and K C U is compact. If f : U — R
18 continuous, then the restriction f : K — R is bounded. That is, there exists some R > 0

such that for all x € K, it holds that |f(z)| < R.

Proof. Since f(K) is compact, it is closed and bounded. In particular, the set f(K) =
{f(z) s.t. z € K} is bounded, which is equivalent to the existence of some R > 0 such that
for all z € K it holds that [f(z)| < R. m

4.2. Continuous Images of Intervals: The Intermediate Value Theorem. We
now work to rigorously prove a concept that in illustration is obvious. The Intermediate
Value Theorem (IVT) roughly states that if a real-valued function f is continuous on some
interval [a, b], then it can not “jump” from f(a) to f(b) without hitting all values between
(all intermediate values). Before jumping right into the statement, we first prove a lemma

that slightly generalizes one direction of Exercise 7 (2).

LEMMA 4.4.4. Let J C R be a non-empty set. If J is an interval, then there do not exist
disjoint open sets A and B such that J CU UV with JNU # & and JNV # 3.

Proof. We will prove this by the contrapositive. Suppose that J is a non-empty subset
such that there disjoint exist open sets U and V such that J C UUV with JNU # & and
JNV #A#3. Let x € JNU and y € JNV, and without loss of generality, assume that < y.
Since x € U and y € V, and U and V are disjoint open sets, Exercise 7 (16) implies that there
exists somer e Rwithz <r<yandr €U andr € V. Sincer UUV and J CUUV, we
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have that J C (—oo,7) U (r,00). Moreover, z € J N (—oo,r) and y € J N (r,00). By Exercise

7 (2), this proves that J is not an interval. m

DEFINITION 4.4.5. Let z,y € R. A value ¢ € R is said to be an intermediate value

between x and y when either t < c<yorxz >c>y.

THEOREM 4.4.6 (Intermediate Value Theorem). Suppose that U C R is a set containing
the interval [a,b] for some a <b. If f: U — R is continuous at all points in [a,b], then for

all intermediate values ¢ € R between f(a) and f(b), there exists some x. € [a,b] such that

flae) =c.

Proof. Let f: U — R be a function continuous on the interval [a,b] C U for some a < b.
For this proof, we do not lose generality by assuming a < b and f(a) < f(b), so we will
make these assumptions. Suppose that ¢ € R is some intermediate value f(a) < ¢ < f(b).
Let U = (a,b) N f~(—00,c) and V = (a,b) N f~1(c,00). If we assume that f is continuous
at all points in [a, ], then certainly f is continuous on the open interval (a,b). Because of
this, U and V are open sets, since they are the inverse images of open sets by a continuous
function f restricted to the open interval (a,b). Moreover, U and V are disjoint since f is
well-defined. We will now prove that U # @ and V # @&, which by Lemma 4.4.4 will imply
that (a,b) ¢ U UV, further implying that there is some z. € (a,b) \ (U U V), meaning
flze) =c.

We give an almost full proof here with some details relegated to Exercise 9 (?7). Let
us restrict to the case that the domain of f is the interval J, since we are not critiquing
the behavior of f outside of J; this restriction means that we are assuming f : J — R
is continuous. If f(z1) = f(x2) there is no ¢ between f(z1) and f(x2) to check and hence
nothing to prove. So, we assume that f(x1) # f(z2) and that the value ¢ lands between f(z1)
and f(z2). Define Uy = f~((—o0,¢)) and Us = f~!((¢,00)); note that Uy and Us are both
open since f is continuous, and disjoint by construction. We claim that Uy N (z1,22) # @
and Uz N (z1,22) # . To show this, let us assume that f(z1) < ¢ < f(z2); the proof
in the case that f(r1) > ¢ > f(xz2) follows by direct analogy. Since f(z1) < ¢ and f is
continuous, there is some ¢; > 0 such that for all z € (x1,21 + d1) it holds that f(z) < c,
so (x1,x1 + 1) C (w1, x2) N Uy; similarly, since f(x2) > ¢ and f is continuous, there is some
d2 > 0 such that for all z € (x9 —d2, z2) it holds that f(z) > ¢, so (xa—d2, 22) C (21, 22) NUs;
this proves that (z1,2z2) NU; # @ and (x1,22) N Us # &. Now, Proposition 4.4.4 implies
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that (z1,22) ¢ Uy U Uy, so there exists some z. € (x1,x2) such that x. ¢ U; UUs,. But then,
flze)=c m

5. Pointwise Algebraic Constructions and Continuity

DEFINITION 4.5.1. Suppose that S; and Sy are sets (not necessarily subsets of R), and
f:81 =2 Rand g: S — R are functions. Because of the structure on the codomain R, we
can create new functions out of f and g via pointwise constructions. Let S = S; N Sy (which

very well might be empty).

(1) A linear combination of f and g is a function h : S — R defined by h(x) = af(z) +
Bg(x) where o, 8 € R are fixed (i.e., « and f remain fixed independent of z € S).
The function h : .S — R is typically denoted by h = af + 9.

(2) The product of f and g is a function h : S — R defined by h(zx) = f(x)g(x). The
function h : § — R is typically denoted by h = fg.

(3) If we further restrict S to the set S = {z € S s.t. g(x) # 0}, we then define the
quotient of f and g as the function h : S — R defined by h(x) = f(z)/g(x). The
function h : S — R is typically denoted h = f /g.

Before we start considering some of the continuity properties of linear combinations,

products, and quotients of functions, let’s first prove a necessary lemma.

LEMMA 4.5.2. Suppose that U C R is a neighborhood of some point xo. If f : U — R
is continuous at xo and f(xog) = yo # 0, there exists some 6 > 0 such that for all x €
(o — 0,20 + 9) it holds that |f(x)| > |yo|/2. In particular, if f: U — R is continuous at
and f(xo) # 0, there is a neighborhood N of xy such that f(x) # 0 for any x € N.

Proof. Suppose that f : U — R is continuous at z¢ and f(xo) = yo # 0. Since f is
continuous at xo and |yp|/2 > 0, there exists some 6 > 0 such that for all x € (xg — , zo + 9)
it holds that |f(z) — f(xo)| < |yo|/2. The reverse triangle inequality implies that for all
x € (xo— 9,20+ 0), we have | f(zo)| — |f(x)| < |yo|/2, which rearranges to |yo|/2 < |f(z)|. m

THEOREM 4.5.3. Suppose that Uy and Uy are both subsets of R which are both neighbor-

hoods of some point xg. Further suppose that f : Uy — R and g : Uy — R are both continuous
at xg. Set U =Uy NUsy. Then

(1) For any o, B € R, the function af + Bg : U — R is continuous at xg.
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(2) The function fg:U — R is continuous at xg.
(3) If g(zo) # 0, then there exists some § > 0 such that f/g : (xg — 0,20 +0) — R
is well-defined and continuous at xo. Moreover, if g(x) # 0 for all x € U, then

f/g:U = R is well-defined and continuous at x.

Proof. Let {z,}3%, be an arbitrary sequence in U converging to zp. By Theorem ?7?,
the sequences {f(zy)}22, and {g(zy)}32, converge to f(xo) and g(zo), respectively.

(1) Let o, € Rand h : U — R be defined by h(z) = af(z) + Sg(x). Then the

(e}
n—

sequence {h(z,)}5; is given by h(zy) = af(zy,)+ Bg(xy) and, by Theorem 2.3.6, converges
to af(xo) + Bg(xo) = h(xo). Therefore, 7}1_{{.10 h(xzn) = h(zp). Since {x,}5°, was chosen
arbitrarily, we conclude by Theorem 7?7 that h is continuous at xg.

(2) Let k : U — R be defined by k(z) = f(x)g(z). Then the sequence {k(zy)}>2, is given
by k(zyn) = f(zn)g(zy) and, by Theorem 2.3.6, converges to f(xg)g(zo) = k(x¢). Therefore,
nh_)rrolo k(xyn) = k(zo). Since {z,}72, was chosen arbitrarily, we conclude by Theorem ?7 that
k is continuous at zg.

(3) If g(xo) # 0, by Lemma 4.5.2 there exists some ¢ > 0 such that (zg—0d,x9+9) C U and
g(x) # 0 for any x € (zg— 0,20+ 9). Let {Z,}72, be an arbitrary sequence in (zg — 6, zo + )

[e.9]

which converges to xo. By Theorem ?7 we again know that {f(Z,)}>2; and {g(Zn)} 2,

converge to f(xp) and g(xg) respectively. Define the function [ : (z¢g — d,z¢9 + J) — R by
l(x) = f(z)/g(z). Since for all n, &, € (zo — J,z9 + ) we find that g(z,) # 0. Therefore,
by Theorem , we have that the sequence {I(Z,)}"2 given by (%) = f(Zn)/9(Zn) converges
to f(zo)/g(z0) = l(xg). Therefore, nlLIr()lol(ﬂEn) = (o). Since {Z,}72; was chosen arbitrarily
in (zg — 6,29 + 9), we conclude by Theorem ?? that [ is continuous at zp. Had we originally
known that g(z) # 0 for all x € U, the same proof would have worked for [ defined on the
domain U, replacing the arbitrary sequence {Z,}°°, in (zg — J,z9 + 0) with the arbitrary
sequence {x,}22, in U.

5.1. Composition and Continuity. When being introduced to composition of func-
tions f: A — B and g : C'— D, to create the composition go f : A — D it must be true that
f(A) C C, since otherwise, if some = € A is such that f(x) & C, then g(f(z)) is not defined.
However, we can consider composing these functions when f(A) ¢ C by further restricting

the domain. Indeed, let S = {z € A s.t. f(z) € C} = f~(C). Then go f : S — D makes
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sense; however, you may notice that it could so happen that S = @, which isn’t all that
interesting. However, if it happens that f(A) C C, then S = A and we find ourselves in the

original scenario.

DEFINITION 4.5.4. Given functions f : A — B and g : C — D, the set S = f~1(C) =
{zx € A s.t. f(x) € C}is called the implicit domain of the composition gof : S — D. Without
explicitly mentioning otherwise, we will always assume the domain of a composition is the

implicit domain.

One final point to make is that since we will be using the implicit domain of composition,

any two functions can be composed.

THEOREM 4.5.5. Let Uy and Us be subsets of R, and f : Uy — R and g : Us — R be
functions. Suppose that Uy is a neighborhood of some point xg € R and Uy is a neighborhood
of f(xzo). If f is continuous at xo and g is continuous at f(xo), then go f : S — R is

continuous at xo where S = f~1(Uy) is the implicit domain of composition.

Proof. Method 1: Let € > 0 be arbitrary. Let 6; > 0 such that if y € Uy and |y— f(z0)| <
01 the |g(y) — g(f(x0))| < €; we can find such a ; since g is assumed to be continuous at
f(zg). Let 6 > 0 be such that if x € S and |z — xzg| < ¢ then |f(z) — f(x0)| < d1; we can
find such a § > 0 since f is assumed to be continuous at zg. Now, for any = € S such that
|z — x0| < § we have that |f(x) — f(x0)| < § implying that |g(f(z)) — g(f(x0))| < €. That is,
for all x € S such that |z — xg| < § it holds that |go f(z) — go f(xo)| < e, proving that go f
is continuous at x.

Method 2: Let {x,,}5° | be an arbitrary sequence in S converging to xo. Then {f(xy)}22,
is a sequence converging to f(zo) since f is continuous at xo. But then, since {f(z,)}72 is
a sequence converging to f(xo) and g is continuous at f(zo), it holds that {g(f(z,))}52, is
a sequence converging to g(f(xo)). That is, given an arbitrary sequence {x,}°° | converging
to xo, it holds that {g o f(z,)}52; converges to g o f(xg), proving that go f is continuous at
x0.

Method 3: Let V be an arbitrary neighborhood of g o f(xg). Note that (go f)~1(V) =
F~Y(g~'(V)). Since g is continuous at f(zg) and V is a neighborhood of g( f(x¢)), it holds that
g~ 1(V) is a neighborhood of f(xq). Since f is continuous at zg and g~*(V) is a neighborhood

of f(zo), it holds that f~!'(¢~*(V)) is a neighborhood of zg; that is, (g o f)~'(V) is a
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neighborhood of zy. We have thus shown that given an arbitrary neighborhood V' of go f(xg),
it holds that (go f)~!(V) is a neighborhood of x¢, proving that g o f is continuous at zo. ®

6. Stronger Forms of Continuity

6.1. Uniform Continuity.

DEFINITION 4.6.1. Let U be a subset of R and f : U — R be a function. We say that f
is uniformly continuous when for all £ > 0 there exists a é > 0 such that for all x,y € U with

|z —y| < 4, it holds that |f(z) — f(y)| < e.

REMARK 4.6.2. Note that the definition of uniformly continuous critiques the behavior
of f “uniformly” over its entire domain. Indeed, the definition of uniform continuity requires
that the choice of § depends only on ¢, but not on any specific point in U. This is in contrast
to first having a point ¢ € U in mind and then finding some § depending on ¢ and zg, as
we would to prove continuity. You’ll notice that because of this we do not define uniform
continuity at a point, but rather over the entire domain; that is, the statement “f : U — R
is uniformly continuous” makes sense, but the statement “f : U — R is uniformly continuous

at zo” does not. ]

EXAMPLE 4.6.3. Let f : [1,00) — R be defined by f(x) = \/x. Then f is uniformly
continuous. To prove this, let € > 0 and set § = ¢. Note that if z,y € [1, 00) then |\/z+,/y| >
|1+ 1| = 2, and further that © — y = (v — \/y)(v/* + /y). Therefore, for any z,y € [1,00)

. . |z — y| 0 €
ith |x — y| < § it holds that |f(x) — = — =— < -==-<c O
with [z — y 50) = T = Vo = Vil = (e < 5 =5

EXAMPLE 4.6.4. Let f : (0,1) — R be defined by f(z) = 1. Note that f: (0,1) — R is
continuous by Theorem 4.5.3 (3) However, f is not uniformly continuous. We prove this by

contradiction. Assume that f: (0,1) — R is uniformly continuous. In this case, there exists

some 0 > 0 such that for all z,y € (0,1) with |z — y| < J it holds that |f(z) — f(y)| < 1.

Now, |f(z) — f(y)| = ‘% — % = |T;y‘7|’|. In particular, suppose N € N is large enough such

that 1/N < § and N > 2, then with = + and y = % we have that [z —y| = & < § and

lf(z) — f(y)| = 21/1\,]\[2 = & > 1. This contradicts that |z —y| <& = |[f(z) — f(y)] < 1,

showing that f is not uniformly continuous. O
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PROPOSITION 4.6.5. Suppose that U C R and f : U — R is uniformly continuous. Then
f is continuous with respect to the relative topology on U. In particular, if U is open and

f:U — R is uniformly continuous, then f is continuous.
Proof. Exericse. m

THEOREM 4.6.6. Suppose that K C R is compact and f : K — R is continuous. Then
f : K — R is uniformly continuous. That is, a continuous function on a compact set is

uniformly continuous.

Proof. Let ¢ > 0. Since f is continuous, for each point x € K, there exists some
dz > 0 such that for all y € (z — §z,x + dz) N K it holds that |f(x) — f(y)| < /2. For
every v € K let Uy = (z — 0,/2,2 + 05/2). Then {Uz}zex is an open cover of K, and
since K is compact, it admits a finite subcover. Hence, let {z1,...,2,} C K such that
{Usyy ..., Uy, } covers K. Define § = min{d,,/2,...,0,,/2}. Suppose that z,y € K with
| —y| < 6. Since {Uy,,...,Us,} is an open cover of K, it holds that = € U,, for some
i € {1,2,...,n}, particularly, this implies that |z —x;| < 0,/2. Now, by the triangle inequality,
ly—zi| < |y—z|+|x—x;| < 0+0z,/2 < 03, /2404, /2 = 0g,. S0, |y—ax;| < 0z, and |z—x;] < Iy,
which by the way we chose d,, implies that |f(y) — f(x;)| < €/2 and |f(z) — f(x;)] < /2.
In particular, |f(z) — f(y)| < |f(z) — f(x:)| +|f(y) — f(zi)] <e/2+¢/2 =e. What we have
thus proved is that if z,y € K with |z — y| < 4, it holds that |f(z) — f(y)| < e, and since §
was chosen depending only on &, but not on the points z nor y, this proves that f : K — R

is uniformly continuous. m

THEOREM 4.6.7. Suppose that Uy and Uy are subsets of R and f : Uy - R andg: Us — R
are functions. Let U = Uy NUsy and S = f~Y(Us). If f and g are uniformly continuous then

(1) For any o, B € R, af + Bg : U — R is uniformly continuous.

(2) go f: S — R is uniformly continuous.

Proof. (1) Let € > 0. Define §; > 0 such that for all z,y € U; such that |z — y| < 01

it holds that [f(x) — f(y)| < m Define d2 > 0 such that for all x,y € U, such that

|x — y| < d2 it holds that |g(x) — g(y)| < m Set § = min(d1,d2). Then for all x,y € U
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such that |z —y| < d,

laf(x) + Bg(x) — af(y) — Bgy)| < lallf(z) — fy)| + Bllg(z) — g(v)]

e €
<l

3

(2) Let € > 0. Let 6; > 0 be chosen so that for all z,y € Uy with |« — y| < d; it holds

2(Ja| + 1)

that |g(z) — g(y)| < e. Let 6 > 0 such that for all x,y € U; with |z — y| < ¢ it hlds that
|f(z) — f(y)| < 61. Now, if z,y € S with |z — y| < 0, then |f(z) — f(y)| < 01, further
implying that |g(f(x)) — g(f(y))| < e. That is, for all z,y € S with |« — y| < ¢ it holds that
lgo f(z)—go f(y)| < e, proving that go f : S — R is uniformly continuous. m

PROPOSITION 4.6.8. Suppose that U C R is bounded and f : U — R is uniformly contin-
wous. Then f :U — R is bounded. That is, there exists some R > 0 such that for all z € U,
it holds that |f(x)| < R.

6.2. Lipschitz Continuity.

DEFINITION 4.6.9. Let U C R. A function f : U — R is called Lipschitz continuous when
there exists some ¢ > 0 such that for all z,y € U it holds that |f(z)— f(y)| < ¢|z—y|. Letting
E = inf{c>0s.t. [f(x) — f(y)| < clz —y| for all z,y € U}, then k is called the Lipschitz
bound or Lipschitz constant of f: U — R.

ProPOSITION 4.6.10. Let U C R. Suppose that f : U — R is Lipschitz continuous
with Lipschitz bound k, and define C = {c >0 s.t. |f(x) — f(y)| < clx —y| for all x,y € U}.
Then C = [k,00). That is, for all ¢ > k, it holds that |f(x) — f(y)| < clz —y| for all x,y € U.

Proof. The proof is outlined here, the details are left as an exercise. First note that if
c € C, then for any b > ¢ we have that |f(x) — f(y)| < c|lz — y| < blz — y| for all z,y € U;
this shows that b € C, from which we conclude that if ¢ € C, then [¢,00) C C. Since k
is a lower bound of C| this further implies that k& € C implies [k,00) = C. To prove that
k € C, we argue by contradiction. Assume that k& ¢ C’; this means that there exists some
x,y € K such that |f(x) — f(y)| > k|x — y|. In particular there exists some n € N such that
|f(z)— f(y)| —k|z—y| > 2|z —y| and hence |f(z)— f(y)| > (k+1/n)|z —y|. But this implies
that k + 1/n is a lower bound of C, contradicting that & is the infimum of C. m

EXAMPLE 4.6.11. Let f : [0,1] — R be defined by f(x) = y/z. Then f is not Lipschitz
continuous. Proof. By contradiction. Suppose that k is the Lipschitz bound of f : [0,1] — R.
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Then for all z,y € [0, 1] it holds that |f(z) — f(y)| < k|x — y|. In particular, setting y = 0
and z = 1/n? for some n € N we see that |1/n| < k|1/n?| implying that n < k. Since we

could have originally chosen n € N large enough that n > k, we see our contradiction. m [J

THEOREM 4.6.12. Let U C R and suppose that f : U — R is a function. If f is Lipschitz

continuous, then it is uniformly continuous.
Proof. Exercise. See Exercise 9 (37). m

THEOREM 4.6.13. Suppose that Uy and Uy are subsets of R and f: Uy — R and g : Us —
R are functions. Let U = UyNUs and S = f~Y(Us). If f and g are Lipschitz continuous then

(1) For any o, B € R, af + fg: U — R is Lipschitz continuous.
(2) go f: S — R is Lipschitz continuous.

Proof. (1) Suppose that there is some ¢; > 0 such that |f(z) — f(y)| < cil|z — y|

for all z,y € U, and ¢ > 0 such that |g(z) — g(y)| < 2|z — y| for all z,y € U. Then

o f (2)+Bg()—af ()~ Ba(w)| < lal|f(2)—f ()| +1Bllg(2)—g()] < (laler+|Bles)l—y] for al
2,y € U. Setting ¢ = (ale1 +|Blca), this says that |f(z) + Bg(x) — af(y) — Bgw)] < cla—y]
for all z,y € U.

(2) Suppose that there is some ¢; > 0 such that |f(z) — f(y)| < ci|z —y| for all x,y € S,
and cg > 0 such that |g(z) — g(y)| < co|lx —y| for all x,y € Us. Then for all z,y € S, we have
l9(f(2)) = g(fW)| < c2lf(z) = f(y)| < cacalz — y|. Setting ¢ = cica, we have shown that

lg(f(2)) —g(f(W)| <clz —y|forall z,y € S. =

7. Exercises

(1) Let S C R and let € S be an isolated point of S. That is, there exists some § > 0
such that (z — d,x + ) NS = {x} (see Exercise 7 (9) for more on isolated points).
Prove that any function f : S — R is continuous at x. In particular, what does this
say about any sequence f : N — R?

(2) Let S C R be defined as S = {1/n s.t. n € N}. Exercise (1) proves that any function
f S — R is continuous since S is a discrete set (i.e., all elements in S are isolated
points of S). However, this is not necessarily true if the domain is SU{0}. Find an

example f: SU{0} — R which is not continuous at 0.
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(3) Let U =[0,2] \ {1}. Define the function f : U — R as

-1 0<z<1
fz) =
1 1<z <2
(a) Using Definition 4.0.1, prove that f is continuous.
(b) Let y € R be any value. Extend f to the interval [0,2] by defining f(1) = v.
That is,
-1 0<z<1

f(x) = Y r=1
1 l<x<2

Using Definition 4.0.1, prove that f : [0,2] — R is not continuous. (This proves
that there is no way to “continuously extend” f to the entire interval [0, 2]).
(4) Let U C R and let f: U — R be a function.
(a) Suppose that f has the property that for all Cauchy sequences {x,}5°; in U,
it holds that the sequence {f(x,)}2, is Cauchy. Prove that f is continuous.
(b) In the case U = R, prove that a function f : U — R is continuous if and only
if it satisfies the previous property. That is, prove that a function f: R — R is
continuous if and only if for all Cauchy sequences {x,}52; in R, it holds that
the sequence {f(x,)}>2 is Cauchy.
(c) Find an example of a set U C R and a function f : U — R which is continuous,
but f does not satisfy the previous property. That is, give an example of
a continuous function f : U — R such that there is some Cauchy sequence
{zp}>2, in U where {f(z,)}>2, is not Cauchy.
(5) Define the function f : R — R by

x xreQ
flz) =
-z zeR\Q
(a) Using Definition 4.0.1, prove that f is continous at 0, but not continuous at
any other point.

(b) Using Theorem 4.1.1, prove that f is continuous at 0, but not continuous at

any other point.
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(¢) Using Theorem 4.2.1, prove that f is continuous at 0, but not continuous at
any other point.

(6) Define the function f : R — R by

(a) Using Definition 4.0.1, prove that f is continous.

(b) Using Theorem 4.1.1, prove that f is continuous.

(c¢) Using Theorem 4.2.1, prove that f is continuous.

(7) Let U C R and suppose that f : U — R is continuous. Prove that if {V;};cs is an
open cover of f(U), then {f~1(V;)}ies is a relatively open cover of U (relative to U).
(8) Let U C R be a neighborhood of some point xg and let f : U — R be a function.
Prove that f is continuous at zg if and only if for all € > 0 there exists some
d > 0 such that (zg — d,29 + ) C U and for all x € (zg — d,x9 + 0), it holds that
f(z) € (f(zo) — &, f(zo) + ).
(9) Prove the “other direction” of Theorem 4.2.1 (1). That is, prove that if a function f :
U — R (where U is a neighborhood of x() has the property that for all neighborhoods
V of f(xo) it holds that f~!(V) is a neighborhood of xg, then f : U — R is
continuous at xg. Hint: To show continuity at xg, let € > 0 be arbitrary and set
V = (f(w0) —¢, f(x0) +¢); from here let § > 0 be such that (zg—9,29+3) C f~H(V).
(10) Let U C R. Prove that U is open if and only if U is a neighborhood for each of its
elements.
(11) Suppose that U C R is open and f : U — R be a function.

(a) Suppose that for some d > 0, f has the property that for every xg € U there
is some k > 0 (which might depend on zy and d) such that |f(z) — f(zo)| <
k|x — xo| whenever |z — zg| < d. Prove that f is continuous.

(b) Let f : R — R be defined by f(z) = x3. Prove that f is continuous. Could
have you used part (a) here to interpret your solution? Hint: Don’t forget that
23 — 23 = (v — 20)(2® + 20 + 23); in particular, if |z — 20| < 1 (here 1 is just

as good as any other positive choice), then justify that

23 — 23| < ((mo + 1) + (w0 + Vzo| + 23) |2 — 0.
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(c) Let f :[0,00) — R be defined by f(z) = y/x. Prove that f is continuous on
(0,00), and continuous from the right at 0. Could you interpret your solution
through the setup of part (a) to show that f is continuous on (0, 00)?
(12) Let f : R — R be defined by

x  if z is rational
flz) =
0  otherwise
Prove that f is continuous at 0, but not continuous at any other point.
(13) Let U C R be open, let f: U — R, and let g € U. Prove that f is continuous at
xg if and only if f is continuous from the right and from the left at z.
(14) Let U C R be open and f : U — R is continuous. Also, suppose that K C U.
(a) Suppose that {U;};cs is an open cover of f(K). Prove that {f~1(U;)}ies is an
open cover of K.
(b) Continuing with the notation from the previous part, suppose that { f~*(U;, )},
is a subcover of K. Prove that {U;, }I_| is a finite cover of f(K).
(15) Rewrite Definition 4.0.1 with only the distance function dist; no absolute values
should be involved.
(16) A more general (topological) definition of continuity goes as follows. Let S C R and
let f:S — R be a function. We say that f is continuous in the relative topology on
S when given any open subset V' C R, the inverse image f~!(V) is relatively open
in S. Prove that f : .S — R is continuous in the relative topology on S if and only
if for all zyp € S there exists some 6 > 0 such that if z € S and |z — 29| < 4, then
[f(z) = flzo)| <e.
17) Prove Proposition ?7.
18) Prove (??) of Theorem ?7.
19
20

(17)

(18)

(19) Write out the detailed proof of Theorem ?7.

(20) Let f: R — R be a function.

(a) Prove that f is continuous if and only if for every Cauchy sequence {z,}>2 in
R it holds that {f(x,)}s2, is Cauchy.

(b) Part a is not generally true if we pick a proper open subset U C R as the domain
of f. Suppose that the domain of f is U = (0,1) and define f(z) = 1/x. We

haven’t proved that f(x) = 1/z is continuous yet, but we will, so you can use
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this fact here. Show that there exists a Cauchy sequence {x,}>2; in U such
that {f(z,)}52, is not Cauchy.
(21) Let U = (—1,0) U (0,2) U(2,4) and f: U — R be defined by
z+1 -1<xz<0
z? 0<z<2

4/(x—1) 2<z<3

x 3<r<4

For the given x( below, find the left- and righthand limits of f at xzq if they exist,
and prove that these are, in fact, the limits in two ways: i) By the definition of left-

or righthand limit, ii) using Theorem ?7.

(d) =y = 3. Also, prove that f is continuous from the right at zp = 3, but not
continuous from the left.

(22) Give an example of a function f : R — R such that for all points zp € R it holds

that neither xl}g})_ f(x) nor mggng f(x) exist. Make sure to prove your function

truly meets this criteria.

(23) Let f : R — R be defined by

(a) Prove that f is continuous at 3.
(b) From part (a), we know that f is continuous at 3, and so we can find some
d > 0 such that if |z — 3| < ¢ it holds that |f(z) — 6| < .01. Find such a 0.
(24) Prove that if U is an open subset of R, then U N bdry(U) = &; however, U C
limpts(U).
(25) In this exercise, you will fill in the missing details of Proposition 4.4.4. Continuing
the notation from this proposition, U; and Us are non-empty disjoint open subsets

of R such that a € Uy N (z,y), b € U2 N (z,y), and a < b. We defined T =
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{s € (a,b) s.t. (a,s) C Uy N (x,y)} and showed that T was non-empty and bounded
above by b; in particular, ¢ = sup(T") is such that ¢ < b.

(a) Prove that if ¢ € Uy N (z,y) and € > 0 such that (¢ —e,c+¢) C Uy N (z,y),
thenc+eceT.

(b) Prove that if ¢ € Uy N (z,y) and € > 0 is such that (¢ —e,c¢+¢) C U N (z,y),
thenc—¢/2€T.

(26) In this exercise, you will fill in the missing details of Theorem 4.4.6. We will use the
notation of Theorem and its proof above.

(a) Suppose that U is a neighborhood of some element z. Prove that if f is con-
tinuous at z and f(z) < c¢ then there exists some ¢ > 0 such that for all
z € (2 —d,z+0), it holds that f(x) < c.

(b) Suppose that U is a neighborhood of some element z. Prove that if f is con-
tinuous at z and f(z) > ¢ then there exists some § > 0 such that for all
x € (z—6,z+9), it holds that f(x) > c.

(c) Prove that if U1 N (z,y) # @ and Uz N (x,y) # & using the previous two parts
to fill in the missing details of this statement in the proof given.

(d) Prove that for any = € (z1,x2) \ (U1 UUz), it holds that f(z) = c.

(e) At the beginning of the proof, we claimed that it is sufficient to consider the
case that J is the domain of f, so that f : J — R is continuous. Prove that
this is true. In other words, we proved the intermediate value theorem for all
continuous functions whose domains are intervals; as a quick corollary to this,
prove the more general statement of the theorem (i.e., the domain of f is U not
J).

(27) Let f : R — R be defined by f(z) = 32° + 22 + 22 + 1. Prove that f has a root
in the interval (—1,—1/2). That is, prove that there is some zy € (—1,—1/2) such
that f(zg) = 0.

(28) Suppose that U; and U, are both open and contain some common point zg (i.e.,
xg € U1NUy). If f: Uy — R and g : Uz — R are both continuous and f(xg) > g(xo),
prove that there is some 6 > 0 such that (xg — d,z9 + ) € Uy N Uz and for all
x € (xg — 6,x0 + 9) it holds that f(x) > g(z).

(29) Suppose that U; and U, are both open and contain some common interval [a, b] (i.e.,

[a,b] € Uy NUs). Suppose further that f : U; — R and ¢g : Uy — R are continuous
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with f(a) < g(a) and f(b) > g(b). Prove the following: h : [a,b] — R given by
h(z) = m is not a well-defined function, but if we restrict the domain to
V' C [a,b] where it is well-defined, then it is continuous with respect to the relative
topology on V.

(30) Suppose that U is open and K C U is compact. Let a, 8 € R. If f: U — R and
g : U — R are continuous. Let {x,}°°; be any sequence in K and define {y,}°;
as the sequence y, = af (z,) + Bg(xn).

(a) Prove that {y,}°°; has a convergent subsequence.
(b) Provide an example where the sequence {y,}5° ; does not converge.

(31) For this problem, you can assume the normal facts about sin : R — R; in particular,
that sin is continuous, that sin(z) = sin(zx + 27k) for every z € R and k € Z, and

that sin(7w/2) = —sin(—7n/2) = 1. Let f : R — R be defined by

sin(1/z) x=#0
0 z=0

fz) =

(a) Prove that f is continuous for all points x # 0.
(b) Prove that f is not continuous at z = 0 in two ways: i) By the (negation of
the) definition of continuity, ii) Using Theorem ?7.
(32) Let U C R be open.
(a) For all n € N, prove that the function f,, : U — R defined by f,(x) = 2™ is
continuous.
(b) Prove that any polynomial p : U — R is continuous. Recall that a polynomial
is a function of the form p(z) = a,2" +a, 12" '+ - -+ag where ag, ..., a, € R,
and n € N.
(33) Let K C R be a set with no limit points. Let f : K — R be a function.
(a) Prove that f: K — R is continuous with respect to the relative topology on K.
(b) Prove that any real-valued function (i.e., any function with codomain R) whose
domain is a subset of Z is continuous with respect to the relative topology on
the domain.
(34) Suppose that a,b € R and U C R is an open set containing the interval [a,b] C U.
Suppose further that f : U — R is a continuous function such that f(a) < 0 and
f(b) > 0. We define the sequence {a,}°>;, {bn}22;, and {c,}>2, in the following
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way. Let a; = a, by = b, and ¢; be the midpoint ¢; = (a1 + b1)/2. If f(c1) <0,
set ag = ¢1 and by = by, otherwise if f(c1) > 0, set ag = a1 and by = ¢;. In this
way, on this iteration we have created a new interval [ag, bs] C [a1, b1] with half the
length and such that f(ag) < 0 and f(b2) > 0. Continuing in this fashion, we let
co = (ag+b2)/2. If f(ca) <0 we set az = ¢ and bz = by, otherwise if f(cz2) > 0 then
we set a3 = az and bz = . We continue this process to get our sequences {a,}5° ;,
{bn}22, and {c,}72 1; note that, as before, - -+ C [ap,by] C -+ C [ag, b2] C [a1,b1]
and that for any n € N, f(a,) <0 and f(b,) > 0.

(a) Prove that the sequences {a,}52; and {b,}5°; converge to the same point zg.

(b) Prove that f(zp) = 0.

(c) Suppose that a = 0 and b = 1. You are a programer who wants to write a
program to find a root zp of f on this interval [0, 1] (where as before f(0) <0
and f(1) > 0 and f is continuous). So, you write a program which starts
building the sequences a1, as, as, ...; by, ba, bs...; c1, c2, c3.... Of course, you can’t
really iterate infinitely many times since this would take infinite time, so instead
you have to approximate the root g of f. How many iterations n should you
run so that ¢, is within 2719 of the actually root zo?

(35) Let U =R\ {0} and let f: U — R be defined by

-1 <0
flz) =
1 x>0
Prove that f is continuous, but not uniformly continuous.

(36) Let b > 0 and defined the function f : (0,b) — R by fy(x) = x2; also define
f:(0,00) = R by f(z) = x2. Prove that f; is uniformly continuous, but that f is
not.

(37) Suppose that f : R — R is uniformly continuous. For a,b € R, define the function
g:R — R by g(x) = f(ax + b). Prove that g is uniformly continuous.

(38) Let U C R and suppose that f: U — R is a function.

(a) If f: U — R is uniformly continuous, prove that for any V' C U, the restriction
f:V — R is uniformly continuous.
(b) If there exists some V' C U such that the restriction f : V' — R is not uniformly

continuous, prove that f : U — R is not uniformly continuous.
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(39) Suppose that f: R — R is continuous.

(a) Suppose that U C R is bounded. Prove that the restriction f : U — R is
uniformly continuous. Hint: If U is bounded, then for some R > 0, U C
[—R, R], so if you can prove that f : [-R, R| — R is uniformly continuous, then
you can use the Exercise 9 (34).

(b) Find an example of a function f : (0,00) — R which is continuous, but where
there exists a bounded subset U C (0, 00) such that f : U — R is not uniformly
continuous.

(40) In this problem, you will fill in the details of the proof of Proposition 4.6.10. Let
f:U—=>R, C={c>0st. |f(x)— f(y)| <clxr—y|}, and k = inf C, be as in the
Proposition.

(a) Suppose that b > 0. Prove that if there exist x,y € U such that |f(z) — f(y)| >
blx — y| if and only if b is a lower bound of C.

(b) Prove that if z,y € U with |f(z) — f(y)| > k|x — y| there exists some n € N
such that |f(z) — f(y)| > (k+ 1/n)|z —y|.

(41) Let f:]0,00) — R be defined by f(z) = v/z. Is f uniformly continuous? Prove it.

(42) In Exercise 9 (20)b, we found an example of a domain U C R and a function
[ : U — R where f is continuous, but there exists a Cauchy sequence {z,}>° in
U such that {f(z,)}%, is not a Cauchy sequence. The issue was that although
{zn}52; was a sequence in U which converged, it converged to a point zg ¢ U, and
thus does not contradict Theorem ?7. You can imagine that it would be nice to
know if a function f : U — R has the property that given any Cauchy sequence
{z}52; in U, the sequence {f(zy)}72; is Cauchy. As just mentioned, it is not
enough just to assume that f is continuous; however, it is enough to assume that f
is uniformly continuous.

(a) Prove that if U C Rand f: U — R is uniformly continuous, then for all Cauchy

o
n—

sequences {zy}22; in U, the sequence {f(x,)}5; is Cauchy.

(b) Suppose that U € R and zg ¢ U. Suppose further that {z,}>2, is a sequence
in U converging to xg. Prove that if a function f : U — R is such that the
sequence { f(zy)}°2,; does not converge, then f is not uniformly continuous.

(c) Use the previous part to give a quick proof of the fact that the function f :

(0,1) — R defined by f(z) = 1/x is not uniformly continuous.
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(43) Prove Theorem 4.6.12. That is, if U C R and f : U — R is Lipschitz continuous,
then it is uniformly continuous.
(44) Let U C R and suppose that f: U — R is a function.
(a) If f: U — R is Lipschitz continuous, prove that for any V' C U, the restriction
f 'V — R is Lipschitz continuous.
(b) If there exists some V' C U such that the restriction f : V' — R is not Lipschitz
continuous, prove that f : U — R is not Lipschitz continuous.
(45) Let f : R — R be defined by f(x) = w%ﬂ Prove that f is Lipschitz and that the
Lipschitz constant k of f is such that 1/2 < k < 2. Hint: For any x,y € R, we have

2l ]
@D = 724

(46) Suppose that U C R is bounded.

<1

(a) If {z,}52, is any sequence in U, prove that it has a convergent subsequence.

(b) Suppose that f : U — R is not bounded above; that is, for any R > 0 there
exists some x € U such that f(z) > R. Prove that there exists sequence {z, }>°
in U which converges to some point g € R such that nh_)n;o f(zn) = +00. Why

do we know that xg & U?

8. Other Problems

(1) Suppose that {a,}52 1, {bn}>2, and {c,}72 are sequences in R.
(a) (Generalizing the Squeezing Principle) Suppose that there exists some N € N
such that for all n > N, a, < b, < ¢p. If {an}22, and {c,}5°; both converge
to the same limit [, then {b,}5°, converges and lim b, = 1.
n—oo
(b) If there exists N € N such that for all n > N, a,, < b,,. Prove that if lim a, =
n—oo
400, then lim b, = +o0.
n—o0
(c) If there exists N € N such that for all n > N, b,, < ¢,,. Prove that if lim ¢, =
n— o0
—o00, then lim b, = —o0.
n—oo
(2) (Generalized “Saturating Subsequences”) Let n!,...,n™ be strictly increasing func-
tions N — N. We say that these functions eventually saturate N when there exists
some N € N such that {n € Nst.n>N} = {N,N +1,N +2,..} C n}(N)U
---Un™(N). Note that the case N = 1 is exactly the definition of these functions

saturating N. Suppose that {z,}°°, is a sequence in R and x € R. Prove that
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71113;@ x, = « if and only if there exists n',...,n™ which eventually saturate N such
that the subsequences {Zpn1(3)}31; -+ {Tnm (k) fhe; all converge to z.

(3) Prove that a sequence in R diverges to +oo if and only every subsequence diverges
to 400. While you're at it, prove the analogous statement for sequences diverging
to —oo.

(4) Prove that any subset of R containing only finitely many points is compact by using

the definition of compactness.



CHAPTER 5

Differential Calculus, Riemann Integration, and Function

Spaces

1. Differential Calculus

1.1. Basics.

DEFINITION 5.1.1. Let U C R be a neighborhood of some point xg. Let f: U — R be a

function such that the limit
lim f(z) — f(x0)

T—T0 T — X0

exists. Then we say that f is differentiable at o and define f'(zg) as this limit; i.e.,

Fan) — tim T@) =0,

t—z0 T — T
If U is open and f is differentiable at all points z € U, then we say that f is differentiable
on U and let the symbol f’ represent the function f’: U — R that for each x € U gives the
value f'(z).

REMARK 5.1.2. We have defined what it means for a function g : U — R to have a limit

at zg. So, when we write
i 1 @) = f(=o)

T—x0 T — X0

what this means is that we are taking the limit of the function g : U — R defined by
f(z) = f(@o)

Tr — X

g(x) =

at xg. O

ProPOSITION 5.1.3. Let U C R be a neighborhood of xo and let § > 0 be such that
(xo — 6,20+ 0) CU. Let f:U — R be a function and A € R. The following are equivalent:

(1) f is differentiable at xo and f'(zg) = \.

117
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(2) Let g:(—6,0)\ {0} — R be defined by

o(h) = f(wo + h})L — f(20)

Then flLin% g(h) = X. Written more instructively,
—

lim
h—0

=\

f(xo +h) = f(xo)
h

(3) Given any sequence {x,}5°, of elements from U \ {zo} converging to o, it holds

that
lim M =\

n—0o0 "L’n — "L’O

(4) If {hn}22 is any sequence in (—9,06) \ {0} converging to 0, then

i 4 @0+ hn) — f(2o)

n—00 hy

=\

Proof. (1) <= (3) and (2) < (4): Immediately from Theorem ?7.
(3) <= (4): Exercise 6 (1). m

THEOREM 5.1.4. Let U be a neighborhood of some point xo € R. Suppose that f : U — R

1s differentiable at xo. Then f is continuous at xg.

Proof. Since
o () = fo)

T—TQ r — X

= f'(x0)
we can find some d > 0 such that for all x € (zg — d, zo) U (x0, 0 + d), we have

‘f(fﬂ) — f(o)

T — X0

— fl(:lio) < 1.

By a standard application of the reverse triangle inequality, this implies for any = € (xg —
d, 370) U (.%'(), xo + d),
f(@) — f(=o)

IS0 < | ao) 1 = (@) = Fao)] < (1f (o) + Dl = ol

Therefore, setting § = min (d, m) we have that if © € (xg — 0,29 + 0) then

3

[F(@) = Fao)l < (I (@)l + Dl = ol < (I (@)l + D)5y =

9

from which we deduce that f is continuous at xp. =
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THEOREM 5.1.5. Let Uy and Uy be neighborhoods of some point xg € R. Suppose f :
Uiy — R and g : Uy — R are both differentiable at xg. Let U = Uy NUs. Then the following
hold.

(1) For any o, B € R, it holds that af + Bg : U — R is differentiable at x¢ and
(af + Bg)(z0) = af'(z0) + Bg' (xo).
(2) (Product Rule) fg:U — R is differentiable at xo and
(f9)'(w0) = f'(z0)g(xo) + f(x0)g'(x0)-

(3) (Quotient Rule) If g(xo) # 0, then there is some § > 0 such that f/g: (xo — 0, x0 +

0) — R is differentiable at xy and

J'(z0)g(x0) — f(20)g'(20)
9(x0)?

(f/9) (o) =

Proof. (1) Exercise 6 (2)
(2) For any = € U \ {zo} we have

f(x)g(x) — f(x0)g(wo)  f(x)g(z) — f(z0)g(x) + f(T0)g(x) — f(T0)g(20)

r — X0 T — X0
o @ w0 o) gte)
T — X T — o
Now,
i L ®)9() = f(@o)g(zo) _ . [g(x)f(:ﬂ) = @) | gy 98 = g(:vo)}
T—T0 T — X0 T—T0 r — X0 r — X0

= g(x0) f'(w0) + f(x0)g' (z0).

Note that the last equality held since all limits in the bracketed terms exist; in particular,
the derivatives exist by assumption and xli_)rglog(x) = g(xg) since, by Theorem 5.1.4, g is
continuous at xg.

(3) Suppose g(xg) # 0. By Lemma 4.5.2, there is some § > 0 such that (xqg—0,x9+9) C U
and for all x € (xg — d, 29 + 0) it holds that |g(x)| # 0. It suffices to consider the function

1/g: (o — d, 29 + ) — R, since then the general case can be proved easily by an application
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of the product rule. For any x € (o — d,20 + ) \ {zo} we have

1/g(x) —1/g(x0) _  g(wo) —g(x) [ 1 ] [g(ﬂf) —g(ﬂ:o)]
T — T 9(@)g(@o)(z — x0) 9(x)g(xo) T — o

As before, applying the limit to both sides of the equality results in the desired conclusion.

LEMMA 5.1.6. Suppose that U C R is some neighborhood of a point xg € R. Sup-
pose that f : U — R is differentiable at xo and there exists a sequence {x,}52; in U\
{zo} such that li_)m xn = xo and f(xn) = f(xo) for infinitely many n; i.e., the set T =

n—oo

{n eN s.t. f(x,)= f(xo)} has infinitely many elements. Then f'(x) = 0.

Proof. We give an outline here and leave some details as an exercise. Note that if f(z,) =
f(xo) for infinitely many n, then there is a subsequence {x,, }}_; such that f(z,,) = f(zo)
for every k € N, and therefore kh_}n(r)lo f(zn,) = 0 which implies that f(zp) = 0 since f is
continuous at xg, and from here,

lim flan,) = f(xo) — lim

k—o00 T, — X0 k—o0 Tn, — L0

Since the above limit must give the value of f’(x¢) because f is assumed to be differentiable

at xg, we conclude that f/(xo) =0. m

THEOREM 5.1.7 (Chain Rule). Let U; C R be a neighborhood of some point xg and suppose
f: U1 — R is differentiable at xo. Let Uy C R be a neighborhood of f(xzo) and suppose that
g : Uy — R is differentiable at f(xg). Define S = f~1(Us). The function go f : S — R is
differentiable at xo and

(g0 f) (o) = g'(f(0)) - f'(z0).

Proof. Since f : Uy — R is continuous at xg by Theorem 5.1.4 and U, is a neighborhood
of f(xg), we know that S = f~1(Us) is a neighborhood of zo (by Theorem ?7?), so it makes
sense to consider whether or not go f : § — R is differentiable at zo. Let {z,}°%; be any

sequence in S\ {xo} which converges to xg. Define the function i : S — R by

o) — U ) — 97 w)
r — X

We need to show that lim h(zy,) = ¢'(f(x0)) - f'(x0).

n—oo
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To do so, let’s first partition the sequence {x, }°2; into two subsequences: {yn}ﬁgl con-
taining all elements of the sequence such that f(y,) # f(xo), and {zn}gil containing all the
elements of the sequence where f(z,) = f(zp). Note that it can happen that N; < oo or
Ny < o0, but not both can be finite. By definition, it is clear that for all 1 < n < Ns, it
holds that h(z,) = 0. On the other hand, since f(y,) — f(zo) # 0, we also have

_ 9(f(yn)) —9(f(@0)) [f(yn) — f(z0)
h(yn) B f(yn> - f(x(]) Yn — Zo

Suppose N; = oo. Since f is continuous at xg, the sequence {f(y,)}52; is in Us \ {f(x0)}

converging to f(zo) and therefore, since g is assumed differentiable at z

Lo 9 ) = 9(F(20))
w3 f(yn) = (o)

and since f is assumed differentiable at zp and {y,}32, is a sequence in U \ zo converging

=g'(f(z0))

to xg,
lim f(yn) — f(20)

n—00 Ty — 0
This shows that ILm h(yn) = ¢ (f(z0)) - f'(x0)-

Suppose that Ny = co. Then by Lemma 5.1.6 f/'(z9) = 0. Therefore le h(zn) =0 =
g'(f(z0)) - 0= g'(f (o)) ' (x0)-

We see now that whenever {2 (y,)}2%, or {h(2,)})2, are subsequences of { ()} ,, they

= f'(z0).

converge to ¢'(f(x0))f'(zo). Since these subsequences partition {h(xy)}>2 ;, we conclude that

i h(wn) = ¢/(F(20))f (o). m

DEFINITION 5.1.8. Suppose that U C R is a neighborhood of some point xg, and f : U —
R is a function. We say that f has a local mazimum at xo when there exists some § > 0
such that for all x € U with |x — x| < J it holds that f(z) < f(zo). If it happens that for
all z € U, f(x) < f(x0) then we say that f has a global mazimum at xy. Conversely, we say
that f has a local minimum at xg when there exists some § > 0 such that for all x € U with
|z — xo| < 6 it holds that f(x) > f(xo). If it happens that for all x € U, f(x) > f(zo) then
we say that f has a global minimum at xg. If f has either a local maximum or minimum at

o, we say that f has an extremum at xg.

DEFINITION 5.1.9. Suppose U C R is a neighborhood of some point g and f: U — R is

differentiable at xq. If f'(x¢) = 0, we say that x¢ is a critical point of f.
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THEOREM 5.1.10 (Zero Derivative at Extrema). Suppose that U C R is a neighborhood
of some point o and f : U — R is differentiable at xo. If f has an extremum at xq, then xg

is a critical point of f.

Proof. Suppose first that f has a local maximum at xyg. Take 6 > 0 be such that
(xo — 0,20 +9) C U and for all z € (g — d,z9 + ) we have f(x) < f(zo). Let {x,}2°, be a
sequence of elements in (xg, o + 0) converging to xg. Then for every n, let y,, be defined by

)~ )
Tn — X0
Note that 3, < 0 since the numerator is < 0 and the denominator is positive. On the other
hand, let {Z,}72, be a sequence of elements in (xo — J, xg) converging to z. Then for every

n, let g, be defined by
_ f(@n) ~ f(zo)
" jn — o
Note that for all n, 4, > 0 since the numerator is < 0 and the denominator is negative. By
assumption of the differentiability of f, we have li_>m yn = f'(zo) implying that f/(zg) <0
n (0.)
and li_>m Un — ['(zo) implying that f’(z¢) > 0. Hence f’(z¢) = 0. The argument for a local
n o

minimum is done analogously and left as an exercise. m

NOTATION 5.1.11. Any function whose codomain is R is commonly referred to as real-
valued. Moreover, it is common to neglect the entire domain of a function to focus on a
subset of the domain which is in consideration. For example, we may say something such as:
let f be a real-valued function defined on the set S. What this means is that the domain of
f contains S as a subset, and the codomain of f is R. This is most commonly done when
what follows only concerns the restriction f : S — R and we can ignore what the true larger
domain of f truly is. Another example of such phrasing is: let f be a real-valued function
which is differentiable on the open set U C R. Again, this means that U is a subset of the

true domain of f, the codomain of f is R, and for all z € U, f'(z) exists.

COROLLARY 5.1.12. Suppose that f is a real-valued function defined on some non-empty
open interval J C R and suppose further a,b € J with a < b. If f is constant on [a,b] then
f'(z) =0 for every x € [a,b].

Proof. Exercise 6 (3). m
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THEOREM b5.1.13 (Rolle’s Theorem). Suppose that J C R is a non-empty open interval
and f is a real-valued function which is differentiable on J. Let a,b € J with a < b and
suppose that f(a) = f(b). Then there is some ¢ € (a,b) such that f'(c) = 0.

Proof. If f is constant on [a,b] then take any ¢ € (a,b) and f’(¢) = 0 by Corollary
5.1.12. So, let’s assume that f is not constant on [a,b]. Since f is differentiable on J, it is
continuous on J. Therefore, f is continuous on the compact subset [a,b], meaning that we
can find ¢1,co € [a,b] such that f(c1) gives a maximum value of f([a,b]) and f(c2) is the
minimum value of f([a,b]). Since f is non-constant, then either ¢; € (a,b) or ¢z € (a,b). Let
c=c1if e € (a,b) or ¢ = ¢y if ¢ € (a,b). Applying the Zero Derivative at Extrema Theorem

5.1.10, we’re done. m

THEOREM 5.1.14 (Mean Value Theorem). Suppose that J C R is a non-empty open
interval and f is a real-valued function which is differentiable on J. Let a,b € J with a < b.

Then there is some c € (a,b) such that

Proof. Define the line

) = (101 @ -+ st

for x € J. Now, let g : J — R be defined as g(x) = f(x) — h(x). Then g is differentiable
since both f and h are. Moreover g(a) = g(b) = 0. So, applying Rolle’s theorem to g let’s us
find some ¢ € (a,b) such that ¢’(c¢) = 0. But then,

0=4g'(c) = f'(c) = M(c) = fl(c)=N(c) =

which concludes the proof. m

COROLLARY 5.1.15. Suppose that f is a real-valued function which is differentiable on

some open interval J C R containing the point xo. Then for every x € J, there exists some
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¢ between x and xo such that

f@) = f(zo) + f'(c) - (x — x0).

Proof. Exercise 6 (4) m

THEOREM 5.1.16 (Some Consequences of the MVT). Suppose that f is a real-valued

function which is differentiable on some interval (a,b) C R. The following hold.

1) If for every x € (a,b) it holds that f'(x) > 0, then f is strictly increasing on (a,b).
2
3
4) Suppose that for some k > 0 it holds that sup {|f'(z)| s.t. x € (a,b)} <k (in words,

)

) If for every x € (a,b) it holds that f'(x) <0, then f is strictly decreasing on (a,b).
) If for every x € (a,b) it holds that f'(x) =0, then f is constant on (a,b).

)

(
(
(
(

this says that f' is bounded on (a,b)). Then f is Lipschitz continuous on (a,b) and

[f(x) = f(y)l < klz —y| for every x,y € (a,b).

Proof. (1) Let z,y € (a,b) with z < y. We need to prove that f(z) < f(y). To that end,
by the Mean Value Theorem, there is some ¢ € (z,y) such that f(y) = f(z) + f'(¢)(y — x).
By assumption f'(c¢) > 0 and (y — ) > 0, and therefore f'(c)(y — z) > 0. This implies that
f(@)+ f'(e)(y — x) > f(z), proving that f(y) > f(z).

(2) Exercise 6 (5).

(3) Let zg € (a,b) and define a = f(z). We will prove that for every x € (a,b), f(z) = .
Indeed, let z € (a,b) \ {zo} and using the Mean Value Theorem, let ¢ land between = and xg
such that f(z) = f(zo) + f'(¢)(x — xp). By assumption f/(¢) =0, and so f(z) = f(x¢) = a.
Since x was arbitrary, we conclude that f(x) = « for all z € (a,b).

(4) Let k > 0 be such that sup{|f’(z)| s.t. = € (a,b)} < k. Let x,y € (a,b) be arbitrary,
but not equal. Using the Mean Value Theorem, let ¢ land between x and y such that
f(x) = f(y) = f'(¢)(z —y). Applying absolute values to both sides of the previous equality
and using the definition of k gives | f(x) — f(y)| = |f'(¢)| |z —y| < k|z—y|. Since z and y were
arbitrary, we conclude that f is Lipschitz on (a,b) and for all z,y € (a,b), |f(z) — f(y)| <
klx —y|. =

1.2. L’Hopital’s Rule.
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LEMMA 5.1.17. Suppose that U C R is a neighborhood of some point xg and f : U — R
is differentiable at xo. If f'(x0) # 0, then there exists some & > 0 such that for all x €

(xo — d, 20+ 0) \ {0} it hold that f(z) # f'(x0).

Proof. Let that e = |f/(zg)|. Then £ > 0 by the assumption that f’(x¢) # 0. Since

i L) = £0)

T—TQ r — X

= f'(x0)

the definition of limits implies that there exists some § > 0 such that for all x € (z¢ — §, 2o +

5)\ {0},
’ F() — f(ao)

Tr — X

- f’(wo)’ <e
which from the reverse triangle inequality implies

)] - < L= L0

By the definition of € and by multiplying through by |z — z¢|, we have 0 < |f(z) — f(x0)]
implying that f(z) # f(z¢) for any =z € (zg — 6,20+ ) \ {zo}. m

THEOREM 5.1.18 (L’Hopital’s Rule - Version 1). Suppose that f and g are real-valued
functions on some common interval (a,b) containing the point ¢ € (a,b). Suppose that f(c) =

g(c) =0 and also that f'(¢) and ¢'(c) exist and that g'(c) # 0. Then
f@) 1

e g(z)  gle)

Proof. By Lemma 5.1.17, if ¢’(¢) # 0 then there is some § > 0 such that (¢ —d,¢+9) C
(a,b) such that for every € (¢ — d,c+ ) \ {c}, it holds that g(z) # g(c). Now, since
f(c) =0 = g(c) we have that for every x € (¢ — d,c+ 0)\{c} that

flz) _ f(x) = fo) (f(w)—f(0)><(fc—c )
g

r—c z) —g(c)

By assumption

T—C T —c
and

0 =50 _ g
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But, we have proved that

9(z) —9(c) _ . r—c _ 1
Ta—e IOV = T o T o

So, since the limit of a product is the product of the limits
lim@— IimMHlim r—c } .
e=eg(x) —g(e)l  g'(c)

T—c g(gj) T—c x—c

which is what we wanted to prove. m

THEOREM 5.1.19 (L’Hopital’s Rule - Version 2). Suppose that f(z) and g(x) are both
defined and differentiable on an interval (a,b) and c is a limit point of (a,b); equivalently,
¢ € [a,b]. Suppose that :161_)mc flz) = il_)mcg(:z:) = 0 (where these limits are understood as one-
sided when ¢ = a or ¢ = b) and that for every x € (a,b)\{c} it holds that g(z) # 0. If

lim f,/g)) = \ emists, then

@) P

lim —+ =
z—c g(x) z—c g’(x)

Proof. Let {z,}2°; be a sequence in (a,b) \ {c} converging to c. By Exercise 6 (13)

(Cauchy’s mean value theorem), there exists a sequence {&,}>°, such that for every n, &,

f(@n) _ flzn)—f(0)  __an—c  _ f'(&n)
g(xn) Tp—c g(zn)—g(c) = g'(én)

of {&,}9°; implies that for every n, &, — ¢| < |z, — ¢|, proving that &, — ¢ as n — oo (by

. Our choice

lands between z,, and ¢ and, moreover, that

Exercise 9 (1), for example). Hence

) PE)
A ) e ()

Since the sequence {z,}>°, was arbitrarily chosen in (a,b) \ {c} converging to ¢, this proves

that
i L)y £
M g@) ~ 1% g (a)

2. Riemann Integration

2.1. Partitions, Upper and Lower Sums.

DEFINITIONS 5.2.1. Let a,b € R with a < b. A partition P of [a,b] is a finite ordered set

of distinct real numbers {zg,x1, ..., z,} such that

a=zrog <1 <ITp << xp =b.
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If P and Q are both partitions of [a, b], then we say that P is a refinement of Q when Q C P.
If P is a partition of [a, b] then the mesh of P is defined to be the largest distance between
any two consecutive elements of P. That is, if P = {z¢, 1, ..., 2}, then the mesh of P is
max{x] — Tg, T2 — T1,...,Tn — Tn—1}. Another common way to refer to the mesh of P is as
the gap of P. We will denote this by mesh(P). If P is a partition of [a,b], then we say that

P is evenly spaced when the distance between any consecutive elements in P is constant.

REMARK 5.2.2. By the definition of mesh(P), you know that 0 < mesh(P) < b—a. When

P is evenly spaced and P = {zg, 21, ..., T, } then x} = %(b —a) + a for each k and moreover

mesh(P) = =2, O

n

NOTATION 5.2.3. Suppose that ¢,d € R with a < b and ¢ < d. If P is a partition of [a, b]
and Q is a partition of [¢,d] then we write P U Q as the partition of [min(a, ), max(b,d)]
containing all the elements of P and Q. (Note this is just a set-theoretic union from the

perspective of ordered sets).

EXAMPLE 5.2.4. If P ={0,1,2,2.5,2.7,3} is a partition of [0,3] and Q = {.25,1,1.5,¢e,7}
is the partition of [.25, 7] then

PUQ=1{0,.25,1,1.5,2,2.5,2.7, ¢, 3,7}
is a partition of [0, 7]. O

DEFINITIONS 5.2.5. Let f be a bounded real-valued function defined on the interval
[a,b] and P = {zg,z1,...,x} be a partition of [a,b]. For each i in the rangle 1 < i < n,
define Mif =sup{f(z) s.t. © € [zj_1,x;]} and mf = inf {f(z) s.t. © € [z;—1,x;]}. The upper

Riemann sum of f on [a,b] with respect to P is
U(f,P)= iMif (xi — xi-1)
i=1
The lower Riemann sum of f on [a,b] with respect to P is
L(fj)) = zn:mzf (fUz - -Tifl)
i=1

REMARK 5.2.6. In Exercise 6 (16) we will explore what happens to the upper or lower

sums if we neglect the assumption that f is bounded on [a, b]. O
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PROPOSITION 5.2.7. Let f be a real-valued function on [a,b] and P, Q partitions of [a, b]
such that P is a refinement of Q. Then U(f, Q) > U(f,P) and L(f, Q) < L(f,P).

Proof. Here we prove that U(f, Q) > U(f, P) whenever P is a refinement of Q and leave
the lower sum inequality as an exercise. We will prove this by induction on n = #(P \ Q).
Let T be the subset of N where n € T whenever for any partition Q of [a,b] and any
refinement P of Q such that n = #(P \ Q) it holds that U(f, Q) > U(f,P). We first
show that 1 € T. Let’s label the elements of Q = {xg, 1, ...,z } for some m € N. Let
P be any refinement of Q containing exactly one more element that Q; label this element
y. Then, P = {xg, 21, ..., Tim1,Y, Ti, ..., Ty} for some i € {1,2,...,m}. Now, notice that if

Mif =sup{f(x) s.t. x € [x;_1,2;]} then

M (@i — 2i_1) > Ny(2s — y) + No(y — 1)

7

where we define Ny = sup {f(x) s.t. « € [y, z;]}, and No = sup {f(x) s.t. € [x;_1,y]}. The

reason these inequalities are true is because N1 < M; and Ny < M;. But then

m m

U(f,Q) =Y M{(zx —xx1) = > M (wx — wx1) + M (2 — 1)
k=1 k=1
ki

> ZM,{(xk — iL“k—l) + Nl(aci — y) + NQ(y - xifl) = U(f,P).

which concludes the proof for upper sums. The proof for lower sums is left as exercise. m

COROLLARY 5.2.8. Let f be a real-valued function on [a,b] and P, Q partitions of [a, b).
Then

L(f, Q) <U(f,P).

Proof. Let P* be the refinement of both P and Q given by their union P* = P U Q.

From Proposition 5.2.7,
L(f,Q) < L(f,P*) <U(f,P") <U(/,P)

where the inequality L(f,P*) < U(f,P*) is proved in Exercise 6 (17). m

2.2. Riemann Integral.
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DEFINITION 5.2.9. Let a,b € R with a < b. Suppose that f is a bounded real-valued
function defined on [a,b]. The upper Riemann integral of f on [a,b] is denoted f: f and
defined by

b
/ f=inf{U(f,P) s.t. P is a partition of [a,b]}

Alternatively, the lower Riemann integral of f on [a,b] is denoted fab f and defined by
b
/ f =sup{L(f,P) s.t. P is a partition of [a, ]}

Finally, if f; f= fab f then we say that f is Riemann integrable and in this case, and define
the Riemann integral of f, denoted f; f, as

[o=[s=Lr

NOTATION 5.2.10. It is very common in notation to indicate the variable of integration.
You will often see fab f written as f: f(z)dx where x is the variable of integration; it is
also perfectly common and reasonable to integrate with respect to any other variable suiting
the situation, such as fabf(t) dt. TIt’s important to note that fab fs fabf(x) dx, fab f(t)dt,
etc. are all representing the same integral. The notation ff f(z)dz is quite useful in many
situations: it agrees with the intuition of how we developed the integral (the intuition is
Yo f@i) (@ — xic1) = >, flz)Ddx — fff(m) dx as the mesh tends to 0); we often have
functions of the form x +— f(x)+c where ¢ remains constant as x varies, so it is less ambiguous
to interpret what ff [f(x) + ¢] dx is asking for rather than ff [f + ¢]. These statements hold

analogously for upper and lower integrals as well.

LEMMA 5.2.11. Let f be a bounded real valued function defined on [a,b], and let Q and
P be any partitions of [a,b]. Then the following inequalities hold.

b T b
L(f,Q) < / f(z)de < / (@) de < U/, P).

Proof. Let S = {L(f,P) s.t. P is a partition of [a,b]} and T = {U(f,P) s.t. P is a partition of [a, b]}.
Using the definition of the upper and lower Riemann integrals, what we want to prove is that
for any s € S and t € T we have s < sup(S) < inf(7T") < t. By the definition of supremum
and infimum, we only need to prove that sup(S) < inf(T), since s < sup(S) and inf(7T) <t

are immediate. Now, by Corollary 5.2.8, for any s € S we have that s <t for all ¢, implying
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that s is a lower bound of the set T and therefore s < inf(7"). However, since s was arbitrary,
this last inequality proves that inf(7") is an upper bound of S, and therefore sup(S) < inf(7T).

PROPOSITION 5.2.12. Suppose that f is a bounded real-valued function defined on [a, b
with bound R > 0 (that is, for all x € [a,b], |f(x)| < R). Suppose that Q and P are partitions
of [a,b] such that P is a refinement of Q. If #(P \ Q) = k then both

0<U(f,Q) — U(f,P) < 2Rkmesh(Q)

and

0<L(f,P)— L(f,Q) < 2Rkmesh(Q).

Proof. We will do this by induction on k. Let T' C N be the set of integers such that
k € T if and only if for any partitions @ C P of [a,b] with k& = #(P \ Q), the claimed
inequality holds for the upper sum. The proof that 1 € T is left as an exercise. Now, suppose
that k € T. Let Q C P be any partitions of [a,b] where k +1 = #(P \ Q). Let y € P\Q.
Set @* = QU {y} so that Q* is a refinement of Q with Q*\Q = 1, and P is a refinement
of @* with P\Q* = k. By Exercise 6 (18), 1 € T, and by the induction hypothesis k € T.

Therefore

0<U(f,Q) - U(f, Q") < 2Rmesh(Q)

0<U(f, Q") —U(f,P) < 2Rkmesh(Q")
Therefore,
0<U(f,Q) -U,P)=U(f,Q) -U((,Q)+U(f, Q) - U(/,P)
< 2Rmesh(Q) + 2Rk mesh(Q") < 2R(k + 1) mesh(Q)

where we used that mesh(Q*) < mesh(Q) (since Q* is a refinement of Q) in the last equality.
This proves that k € T = k+ 1 € T and concludes the proof for the upper sum. The

proof for the lower sum is done analogously and left as an exercise. ®m

PROPOSITION 5.2.13. Suppose that f is a bounded real-valued function defined on [a,b]

with bound R > 0. Given any € > 0 there exists an § > 0 such that if P is a partition of |a,b]
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—/abf(m) dr < e

b
/ F(@)dz — L(f,P) < &

with mesh(P) < 6 then

and

Proof. By Exercise 6 (20) there is some partition Py such that U(f,Py) — f f<e/2
and faf — L(f,Po) <e/2. Let k = #(Pop) and set § = ¢/(4Rk). If P is any partition of [a, b]
such that mesh(P) < §. Using Lemma 5.2.12 we have

0 < U(f,P)— U(f,PUP,) < 2Rk mesh(P) < 2RkS = /2

and
0<L(f,PUPy) — L(f,P) < 2Rkmesh(P) < 2rké =¢/2
Therefore
Y b
U(P) = [ 1 =U(.P) = U P UPY) +U(. P UP) —/ /

€ b e €
5 fv PO / S 5 5

and

b b
/f—L(f,m:/f—L(f,PonL(f,Pwo)—L<f,73>

e € €
L( — <-4+ -=c
/ = L(f, Po) + 5S5t5=¢
This concludes the proof. m

THEOREM 5.2.14. Suppose that f is a bounded real-valued function defined on [a,b]. Then
the following are equialent:
(1) f is Riemann integrable on [a,b].
(2) Given any € > 0 there exists a § > 0 such that for any partition P of |a,b] with
mesh(P) < § then U(f,P) — L(f,P) <e
(3) Given any € > 0 there exists a partition P of [a,b] such that U(f,P)— L(f,P) <e

Proof. (1 = 2) By Proposition 5.2.13, given any € > 0 there exists a 6 > 0 such that
for any partition P with mesh(P) < o, U(f,P) — faf < ¢/2 and faf — L(f,P) <e/2. By
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assumption f; f= f; f. Therefore,

b b
U(f,m—L(f,P):U(f,P)—/f+/f—L(f,P><e

(2 = 3) Immediate.

(3 = 1) Take € > 0. Let P be a partition of [a,b] such that U(f,P f f<e/3,
f:f — L(f,P) <e/3,and U(f,P) — L(f,P) < /3. The existence of such a partition P is
;hlen in Exercise 6 (23). By the triangle inequality

/abf—/:fz/abf—U<f,7>>+U<f,7>)—L<f, P)+ L(f,P /f

< U(fﬂ’)—ibf f—L(f,P)
J L

<e/3+¢/34+¢c/3=¢.

+ 'U(f,P) —L(f,P)‘ +

This shows that, given any ¢ > 0, < . Hence f; f= ff f, proving that f is

Riemann integrable. m

COROLLARY 5.2.15. Suppose that f is a bounded real-valued function on [a,b] and suppose
that {P,}52, is a sequence of partitions on [a,b] such that lim mesh(P,) = 0. Then f is
n—oo

Riemann integrable on [a,b] if and only if
lim L(f,Pn) = lim U(f,Pn).
Moreover, if f is Riemann integrable, then

Tim L(f,Py) = lim U(f,P / f

Proof. First suppose f is Riemann integrable on [a,b]. Let € > 0. Let § > 0 be chosen
such that for any partition P such that if mesh(P) < 6 then U(f,P) — L(f,P) < e. In
particular, this implies that U(f,P) — f;f < ¢ and fff — L(f,P) < € since U(f,P) >
f: f > L(f,P). Let n. € N be large enough that mesh(P,,) < 0 for every n > n. (we can find
such an n. because we assumed that mesh(P,,) — 0). Then, by how we chose ¢, for every
n > n. we have U(f, P f f <eand f f—L(f,Pn) < e. Since € was arbitrary, we have

proved the convergence we wanted.
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For the converse, suppose that ILm L(f,Pn) = le U(f,Prn). Let ¢ > 0. By assumption,
there is some N € N such that U(f, Py) — L(f, Pn) < €. Therefore, by Theorem 5.2.14 (3),

f is Riemann integrable on [a,b]. =

2.3. Properties of the Riemann integral.

THEOREM 5.2.16. Let f and g be bounded real-valued functions which are Riemann inte-

grable on [a,b]. Then the following hold.

(1) (The integral is linear) For all o, B € R, the function af + g is Riemann integrable

on [a,b] and

b b b
| faf@ +pgta))de=a [ f@)de 5 [ gla)da
(2) (Products are integrable €& Hélder’s inequality) fg is Riemann integrable on [a,b].
Further,

< ([ rwran) ([ owrar)”

a

/a ' fla)o(e) do

(3) (Triangle inequality for integrals) The absolute value |f| (defined by |f|(z) = |f(z)]

for every x in the domain of f) is Riemann integrable on [a,b] and

/ab f(z) da

(4) (Positivity of the integral) If g < f on [a,b] (that is, g(x) < f(z) for every z € [a,b]),

then , ,
/a g(z) dz < / f(x) da.

Proof. (1) The proof here is mostly complete, but the final step is Exercise 6 (34).

< [ @l

Suppose that f and g are Riemann integrable on [a,b]. If P is any partition of [a, b], then
L(f,P)+ L(g,P) < L(f +9,P) <U(f +9,P) <U(f,P) +Ul(g, P).

Let {P,}72; be a sequence of partitions of [a,b] such that mesh(P,) — 0. Replacing P in
the above inequalities with P, and using the Riemannan integrability assumption, we have

that b b
lim L(f,Pn) + L(g,Pn) :/ f+/ g

n—oo
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and , ,

nlLIEOU(f,Pn)+U(g,Pn) —/a f—i—/a g.
Therefore, using the Squeezing Principle, both L(f + ¢,P,) and U(f + g, Pn) converge to
f; f—i—f;7 g. This proves that both f-+g¢ is Riemann integrable and that f;(f—kg) = fab f—i—f; g.

Now, let o € R. By the properties of supremum and infimum, we have that if @ > 0,
then U(af,P) = aU(f,P) and L(af,P) = aL(f,P); if & < 0 then U(af, P) = aL(f,P) and
L(af,P) = aU(f,P). In either case, once again by replacing P with a sequence of partitions
{P,}22, whose mesh tends to 0, we discover that Jim Ulaf, Pp) = Jim L(af,Pn) =« fab f
This proves that o f is Riemann integrable and that ff af =« ff f. From this it is left as
an exercise to deduce the result.

(2) In Exercise 6 (26), you prove that if a function is Riemann integrable on [a, b], then
the square of that function is also Riemann integrable on [a, b]. Now, if f and g are Riemann
integrable on [a, b], the so is f + g by the previous part. But then, by the exercise and the
previous part, % 12, %gQ, and %( f+g)?, are also Riemann integrable on [a, b]. From here, we
have

fo=5(f+9)~ 31"~ 3
By the previous part, the righthand side of this equality is Riemann integrable on [a, b], and
therefore fg is Riemann integrable on [a, b].

2
For the inequality f; fg‘ < fab f? f; g?, we first note that below, in Theorem ??, we

prove that for any positive numbers ay, ..., a,, and by, ..., b, we have

n

n N n ) 1/2 ) 1/2
S an < (3) " (350)

i= i=1

Suppose first that f and g are both non-negative on [a,b]. Let P = {xg,x1,...,2,} be any
partition and let’s note that, using the same notation as in Definition 5.2.5, Mif2 = (Mif)z,
Mng — (M?)2, and M79 < MfM?. Therefore

n

U(fg,P) =Y Mz — 2 1) < Z M{ MY (25 — wi-1)

< <i(le)2($z - xi—1)> 1/2(i(Mig)2(xi — a;i_l))l/?

1/2

= (v2m) " (v m)
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The second inequality came from Theorem 77 mentioned above with a; = Mif Vi(x —xi—1)
and b; = Mf V/(z; — x;—1). What we now see is that, replacing P with a sequence of partitions

P, whose mesh tends to 0, we get

[ro<([#)"([#)"

which finishes the proof in the case that f and g are both non-negative on [a,b]. For the

general case, we have that

/abfff’ S/ab\fgrg (/ab|f\2)”2(/ab|g|2)”2: </abf2)1/2(/ab92)1/2

where the first inequality is from (3) (which is proved in Exercise 6 (24)) and the second

inequality is deduced from what we have just shown for non-negative functions |f| and |g|.

(3) Exercise 6 (24)

(4) If f and g are both Riemann integrable on [a,b] and f(z) > g(x) for all = € [a, ],
then f — g is integrable on [a, ] (from (1) as the linear combination of integrable functions)
and f(z) — g(z) > 0 for all x € [a,b]. But since this implies that for any partition P of
[a,b] we have L(f — g, P) > 0 we deduce that f;(f —g) > 0. Using (1), this is the same as

fcf - f; g > 0, which is one quick rearrangement from the desired inequality. m

PROPOSITION 5.2.17. Leta,b € R witha < b and let J be any of the intervals [a, b], (a, b], [a,b),
or (a,b). The indicator function on J, denoted 15 : R — R, defined by

1 zeJ
1y(x) =
0 z&J

is Riemann integrable on any interval [a',V'] containing J and
b/
/ lj(x)dx =b—a.
a/

Moreover, if [a',V] is any interval containing J and f is Riemann integrable on [a,b] then

f1; is Riemann integrable on [a’,b'] and

v b
/ f($)1J($)d$:/ f(x)dx.

Proof. Exercise 6 (28). m
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PROPOSITION 5.2.18. Let f be a real-valued function which is Riemann integrable on

[a,b]. For any sub-interval [c,b] C [a,b], it holds that f is Riemann integrable on [c,d].
Proof. Exercise 6 (27). m

THEOREM 5.2.19. Let f be a real-valued function which is Riemann integrable on [a,b].

Then if ¢ € (a,b), then f is Riemann integrable on [a,c] and on [c,b] and

/f m_/f m+/f

Proof. Let 1, and 1. be indicator functions as defined in Proposition 5.2.17. Let f
be any Riemann integrable function on [a, b] and notice that for every = € [a,b], 1[4 (7) =

La,e)(®) + 1jc g (). In particular, it holds that f1j,4) = flic) + flcy- Therefore,

/abf—/ab (L) + L) —/abfl[a,c)Jr/abfl[c,b}—/acf+/cbf

where the second equality follows from the linearity of the integral, and the last equality

comes from Proposition 5.2.17. =

THEOREM 5.2.20. Suppose that f is a real-valued function defined and continuous on

[a,b]. Then f is Riemann integrable on |a,b].

Proof. Since f is continuous on [a,b], it is uniformly continuous on [a,b] since [a, b]
is compact. Take ¢ > 0 and find a § > 0 such that for all z,y € [a,b] with |z —y| < §
then |f(x) — f(y)| < e/(b—a). Let P be any partition such that mesh(P) < 0. Let’s write
P ={zo,x1,....,xn}. Then

u(f.p ZMf —zia) =y ml (@i wia) =Y (M —m!) (@ - 2i)
=1 ]

where, as before, sz =sup{f(z) s.t. ¢ € [z;_1,2;]} and m{ = inf {f(z) s.t. © € [zi—1, x4]}.
Since for each ¢, f is continuous on the compact interval [z;_1,z;], Corollary 4.4.2 ensures
that there exist points Cj, ¢; € [x;—1, x;] such that Mif = f(C;) and m{ = f(¢;). Moreover,

|Ci — ¢i| < § since |C; — ¢;| < |z; — xi—1] < mesh(P) < §. By our choice of §, this means
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f(Cy) — f(c;) < e/(b—a). Therefore

n n

U(f,P) = L(f,P) = > (M —m])(wi —2i-1) = > [£(Ci) — f(en)] (i — wio1)

i=1 =1

<Zb_a(wi_xi—1): b_aZ(UCz‘—xz‘—l): b_a(b—a):g.
i=1

i=1

n

The last equality came from the fact that > (z; — z;-1) = ©, — 29 = b — a. What we have
i=1

shown is that given any € > 0, there exists a partition P such that U(f,P) — L(f,P) < ¢,

which means that f is Riemann integrable on [a, b] (see Theorem 5.2.14). m

DEFINITION 5.2.21. Thusfar we have only defined the integral ff f when a < b. However
it is meaningful at times to consider fba f. To do so, we define fba f=- f; f. In this way
we give an orientation to the real numbers which we integrate with respect to (from left to

right).

While defining fba f=- fab f may seem a bit arbitrary, compare this next theorem with

Theorem 5.2.19, and consider it as a good argument as to why this is a sensible definition.

THEOREM 5.2.22. Suppose that f is a real-valued function which is Riemann integrable

on some interval containing the points a,b,c. Then

/abf(:c)d,a:: /acf(:x)dx+/cbf(:n)d:n.

Proof. Exercise 6 (31) m

2.4. Derivatives and Integrals — Fundamental Theorem of Calculus.

DEFINITIONS 5.2.23. Suppose that U C R is an open set and f : U — R is a function.
We say that F' is an anti-derivative of f when F is differentiable on U and F'(x) = f(z) for
every x € U. Suppose instead that f is a real-valued function defined on [a,b]. We say that
F is an anti-derivative of f on [a,b] when F' is an anti-derivative of f on (a,b) and F' has a

right-hand derivative at a, a left-hand derivative at b, and F'(a+) = f(a), F'(b—) = f(b).

THEOREM 5.2.24. Suppose that f is a real-valued function which is Riemann integrable
on [a,b]. For each x € [a,b], let F(x) = ff f(t)dt. Then the following hold.

(1) F is Lipshitz continuous on |a,b].
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(2) If there exists an xo € (a,b) such that f is right continuous at xq, then F is dif-
ferentiable from the right at zo and F'(xzo+) = f(xo). Similarly, if instead f is left
continuous at xg, then F is differentiable from the left at xy and F'(xo—) = f(xo).

Finally, if [ is continuous at g, the F is differentiable at o and F'(zo) = f(xo).

Proof. (1) Since f is Riemann integrable, it is bounded. Therefore, there is some k& > 0

such that |f(z)| < k for every x € [a,b]. Let z,y € [a,b] with < y. Using Theorem 5.2.19,

ro)-Fa = [ [ 5= [

Now, using the triangle inequality in Theorem 5.2.19, and the positivity of the integral in

yf(t)dt‘ < /yyf(t)|dt < /yk:dt.

Since k is constant (and hence a polynomial), using Exercise 6 (29), we have [Y k dt = k(y—x).

we have that

Theorem 5.2.16, we have

[F(y) — F(x)| =

Hence
[F(y) = F()| < kly — xl.
(2) Suppose that f is right continuous at xg. Take € > 0 and find some § > 0 such that
if © > 29 and © — zy < 4, then |f(x) — f(xo)| < e. Hence, if z > xp and x — x9 < 0

F(z) = F(xo)
r — X

[ 10 s ] < _x/!f (o) dt

zo
< Edac—s
l‘—l‘o

Therefore, what we have is that given any & > 0 there is a § > 0 such that if x > zy and

— f(zo)

T — xg < 6, then

T — X

‘F(:c) — F(zg) f(xo)‘ _.

proving that F’(xo+) exists and F'(xo+) = f(xg). The analogous argument works for the

left handed derivative. Further, if f is continuous at g, then F'(zo+) = f(xg) = F'(zo—)
which means that F’(xg) exists and F'(z¢) = f(xg). =

THEOREM 5.2.25 (Fundamental Theorem of Calculus - Part 1). If f is continuous on

[a,b], then F : [a,b] — R defined by F(x) = ff f is an antiderivative of f on [a,b].
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Proof. If f is continuous on [a, b], then we can apply Theorem 5.2.24 (2) to each x € [a, b
to deduce that F'(z) = f(z) (including the one-sided derivatives at the endpoints), and

therefore F' is an antiderivative of f on [a,b]. m

THEOREM 5.2.26 (Fundamental Theorem of Calculus — Part 2). Suppose that [ is a
continuous real-valued function on [a,b]. Then there exists an anti-derivative of f on [a,].

Moreover, if F' is any anti-derivative of f on [a,b], then

b
F(b) — F(a) :/ f(z)dz.

Proof. From the Fundamental Theorem of Calculus — Part 1, we know that an anti-
derivative of f exists on [a,b]; in fact, if for each x € [a,b], we set G(z) = [ f(t)dt, then
G(z) is an anti-derivative of f on [a,b]. If F is any anti-derivative of f on [a,b], then let
h(z) = F(z) — G(x). We have h/(z) = F'(z) — G'(z) = f(z) — f(x) = 0 for every z € [a,b].
By Theorem 5.1.16 (3), h is a constant on [a,b] (as its derivative is 0 everywhere). So, there
exists some ¢ € R such that for every = € [a,b], c = F(z) — G(z) = G(z) = F(z) —c. In
particular, G(b) — G(a) = (F(b) — ¢) — (F(a) — ¢) = F(b) — F(a). It comes down to proving
that G(b) — G(a) = ff f(t)dt, but this is true by the definition of G. m

NOTATION 5.2.27. Because of the relationship between integrals and derivatives, if f is
a function admitting an antiderivative (on some or all of its domain), it is common to write
write [ f or [ f(z)dz (or, as before, integrating with respect to whatever variable suits the
situation) as a generic symbol representing the antiderivative of f. It is important to note

that when using this notation, we do not include bounds on the integral.

REMARK 5.2.28. Note that if f is differentiable and f’ is continuous (being intentionally

vague about domains here), then Theorem 5.2.26 roughly states [ f/ = f. O

NOTATION 5.2.29. We will often employ the standard calculus shorthand where if F' is

any real-valued function defined on the points a,b, then F ‘Z means F(b) — F(a). That is,
b
F|, = F(b) — F(a).

COROLLARY 5.2.30 (Integration by parts). Suppose that f and g are differentiable on
[a,b] (with right and left derivatives at the boundary) such that ' and ¢’ are continuous on

[a,b]. Then
b b
/ f(@)g(x) de = F(b)g(b) — F(a)gla) - / f(2)d (@) de.
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tlbfh==fﬂz—llbfd-

(f9) = flg+ fd

In calculus short hand, this is

Proof. By the product rule,

and by assumption the right hand side of this equality is continuous (as the sum and product
of continuous functions). Therefore, using the fundamental theorem of calculus and the
linearity of the integral,
b b b b
F0)90) =~ f@at) = [ (19) = [ (Fa+ )= [ Fa+ [ 1

Now, subtract f; f¢' from each side of the equality. m

COROLLARY 5.2.31 (u-Substitution). Suppose that g is differentiable on |a,b] (with left
and right handed derivatives at a and b) such that g’ continuous on [a,b]. Further suppose
that f is a real-valued function defined on the image g([a,b]) and differentiable on some open

set U containing g([a,b]), with f' continuous on U. Then,

b
f(o(b) - Flgla) = [ Fg(e)) (@) do
Written another way,

b a(b)
"(g(x))d (z) dx = "(z) d.
| e @ /g(a)fm

Proof. Let h = fog. As the composition of differentiable functions, h is differentiable on
[a,b] with W/ (z) = f'(g(x))g'(z). Since f’, g, and ¢’ are continuous on [a, b] by assumption, h’
is continuous on [a, b] and is therefore Riemann integrable on [a, b]. The fundamental theorem

of calculus says

b b
h(b) — h(a) = / W= / F(g(@)d @) de.

2.5. Remarks on Definite Integrals and Antiderivatives. We start with the fol-

lowing observation, which is a quick corollary of the fundamental theorem of calculus.

THEOREM 5.2.32. Suppose that f is continuous on |a,b] and that there exists some func-

tion F defined on [a,b] such that fcd f= F‘g for every c,d € [a,b]. Then F is an antiderivative
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of f on [a,b]. In particular, a function G defined [a,b] is an antiderivative if and only if there

exists some constant C such that G(x) = F(x) + C for every x € [a,b].

Proof. Since for every x € [a,b], [ f = F(x) — F(a) by assumption, the fundamental
theorem of calculus tells us that F'(x) = f(z) for every x € [a,b]. The fact that any two
antiderivatives only differ by a constant part of the proof of Theorem 5.2.26. For the converse
of this statement, suppose that C' € R is arbitrary and G(x) = F(x)+C for every x € J. Then
G'(x) = F'(x) + 0= F'(z) = f(x) for every z € [a,b] (including the one-sided derivatives at

the boundary). Therefore G is an antiderivative of f on [a,b]. =

REMARK 5.2.33. Often in elementary calculus courses students are given a problem where
they are given some easily integrable continuous function f and asked to find the general
antiderivative [ f(z)dz. On doing so they typcially find a specific antiderivative F of f and
then need to remember to “add C.” Their full correct answer is then F(z)+ C. This “+C”
is a manifestation of the last statement of Theorem 5.2.32, illuminating the fact that all

antiderivatives of f differ by only a constant. O

Another fact that is used frequently in calculus and we can recover easily here is the

following.

THEOREM 5.2.34 (Fundamental Theorem of Calculus - More General Version). Let J C R
be some non-empty interval and suppose that f : J — R is continuous. Then f has an
antiderivative on J. Moreover, if a € J, then the function F : J — R defined by F(x) = fax f
18 such an antiderivative. Further, G : J — R is an antiderivative of f on J if and only if
there exist some C € R such that G(x) = F(x) + C for every x € J. Finally, if G is any
antiderivative of f on J, then for all c,d € J, fcdf = G(d) — G(c).

Proof. Let a,z € J. Find b, c € J such that a,z € [b, ¢] (we can find such a b and ¢ since
J is an interval). Now, define G(y) = [/ f for every y € [b,¢]. In particular, by Theorem
5.2.22, G(y) — G(a) = [Y f = F(y). This shows that F and G differ by only the constant
G(a) on [b, c] which, using Theorem 5.2.32 proves that F' is an antiderivative of f on [b, c|. In
particular, since = € [b, ¢], F'(x) = f(x). Since z was arbitrarily chosen in J, we have proved
that F' is an antiderivative of f on J. The proofs of the remaining claims follow similarly

using the methods of Theorems 5.2.25, 5.2.26, and 5.2.32. =
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REMARK 5.2.35. Recalling the techniques used in elementary calculus to find antideriva-
tives [ f, they matched the techniques one would use to calculate definite integrals fab f.
Theorems 5.2.32 and 5.2.34 give a rigorous basis for this. Indeed, if J C R is some interval,
f is a continuous function defined on J, and F' is a function such that fab f=F ‘Z for any
choices of a,b € J, then you can be confident that F' is an antiderivative of f on J. In
particular, many of the techniques you used (e.g. u-substitution, integration by parts) to find

F when calculating f; f also work as tools to help find F' more generally on J. g

EXAMPLE 5.2.36. Let p € N. Define f, : R — R be defined by f,(x) = 2P. Then the

function Fj(x) = zﬁ 2Pt is an antiderivative of fp on R. We could, of course, prove this
by simply checking that Fj(x) = f,(z) for every x € R. However, let’s instead only assume
that we know Fj(z) = fi(z) (ie., %% 22 = z) and show the result for general F), through
integrating f, inductively. Our inductive assumption is that for some p € N it holds that

F)(x) = fp(z) for every x € R. Now, let a,b € R be arbitrary. Using integration by parts

(with “u = 2” and “dv = 2P”, which means that “v = # xP*1” by the inductive assumption)
b b 1 b 1 b
/mp+1d$:/:n-ajpdx: x - 2Pt —/ Pt dx
a a p+1 a p+1 a
b
— 1 p+2 b _ 1 / xp+1 dx
p+1 a p+1 a

Moving zﬁ f; 2P dx to the lefthand side we have

b b b
1 xp+2b_/xp+1dx+ 1 /:L‘p+1dx_p+2/xp+ldx
D+ 1 a a D+ 1 a D+ 1 a
Therefore,
b 1 b
/ P de = —— PP
a p+2 a
Since a,b € R were arbitrary, Theorems 5.2.32 and 5.2.34 imply that Fj,1(z) = ﬁﬂ’“ is

an antiderivative of fp1(x) = 2Pt on R. This concludes the inductive step. In particular,

we have found that, in calculus notation, [a?dx = ﬁx”“ + C. It is worth noting that
the introduction of general a,b as bounds was superfluous as we never actually used them,
and is why such calculations are typically left in antiderivative notation; for example, the

integration by parts step is usually written

/ﬂj‘p+1 dw‘: L"L’prrl _1/xp+1 da?: 1$P+2_1/xp+1 da:,
p+1 p+1 p+1 p+1
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3. Series

Formally, a series ioj Ty, is the sum of all terms of a sequence {x,}°° ;. However, § T
is by no means guaran%:éd to exist (imagine if for every n we define =, = 1, or z,, = (n—:i)”,
etc.). Instead, we use the symbol § Ty in much the same way as we might write 7}1_)1{)10 yp, for
some sequence {yy }°° ;; this limitr;lzijrolo Y May or may not exist, but it is convenient notation

to use anyway.
DEFINITIONS 5.3.1. Let {7,}%2, be a sequence in R. For each N € N, the N** partial

oo
sum of this sequence (often said to be the Nth partial sum of the series ) ) is
n=1

N
an:xl—i-xg%—”-—i-x]v

n=1
o0
We say that the series > x, converges (resp. diverges, resp. does not converge) when the
n=1

sequence of partial sums converges (resp. diverges, resp. does not converge). That is, let

N 00
SN = Y, x, be the Nth partial sum, we critique the convergence of the series »_ x, by the
n=1 n=1

o0
convergence of the sequence {sy}3_; of partial sums. If ) z, converges then the symbol

n=1
oo
> x, represents the limit of the partial sums; i.e.,
n=1
N o0
lim g Ty = g x
N—o0 " "
n=1 n=1
oo
Moreover, if this series converges, we often just say Y. x, ezists.
n=1

NoTATION 5.3.2. It is common to write statements of the form “Consider the series
oo x

> x,” or “Assume that the series Y x,, converges” etc. without explicitly introducing the
n=1 n=1

sequence {z,}> ; beforehand. Implicitly the sequence {z,}3%, is given in such statements
and, in fact, it is usually the case that these statements are critiquing the partial sums

{sn}%_; of the sequence rather than the sequence itself, although this is not always true.
3.1. Properties of Convergent Series.

THEOREM 5.3.3. Let {x,}5°, be a sequence in R. The following are equivalent.
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o0
(1) The series Y x, converges.
n=1

(2) There exists some S € R such that given any € > 0 there exists some Nz € N such

that for every N > Ng,

N

Z Ty — S’ <e.

n=1

(3) (Cauchy’s Criteria for Series) Given any € > 0 there eizsts some N € N such that
for every N > N, and M > N,

N M
E Ty — E Tp| <€
n=1 n=1

Proof. This proof is basically just a reworking of notation. Let {sy}%_; be the sequence

oo
of partial sums of the sequence {x,}5° ;. Note that by definition ) =, exists if and only if
n=1

the sequence {sy}%°_; converges, in which case the limit of {sy}3_; is denoted i Ty

(1) <= (2): By definition, the sequence {sy}%_; converges with A}gnoo SN n::lS if and
only if for every € > 0 there exists some N, such that |sy — S| < € for every N > N..

(1) <= (3): We have proved that the sequence {sy}3_; converges if and only if it is

Cauchy. m

EXAMPLE 5.3.4. Let z € R and |z] < 1. Then

o0 oo 1
Zx":1+2x":7
n=0 n=1 -z

N
Proof. Let {sny}3_, be the sequence of partial sums; i.e., sy = > «". We have that
n=0
N N N+1
TSN = xZ:c” = Zm"“ = Z z".
n=0 n=0 n=1
Therefore
(1 —x)sy = sy — xSy = 20 — Nt =1 — N+
Dividing through by 1 — z we have
1 — N+

SN =
1—z
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Since |z| < 1, we have proved that lim !V = 0, which implies that

N—o0
1—2z lim 2V 1
. N—o0
lim sy = = .
N—oo l1—=z l1—z

This proves that the sequence of partial sums converges and converges to ﬁ, concluding

the proof. = 0

o0
EXAMPLE 5.3.5. The harmonic series % diverges to +ooc.
n=1

Proof. This was proved in Exercise 9 (21). m O

o0
PROPOSITION 5.3.6. Let {z,}22 be a sequence of real numbers. If > x,, converges then
n=1

lim z,, = 0. However, the converse needn’t be true.
n—oo

Proof. Let ¢ > 0. Let N. € N be large enough such that for any N, M > N. it holds

N M
that | > xp — > xn| < e. In particular, for any N > N, + 1,
n=1 n=1
N N-1
‘Zazn— Zazn = |zn| < e.
n=1 n=

This shows that given any € > 0 there exists some n. € N (take n. = N, + 1 for example)
such that for every n > ng, it holds that |z, — 0| < &, proving that li_)m zn = 0.
n oo

To see that the converse needn’t be true, look at Example 5.3.5. m

REMARK 5.3.7. Note that the contrapositive of Proposition 5.3.6: If {z,}2°, does not

o0
converge to 0 then the series _ x, does not converge. O
n=1

NOTATION 5.3.8. Similar to the case of sequences, it is often convenient to consider series

starting the sum at some integer other than 1. That is, it is often convenient to consider a
[e.e]

series of the form ) x, where p € Z. In this case, it is (implicitly or explicitly) understood
that the sequencengging summed is defined starting for all integers n > p. Moreover, the
partial sums sy = % x, will also start at p (i.e., sy is defined for all N > p) unless
otherwise explicitly I;Eﬁtioned.

A quick lemma emphasizing how the above notation is often used is as follows.
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LEMMA 5.3.9. Let p € Z and k € N. Then, as long as the sequence being summed over is

indexed within the given ranges and each of the series in consideration converge,

§ Tntk = E T, E Tn—k = § Tny

n=p+k n=p—k
and for any N > p,
an an— > s
n=N+1

Proof. Exercise 6 (38) m

REMARK 5.3.10. As noted with sequences, we actually lose no generality by proving our
general results with the sum starting at p = 1. The reason for this is that if we are considering

o0 o0

the series > x,, it is the same as considering the series Zl yn Where y, = xp4p_1 is simply
n=p n=

reindexing x,. Therefore we will continue to state our results in terms of series starting at

p = 1, but these results hold for more general p. O

o
PROPOSITION 5.3.11. The series Y x, exists if and only if for every k > 1, the series

n=1
00

> @y exists.
n==k

Proof. In terms of the partial sums, the claim of this proposition is that the sequence of
partial sums converges if and only if the tail ends of the sequence converges, which we know
is true by Theorem 2.3.1. m

oo
DEFINITION 5.3.12. We say that the series Y x, converges absolutely when the series
n=1

oo
> |xn| converges.
n=1

[e.°]

LEMMA 5.3.13. Let {sn}3_, be the sequence of partial sums of the series ) |x,|. Then
n=1

{sn}X¥_; is monotonically increasing and therefore either lim sy ezists or lim sy = +o00.
N—o0 N—oo

Particularly, > |zy| converges if and only if there is some R > 0 such that for all N € N, it

n=1
N
holds that > |z,| < R.
n=1

Proof. Exercise 6 (39). m

o0
THEOREM 5.3.14. Suppose that > x, converges absolutely. Then the following hold.

n=1
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o0

> Tn

n=1

o0
(1) The series > x, converges and
n=1

oo
< 2 |anl.
n=1
oo [e.e]
(2) If o : N = N is a bijection (a rearrangement) then ) Ty, exists and ) x, =

n=1 n=1
)

[e.e]

> To(n)- This is the rigorous way to say that if > x, converges absolutely, then
n=1 n=1

we can rearrange the order of the sum without changing the outcome.

Proof. (1) Let ¢ > 0 be arbitrary. Find N, € N such that if N > N, then > 7 \ |z,| < e

(which we can do since by assumption the series Y 7, |z,| converges). Now, if N,M > N,

then
N M max(N,M) max(N,M) 00
T SEAES IS DIE D SRR SR
n=1 n=1 min(N,M)+1 min(N,M)+1 Ne

The first inequality is from the standard triangle inequality, and the second follows since we
simply added more non-negative terms to the sum (see Exercise 6 (??)). Therefore, by the
Cauchy Criteria Theorem 5.3.3 (3), the series converges. Moreover, we have

N
> o

n=1

N

o0
n n=1

=1
The first inequality came again by the triangle inequality, and the second because we're
adding on more non-negative terms as before. Now, we have the the sequence of partial sums

oo
exists and is bounded by > |z, | (which is assumed to exist), therefore
n=1

0o N N 00 [e's)

E T, =| lim E T, = lim E Tn| < lim g Tn| = E Tl
" 'Nﬁoo n N~>oo‘ n ~ N-ox ’ n’ | n|

n=1 n=1 n=1 n=1 n=1

The second equality follows by the continuity of the absolute value (which lets us commute
the limit and the absolute value). This concludes the proof.

(2) By (1), we know that ) z, converges. Say ), K z, = S. Let {sny}3_; be the

n=1 n=1
00 N
partial sums of ) x, and let’s use the notation s§, = ) Ty(n)- We want to show that
n=1 n=1
o0
lim s, =S. Let ¢ > 0. Let N; € N be large enough that for every N > Ny, > |z,] <e.
N—oo n=N
M 00
We can find such an Nj since it is assumed that lim > |x,| = > |z,| converges and
M—o00 =1 n=1

0 o] N—-1
> lonl =20 |zal = X2 [@nl.
n=N n=1 n=1
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Since 0 : N — Nis a bijection, there is some N, such that {1,2,..., N1} C {o(1),0(2),...,0(N:)}.
Now, if N > N, then

00 N [e%S)
S =3t < 3 fanl <0
n=1 n=1 n=Ng

We have thus proved that given any € > 0 there exists some N. € N such that if N > N,

then |s§, — S| < e, proving that lim s, =S5. =
N—o0

(o]
DEFINITION 5.3.15. As we will see below, it can certainly happen that a series Y
n=1
converges, but does not converge absolutely. When this is the case, we say that the series
oo

> xy, conditionally converges (or is conditionally convergent).
n=1

3.2. Series Formulas Analogous to Integration Formulas. Many of the calculus
integral results that we have so far seen (the fundamental theorem of calculus, integration
by parts, etc.) have analogues in series. In this section we explore some of these. Before
doing so, let’s build up a little intuition about how “calculus” can take place with respect
to sequences and series. Recall that a sequence of real numbers can be viewed as a function
f : N — R. However, there is no way to take a standard derivative of such a function. The
best we can do is look at finite differences. That is, look at ratios of the form

f(n) = f(m)
n—m
where n and m are as close as possible in the domain of f without begin equal. You’ll realize
that the closest we can make n and m without equality is when |n —m| = 1. Let’s introduce

notation
Anf=fn+1)— f(n).

Then
fin+1)—f(n) _ f(n+1)—f(n)
(n+1)—n - 1

Now, see that A, f is a reasonable candidate for a “derivative” of f at n (from the right,

whereas A, _1f is a good candidate for a “derivative” of f at n from the left). So, it is not
unreasonable to think f’ when seeing A, f (or Ap,_1f).

On the other hand, let’s consider the sum % f(n). This plays the analogue of the
integral of f : N — R on the range n = M ton;]\i N. Indeed, to analogize the integral

to sequences, it is sensible to consider sums of the form  >>  f(n)An in much the same
range of n
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way as to integrate we consider sums of the form >  g(z)Az. At the end of the day, to

range of =
produce an integral from the sum ) g(x) Az, we take the distance between consecutive points

x to 0, i.e., Az — 0. With regards to the sum ) f(n)An, the smallest we can make the
N N

difference An of integers is An = 1. So, the sum Y f(n) = > f(n)An is the reasonable
=M n=M

n—= =
analogue of integrating the sequence f over the values n = M ton = N.

THEOREM 5.3.16 (The Fundamental Theorem of Calculus for Sums — compare to Theorem
5.2.26). If {fn}5°, is a sequence of real numbers then for any N > M > 1

N-1

> (far1— fn) = fn — fur.

n=M

In our intuitive notation, this says

N—-1 N
> Anf=flhy

n=M
Proof. A real rigorous proof would go by induction, however let’s forgo the details for

now to try to understand why it is true. Notice:

M1
fave = fur = (fuv2 — fur) + (Fur — fa) = Z (frr1 = fn).
n=M
Similarly,
M+2
Parys = far = (Faays = fara) + (Farre = fasn) + (P = f) = Y (Fasr = f)-
n=M

In fact, you can now believe that for any k € N,

M+k—-1

fusk—Fu= > (fas1— fn)-

n=M

So, letting k = N — M in the statement of the theorem gives us the formula we want. m

DEFINITION 5.3.17. A sum (or series) of the form ) (fn+1 — fn) as introduced in the
previous theorem is called a telescoping sum (or telescoping series) since the cross terms
cancel and the sum “collapses” to just the beginning and ending terms, heuristically in the

same way a personal telescope often collapses.
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THEOREM 5.3.18 (Summation By Parts — compare to Corollary 5.2.30). Let {fn}5> and
{gn}2, be sequences of real numbers. Suppose that M, N € N with M < N. Then

N

N
> Filgerr — gr) = [fvergnr — fugu] = Y (Ferr = fe)gem
k=M k=M

In rough, but intuitive notation, this says

N N N
> frArg = faly - > Arf gria-

k=M k=M
Proof. Let n = N — M. We will prove this by induction on n. Suppose that n = 1, then
N = M + 1 and it’s an exercise to show that the equality we want holds. Now, assume that

for some n > 1 the equality holds. Then, let’s check this implies it also holds for n + 1. We

have,
M4n+1 M+4n
Z Je(r1 — gr) = frren1(9M4nt2 — 9Mns1) + Z Jr(gk+1 — k)
k=M k=M
M+n
= farent1 (O snt2 — Ovani1) + [Prini19arnn — fauga] = D (frpr = fr)gk
i
M+n
= frreni1O0ins2 — fugy — Y (ferr = fi)gen
k=M
M+n
= frtns29ransz — fugn — [frrsnsogninte — fusniigaansa) — > (fert = fr)grat
k=M
M+n+1
= [M+n+29M+n+2 — fugn — Z (frr1 — fr)gkr1
k=D

This concludes the inductive step, and hence the proof. =

3.3. Tests for convergence — Non-negative sequences. In this section we consider

oo
series Y x, where x, > 0 for every n. Notice that since z, = |z,| in this case, the series
n=1
oo oo oo
> xn = > |xn|. More importantly, if we want to critique whether or not a series Y. y,
n=1 n=1 n=1

converges absolutely (whether or not y,, is positive or negative), then we want to consider the

o0
series > |yn| and certainly |y,| > 0, so the techniques of this section can thusly be applied

n=1
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o0
to the series > |yn|, even though they might not be able to be directly applied to the series
- n=1
> Yn-
n=1

THEOREM 5.3.19 (Comparison Test). Suppose that {z,}>2, and {y,}5°, are sequences
of non-negative real numbers. Also suppose that there exists some Ng € N such that for every

n > Ny, it holds that x,, < y,. Then the following hold.

(o0 o0
(1) If >  yn converges, then > x, converges.
n=1 n=1

o0 o o
(2) If > xy, does not converge, then both > x, and > y, diverge to +oo.
n=1

n=1 n=1

oo o0
Proof. By Proposition 5.3.11, the series > z,, converges if and only if the series > =z,

n=1 n=Np
oo [e.e]
converges; the same can be said for the series Y y, and >  wy,. Therefore it suffices to
=1 =N,
00 00 " " ¢
consider only the series >  x, and ) vy, which is convenient recalling that for every
n=Nop n=No
n > Ny it holds that 0 < x,, < y,.
o0 o0
(1) Suppose that > 1wy, converges, say . vy, = S. Since z, < y, for every n > Np,
n=Ng n=Ng
then for any N > Ny,
N N 00
n=~Np n=~Np n=~Np

The second inequality follows from Lemma 5.3.13. This proves that the sequence of partial
o0
sums of the series > x,, are bounded above by S, which, from another application of Lemma
=N,
e
5.3.13, proves that > x;, converges.
n=Np
o0 o0
(2) Assume that Y. x, does not converge. By Lemma 5.3.13, this means that > =z,
n=DNg n=Ng

N
diverges to +00. In particular, given any R > 0, there is some N > Ny such that R < > xy,

n=DNp
N
and since x,, <y, for each n > Ny, this implies that R < ) y,. Since R > 0 was arbitrary,
=N,
o) " ¢
we have proved the the partial sums of the series > 1y, are not bounded, which, by another
n=Np

o0
application of Lemma 5.3.13, proves that »_ 1y, diverges to +oco. ®
n=Ny

THEOREM 5.3.20 (Ratio Test). Suppose that {z,}32 is a sequence of positive real num-

bers. Suppose also that limy, oo (Zpi1/xn) = A exists. Then if X < 1, Y °°  x, exists.
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Alternatively, if X > 1, then > o2 | x, diverges to co. For A = 1, this test does not lead to a

conclusion.

Proof. First suppose that A < 1. Then we can find some s such that A < s < 1. Set

Tnit1
Tn

e = (s — A). Now, since lim,,_,~ = X we can find an ng € N such that for all n > ny,

|(Znt1/2n) — A| < e. Now,
Tnt1/Tn — X < |(Tps1/2n) — A < s— A

which implies that for every n > ng, zp4+1/z, < s (by adding A to the leftmost and rightmost
side of the above inequality). This is equivalent to x,,+1 < sx,. Notice that we can recursively

use this inequality to find that if k¥ € N, then

2 k
Tngtk < S(Tngtk—1) < s(sxn0+k_2) = 8" Tpgpk—2 <0 < S Ty,

Therefore, for any N > ng

N—ng

N N o)
Z Ty < Z sTTMxL = T, Z sk < Ty E sk
k=0 k=0

n=ng n=ng
Since 0 < s < 1, then series on the right side converges and therefore, by the comparison

test, you will find that Z;’lo:no T, converges as well. But, as we have already proved, since

the tail  °  x, converges, so does the entire series > | xy.

Conversely, if A > 1, let s be chosen so that A > s > 1. Here we do a similar calculation

to show that for some ng € N and any k € N, zp, 4 > skxno. This will then imply that

N—ng N
Ty, E sk< E T
k=0 n=no

With s > 1 the series on the left side will diverge as N — oo, which will force the series on
the right side to diverge. The details of this divergent direction are left as an exercise (see

Exercises 77). m

THEOREM 5.3.21 (Gut Feeling Comparison Test). Suppose that {x,}5°; and {y,}22, are

sequences of real numbers such that for every n, x, > 0 and y, > 0. Then

o0 o
1) If Zyn exists and nh_)rrolo(xn/yn) < oo exists, then Zmn exists.

n=1 n=1
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oo
2) ]fon diverges to co and lim (y,/x,) either diverges to oo or lim (y,/xy,) exists and
n—00 n—oo

n=1

oo
is strictly positive (> 0), then Z yn diverges to oco.
n=1

3) Most importantly, if there is some X\ > 0 such that limy, o0 (T /yn) = A or limy, o0 (Yn/Tn) =

A then > 0| @y, converges if and only if Y 2| yn converges.

Proof. 1) If the limit of x,/y, converges as n — oo, then the sequence {z,/y,}5> is
bounded. Suppose that k& > 0 is a bound such that for all n, z,,/y, < k. Then, for all n,
Ty < ky,. Therefore, for any N € N

N N 00
S <>k <
n=1 n=1 n=1

Here, as usual, the last inequality is a result of adding on more non-negative terms. Since

o0
ij’:l yn converges, this shows that the partial sums {Zﬁf:l a:n}N are bounded, and since

the terms x,, are always > 0, the partial sums are monotonically increasing. Since monoton-
ically increasing, bounded sequences converge, we find that y - | x, converges.

2) If the limit of y,/x, either diverges to co or converges to a value A > 0, then there
exists some 0 > 0 and some ny € N such that for every n > ng, y,/xz, > 0 (for example, if
Yn/Tn — X take § = \/2, if y,/x, — o0, take § = 1). This means that for every n > ny,

Yn > 0xp. Therefore, for any N > ng,

N N N
DRI PR P
n=1

n=ng n=ng
Now, by assumption the left side of the above inequality diverges to oo as N — oo, and hence
so must the right most side, showing that » | y, diverges to co.

3) This third statement is just an immediate corollary to the previous two. ®

REMARK 5.3.22. The “Gut Feeling Convergence Test” may not at first glance appear
intuitive. But in fact, it is] When deciding the convergence of a certain series Y x,, we
might “in our gut” feel like the terms x,, grow like a more familiar sequence y,,, although we
may not be able to directly apply a comparison test to the terms x, and y,. In this case, we
can use the “Gut Feeling Convergence Test” to decide if > |z, and > y,, behave similarly. [

n
EXAMPLE 5.3.23. For every n € N, let a, = ———————-. Let’s determine whether
n? + 2sin(n?)

> oo | an converges. We know that for every z, |sin(z)] < 1, so as n becomes large, we
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imagine that a, =~ % = % and Y °°, 1 diverges. However, since the sign of sin(n?) will
alternate, we can’t immediately say that a,, < % or a, > % to use the comparison test. Fear
not! The Gut Feeling Comparison Test lets us compare b, = % to a,. Indeed,

an, n

bn  n+ 2sin(n?)
Therefore, Y 7, a, converges if and only if > >, b, converges. But, > >° b, diverges to

oo, implying that Y 7 | a, will diverge to oco. O
3.4. Other Series Convergence Tests.

THEOREM 5.3.24 (Dirichlet’s Test for Convergence). Suppose that {a,}>2, and {by}>°
are sequences of real numbers such that the following three properties hold:
1) an — 0 as n — oo.
2) >0 |lant+1 — an| converges.

3) There exists some R > 0 such that for any n € N and m a non-negative integer,

‘bn+bn+1+"'+bn+m‘ < R.

o0
Then Z anby, converges.
n=1
Proof. Here is the idea of the proof. Define By = 0 and for each k € N By 11 = b +ba +
-+« + by (that is By is the kth partial sum of the b,’s). Now, notice that By,+1 — By, = by,.
Let M, N € N with M < N, then

N N
Z anbn = Z an(Bn—‘rl - Bn)
n=M n=M
applying summation by parts,
N N
Z anbp, = ani1BNy1 — ay By — Z Bryi(ant1 — an)
n=M n=M
Using the triangle inequality,
N N
Z anby| < ’aNJrl”BNJrl‘ + ’CLMHBM| + Z |Bn+l||an+l — Qp
n=M n=M
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Note that the assumptions of the theorem guarantee that as M, N — oo, the right hand side
of the inequality goes to 0, ensuring that the partial sums of ) a,b, are Cauchy, and hence

convergent. W

COROLLARY 5.3.25 (Abel’s Test for Convergence). Suppose that {an}>2, and {by}>2,
are sequences of real numbers such that the following three properties hold:
1) There exists some nyg € N such that if n > ng then anpy1 < ay.
2) ap, — 0 as n — oo.

3) There exists some R > 0 such that for any n € N and m a non-negative integer,

‘bn+bn+1+"‘+bn+m‘ < R.

o
Then Z anby, converges.

n=1
Proof. By Theorem 5.3.24, we only need to show that > 7, |an41 — ay| converges. For
n > ng, notice that |a,+1 — an| = ap — ap+1. Therefore, using a telescoping series, for any

N, M > ng

n=N
Z lan+1 — ap| = Z {an —api1} =ay —ay
n=M n=M

Since, a, — 0 as n — oo, we have that given any € > 0, there exists some mgy € N such that

if M > mg then |aps| < €/2. Therefore, taking Ny = max(ng, mo) we have

n=N
> angr —anl = Y {an — a1} = ayr — ay < |ay| + |an| <&
n=M n=M

Therefore the partial sums of Y {|an+1 —an|} are Cauchy, hence Y7 | |an41 — an| converges.

COROLLARY 5.3.26 (Alternating Series Test). Suppose that {an}2° | is a sequence of real
numbers such that the following properties hold
1) There ezists some ng € N such that for every n > ng, then apnt1 < ay.
2) ap, — 0 as n — oo.

Then Y o2 (=1)"ay, converges.

Proof. The proof of this is an exercise (see Exercise in Exercises 7?7). The idea is to let

b, = (—1)" and use Abel’s convergence test. m
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4. More on Limits of Functions

4.1. Horizontal Assymptotes. With the interpretation of a sequence {z,}3°, as a
function z : N — R (with z(n) = z,,), we have made sense of what it means for nhﬁ\ngo z(n) to
exist (this is simply the convergence of the sequence). Intuitively, we understand that if the
sequence converges then z(n) tends to some value (the limit of the sequence) as n — co. In
this section we make sense of this more generally where if, instead of the domain being N,

we consider functions f : U — R where U C R is unbounded.

DEFINITIONS 5.4.1. Let U C R and f : U — R be a function. If U is unbounded above,
we say that the asymptotic limit of f at 400 exists whenever there exists some y € R such
that for all ¢ > 0, there exists some R, € R such that for all x € U with x > R, it holds that
|f(xz) —y| < e. In this case, we say that y is the righthand horizontal asymptote of f and
write xlirglo f(z) =yv.

On the other hand, if U is unbounded below, we say that the asymptotic limit of f at
—oo exists whenever there exists some y € R such that for all € > 0, there exists some R. € R
such that for all x € U with < R. it holds that |f(z) — y| < e. In this case we say that y

is the lefthand horizontal asymptote of f and write lim f(x)=y.
r—r—00

REMARK 5.4.2. In the case U = N, then f : U — R is a sequence. Notice that the

sequence f converges if and only if it has a righthand asymptote. See Exercise 6 (77). O

THEOREM 5.4.3 (L’Hopital’s Rule — Horizontal Asymptote Version). Suppose that f and

g are differentiable functions on some interval (a,00) such that lim f(z) = lim g(x) = 0.

Further suppose that g(x) # 0 for any x € (a,00) and that li_}In ;:g; exists. Then lim % =

z—o00 9
lim £
T—00 g’(z)

Proof. It suffices to consider a > 0, otherwise notice (1,00) C (a, 00) and we can restrict
our attention to (1,00) and set @ = 1. The function h : (0,1/a) — R defined by h(z) = 1 is
differentiable (as the ratio of differentiable functions where the denominator is non-zero on
the domain) and A/(z) # 0 for any = € (0,1/a) since h(z) is strictly decreasing. By Exercise

6 (77),
im L@ _ gy, @)
T—00 g’({[;) z—0+ g/(h(l'))
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By using L’Hopital’s rule Theorem 5.1.19 applied to the functions f o h and g o h we have

L fB@) L FR@EE) P 0) )
w8 g(h(2)) a0 g ()W (@) a0k ¢ (h(2) e g (2)

9

where the last equality was another application of Exercise 6 (?7). m

4.2. Vertical Asymptotes.

DEFINITIONS 5.4.4. Let U C R, and f : U — R be a function.. Let zg € R or x¢p = f+oc.
We say that the lefthand limit of f at zg diverges to 400 when given any R > 0, there exists
some ¢ > 0 such that (xg — d,z9) C U and f(z) > R for all x € (z9 — d,2p). In this case
we write xgrxni f(x) = +00. We say that the lefthand limit of f at xg diverges to —oo when
given any R 0< 0, there exists some 0 > 0 such that (xg — d,29) C U and f(x) < R for all
x € (g — d,20). In this case we write xgggi f(x) = —o0.

Analogously, we say that the righthand limit of f at z¢ diverges to 400 when given any
R > 0, there exists some ¢ > 0 such that (zg,z0+0d) C U and f(x) > R for all z € (z9, z9+9).
In this case we write ng}Jr f(x) = +o00. We say that the righthand limit of f at xg diverges

to —oo when given any R < 0, there exists some ¢ > 0 such that (xzg,zo + ) C U and
f(z) < R for all z € (zo,x0 + J). In this case we write lim f(z) = —o0.

T—To—

EXAMPLE 5.4.5. The function f : (0,00) — R defined by f(z) = 1 is such that li%1+f(x) =
T

+o00. The function g : R — R defined by g(z) = 23 is such that li}r_n g(x) = —oo and
lim g(z) = +o0. O
T—00

DEFINITION 5.4.6. Suppose U C R and let g € R or zg = +00. Suppose that f: U — R

is such that lim f(x) = +o0o0 (resp. lim f(z) = £o0), then we say that f has a vertical
T—To— r—xo+

asymptote from the left (resp. right) at z¢. If it happens that f has a vertical asymptote at

xo from both the right and the left, then we simply say that f has a vertical asymptote at

ZQ-

THEOREM 5.4.7 (L’Hopital’s Rule — Vertical Asymptote Version). Suppose that f and g
are both real valued functions such that both f and g have vertical asymptote from the left
at xo. Suppose further that are differentiable on some non-empty interval of the form (a,xq)

both f and g are differentiable and that lim gl(:f) exists. Then lim £ — lim £

z—zg— 9'(@) z—zg— 9(2) z—zg— 9'(%)

The analogous statement can be made for vertical asymptotes from the right.

Proof. Exercise 6 (7?7). =
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4.3. Improper Riemann Integrals. Suppose that f is a real valued function which
is defined on some interval (a,b). We have not defined what fab f means, since this was only
defined when f is defined on the interval [a,b]. Moreover, we also haven’t defined integrals
of the form faoo f, nor f_boo f, nor ffooo f- In this section we attempt to make sense of these

integrals.

NOTATION 5.4.8. Suppose that f is defined on some non-empty interval [c,b) (we allow
for the case b = +00) such that for all z € [c,b), it holds that f is Riemann integrable on
[c,x]. For every z € [¢,b) let F(z) = [ f. Notice that by the assumption of Riemann
integrability of f, F'is well-defined. If zlirlrjli F(x) exists, then we write fcb f as this limit; i.e.,
dim [Tf = f7 .

Instead suppose that f is defined on some non-empty interval (a, ¢] (we allow for the case
a = —oo) such that for all z € (a,c], it holds that f is Riemann integrable on [z,¢|. For
every z € (a,c] let G(z) = f: f. If zlg& G(z) exists, then we write facf as this limit; i.e.,
zgrtrzl+ Lf=Jit

Further, if f is defined on some interval (a,b) and for some ¢ € (a,b) both [ f and fcbf
exist, then we write fab fas [Tf+ fcb f. In Exercise 6 (??) you prove that if [ f and fcbf

exist for some ¢ € (a,b), then they exist for all ¢ € (a,b) and result in the same value for
b
fa f

ExXAMPLE 5.4.9. We will prove that floo x% dx = 1. Using our standard techniques, we

know that F(z) = —1 is an anti-derivative of f(z) = z% on the interval [1,00). Therefore,
for any y € [1,00) we have [/ f = F(y) — F(1) = —% + 1. Since by Exercise 6 (77?)
lim (—1+1)=0+1=1, we have proved that [° f = 1. O
Yy—00 Y

EXAMPLE 5.4.10. We have proved that if F(z) = 2\/x for x € (0,1), then F'(z) = ﬁ

for every x € (0,1). Let f : (0,1) — R be defined by f(z) = ﬁ Then, by what we just

mentioned, F' is an antiderivative of f on (0,1). We will prove that fol f exists and that
Jof=1.Letc=1/4€ (0,1) and z € (0,¢]. Then [/* f = F(1/4)— F(z) = 1/2—/z. Now
IILI&(l /2—+/x) = 1/2 since \/z is continuous from the right at = = 0 with v/0 = 0. Therefore
Jo!* f =1/2. On the other hand, let = € [1/4,1). Then [{), f = F(z) — F(1/4) = /i —1/2.
Now JUl_i>r{1_(\/§—1/2) = 1-1/2 = 1/2since /z is continuous at z = 1 with v/1 = 1. Therefore

f11/4 f =1/2. Putting this together, we have that fol f= 01/4 f+f11/4 f=1/2+1/2=1. O
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4.4. Limit Supremums and Limit Infimums.

5. Taylor Expansions and Approximation

We begin here by recalling standard notation introduced from calculus for derivatives. Let
U CR. If f:U — R is differentiable at some point zg € U, then we’ve already introduced
f'(x0) as the notation to denote the derivative of f at xy. We will also use the notation
%(azo) or %‘xo for %’xo f(x) to denote this derivative as well. Further, if the variable we
are using to denote the argument of f is given by a different symbol, say we are using the
notation f(t) rather than f(z), then %(azo) or %|xof or %!xof(t) are also commonly used.
We extend this notation as before and simply write % or % f in place of f’ whenever the

derivative itself is the function in consideration.

DEFINITION 5.5.1. Let U C R and f : U — R be a function. The 0th derivative of f is
denoted f(© and is defined as f itself. That is f(©) = f. Suppose that there is some interval
(a,b) C U and x be a point in (a,b). If f’ exists on (a, b), it makes sense then to investigate
whether we can take the derivative of f’ at any point in (a,b). If we can, say (f’)'(zo) exists
for some xq € (a,b), we say that the second derivative of f at xo is (f')(x¢) and denote this
by f®) (z0) or f”(xo). We can continue in this fashion inductively. The nth derivative of f at
a point xg € U is defined when there is some interval (¢, d) such that the (n — 1)st derivative
is defined for every point in (¢, d) and (f~1D)'(zq) exists. In this case, the nth derivative of

f at zg is (f(*1)(x0) and will be denoted by £ (z().

REMARK 5.5.2. Note that for the nth derivative is only defined at a point zq for a function
f when the (n — 1)st derivative exists within some (possibly small) interval (a,b) containing
xo and also must be continuous at xg. In turn, this then means that the (n — 2)nd derivative
of f also exists at every point in (a,b) and will be differentiable (and thus continuous as well)
at every point in (a,b). We continue backwards until we arrive at the original function f.
We can conclude that f is differentiable and each higher derivative of f*) is itself continuous

for0<k<n-2. O

DEFINITION 5.5.3. Let U C R and f : U — R be a function such that f has n derivatives
at some point 29 € U. That is f(")(zg) exists. For n € Z with n > 0, we define the nth
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Taylor polynomial of f centered at xg as the polynomial pr( - ;20) : R — R given by

k)
plwao) = 3 T oyt
k=0 '

x (") (g
= fao) + £ (ao) (& — o) + LD (o - a2 4 g T

(x — o)™
LEMMA 5.5.4. Suppose that U C R is open and f is a real valued function which is

differentiable on U. Suppose further that for some n > 1, f(")(xo) exists at some point
xg € U. Then

n!

T Ph(wsw0) = p (x:20)
for every x € U.

Proof. Since py,(x; o) is a polynomial (in the variable z), it is differentiable on all of R.
Now, by the linearity of the derivative, and chain rule,

d

"(x () (1
%p,{(mo,x) = % (f(ﬂﬁo) + f'(2o) (x — o) + ! (2 0) (x —z0)>+ - + ! n(' 0) (& — o) )
"(x () (1
%f(mo)‘i‘f/(xo)%(x—xo)—i-f (QO)CZ;(x_moer...Jrf(O)d

/ " f(nfl) o
N\ (n—2) x
— flan) + () (o) (o — o) o D (0)

(n—2)!
:p£—1(339330)-

This concludes the proof. m

THEOREM 5.5.5. Suppose U C R is an open set and f is a real valued function which has

n derivatives at some point xg € U, for some n > 1. Define the function R, : U — R by

F(x) — ph(x; 0)

(x — o)™ T 7 o

R, (x) =

0

r = X

Then lim R, (x) = 0. Incidentally, since we defined Ry (xo) = 0, this implies that Ry, is
X xo
continuous at xg.
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Proof. By induction. Let T' C N be defined so that n € T' if and only if every real-valued
function f defined on some neighborhood of xy with n derivatives at xg has xlirg R,(z) =0,
where R, is defined as in the statement of the theorem. The fact that 1 € T ({s proved in
Exercise 6 (11). Now, assume n € T, and we want to prove that n +1 € T. To do so, let f
be defined on some neighborhood U of zy with n + 1 derivatives at xg. Let Rpy1 : U — R

be given as above by
£(2) = Pl (5 20)
Ryyi(z) = (x — @)™ H!

0 T = X0

T # xg

Let U C U be the subset of U where f(™ exists (that is z € U if and only if f(x)
exists). Note that U is a neighborhood of xg, since f("+1 (zq) exists, £ must be defined in
some open set containing zg. Since f’ then must also be defined on U (possibly on a larger
subset) and has n derivatives at x(, we can apply the inductive assumption to conclude that

lim S, (z) = 0 where S,, is defined on the domain of f” by

f!(x) — ph (a; x0)
Sp(x) = (z — zo)"

0 T = x0

T # g

An application of L’Hopital’s rule and Lemma 5.5.4 shows that

d f . I
. . dzr f(x)_pn (.Z',l'()) . f/ Z)— Pn \T5T0
Jig, Fn1(@) = Jim < (d@ BT (n(ﬁ NE = )3
dx 0) 0 0
1

= lim S, (x) = 0.

n+1 z—xo

This shows that n € T = n+ 1 € T, and finishes the proof. m

THEOREM 5.5.6 (Taylor’s Remainder Theorem - Differential Version). Suppose that J C R
s a non-empty open interval and f is a function defined and has n + 1 times differentiable
on J. Then given x,xo € J with x # g, there exists some ¢ between x and xg such that

F(e)
(n+1)!

n+1

f(@) = pl(w;0) = (z — o)

Alternatively written, there exists some ¢ between x and xg such that

(n) (5 (nt+1) (¢

//(mo)

5 (z—x0)*+- - -+

f(x) = f(xo)+f(zo) (x—20)+
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Proof. By induction. Let T be the set of non-negative integers such that n € T if and
only if for any real valued function f which is n times differentiable on any non-empty open
interval, it holds that for every points 1 and xy within that interval, there exists some ¢

between x1 and xg such that

() (¢
F(@1) = phoa(en o) = = 7= (@1 = w0)",

For the case n = 1 this is the mean value theorem, and therefore is already proved. Assume
that n € T, and we will prove that n +1 € T. To do so, assume that f is n 4+ 1 times
differentiable on some non-empty open interval J. Let xj,z9 € J. By Theorem 5.5.5 (and

using the same notation therein),

(n+1) (.
f(a:1)—p£+1(x1;a:0) = f(xl)_pfz(xl;.%())—(f +1) (29)

T — m’o)n+1 (331 _x())nH = Rn+1($1) (71 —3'30)71+l

From this, we rearrange to find

(n+1)
f(@1) = pl(x1;20) = Rpgr (1) (@1 — m0)" ' + (3{1_330(;621 (21— 20)" ™ = k(1 — o)™

(n+1)
where k = R, 11(z1) + %; most importantly for our proof, we have that there is some
(n+1)
k € R such that f(z1) — ph(21;20) = k(z1 — 20)""1. We now prove that k = f(nt:l)(f) for

some ¢ between x1 and xg to finish the proof.

Define h: J — R on J by
h(x) = f(x) = p)(a; 20) — k(z — o)™t

By inspection h(xzg) = 0, and by how we chose k, h(z1) = 0. Therefore, we can apply the
mean value theorem (in the guise of Rolle’s Theorem) to deduce that there is some point z
between z1 and zg such that h'(x2) = 0. By how h was defined, and using Lemma 5.5.4, this
implies that f(x2) —pzll(xg, x0) = (n+1)k (x2—z0)". However, by the induction hypothesis
applied to the function f’, there is some ¢ between g and x5 such that f’(zg)— pil_l (x9,x0) =
M(l’g —x0)". This shows that (n+1) k (zo—z0)" = M(Z‘Q —x0)", which rearranges

n! n!
[ ()

to k = T Since ¢ is between xg and x9, it is between zg and x1, and therefore we have

shown that neT =— n+1e€T. n



(1)

(2)
(3)
(4)
(5)
(6)
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6. Exercises

Prove (3) <= (4) in Theorem 5.1.3. Briefly explain why this will finish the proof
of the theorem.
Prove Theorem 5.1.5 (1).
Prove Corollary 5.1.12
Prove Corollary 5.1.15.
Prove Theorem 5.1.16 (2).
Let U C R be open. Let f: U — R be any polynomial (i.e., f(z) = apz™ +--- +
a1z + ag for some ag, ...,a, € R). Prove that f is differentiable on U and that if
f(z) = apaz™ + --- + a1x + ag then f'(x) = nayz™ ' + -+ + 2a9x + a1. Hint: Use
induction on the degree of the polynomial and Theorem 5.1.5. See Exercise 9 (32).
Let f: R — R be defined by
9 .
fo) = xsin(l/z) x#0
0 z=0

Prove that f is differentiable, but that the derivative function f’ : R — R is not
continuous at z = 0. In particular, that sin : R — R is differentiable, sin’(z) =
cos(z), and |sin(x)| < 1 for every x. Moreover, you can assume that cos(z) =
cos(x + 27k) for every z € R and k € Z, cos(0) = 1, and cos(m) = —1.
Suppose that f : (0,1) — R is differentiable and that f/'(z) # 1 for all z € (0,1).
Prove that there is at most one ¢ € (0,1) such that f(c) = c.
Suppose that U is open and f : U — R is differentiable such that f' : U — R
is continuous. If [a,b] C U, prove that the restriction f : [a,b] — R is Lipschitz
continuous.
Suppose that U is a neighborhood of zg and f : U — R is a function. Prove that f
is differentiable at xq if and only if there exists some A such that for all £ > 0 there
exists some 0 > 0 such that x € (zg — 9,29 + J) \ {zo} it holds that

Fa) ~ fla)

r — X

<e,

and if this is the case, the f'(xg) = A.
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(11) Let A € R and suppose that U is a neighborhood of some point g and f : U — Risa

function. Prove that f is differentiable at 2o and f’(z¢) = X if and only if there exists

some neighborhood V of 0 and a function R : V' — R such that lir% R(z) = R(0) =0
T—

and f(z) = f(zo) + Mx — z9) + R(z — z¢) - (x — x¢) for every x € U. Hint: Notice
that L@=/0) _ ) 4 R(z — zp) when z # x.

(12) (a)

r—xQ

Suppose that a,b € R with a < b. Suppose that f : [a,b] — R is such that f is
differentiable on the open interval (a, b), is continuous on [a, b], and f(a) = f(b).
Prove that Rolle’s Theorem still holds. That is, prove that there exists some
¢ € (a,b) such that f'(c) = 0.

Suppose that a,b € R with a < b. Suppose that f : [a,b] — R is such that f is
differentiable on the open interval (a,b), is continuous on [a, b]. Prove that the

mean value theorem still holds. That is, prove that there exists some ¢ € (a,b)

such that L0210 — pr(c).

(13) (Cauchy’s Mean Value Theorem) Suppose that U is an open set containing the

interval [a,b] and that f and g are real-valued functions which are differentiable on

U. In this problem we will prove that if g(a) # ¢g(b) then there exists some ¢ € (a, b)

such that £0=f@ _ f(c)

(a)

(b)

()

g(b)—g(a) — g'(¢)"
Let h : U — R be defined by h(z) = [f(z) — f(a)] — k[g(x) — g(a)] where
k= ];Egg:g((s)). Justify that h is differentiable on U and that h(a) = h(b) = 0.
Apply Rolle’s theorem to justify that there exists some ¢ € (a,b) such that

h'(¢) = 0.

Show that for the value ¢ found in the previous part, it holds that ch Ezgig ((Z)) =
f(c)
g'(c)”

(14) For the following functions f, find all points z( in the domain of f such that f(xg)

is an extremum. For each of these z(, state whether or not zg is a critical point of

f and classify whether f(z) is a local maximum, local minimum, global maximum,

global minimum, or none of these. Also, if the point xg is in the domain of f and

f(zp) is an extremum even though z is not a critical point, make sure to Make sure

to prove your assertions.

(a)
(b)
(c)

f:(0,1) = R is defined by f(z) = 2.
f:(=1,1) = R is defined by f(z) = 2.
f:(0,1) — R is defined by f(z) =z(1 — x).



(15)
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(d) f:(—1,1) = R is defined by f(z) = 3.

Suppose f is a real valued function defined on some set U and xg € U. We say that f

is differentiable from the right at xg when the right hand limit lim %ﬁ;gxo)

r—xo+

in this case, we write f'(zo+) = lim F@—f@o) e say that f is differentiable

z—wo+  TTTO

exists;

from the left at zg when the lefthand limit lim %ﬁ:ém) exists; in this case, we

T—To—
J@)=f (o)

write f'(zo—) = lim pr—

T—x0—

(a) Prove that if f is differentiable from the right/left at x¢, then it is continuous
from the right/left at xg.

(b) Prove that f is differentiable from the right at zo with f’(zo+) = X if and

only if for every sequence {z,}>°; in U such that z, | xo, it holds that
flan)=f(zo) _

Tn—x0

i,
(¢) Prove that f is differentiable from the left at zo with f'(zo—) = A if and
only if for every sequence {z,}>°; in U such that z, T xo, it holds that
lim Lm)=f@o) _
n—soo  Tn—wo
Suppose that f is a real valued function defined on [a, b] (where a,b € R with a < b).
Let P be any partition of [a,b]. Assume that we had defined upper and lower sums
U(f,P) and L(f,P) without the requirement that f is bounded. We will treat 400
and —oo as familiar objects such that for every x € R, —00o < 2 < 00, z + 00 = o0,
xr — 00 = —00, and 0o — (—o0) = oco. Further suppose that we define the supremum
of a set which is not bounded above as +oco, and the infimum of a set not bounded
below as —o0.
(a) Prove that U(f,P) > —oo and L(f,P) < 4oc.
(b) If f is unbounded, then prove that either U(f, P) = 400 or L(f,P) = —cc.
(c) Prove that if f is unbounded, then U(f,P) — L(f,P) = oo.
Suppose that f is a bounded real-valued function defined on [a,b] (where a,b € R
with a < b). Let P be a partition of [a,b]. Prove that L(f,P) < U(f,P).
We fill in the missing inductive piece of the proof of Proposition 5.2.12 in this
problem. Suppose that f is a bounded real-valued function defined on [a,b]. Let
R > 0 be the bound of f. If @ C P are partitions of [a,b] with 1 = #(P \ Q), prove
that

U(f,Q) —U(f,P) < 2Rmesh(Q)
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and

L(f,P)— L(f,Q) < 2Rmesh(Q).

Explain why this finishes the proof that T' = N, where T is given in the proof of
Proposition 5.2.12.
(19) For the following functions f defined on [0, 1] and partitions P of [0, 1], find U(f, P)
and L(f,P).
(a) f(z) =2, P=1{0,1/4,3/4,1}.
(b) f(z)=x(1—z), P=1{0,1/4,3/4,1}.

0 z€Q
(C) f(x) = , P= {0,331,.%2,...,1'”_171}.
1 zeR\Q

(20) Let a,b € R and suppose that f is a bounded real-valued function on the interval
[a,b]. Prove that for any € > 0 there exists a partition P such that both U(f, P) —
T;f < ¢ and fabf — L(f,P) < € hold.

(21) Prove the lovv; sum inequality of Proposition 5.2.7.

(22) Prove the lower sum inequality of Proposition 5.2.12.

(23) Let a,b € R with a < b. Let f be a bounded real-valued function on [a, b] which is
Riemann integrable. Let € > 0. Suppose that there exists some partition Q of [a, b]
such that U(f, Q) — L(f, Q) < . Prove that there exists a partition P of [a, b] such
that U(f,P) — [*f <&, [°f — L(f,P) <&, and U(f,P) — L(f,P) < .

(24) Let f be a Riemann inte;able function on some interval [a,b]. Define the absolute
value of f, denoted |f|, by |f|(x) = |f(z)| for every x in the domain of f. In this
problem, we will prove that |f| is also Riemann integrable and | ff fl < ff |f]-

(a) Suppose that z1,z2 € [a,b] with z1 < 9. Let M = sup {f(x) s.t. x € [z, z2]}
and m = inf { f(z) s.t. © € [z1,x2]}. Similarly, let N = sup {|f(x)| s.t. = € [z, z2]}
and n = inf{|f(z)| s.t. € [x1,22]}. Prove that N —n < M — m. Hint:
In fact, if M and m have the same sign then N —n = M — m, otherwise
N —n <max{M,|m|} < M —m.

(b) Using the previous part, prove that if P is any partition of [a, b], then U(|f|, P)—
L(f1,P) < U(,P) — L(J,P).

(c¢) Use the previous part and Theorem 5.2.14 to prove that |f| is Riemann inte-
grable on [a, b].

(d) Prove that if P is any partition of [a, b] then |U(f,P)| < U(|f],P).
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(e) Using the previous part, prove that | f; f] < f: | f]-

(25) (2 out of 3 Lemma for Riemann integration). Let f,g, and h all be real valued
functions defined on the interval [a, b] such that for all = € [a,b], h(z) = f(z)+g(x).
Prove that if any two of the three functions are Riemann integrable on [a, b] then so
is the third.

(26) In this problem we prove that if f is Riemann integrable on [a,b], then so is f2.
From here, assume that f is Riemann integrable on [a, b].

(a) First suppose that f is non-negative on the interval from [a,b]. Let P =
{z0,x1,...,zn}. Using the notation from Definition 5.2.5, justify that Mif2 =
(Ml.f)2 and m{z = (mfv)2 Note: Mif2 = sup {f?(z) s.t. © € [z;—1, 7]} and
mf = inf { f%(z) s.t. © € [zi—1, 23]}
(b) Continuing from the previous part, show that

n

U(f2P) = L(f2,P) = > [(M])? = (m])?] (2 — wi2a).

i=1
(¢) Continuing from the previous two parts, if R > 0 is an upper bound of f, then

show that

U(f%P) - L(f2,P) <2RY [M] —m]](z; — z;1)
=1

Hint: Difference of squares.
(d) Continuing from the previous parts, prove that f? is Riemann integrable by
showing that if {P,,}°°; is a sequence of partitions of [a, b] such that mesh(P,,) —
0, then
U(f*,Pn) — L(f*,Pn) — 0.

(e) Prove the general case where we no longer assume that f is non-negative. This
is quite easy if you look at Exercise 6 (24) since if f is Riemann integrable, then
so is | f| and you can use your previous work applied to |f|.

(27) Prove Proposition 5.2.18. That is, suppose that f is a real-valued function which is
Riemann integrable on [a,b]. Prove that for any interval [c,d] C [a,b] it holds that

f is Riemann integrable on [c, d].
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(28) Let a < b and let J be an interval with bounds a and b. That is J = (a,b), J = [a,b),
J = (a,b], or J = [a,b]. Define the indicator function of J, denoted 1; : R — R, as

1 zeJ
Ly(z) =
0 otherwise

(a) Let P be any partition of [a,b]. Prove that U(1;,P) = b — a and
U(ls,P)— L(15,P) < 2mesh(P).

(b) Prove that for any interval [a’,’] containing J, 1; is Riemann integrable and
fab 1y=0—a.

(c) Suppose that f is a real-valued function which is Riemann integrable on [a, b].
Although it is not completely consistent with Definition 4.5.1, we consider the
pointwise product f1; : R — R (where we interpret this as x — f(x)1;(z) as
usual, but isn’t completely consistent since we are considering the domain to be
R rather than the intersection of the corresponding domains — this is a common

interpretation when using indicator function) defined by

1) = flz) zedJ
0 xe&J
Prove that if [a’, V'] contains J, then f1; is Riemann integrable on [d/, ] and
ff,/ fl; = ff f. Hint: Argue similarly as the previous parts with the inequal-
ity U(f1;,P) — L(f1;,P) < U(f,P) — L(f,P) + 2Rmesh(P) where P is any
partition of [a,b] and R = sup{f(z) : € [a,b]} — inf{f(z) : = € [a,]]}.
(29) Suppose that f is a polynomial defined on [a,b] with f(z) = apa™ + ap_12" ! +
---+aix + ag for some scalars ag, aq, ..., a, € R. Prove that f is Riemann integrable

n
on [a,b] and that f; f= kzo 2 (bR — ok,
(30) (Mean Value Theorem for Integrals) Suppose that f is continuous on [a,b]. Prove

that there exists some ¢ € (a,b) such that

o=y 1
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(31) Prove Theorem 5.2.22. That is, suppose that f is a real-valued function which is

Riemann integrable on some interval containing the points a, b, c. Prove that

N A
[r+f =]

Note: This is quick, but not immediate from Theorem 5.2.19 since it could happen
that a <b<corc<a<hb.

(32) Suppose that U and V are open subsets of R and f: U — V is a bijective function
such that f and f~! are differentiable, f’ is continuous and f’(x) # 0 for every
x € U, and f~! is Riemann integrable on some interval [a,b] C V.

(a) For every y € V, prove that (f~1)(y) = . That is, (f~1)

S S— 1
F=tw) frof~1-
(b) Using a judicious integration-by-parts followed by w-substitution argument,

show that

b
/ F ) dy = yf W)

b b y
. ‘/a ) ™
b =

=yf ()

a /f—l(a) f'(z)
(c) Make the same conclusion as derived in the previous part by showing that

F :[a,b] — R defined by

Fly) = uf () - / ’ e

is an antiderivative of f~! on [a, b].
(33) In any way you like, find the an antiderivative of the given function f on the given
interval [a, b], prove that the antiderivative you found is an antiderivative, and use
it to calculate f: f.
(a) [a,b] =[1,2], f(x) = 2P for p € Z with p # —1.
(b) [a,b] = [2/3,1], f(z) = g(3z—2) where g : R — R has antiderivative G : R — R.
You can leave everything in terms of G.

(c) [a,b] = [0,7/4], f(x) = Cosl(x). You are welcome to assume the standard prop-

erties of sin and cos.
(34) Let f and g be Riemann integrable on some interval [a,b]. Finish the proof of
Theorem 5.2.16 (1). That is, using what is already proved for Theorem 5.2.16 (1),

prove that for any a, 8 € R, f;(af +B9) = Oéf;f +ﬁff«g'
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(35) Let f: R — R be defined by

1 ifa::%forsomenEN
fz) =
0 otherwise
Prove that f is Riemann integrable on [0, 1] and that fol f=0.
(36) Suppose f is Riemann integrable on [a, b] and that {P,, }°° ; is a sequence of partitions

where mesh(P,,) — 0. For each n, write P, = {x(()n), :cgn), l'gn), vy 5”:;()71)} and let an)

(n) (n) _(n)

be some point ¢; ’ € [z;_,x; '], for every i.

(a) By showing that

(n)
L(f.Pa) < Y F(e) (@i — 2io1) S U(S, Pa)
=1

holds for every n, deduce that

m(n) b
> ) ) = [ f
i=1 a

(b) For each n € N, let Az = Az(n) = 22, and for each i € {0,1,...,n} let

¢i =¢i(n) =a+iAzx. If fis Riemann integrable on [a, b], justify the following

n—1 n n b
. . . i+ Cie
fim 3 s(e)de= i 3 fle)de = fin 3 5( a0 = [

What you should notice is that the first term is the (limit of) the lefthand sum,
the second term is the (limit of) the righthand sum, and third term is the (limit
of) the midpoint sum, all of which you are used to from elementary calculus.
(37) Find the following limits. Hint: These will look like left- or righthand sums when
interpreted correctly.

(a) lim > 4.

n—oo k=1

(0) Lim 3 L(n+k)>

(38) Prove Lemma 5.3.9.
(39) Prove Lemma 5.3.13.
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CHAPTER 6

Metric Spaces

1. The definition of a metric space and first examples

DEFINITION 6.1.1. Let M be a non-empty set and p be a function p : M x M — R such

that the following properties hold:

M1: For all z,y € M, p(z,y) > 0.
M2: For all z,y € M, p(z,y) =0 if and only if x = y.
M3: (Symmetry) For all z,y € M, p(x,y) = p(y, x).
M4: (Triangle Inequality) For all z,y,z € M, p(x,y) < p(x, 2z) + p(z,y).
Then p is called a metric on M, and the pair (M, p) is called a metric space. It is common

to say that M endowed with the metric p is a metric space.

REMARKS 6.1.2. 1) Property M1 in the definition of a metric can be rewritten as p(M x
M) C [0,00). That is, the image of p is a subset of the non-negative real numbers.

2) It is tedious to write out the pair (M, p) every time rather than just the symbol M,
so it is common to simply say that M is a metric space when there is a metric understood in

the background.

EXAMPLE 6.1.3. The map p: R x R — R defined by p(z,y) = |z — y| is a metric on R.

Notice that p is just the distance function. Hence (R, p) is a metric space. O

EXAMPLE 6.1.4. If (M, p) is a metric space and N C M is any non-empty set. Then

(N, p) is also a metric space. O

EXAMPLE 6.1.5. Let S C R be non-empty and compact. Define C(S — R) to be the
collection of all continuous, real-valued functions with domain S. Then C(S — R) endowed

with the metric
p(f,g9) =sup{|f(z) — g(z)| s.t. z € S}

is a metric space. ]

173
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2. Sequences on metric spaces

For the remainder of this chapter, we assume (M, p) is a metric space.

DEFINITION 6.2.1. Let {z,}2% be a sequence in M. We say that the sequence converges
when there exists an x € M such that for all € > 0 there exists an n. € N such that for all
n > n. it holds that p(z,,x) < e.

In the case of convergence, we say that the sequence converges to x and call x the limit of
the sequence. We commonly use any of the following notations for when {z,}5° | converges
tozx: lim x, =x,0r x, - x as n — oo, or simply x,, — x. The last is just shorthand used

n—oo

when it is understood that we are taking n — oo.

THEOREM 6.2.2. Suppose that {x,} | is a sequence in M which converges, then the

ltmat 1is unique.

Proof. Suppose that x, — x as n — oo and z, — y as n — co. Take € > 0 and find
ny € N such that if n > ng, then p(z,,z) < ¢/2; find n, € N such that if n > n,, then

p(xn,y) <e/2. Set N = max(ng,ny). Then, using the triangle inequality,

plx,y) < plz,zn) +ply,an) <e/2+¢e/2 =¢.

The last inequality follows from the fact that N > n, and N > n,. Now, we have show that

given any € > 0, p(z,y) < €, which implies that p(z,y) =0. =

DEFINITION 6.2.3. Let {z,,}22, be a sequence in M. We say that the sequence is Cauchy
(or is a Cauchy sequence) when for all € > 0 there exists an n. € N such that n > n. and

m > n. implies p(zy, Ty) < €.

REMARK 6.2.4. Notice! The definition of convergence and Cauchy depend on p. It is
conceivable that the same set has several different metrics such that with respect to one metric
a sequence is convergent (or is Cauchy), but with respect to another, that same sequence does

not converge (or is not Cauchy). O

THEOREM 6.2.5. Let (M, p) be a metric space and {x,}72, a sequence in M. Then the

following hold.

(1) If {zn}22, converges, it is Cauchy.
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(2) Suppose {x,}52 is Cauchy and there exists a subsequence {x,, }32, of {xn}oe, and
a point x € M such that klim Tn, = x. Then {x,}22, converges and moreover,
—00

lim z, = x.
n—oo

Proof. (1) If {x,}°°, converges, let z € M be the limit of {x,}22,. Take ¢ > 0 and
find n. € N such that for every n > n., p(z,,z) < /2. Then, for any n, m > n., the triangle
inequality yields p(zn,Tm) < p(@n,z) + p(x, xm) < €/2 4+ /2 = €. This shows that {z,}>°,
are Cauchy.

(2) Let € > 0. Let k. € N be chosen so that for every k > k., p(xp,,x) < /2. Let n. € N
be chosen so that for every n,m > n., p(xn,rm) < /2. Set K = max{k.,n.) and take
n > K. The triangle inequality yields p(zp,x) < p(Tn, Tn, ) + p(Zn,, x). Now, since K > k.,
p(Tny,x) < €/2, and since ng > K > n. and n > K > ng, p(Tn,Tny) < €/2. Therefore

p(xn,z) <e/2+¢e/2 =¢, proving that z, > x asn —oco. =

DEFINITION 6.2.6. Let (M, p) be a metric space. We say that (M, p) is complete when:
Given any Cauchy sequence {x,}°° ; there exists an x € M such that 1i_>m ZTpn, = . Loosely
n—0oo

speaking, a metric space is complete when all Cauchy sequences converge.

3. Open and Closed Sets

DEFINITION 6.3.1. Let r > 0 and « € M. The open ball of radius r centered at x, denoted
B(z;r), is the subset of M defined by

B(z;r) ={y € M s.t. p(z,y) <r}.

Similarly, the closed ball of radius r centered at z, denoted B(z;r), is the subset of M defined
by
B(w;r) ={y € M s.t. p(x,y) <r}.
DEFINITIONS 6.3.2. A subset U C M is called open when given any x € U, there is an
e > 0 such that B(xz;e) C U. A subset C C M is called closed when the complement set

M\ C is open.

PROPOSITION 6.3.3 (Common Open Sets). The following hold.

(1) M and @ are open sets.
(2) If r >0 and x € M, then B(x;r) is open.
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(3) If A is any indexing set and {U,}aca is a collection of open sets, then |J U, is an
open set. Poetically, the union of arbitrarily many open sets is open. o
(4) If B is a finite indexing set and {Uy}pep is a collection of open sets, then (| Uy is
open. Poetically, the intersection of finitely many open sets is open. ey
Proof. (1) Let z € M and r > 0. By definition, B(z;r) C M and hence M is open. On
the other hand, since there is no x in @ to check, the open property is vacuously true.
(2) Let y € B(z;7) and s = p(y,x). Set e = r — s and we will now check that B(y;e) C

B(z;r). To do so, take z € B(y;€), then by the triangle inequality

p(@,z) < p(x,y) + ply,2) = s+ p(y,2) <s+(r—s)=r.

Therefore z € B(x;r) showing that B(y;e) C B(x;r) and hence confirming that B(z;r) is
open.

(3) Let U = UgeaU,. If U = @ then we’re done by (1). Otherwise, suppose that x € U,
in which case there is some a € A such that x € U,. Since U, is open, let ¢ > 0 such that
B(x;e) C U,. Hence B(x;e) C U since U, C U, and we have hence proved U is open.

(4) Let V = MpepUp. If V = @, then like before, we’re done. If not, let € V', in which
case x € Uy for every b € B. Since for every b € B, Uy is open, let £, > 0 be chosen such that
B(z;ep) C Up. Set € = min{e, s.t. b € B}. With B a finite set, and each ¢, > 0, we have
that € > 0. Moreover, € was chosen such that B(z;e) C B(z;e5) C Uy for every b € B, and

hence B(x;e) C U. We have therefore proved that U is open. m

PROPOSITION 6.3.4 (Common Closed Sets). The following hold.

(1) M and @ are closed sets.

(2) If B is a finite indexing set and {Cy}lpep is a collection of closed sets, then UpepCh
15 a closed set.

(3) If A is any indexing set and {Cqlaca is a collection of closed sets, then NgeaCy i

closed.
Proof. Exercises 9 (9). =

4. Further Set Classifications

4.1. Induced Sets. Given any subset U C M, there are several subsets of M which are

induced from U which help us understand the structure of U.
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DEFINITIONS 6.4.1. Let U C M and let U¢ denote the complement U = M \ U.

(1) The interior of U is the set
int(U) = {x € U s.t. there exists some open set V with x € V and V C U}

A point = € int(U) is called an interior point of U. It is common in literature to
denote the interior of U by U°.
(2) The exterior of U is the set

ext(U) = {x € U° s.t. there exists some open set V with © € V and V C U}

A point z € ext(U) is called an exterior point of U. Notice that ext(U) = int(U®).
(3) The boundary of U is the set

bdry(U) = {x € M s.t. for every € > 0, B(z;e) NU # @ and B(z;e) NU° # &}

A point z € bdry(U) is called a boundary point of U. It is common in literature to
denote the boundary of U by oU.

(4) The limit points or accumulation points of U is the set
limpts(U) = {x € M s.t. for every € > 0, [B(z;e) \ {z}|NU # @&}

A point x € limpts(U) is called a limit point or accumulation point of U.
(5) The closure of U is the set cl(U) = U U bdry(U). It is common in literature to
denote the closure of U by U.

REMARK 6.4.2. By the definitions of int(U) and cl(U), you have int(U) C U and U C
cl(U). More concisely, int(U) C U C cl(U). O

Let’s make an observation here. From our definitions, it intuitively seems that the interior

of a set is open and the closure of a set is closed. This is in fact true.

LEMMA 6.4.3. For any set U C M, int(U) is an open subset of M and cl(U) is a closed
subset of M.

Proof. If int(U) = @, we're done. So, assume int(U) is non-empty and take = € int(U).
By definition, there is some ¢ > 0 such that B(z;e) C U. Now, let’s show that B(x;e) C
int(U), which will imply that int(U) is open and hence conclude the proof. Let y € B(x;¢),
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and if we can show that y € int(U) we’ll be done. Since B(x;¢) is open, there is some
g9 > 0 such that B(y;e2) C B(x;e). With B(z;e) C U, we have B(y;e2) C U, showing that
y € int(U).

If cl(U) = M, we're done. Otherwise, to show that cl(U) is closed, suppose x € M\ cl(U).
Then z € M \ U and z is not a boundary point of U. Therefore, there is some & > 0 such
that B(x;e) € M \ U (if there was no such ¢, then z would be a boundary point of U!). We
will now show that B(x;e) C M \ cl(U), implying that M \ cl(U) is open and hence cl(U) is
closed. To this end, let y € B(x;¢). Since B(x;¢) is open, there is some €5 > 0 such that
B(y;e2) C B(z;¢e) and hence B(y;e2) € U€. Particularly, y € U¢ and y ¢ M \ U, which
means y € M \ cl(U). Therefore B(z;e) C M \ cl(U), and we're done. m

Let’s also justify the name “limit points” with the following lemma.

LEMMA 6.4.4. Let U C M. Then x € limpts(U) if and only if there is a sequence {xn}°°

in U\ {z} such that Ii_>m Ty = .

Proof. First assume that « € limpts(U). Then for every n € N, [B(x;1/n)\{z}|NU # @.
In particular, for every n € N, we can find some z,, € [B(z;1/n) \ {z}] N U. This lets us
define a sequence {z,}>2; in U \ {z} such that for every n € N, it holds that p(z,,z) < 1/n.
From Exercise 9 (5), this implies that T}Ln;o Ty = X.

Conversely, assume that € M and there is a sequence {z,,}72 ; in U \ {z} converging to
z. Then by the definition of convergence, for any € > 0, we can find some n. € N such that
p(Zn,,x) < e. This implies that x,,_ € [B(x;e) \ {z}]NU since x,,, € U \ {x} by assumption,
and p(xy,z) < e. This shows that for any € > 0 it must hold that [B(z;e) \ {z}|NU # &
since x,,_ € [B(z;¢) \ {x}] N U. Therefore x € limpts(U). m

PROPOSITION 6.4.5. Let U C M. Then

(1) int(U) is the union of all open sets V' such that V C U.

(2) cl(U) is the intersection of all closed sets C' such that U C C.
(3) U is open if and only if U = int(U).

(4) U is closed if and only if U = cl(U).

(5) cl(U) = int(U) U bdry(U).

Proof. (1) Let ', = {V C M s.t. Visopenand V C U}. We want to prove that

int(U) = U V. Let U° = |J V. By Lemma 6.4.3, int(U) is open, and moreover,
Ver, Ver,



4. FURTHER SET CLASSIFICATIONS 179

int(U) € U. Hence int(U) C U° It remains to show that U° C int(U). Since the set
U® is a union of open sets, it is open. Moreover, since for each V € Iy, it is true that V C U,
we deduce that U? C U. From here, take x € U°. Since U? is open, there is an € > 0 such
that B(x;e) C U°, implying that B(z;e) C U since U° C U. Therefore z € int(U); since
x € U° was arbitrary, this proves that U° C int(U), concluding the proof.

(2) Let I'. = {C C M s.t. Cis closed and U C C'} as above. We want to prove that

c(U) = Cﬂr C. Let U = Cﬂp C. By Lemma 6.4.3, cl(U) is closed and, as noted, U C cl(U).
e Cc G c

Hence cl(U) € T and therefore U C cl(U). It remains to prove that cl(U) C U. Let C € I
be any closed set such that U C C. Our aim is to show that this implies bdry(U) C C.
To this end we argue by contrapositive. Let C¢ = M \ C' and suppose that z € C°. Since
C*¢ is open, there is an € > 0 such that B(x;e) C C° But, since U C C, this means that
B(z;e) C U and therefore, = ¢ bdry(U). By the contrapositive argument, this proves that
bdry(U) C C. With U C C by assumption and having just shown bdry(U) C C, we have
cl(U) = U Ubdry(U) C C. Since C was any arbitrary closed set containing U, this means
that all closed sets containing U also contains cl(U). Therefore cl(U) C (| C = U, finishing
the proof. cel

(3) Suppose U is open. If x € U, then there is some € > 0 such that B(z;e) C U, hence
x € int(U). This implies that U C int(U). By definition int(U) C U and hence U = int(U).
Conversely, suppose int(U) = U. Since we have proved that int(U) is open, this implies
immediately that U is open, concluding the proof.

(4) In the proof of (2), we learned that every closed set containing U also contains cl(U).
This means that if U is closed then cl(U) C U, since U is a closed set containing U. However,
U C cl(U) and therefore U = cl(U). Conversely, suppose cl(U) = U. Since we’ve proved that
cl(U) is closed, this immediately implies that U is closed.

(5) By definition, cl(U) = U U bdry(U). So, to show that cl(U) = int(U) U bdry(U), it
suffices to show that if z € U\ int(U), then = € bdry(U). Suppose x € U\ int(U). Let € > 0
be arbitrary. Since z € B(z;¢) and x € U, we have U N B(x;¢) # &. On the other hand,
since x ¢ int(U), it must be that there is some point y € U€ such the y € B(x;e). This
implies that B(z;e) N U¢ # &. Hence x € bdry(U), concluding the proof. m

4.2. Density.

DEFINITION 6.4.6. A subset U C M is said to be dense in M when cl(U) = M.
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LEMMA 6.4.7. For any subset U C M, U is dense in cl(U).
Proof. This is immediate from the definition of density. m

REMARK 6.4.8. At first glance you might protest that we have not defined what it means
for U to be dense in cl(U), but we have! Remember that cl(U) C M, so (cl(U), p) is again a

metric space, and we know what it means for U to be dense in the metric space cl(U). O

THEOREM 6.4.9. U C M. The following are equivalent.

(1) U is dense in M.
(2) For all x € M, there is a sequence {x,}22 of elements in U such that lim z, = z.
n—oo

(3) Given any non-empty open subset V.C M,V NU # @.

Proof. (1) = (2): If U is dense in M, then cl(U) = M. Now, using Exercises 9 (11),
the conclusion follows.

(2) = (3): Let V be a non-empty open subset of M. Let z € V and, by assumption,
let {z,}5°; be a sequence of elements in U converging to z. Since V' is open, let £ > 0 such
that B(xz;e) C V. Since x,, — z, there exists an n € N such that p(z,,z) < €. In different
notation this says that z,, € B(z;¢), implying that x,, € V. Since also x,, € U, we see that
UnNnvV # o.

(3) = (1): Let V.= M \ cl(U), which is open since cl(U) is closed. Since U C cl(U),
then V' C M\ U, implying that VNU = @. By assuming (3), since V' is an open set such that
VNU = @, we deduce that V' = &. Therefore M \ cl(U) =V = & implying that cl(U) = M,

proving that U is dense. m

5. More on Closed Sets

Closed sets tend to be particularly nice analytically. For this reason, we dedicate this

section to exploring two theorems illuminates several of these useful properties.

THEOREM 6.5.1. Let C C M. The following are equivalent.

1) C is closed.
2 =cl(C).
3) bdry(C) C C.

4) limpts(C) C C.

(1)
(2) €
(3)
(4)
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(5) Given any sequence {x,}°° of elements in C which converges to a point in M, then
that point is in C. That is, if {xp}72 is any sequence in C' and there exists some

x € M such that ,, — x, then x € C.

Proof. (1) = (2): By definition of closure, we immediately have C' C cl(C'). So, we
only need to show that cl(C) C C. However, in Proposition 6.4.5 (2), we learned that cl(C) is
the intersection of all closed sets containing C'. By the definition of intersections, this implies
that cl(C) is a subset of all closed sets containing C. If C'is closed, then C'is clearly a closed
set containing C', and therefore cl(C) C C.

(2) = (3): Since cl(C') = C Ubdry(C), then bdry(C) C cl(C). So, if C = cl(C), then
bdry(C) C C.

(3) = (4): If limpts(C) = @, then there is nothing to prove. Else, suppose x €
limpts(C'). We will use a contradiction argument to show that z € C. If x ¢ C, then let
{zn}22 be a sequence in C such that nll_}HOIO x, = x; we are using Lemma 6.4.4 here. Now,
for any € > 0, there is some n. € N such that if n > n,., then z,, € B(z;¢) (notice that this
is equivalent to saying that if n > n., p(x,,z) < €). Therefore, B(z;¢) N C' # &. However,
since x € C, B(x;e) N C° # @. This shows that = € bdry(C'). Yet, by assuming (3), we’ve
assumed that bdry(C') C C, implying that x € C. This contradicts that we chose z ¢ C' and
therefore shows that = € limpts(C) = x € C. Thus we have proved that assuming (3)
implies limpts(C') C C.

(4) = (5): Suppose that € M and that there exists a sequence {z,}72; in C' which
converges to x. We want to show that x € C. Let’s again argue by contradiction. If x ¢ C,
then {z,}5°, is a sequence in C\{z} = C such that nlgrl;o z, = x. By Lemma 6.4.4, this
means that = € limpts(C). However, we assumed that limpts(C) C C, and therefore z € C
even though we assumed that = ¢ C. This contradiction shows that x € C' to start with.

(5) = (1): Let C° denote M \ C. If C° = & then we're done, since & is open. Now,
suppose that C°¢ £ @. Our goal is to prove that C is closed by showing that C° is open.
Take x € C°. Since we are assuming (5), our goal is to show that since there is no sequence
{zp}72, in C such that nh_)ngo xn, =z € C° there must be some £ > 0 such that B(z;e) C C°.
We will argue the contrapositive and show that if there is no such ¢ > 0, then there is a
sequence {z,}>°, in C' which converges to z. To this end, suppose there is no € > 0 such

that B(z;e) C C°. Then, for each n € N, let x,, € C be taken such that z,, € B(z;1/n).
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Then {z,}72, is a sequence in C' and p(z,,z) < 1/n, implying that lim z,, = . What this
n—oo

shows is that since there is no sequence {z,,}°2 ; in C converging to x € C (this is where we

are using assumption (5)), there must be an € > 0 such that B(z;e) C C¢. This proves C¢ is

open, and hence C' is closed, concluding the proof. m

REMARK 6.5.2. Some of the most interesting and exciting results where closed sets are

involved often result from the equivalence (1) <= (5) in Theorem 6.5.1. O

THEOREM 6.5.3. Let (M, p) be a complete metric space and C C M. C is a closed subset
of M if and only if (C, p) is a complete metric space.

Proof. First assume that C is closed. Let {z,}5°; be a Cauchy sequence in (C, p).
Then, since C C M, {z,}52; is also a Cauchy sequence in M (since we are using the same
metric p on M). Since M is complete, there is some x € M such that nh_}ngo xp = x. Since C
is closed, then, by the (1) <= (5) equivalence of Theorem 6.5.1, it holds that € C. Thus,
since {zp }°°2; was an arbitrarily chosen Cauchy sequence in C' which converges to a point in
C', we conclude that (C, p) is complete.

Conversely, suppose that (C,p) is complete. Let {z,}52; be a sequence in C which
converges in M to some point x. Since {z,} >, converges in M, then {x,}2>, is a Cauchy
sequence in (M, p). This implies that {z,}°; is Cauchy in C as well (since we're using the
same metric p on C'), and therefore, since (C, p) is complete and {x,,}7° ; is Cauchy in C, this
sequence converges in C, implying that € C. By the (1) <= (5) equivalence of Theorem

6.5.1, this proves that C is closed. =

6. Compactness

DEFINITIONS 6.6.1. Let U C M. An open cover of U is an indexed collection of open

subsets of M, say {U, s.t. a € A}, such that U C |J U,. If it happens that {U, s.t. a € A}
acA
is an open cover of U and B is a finite subset of A such that U C (J,c Up, then we say that

{Ua}aca admits a finite subcover of U.

EXAMPLE 6.6.2. Let M = R"™ for some n and suppose that x € M and ¢ > 0. Define

U = B(xz;e). For every n € N let ¢, = (1 — 1/n)e. Define the set U,, = B(z;e,). We then
o0

have that {U,,}5° ; is an open cover of U since U C |J U,. However, the open cover {Uy,}> ,

n=1
does not admit a finite subcover of U. We explore this more in Exercise 22. O
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DEFINITION 6.6.3. A subset U C M is called compact when every open cover of U admits

a finite sub-cover of U.

EXAMPLE 6.6.4. Let U be as in Example 6.6.2. Since there is an open cover of U which
does not admit a finite subcover, we conclude that U is not compact. We explore this more

in Exercise 22. U

REMARK 6.6.5. It is perfectly possible that the entire metric space M is compact. In

such a case we typically say that M is a compact metric space. ([l

In R (using the standard distance metric), the Heine-Borel theorem says that a subset
K C R is compact if and only if it is closed and bounded. We aren’t so lucky as to get the
Heine-Borel theorem exactly as stated for general metric spaces, but we do get something

close. First some definitions.

DEFINITIONS 6.6.6. Let U C M. We say that U is bounded when there exists an x € U and
an R > 0 such that U C B(x; R). Further, we say that U is totally bounded when for all € > 0,
there exist finitely many points {x1,z2,...,x,.} C U such that {B(z;;e) s.t. 1 <i <mn.} is

an open cover of U.

EXAMPLE 6.6.7. Let T' > 0. Consider the interval (0,7) C R. This interval is totally
bounded (using the standard distance metric on R). To prove this, let € > 0 be arbitrary.

We need to find finitely many points {z1,x2, ...,z,} in (0,7") such that
(0, T)C(x1 —e,z1+e)U (2 —e,xa+e)U---U(zy — €,z + €).

To this end, let N € N be large enough that T/N < e. For every k € {0,1,2,..., N} define
xy, = k(T'/N). This gives us finitely many points {zg,x1,...,zx} such that |ziy1 — zx| =
T/N < ¢ for every k. In particular, (zx — e,z +¢) D (2, — T/N,x, + T/N) = (-1, Th+1)
for each k € {1,2,..., N —1}. We now claim that {x1,x2,...,xy_1} are a collection of finitely
many points in U giving us the desired result. Note that we excluded the points o = 0 and

xny = T since we want the points to be elements of (0,7"). We have

<O,T) = (:L'o,.%'g) U ($1,$3) U---u (33]\[_2,1']\[)

C(ry—e,z14+e)U(zg—eg,22+e)U---U(zy-1 —&,ZN-1 +€)

This proves that (0,7 is totally bounded. O
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LEMMA 6.6.8. Suppose that M is totally bounded and U C M. Then U is totally bounded.

Proof. Assume U # &, otherwise there is nothing to prove. Take ¢ > 0. Let
X1,T2,...,xn, € M such that {B(z1;¢/2), B(z2;€/2), ..., B(xn;£/2)} covers M. In particu-

lar, we then have that U C U} B(z;;¢/2). Let us restrict ourselves to the subset
{B(n5¢/2), B(¥ny;€/2), ..., B(n,,;€/2)} C{B(21;€/2), B(x2;€/2), ..., B(an;€/2)}

of only those balls which intersect U. Then for every 1 < i < m, B(zp;¢/2) NU # &
and U C U™ B(xy,;¢/2). Find points {u1,ug,...,um} by u; € B(zp,;¢/2) NU for every
1 < i < m. To finish the proof we will show that {B(u;¢), B(ug;¢), ..., B(um;e)} is a cover
of U. To prove this, let u € U and let i € {i,2,...,m} such that u € B(x,,;¢/2). Now,
p(ui, u) < p(ui, Tp,) + p(zn,;,u) < €/2+¢/2 =e. This proves that u € B(u;; ), and therefore
UcCuU™ B(uj;e). m

THEOREM 6.6.9 (Metric space version of the Heine-Borel theorem). Let K C M. Then

K is compact if and only if it is complete and totally bounded.

Proof. A more general theorem is proved below (see Theorem 6.6.11), and therefore we

do not prove this here. m

DEFINITION 6.6.10. Given a subset U C M, we say that U is sequentially compact when:
Given any sequence {z,};2; of elements in U, there exists a subsequence {x,, }32; of {z,}52,;

and a point € U such that lim z,, = .
k—o0

THEOREM 6.6.11. The following are equivalent.

1
2
3
4) For all subsets U C M with infinitely many elements, limpts(U) # &.

(M, p) is a compact metric space.
(M, p) is complete and totally bounded.
(M, p) is sequentially compact.

(1)
(2)
(3)
(4)

Proof. Here will be our strategy. We start by proving (2) — (4) = (3) = (2).
Once this is done, we will have proved that (2), (3), and (4) are equivalent conditions. We next
will show that 1 is also equivalent by showing that (1) = (4) and that (2) + (3) = (1).

(2) = (4): Let U C M which contains infinitely many elements. Since we are

assuming that M is totally bounded, there exist finitely many open balls of radius 1 which
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covers M. Then these balls also cover U, and since U has infinitely many elements, there
is at least one point ;7 € M such that B(z;;1) contains infinitely many elements of U.
Let Uy = B(x1;1) N U. Now, replacing U with U; in this argument, we can find some
point zo € M such that B(zg;1/2) contains infinitely many elements of U; and define Uy =
B(z2,1/2) N U;. We next find x3 € M such that B(z3;1/4) has infinitely many elements
of Us, and define Us = B(xs;1/4) N Us. Continuing on in this fashion, for each n € N,
we find 7,11 € B(z,;1/2"1) such that B(zy,41;1/2") contains infinitely many elements of
U, and define U,y1 = B(xn41;1/2") N U,. Note here that by construction, there is some
point u € U such that u € B(z,;1/2" ') N B(x,11;1/2"); hence by the triangle inequality
p(Tng1,2n) < p(Tn,u) + p(u, zpy1) < 277 4277 < 2772 Now, we build the sequence
{un}>2, as follows. Let u; € Uy; take ug € Us\{u1}, which we can do since U has infinitely
many elements; take us € Us\{u1, u2}, which we can do since Us has infinitely many elements;
continuing on, for every n € N, take u, € U,\{u1,us,...,un—1}, which we can do since U,
has infinitely many elements. Now, for n,m € N with m < n, repeated use of the triangle

inequality shows

P(Un, um) < p(tm, Tm) + p(Tm, xm—l-l) + - p(Tn, un)

< 2—m+1 + 2—m+2 + R + 2—n+1
n—m

< 27m+3 Z 27](?
k=0

0
< 2—m+3 Z 2—k
k=0

— 2—m+4

Since 274 — 0 as m — oo, we can conclude that the sequence {u,}°°; is Cauchy. Indeed,
let ¢ > 0 and find n. € N such that 2774 < £. Then, by what we have shown above, if
n,m > ng, then p(uy, uy,) < 27"+ < . Now, using the assumption that M is complete, we
know that there is a point x € M such that u, — x as n — oco.

All we have left to show from here is that = € limpts(U) (since we are trying to prove
that limpts(U) # @). If {u,}52, C U\{z} we’re done by Lemma 6.4.4. Otherwise, note

that {u,}52; was constructed such that w,, = u,, if and only if n = m. Hence if there exists
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some ng € N such that u,, = z, then for every other n # ng, u, # x. Hence {up4r}32, is a
sequence of elements in U\{z} which converges to x.

(4) = (3): Let {z,}52; be asequence in M. If the sequence takes on only finitely many
values in M, then the pigeon hole principle ensures that one of those values is taken infinitely
many times by the sequence, which in turn ensures that there is a convergent subsequence
(just take the subsequence to be the constant sequence constructed from those points in the
sequence which hit the same value infinitely many times). Otherwise, if the sequence takes on
infinitely many values, then (4) implies that there is a limit point € M of the set {z,}22 ;.
In particular, if z is a limit point of the set {z,}72;, then there is a subsequence {z,, }3°,
such that klingo Ty, = x by Exercise 9 (15).

(3) = (2): Suppose that {z,,}>2 is a Cauchy sequence in M. By assuming (3), this
implies that there is a subsequence {zy, }?2, of {z,}72, and an x € M such that z,, — «
as k — oo. But, this implies that x,, — = as n — oo by Theorem 6.2.5 (2), implying that M
is complete.

We now need to show that assuming (3) implies that M is totally bounded. Let’s prove
this by the contrapositive. That is, let’s assume that M is not totally bounded and show that
this implies that M is not sequentially compact. Indeed, assume there exists g > 0 such that
for any finite collection of point {y1,y2,....,yn} C M, M ¢ U ;B(y;;¢). We will now construct
a sequence with no convergent subsequence. Let x1 € M be any point. Then, find x5 such
that zo € M\B(z1;20). Next, find x3 such that 3 € M\ (B(z1;€0) U B(z2;€0)). Continue
on this way (inductively) such that for every n € N, we have a point z,, € M\ U"' B(x;; €0).
Note that this is possible since we’ve assumed that for any n € N, M ¢ U;‘:_fB(:ci; €0). We
will show that this sequence we’ve constructed, {z, }7 ;, has no convergent subsequence. Let
{@n, 132, be any subsequence of {z,}°2 . For every n,m € N, we chose our sequence so that
p(xpn, xm) > o implying that for every k,l € N, p(zp,, zpn,) > 0. Therfore {x,, }32, is not a
Cauchy sequence, and hence does not converge by (the contrapositive statement of) Theorem
6.2.5 (1).

(1) = (4): Let U be a subset of M. We will prove that if U does not have a limit point,
then U has only finitely many elements (and hence be done since this will have proved the
contrapositive). It suffices to assume that U is non-empty, since the empty set has finitely
many elements. Hence assume that U is non-empty and suppose that limpts(U) = &. Then

U is closed (see Exercise 9 (19)); therefore V.= M\ U is open. Moreover, if z € U, then there



7. CONTINUOUS FUNCTIONS BETWEEN METRIC SPACES 187

is an e; > 0 such that B(x;e,) NU = {z}, otherwise « € limpts(U). That is, B(x;e,) has no
other elements in common with U other than z. The collection {V'} U{B(z;e;) s.t. z € U}
is an open cover of M (see Exercise 9 (20)). Since we have assumed that M is compact, there
is a finite sub-cover; say x1,xo, ...,z € U such that {V, B(x1;e4,), B(z2;€4,), ..., B(x;4,)}

covers M. Since
UCMCVUB(z1;64,) UB(x2;65,) U---UB(z564,)
this collection also covers U. However, U NV = & which implies that
U C B(x1;62,) UB(x2;64,) U---UB(x;64,).

This then implies that U = {x1, z2, ..., z,, } since for each i = 1,2, ..., n, the only element in U
which is also in B(z;;e5,) is ;. We have now proved that U has only finitely many elements.

(2) + (3) = (1): We will do this by contradiction; assume both (2) and (3) hold,
but (1) does not. In this case, there exists an open cover {Ug}qca of M which does not
admit a finite sub-cover. In particular, assuming M is totally bounded implies that for every
e > 0 there is some z € M such that B(x;¢) is not contained in any one of the U, for any
a € A (see Exercise 9 (21)). This observation allows us to construct a sequence {x,}5> in
M such that for every n € N, it holds that B(zy;1/n) is not contained in any one of the
U, for any a € A. Under assumption (3), there exists a subsequence {z,, }32, and a point
x € M such that z,, — = as k — oco. Now, there exists an ag € A such that x € U,,,
since {Ug}qca is a cover of M. Hence there exists some € > 0 such that B(x;e) C U,
since U,, is open. There exists an n; € N such that for every n > ni, p(x,,z) < £/3;
similarly, there exists an ny € N such that 1/ns < &/2. Set ng = max{nj,ng}. Then
B(zpy,1/n9) C B(z;e). To see this, take y € B(zp,, 1/n0), and by the triangle inequality
p(x,y) < p(x,xn,) + p(Tng,y) < €/24+1/ng < €/2+¢/2 = e. Hence y € B(x;¢), proving
that B(xy,,1/no) C B(z;e). Now, B(xn,,1/no) C B(x;e) C U,,, which contradicts the
assumption that there does not exists an a € A such that B(zy,,,1/no) is contained in U,.

This concludes the proof. m

7. Continuous Functions Between Metric Spaces

For this section, we will continue to assume that (M, p) is a metric space and, since we

will be considering functions between metric spaces, let (N, d) be another metric space.
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DEFINITION 6.7.1. A function f : M — N is continuous at xg € M when for all € > 0

there exists a 6 > 0 such that if x € M and p(x,xo) < J then d(f(x), f(xo)) < e.

REMARK 6.7.2. A couple equivalent ways to define continuity using Definition 6.7.1 come

immediately from the definition of an open ball. They are:

(1) A function f : M — N is continuous at zo € M when for all € > 0 there exists a
0 > 0 such that if = € B(xz¢;6) then f(z) € B(f(z0);¢).
(2) A function f : M — N is continuous at zo € M when for all ¢ > 0 there exists a
§ > 0 such that f(B(zo;6)) C B(f(zo);e).
The slightly subtle point to be careful about using these definitions is that when we write
B(zp;d), we are making the open ball around x using the metric p; whereas, when we write

B(f(xp);€), we are making the open ball around f(z() using the metric d. O

THEOREM 6.7.3. Let f: M — N and xg € M. The following are equivalent:

(1) f is continuous at xg.
(2) Given any subset V C N which is a neighborhood of f(x¢), the inverse image f~(V)
1s a neighborhood of xq.

(3) For all sequences {x,}72 1 in M, if le Xy = o then ILm f(zn) = f(=o).

Proof. (1) = (2): Suppose f is continuous at zg. Let V' C N be a neighborhood of
f(zo). By Exercise 9 (12), there is some € > 0 such that B(f(x);e) C V. Now, let § > 0
such that if z € M and p(x,z9) < 0 then d(f(z), f(z¢)) < e. This is equivalent to saying
B(x0;6) C f~YV), implying that f~1(V) is a neighborhood of (.

(2) = (1): Take ¢ > 0. Let V = B(f(x);e) C N. Then, by (2), f~%V) is a
neighborhood of zg. Hence, there exists some § > 0 such that B(zg;6) € f~1(V). In
particular, f(B(xo;é)) C V, which is equivalent to saying that if x € B(xg;0) then f(z) €
B(f(xzp);e). In turn, this is equivalent to saying that if x € M and p(x,z9) < 0, then
d(f(z), f(xg)) < €, proving that f is continuous at .

(1) = (3): Let {x,}52; be a sequence in M such that nh_}nolo xn = xo. We need to show
that nh_}ngo f(xn) = f(xg). Take € > 0. By assumption, we can find some § > 0 such that if
p(x,z9) < 0, then d(f(z), f(zo)) < e. Since x,, — o, we can find some ns € N such that

for all n > ng, p(zn,z0) < J; but then, for all n > ngs, d(f(x,), f(xg)) < €, proving that

T f(en) = f(xo).
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(3) = (1): We prove this by the contrapositive. If f is not continuous at xy, then
there exists some ¢ > 0 such that for all § > 0, there exists a + € M with p(x,z0) < ¢
and d(f(z), f(xo)) > €. Thus, for every n € N, define the point z, € M to be found such
that p(x,,z0) < 1/n and d(f(zy), f(zo)) > €. This defines a sequence {x,}°°; such that

for every n it holds that p(x,,z9) < 1/n, and hence z,, — zo; however, for every n € N,

d(f(zy), f(xo)) > € and therefore f(x,) 4 f(xg). ®

PROPOSITION 6.7.4. Suppose that (X,v) is another metric space, f : M — N, and g :
N — X. Ifxg € M, f is continuous at xo, and g is continuous at f(xg), then gof: M — X

18 continuous at xg.

Proof. Let {z,}°, be any sequence in M which converges to z¢. Since f is assumed
continuous at xg, Theorem 6.7.3 (3) ensures that the sequence {f(z,)}>2; in N converges to
f(zo). In turn, since g is continuous at f(xo) and {f(x,)}52, is a sequence which converges
to f(xo), another application of Theorem 6.7.3 (3) shows that the sequence {g(f(x,))}72; in
X converges to g(f(zo)). What we have then deduced is that given any sequence {x,}>>
which converges to g, we have nlLIEO 9(f(xn)) = g(f(z0)), proving that go f is continuous at

xo (again using the equivalence of (1) and (3) in Theorem 6.7.3). m

DEerINITION 6.7.5. If f : M — N, then we say that f is continuous on M when f is

continuous at all points x € M.

Nearly immediately we get two results concerning continuous functions by using the

previous arguments at all points in their domain.

THEOREM 6.7.6. Let f: M — N. The following are equivalent.

(1) f is continuous.

(2) Given any open subset V.C N, f~1(V) is an open subset of M.

(3) Given any closed subset C C N, f~1(C) is a closed subset of M.

(4) Given any sequence {xp}o>, in M and any point x € M, if nll)nrolo Tn = x then

Proof. (1) <= (2) and (1) < (4): Exercise 9 (27).
(2) <= (3): Suppose that C C N. By definition, f~!(C) is closed if and only if
FHC) =M\ f~1(C) is open. Since f~1(C)¢ = f~1(C) where C¢ = N \ C, what we have
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stated so far is f71(C) is closed if and only if f~1(C®) is open. Equivalently, for V C N, it

holds that f~1(V) is open if and only if f~1(V¢) is closed. m

ProposITION 6.7.7. If f: M — N and g : N — X are continuous, then go f : M — X

18 continuous.

Proof. By Proposition 6.7.4, g o f is continuous at all points in M, which is what it
means for g o f to be continuous. m
Motivated by Theorem 6.7.6 (4), we prove that, from a certain perspective, the metric p

1S continuous.

PROPOSITION 6.7.8 (Continuity of the Metric). Let (M, p) be a metric space. Suppose
that {x,}52 1 and {yn}o2, are sequences in M which converges to xo and yo, respectively.

Then
lim p(2n, Yn) = p(x0,Y0)-

n—oo

Proof. By two applications of the triangle inequality we have
p(Zns yn) — (20, Y0) < p(@n, z0) + p(0,Y0) + P(Yo, Yn) — p(0, Yo)
= ,O(l’n, xO) + p(ym yO)
and similarly, from two applications of the reverse triangle inequality,
P(TnsYn) — p(T0,Y0) = p(T0,Y0) — P(Tns T0) — P(YnsYo) — (0, Y0)
= —[p(@n, 20) + p(Yn; yo)]

What this shows is that

|p(T0, yn) — p(z0,Y0)| < p(Tns T0) + P(Yns Yo)-

Since the righthand side of this last inequality converges to zero (and the absolute value is

always bounded below by zero), the squeezing principle tells us

lim |p(xn, yn) — p(x0,%0)] =0

n—oo
which proves that lim p(z,,y,) = p(zo,y0). ®
n—oo

7.1. Uniform and Lipschitz Continuity. As was in the case of continuous functions

of one real variable, we can define the general notion of uniform and Lipschitz continuity of
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functions between metric spaces. As before, these special types of continuous functions occur

frequently in practice and are worth dedicating some attention.

DEFINITION 6.7.9. If f: M — N, we say that f is uniformly continuous when: Given

any € > 0, there exists a ¢ > 0 such that if x,y € M and p(x,y) < ¢ then d(f(z), f(y)) < e.
LEMMA 6.7.10. If f : M — N is uniformly continuous, then it is continuous.
Proof. Exercise 9 (29). m

THEOREM 6.7.11. Suppose that M is compact and f: M — N is continuous. Then f is

uniformly continuous.

Proof. Let ¢ > 0. By the assumption of continuity, for every x € M there exists some
9z > 0 such that if y € B(z;d,) then f(y) € B(f(z);¢/2). Now, {B(x;0:/2)}zen is an open
cover of M, and therefore there exist points x1, za, ..., z, € M such that {B(x;;0,/2)}7; is
a finite sub-cover of M, since M is compact. In particular, this means that for every x € M,
there exists some ¢ € {1,2,...,n} such that z € B(x;;05,/2). Let § = min{dz, /2, ...,d4,/2}.
Take x,y € M such that p(z,y) < §. Let i € {1,2,...,n} such that x € B(x;,0,,/2). Then
p(x, ;) < 0z,/2 and p(x;,y) < p(zi, x) + p(,y) < dz,/2+ 9 < 6z,. Therefore, if p(z,y) < 0,
then d(f(z), f(y)) < d(f(x), f(x;)) + d(f(zi), f(y)) < €/2+¢/2 = . This proves that f is

uniformly continuous. m

THEOREM 6.7.12. Let K C M be compact and f : M — N be continuous. Then f(K)
18 a compact subset of N. Poetically, this says that the continuous image of a compact set is

compact.

Proof. Let {V,}4,ca be an open cover of f(K). For each a € A let U, = f~1(V,). Since
V, is open in N and f : M — N is continuous, then U, is open in M by Theorem 6.7.6.
Particularly, {U,}qsca is an open cover of K. By the assumption that K is compact, there
exists a finite sub-cover {Up}rep C {Us}taca of K. We have that f(U,) C V}, holds for every
b € B, which implies that {V}}yep covers f(K). To see this, if y € f(K), then there is some
point x € K such that f(z) = y. From here we can find some b € B such that x € Uy, and
hence y € f(Uy) C Vp,. We conclude that {V;}pep is therefore a finite sub-cover admitted by
{Va}aca, proving that f(K) is compact. =
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DEFINITION 6.7.13. A function f: M — N is called Lipschitz continuous if there exists
some k > 0 such that for all z,y € M, it holds that d(f(z), f(y)) < k p(z,y). In the case that
f: M — N is Lipschitz, the value ky = inf {k > 0 s.t. for all x,y € M, d(f(x), f(y)) < kp(z,y)}
is called the Lipschitz constant of f.

REMARK 6.7.14. In Exercise 9 (33) you prove that for all z,y € M, it holds that
d(f(x), f(y)) < ks p(x,y), which isn’t immediately true from the definition of the Lipschitz
bound ky. However, what is immediately true is that if & > k¢, then d(f(z), f(y)) < kp(z, y);
we use this fact setting k = ky + 1 below in Lemma 6.7.15. O

LEMMA 6.7.15. . If f: M — N 1is Lipschitz continuous, then it is uniformly continuous.

Proof. Let k; be the Lipschitz constant of f. Let ¢ > 0 and define § = ﬁ; we are
adding 1 in the denominator to deal with the pesky possibility that ky = 0. Then for any
x,y € M, if p(x,y) < ¢ it holds that

3

d(f(z), f(y)) < (kf +1) p(z,y) < (kg + Uk:f =

€.

Since § was chosen without regard to the arbitrarily chosen x,y € M, we conclude that f is

uniformly continuous. m

8. The Contraction Mapping Theorem and an Example

This section will introduce the Contraction Mapping Theorem with proof. This is a very
powerful theorem, and is one of several “fixed point theorems” used frequently in mathe-
matics. To illustrate the power of this theorem we are going to give a proof of existence
and uniqueness of a certain family of differential equations. Let D C R? and suppose that

f:D — R. Let tg,yp € R and consider the differential equation

y'(t) = f(t,y(t)), y(to) = o

Such an equation is called an initial value problem, since we interpret ty as the initial time
and if y(t) solves this differential equation, the initial value of y is then y(tp) = yo. However,
it is not always true that a solution to a differential equation of this form exists, or if a
solution exists, it can happen that there are many solutions! The existence and uniqueness
of a solution is governed by the function f. If f is nice enough, then we will not only be

guaranteed a solution, but we we be guaranteed that there is one and only one solution. The
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theorem we will prove through an application of the Contraction Mapping Theorem is the

following;:

THEOREM 6.8.1. Let a,b,r € R with ty € (a,b), 0 <r, and Z = [a,b] X [yo — r,yo + 7]
Suppose that # C D C R%. Assume that f : D — R is continuous and assume further that f
is Lipschitz in the second variable uniformly in the first variable on Z; that is, there is some
k> 0 such that | f(t,z)— f(t,y)| < K|z —y| holds for everyt € [a,b] and x,y € [yo—r,yo+7].
Then there exists some § > 0 such that [to — d,to + 0] C [a,b] and there is a unique solution

to the initial value problem

y'(t) = f(t,y(t))
y(to) = yo

for every t such that |t — to| < 0.

8.1. Contraction Maps. Before proving Theorem 6.8.1, we need to build up the ma-
chinery. We will let (M, p) be a metric space.

DEFINITION 6.8.2. A function T : M — M is called a contraction when T is Lipschitz

continuous with Lipschitz constant kr < 1.

THEOREM 6.8.3 (Contraction Mapping Theorem). Suppose that (M, p) is a complete
metric space and T : M — M is a contraction. Then there is a unique point x* € M such
T(z*) = x*. Moreover, the point z* can be found by the following routine:

Step 1) Start with any point xy € M.
Step 2) For everyn > 0, let xp41 = T(xy).
Step 3) Then x* = lim .

n—oo

Proof. We let ¢ € (0,1) be chosen such that k7 < ¢ where kr is the Lipschitz constant of
T; we could just use the Lipschitz constant kr instead of ¢, but that would be more notation-
ally taxing. Let zop € M and for every n > 0, let x,,+1 = T'(zy,). Notice that this is iterating
applications of T: x1 = T(x), o = T(x1) = T(T(x0)), x3 = T(x2) = T(T(T(x0))), ete.
This defines a sequence {z,}°2 of elements in M. We will now break the proof into three
parts: Part 1 will be to show that {z,}"2, is Cauchy and hence converges to some point

x* € M since M is complete; Part 2 will be to show that T'(z*) = z*; Part 3 will show that
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x* is the unique element in M such that T'(z*) = x*.

Part 1: Notice that for any k € N,

p(@ry1, xk) = p(T (), T(wp-1)) < q p(@n, th-1) < q(q p(xr-1, Tk-2)) = ¢ p(Tp—1, Tp—2).

Continuing this inductively, we see that p(zgy1,2r) = ¢*p(z1,70). Define R = p(x1,x0).

Now, let m,n € N with m < n. Then by the triangle inequality and our previous observation

P(ﬂfm xm) < P(l”mxn—l) + p(ﬂjn—la l'n—Z) + -+ P($m+1,l‘m) < qnilR + qn72R + 4+ qu
n—1 n—m—1 0 Rq™
_ k _ m k m k _
S STRITAS SRE ) S L

Since |¢| < 1 by assumption, % — 0 as m — oo. In particular, {z,}5°, is a Cauchy

sequence. Therefore, since M is complete, there exists some z* € M such that li_>m Tp ="
n oo
Part 2: By definition, T(x,) = z,4+1 for every n € N. Now, applying the limit to both
sides of this equality yields, lim T'(x,) = lim z,4+1 = z*. However, since T is Lipschitz
n—oo n—oo

continuous, it is continuous, so lim T'(z,) = T( lim z,,) = T(z*). Therefore T'(z*) = z*.

Part 8: Suppose that y € M is such that T'(y) = y. We will show that p(y,z*) = 0 which
will imply that y = z*, proving that z* is unique. To this end,

ply,z") = p(T(y), T(z")) < qply,z°).

The first equality came from the fact that 7'(y) = y and T'(z*) = z*, and the second because

T is a contraction. Now, since ¢ < 1, the only solution to p(y,x) < gp(y,x) is p(y,z) =0. =

n applications

REMARKS 6.8.4. (1) If we define T" = m, we could have equivalently
defined the sequence in the previous theorem by x, = T™(xp). This is common
notation for iterating compositions of a function.

(2) Consider any function f defined from a set U to itself, f : U — U. If there is an

element x € U such that f(z) =z, we call z a fized point of f.
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(3) The contraction mapping theorem was a part of Banach’s PhD thesis. It is therefore
commonly called Banach’s Fized Point Theorem. Our proof closely followed the

proof in his thesis.

8.2. Proof of Theorem 6.8.1. We are now ready to prove Theorem 6.8.1.

Proof. For convenience, let J = [yo — 7, yo + r| and recall that Z = [a,b] x J. Note
that Z is a closed and bounded subset of R?, which by the Euclidean Heine-Borel theorem
(proved in Chapter 5) means that & is compact. Since f is assumed continuous, then f(%)
is a compact subset of R, and hence is bounded. This implies that there exists some B > 0
such that sup |f(w)| < B. Also, by the Lipschitz continuity of f in the second variable, there
is some /<aw>€%(; such that |f(t,xz) — f(t,y)| < k|x — y| for every t € [a,b]. We define § as any
positive value

6 < min {1, i}
B’ 2k
such that [to — d,tp + 0] C [a, b]. For convenience, let I = [ty — 0, t9 + d].
As in Example 6.1.5, let C(I — R) be the collections of continuous functions h : I — R,
and let p be a metric on C(I — R) be defined by
p(h, g) = sup |h(z) — g(x)].
wel
In the next chapter we will prove that C'(I — R) is, in fact, a complete metric space. We

will use this fact here without proof. Define the set .# C C(I — R) by
M ={h e C(I—R)s.t. h(I)C J}.

A is a closed subset of C'(I — R). Indeed, let {h,}2°; be a sequence of elements in .# such
that nl;rgo hy, = h for some h € C'(I — R). Since this implies that for every t € I, the sequence
{hn(t)}22 in J converges to h(t) in R, and J is a closed subset of R, we must have h(t) € J.
This proves that h € .#, from which we conclude that .# is closed by Theorem 6.5.1 (5).
Since C'(I — R) is complete and .# is a closed subset of C(I — R), we can conclude that
(A, p) is a complete metric space by Theorem 6.5.3. Moreover, .# is non-empty because the
constant function hg is in .# where hy(t) = yo for every ¢ € I.
Define the function T : .# — # by
t

T(h)(t) =yo+ [ [f(s,h(s))ds

to
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for every t € I. We need to be a bit careful here. Simply because we declared that the image
of T lands in .#, doesn’t mean it truly does. To make sure T is well-defined, we need to
show that for every h € ., the function T'(h) is in .. Indeed, let t € I, then
t
T(h)(t) = yo + \ f(s,h(s))ds = |T(R)(t) — yo| =

Since |t — tg] < § < r/B we conclude that |T(h)(t) — yo| < r implying that T'(h)(t) €

< Blt — tol.

t f(s,h(s)) ds

[yo — r,yo + r] = J. Moreover, since f is continuous, and h is continuous, we can conclude
that T'(h) is continuous. Therefore, T'(h) € .4 .
Next we show that T is a contraction. Let hq, ho € .#. Then

p(T(h), T(h2)) =sup| [ {f(s,hi(s)) = f(s, ha(s))} ds

tel to
t
< sup ‘f(sa hl(S)) - f(sa hQ(S))’ ds
tel to

By assumption that f is Lipschitz continuous in the second variable, we have

| f(s,h(s)) = f(s,ha(s))| < klh1(s) — ha(s)] < & Sup |h1(u) — ho(u)| = K p(h1, ha)

Therefore,

p(T(h1), T(ha)) < sup| [ kp(hn, h) ds

tel

=k p(h1, h2) Sup |t —to| = ké p(ha, ha).
te

to

Now, we originally chose ¢ such that 6 < 1/(2k), which means that

p(T(h1),T(h2)) < 5 p(h1, h2)

1
2
and hence T is a contraction. Therefore, by the Contraction Mapping Theorem, 71" has a

unique fixed point in .. To finish the proof, notice that h is a fixed point of T if and only if

t
h(t) =T(h)(t) =yo+ [ [f(s,N(s))ds
to
Using the fundamental theorem of calculus, this implies that h is a fixed point of T if and
only if h satisfies the initial value problem. Since the fixed point of T exists and is unique,

we have proved that the initial value problem has a unique solution. m
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9. Exercises

For these exercises, let (M, p) and (N, d) be metric spaces.

(1)
(2)

(3)

(4)

Prove that examples 6.1.3, 6.1.4, and 6.1.5 are, in fact, metric spaces.

Prove the reverse triangle inequality: For all z,y,z € M,

lp(z,2) — p(z,y)| < p(z,9)

Give an example of a complete metric space. Also, give an example of a metric space
which is not complete.

Let Ry = RU {00} be the real numbers with an extra point oo extending the reals.
For any x,y € Ry, if z,y € R define 2 < y (resp. x < y) if and only if z < y
(resp. = < y) as numbers in R. If z € R and y = oo then define x < y. This lets us
have an ordering on Ry,. Let M be a set and p: M x M — R, a function satisfying
the four properties of a metric with the ordering replaced by that on Ry,. (Basically,
all we're doing here is allowing a metric to take on the value co giving a notion of
two points in M being infinitely far apart). Prove that M can be partitioned into
disjoint open sets of the form U, = {y € M s.t. p(x,y) < oo} (in other words, prove
that the relation x ~ y <= p(z,y) < oo is an equivalence relation). Moreover, for
each © € M, (U, p) is itself a metric space as in Definition 6.1.1.

Suppose that {z,}7° is a sequence in some metric space M with metric p. Let
x € M. Define the sequence {b,}72 ; in R by b, = p(xy,x). Prove that the sequence
{xn}52, converges to z if and only if the the sequence {b, }>2; converges to 0. What
you are proving is that TLILH;O p(zn,x) =0 if and only nl;rgo Ty = .

Let U C M and z € M. Define the distance between x and U by
dist(z,U) = inf {p(x,y) s.t. y € U}.

Prove the following: a) If U is closed and = ¢ U, then dist(z,U) > 0.
b) If U is not closed, then there exists an = ¢ U such that dist(xz,U) = 0.
Define the metric p on R? by

p((z1,22), (y1,y2)) = max{|z1 — y1|, |2 — y2|}.

Let € = 1 and draw B((0,0);¢).
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(8) Let (M, p) be a metric space and N be a set. Suppose that f : N — M is a bijection.
Define the function d : N x N — R by d(a,b) = p(f(a), f(b)). Prove that d is a
metric on N. Do we need the full strength of f being a bijection; i.e., did you
actually need that it is both injective and surjective?

(9) Prove Proposition 6.3.4.

(10) Let U C M.
a) Prove that ext(U) is an open subset of M.
b) Prove that cl (cl(U)) = cl(U) and int (int(U)) = int(U). Can we say the same
for the boundary of U?
c¢) Prove that M \ cl(U) = int(M \ U) = ext(U).
(11) Let U C M and suppose z € cl(U). Prove that there is a sequence {x,}5>; of
elements in U such that lim xz, = z.

n—oo

(12) Consider the following definition.

DEFINITION 6.9.1. A set N C M is called a neighborhood of some point x € M
when there an open set U with x € U such that U C N. A set X C M is called a
deleted neighborhood of x when z ¢ X and the set N = X U {z} is a neighborhood

of z.
(a) Prove the following proposition.

PROPOSITION 6.9.2. Let x € M and N C M. The following are equivalent.
(i) N is a neighborhood of x.
(ii) There exists some € > 0 such that B(x;e) C N.

(iii) There exists some € > 0 such that B(z;e) C N.
(b) Prove the following proposition.

PROPOSITION 6.9.3. Let x € M and N C M. The following are equivalent.
(i) X is a deleted neighborhood of x.
(ii) = ¢ X and there exists some € > 0 such that [B(x;e) \ {z}] C X.
(iii) = ¢ X and there exists some € > 0 such that [B(z;¢) \ {z}] C X.

(13) Suppose that {z,}22; is a sequence in the metric space (M, p). Prove that this

sequence converges to some limit x if and only if every subsequence converges to x.
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(14) Suppose that {x,}5°; is a sequence in the metric space (M,p) and let ng € N.
Prove that {x,}72 | converges to some limit z if and only if the sequence {@p, 41},
converges to x.

(15) Suppose that {z,}>°, is a sequence in the metric space (M, p). Suppose further
that the set of elements of this sequence, {x,, s.t. n € N}, has a limit point z. Prove
that there exists a subsequence of {x,, }3?2, such that khﬁrgo Ty, = .

(16) Let (M, p) be a metric space. Suppose U C M is non-empty. Let U be defined as
the set U = {x € M s.t. for every £ > 0 it holds that B(z;e) NU # @}. Prove that
U = cl(U).

(17) Let U be a subset of the metric space (M, p). Prove that bdry(U) is a closed subset
of M. Hint: Let B = bdry(U). One way to do this is to show that if = € bdry(B)
then x € bdry(U); another would be to show that if {z,}>%, is a sequence in B
which converges to some point x in M, then x € B; either of these methods use
Theorem 6.5.1.

(18) This exercise it to add a clarification to a subtle detail to the proof of Theorem 6.5.3.

(a) Let (M, p) be any metric space and C' C M. Let {z,}°2; be a sequence of
elements in C'. Suppose that there is some z € C and y € M such that
lim z, =2 and lim x, = y. Prove that z = y.

n—oo n=s00

(b) Discuss why, if the previous part was not true, why we would not be able to
use the proof Theorem 6.5.3 in the “converse” direction.

(19) Prove that if U is a subset of the metric space (M, p) has no limit points, then U is
closed.

(20) Let U C M be any closed set and let V' = M \ U. For every = € U, let ¢, be any
positive real number. Prove that {V}U{B(z;e;) s.t. z € U} is an open cover of M.

That is, prove

McVu ( U B(w;ez)).

zelU
(21) Suppose that (M, p) is a metric space and {Ug,}qea is an open cover of M. Prove

that if you assume that {U,}sc4 does not admit a finite subcover and you assume
that M is totally bounded, then for any € > 0 there exists some x € M such that
B(x;¢) is not contained in any one of the U, for any a € A. Hint: It might be

easiest to argue by contradiction.
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(22) For this problem, consider the following claim and its almost correct proof followed

by a counter example to the claim. Once you've done this, answer the question at
the end.

Claim: Let (M, p) be a metric space and x € M. Given any r > 0, it holds that
B(x;r) is not compact.

Proof. Define the collection of open sets {U,}>2 5 by
Un, = B(z;(1—1/n)r).

Notice that {U,}7°, is, in fact, an open cover of B(xz;r). Indeed, for any y € B(x;r)
we have that p(x,y) < r and therefore M < 1. Let ng € N be large enough that
M < 1—1/ng; we can find such an ng be the Archimedean property. Then, for

this choice of ng, we have p(z,y) < (1—1/ng)r, implying that y € Uy,. In particular,

oo
this implies that y € |J U, and, since y € B(x;r) was chosen arbitrarily, we deduce

n=2
B(x;r) C 6 Up,. This proves that {U,}>2, is an open cover of B(z;r).

To ﬁnigEche proof that B(z;) is not compact, we will show that {U,}7° 4 does
not admit a finite subcover. We do this by contradiction. Suppose that {U,}2,
does admit a finite subcover of B(x;r). Then we can find some finite collection
{Un,, ..., Uy, } which covers B(z;r). Assume without loss of generality that n; <
ng < --- < ny; note that this implies U,, C U,, C --- C Uy,. We then have
ij Up, = Uy, = B(z; (1 —1/ng)r). Since (1 —1/ng)r < r, it must be that B(x; (1 —
llz/lnk)r) C B(zx;r), contradicting that our finite collection covered B(z;r). m

Counter Example: Let M be the interval in R given by M = [-1/2,1/2]
and assume that p is the standard distance in R: p(z,y) = |z — y|. Notice that
the open ball in M centered at 0 of radius 1 equals M itself, i.e., B(0;1) =
{r € M s.t. p(x,0) <1} = M. Since M = B(0;1) then the previous claim would
prove that M is not compact; however, since M is closed and bounded, the Heine-
Borel theorem tells us that M is compact.

Question: What went wrong with the proof of the claim so that we were able to
find this contradictive counter example and what assumption could have we made in

the statement of the claim to have made our proof correct and excluded the counter
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example as a possible space to apply the claim (for instance, this claim and its proof

works fine in the case of Examples 6.6.2 and 6.6.4)7

A metric space (M, p) is called separable when there exists a subset U C M such

that U is dense in M and U has at most countably many elements. In this case, we

say that U is a countably dense subset of M. For example, R is separable since Q is

a countably dense subset of R.

(a) Let (M, p) be any metric space and V' a non-empty open subset of M. For all
x € V, define r, = sup {r > 0 s.t. B(x;r) C V'}. Prove that B(z;r;) C V.

(b) We continue with the same notation as part a. Suppose further that (M, p) is
separable and let U be a countably dense subset of M. Given any y € V', prove
that there exists z € V N U such that y € B(x;r;). From here deduce that

there exist countably many points {z1,z2,x3,...} C V such that
oo
U B(zp;rs,) =V.
n=1

Note: In part (a) you are showing that given a point = in a open subset V, it
makes sense to talk about the “largest” open ball around x which is contained in
V. In part (b) you are showing that if you assume that M is separable, then any
open subset of M can be written as the union of only countably many open balls.
This translated into the situation M = R, we realize that any open subset of R
can be written as the countable union of open intervals (assuming we are using the
standard distance metric on R).

Let U and V be sets and f : U — V be a function. Suppose that {V,},c4 is a cover

of the image f(U) of f; ie., f(U) C |J Va. Prove that {U,}seca is a cover of U
acA

where U, = f~1(V,) for every a € A. (Recall that f~1(V,) = {z € U s.t. f(x) € V,}
is the inverse image — also called pre-image — of f).

If (M,p) is compact and U C M is closed, prove that (U,p) is compact. Hint:
Theorem 6.5.3 might help you here.

The standard Fuclidean metric p on R™ is defined by the usual distance formula:

p((x1,22, o Tn), (Y1, Y2, -+ Un)) = Vi — 212+ (Y2 — 22)2 + -+ + (Yn — 20)2
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Note that when n = 1, p(z,y) = \/(z — y)? = |z — y|, giving the standard distance
on R.

a) Consider R? and R as metric spaces endowed with the standard Euclidean metric.
Let f : R? — R be given by f(x,y) = +y. Prove that f is continuous at all points
in R2.

b) Consider R? and R as metric spaces endowed with the standard Euclidean metric.
Let h : R? — R be given by h(z,y) = 2y. Prove that h is continuous at all points in
R2.

Hint for b: x1y1 — x2y2 = 11 — T1Y2 + T1y2 — T2y2 = 21(Y1 — y2) + y2(x1 — x2).
Note: In the past, you've probably proved that for a fixed a € R, the functions
z +— a+ x and x — axr are continuous. However, this was for a fixed a. What
you prove here is stronger! Indeed, what you prove is that that (x,y) — = + y and
(z,y) — xy are simultaneously continuous in both x and y variables.

(a) Prove (1) <= (2) in Theorem 6.7.6.

(b) Prove (1) <= (4) in Theorem 6.7.6.

Consider the metric spaces M = (—1,1) and N = R, both endowed with the stan-
dard Euclidean distance on R. The function f : M — N defined simply by f(z) = =
is certainly continuous.

(a) By Theorem 6.7.6 (3), we should have f~1([0, 1]) is a closed subset of M. Realize
that £71([0,1]) = [0,1). Is there a contradiction here? If so, what’s wrong. If
not, give a brief justification that [0, 1) is a closed subset of M.

(b) Consider the sequence {z,}22, in M defined by =, = 1 — 1/n. Does this
sequence converge? Does the sequence {f(z,)}72; in N converge?

Prove Lemma 6.7.10.

Prove Proposition 6.7.7 using the equivalent description of continuity given in The-
orem 6.7.6 (2).

Let (M, p) and (N, d) be metric spaces and suppose that f : M — N is continuous.
Prove that if U C M then the restriction f : U — N is continuous a function
between the metric spaces (U, p) and (N, d). Conversely, suppose that xy € M and
prove that if U is a neighborhood containing xg and the restriction f : U — N is

continuous at g, then the ambient function f : M — N is also continuous at x.
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Consider the metric space M = { % st.neN } endowed with the standard Euclidean

distance p on R. In this problem we give two proofs that (M, p) is not compact.

(a) Show that for every x € M, the set U, = {z} is open in M. Therefore prove
that {Us}zenr is an open cover of M that does not admit a finite subcover; this
proves M is not compact.

(b) Let f: M — R be defined by f(z) = 1/x. You know that f is continuous since
it is the restriction of the map = + 1/x defined on (0, 1) restricted to M (see
Exercise 9 (31)). Prove that f : M — R is not uniformly continuous and hence,
use Theorem 6.7.11 to conclude that M is not compact.

Let (M, p) and (N,d) be metric spaces. Suppose that f : M — N is Lipschitz

continuous with Lipschitz bound k;. Prove that for all z,y € M, it holds that

d(f (@), F(y)) < ks pla, ).

In this problem you will approximate the point v/5 using the Contraction Map-

ping Theorem 6.8.3. To start, the computational root finding algorithm known as

Newton’s method is used to find the roots of a differentiable function f by creat-

ing the sequence z,11 = x, — f,(éfz)). Roughly, the derivation comes by assum-

ing = is near the root x*, taking the first Taylor polynomial centered at the root
0= f(z*) = f(z) + f'(x)(2* — ), and solving for z*. So, if we want to apply this to
find v/5, a judicious choice of function is f(z) = 2% — 5. Applying Newton’s method,
our sequence will look like

_ 1(93%5)_1( +5>
Tn+1 = Tn 9 T —an N

(a) Since 22 = 4 < 5 < 9 = 32, let’s agree that 2 < v/5 < 3. Consider M = [2,3]
a the metric space endowed with the standard Euclidean metric on R. Define

the map T': M — M by

-4+ 2)

Prove that T is, in fact, a map from M to M (that is, prove that if z € M,
then T'(x) € M); if this was not the case, then as presented, 7" would not be
well defined.
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(b) We will apply the contraction mapping theorem to 7' : M — M, but we need
to check two things first: i) M is complete, and ii) T is a contraction. Prove
that both i) and ii) are true.

(¢) From the previous part, you know that 7' : M — M is a contraction on a
complete metric space, and by Theorem 6.8.3, must have a fixed point z*.
Show that the fixed point of T is #* = /5. Then, starting with any zq € M
you like, write out the first five iterations (using a calculator) of the sequence
x1 = T(xg), v2 = T(x1), ..., x5 = T(x4). Note that /5 = 2.236068 + 1076. (If
you know how to do some basic programming, it shouldn’t take long to write a
code to calculate x,, for large values of n, giving you very good approximations
to \/5)

(35) This problem lets you generalize the intermediate value theorem. A subset of a
metric space U C M is called disconnected or not connected when: There exist
two non-empty disjoint open subsets A C M and B C M such that UN A # @,
UNB# @ and U C AU B. Make sure to note that the assumption is that both A
and B are non-empty, and that they are disjoint. Draw a picture of such a scenario
and you will easily see why such a subset U is called not connected. On the other
hand, if there do not exist such open subsets A and B, then U is called connected.
That is, U is called connected when: For all open subsets A C M and B C M such
that UNA# @and UNB # @ and U C AU B, either AN B # & or at least one
of A or B is empty.

a) Let f : M — N be continuous. Prove that if M is connected (considering M as

a subset of itself), then the image f(M) is a connected subset of N. Hint: It might

help to note that if f(M) C AU B, then M C f~1(A)U f~4(B).

b) Endow R with the standard Euclidean metric, and suppose that V' C R. Prove

that V is connected if and only if it is an interval. Hint for the hard direction: If V'

is an interval and A and B are open subsets such that VN A # @ and VN B # &,

then let « € VN A and b € V N B. Without loss of generality, assume that a < b.

Let ¢ = sup{z € VN As.t. x <b}. Argue that since a < ¢ < b, then ¢ € V, and

that by how we found ¢, it must be true that ¢ € B. From here use the fact that B

is open so that (¢ —e,c+¢) C B and conclude that AN B # @.

¢) Combining parts a and b, prove that if f : M — R is continuous and M is
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connected, then the image f(M) is an interval in R. Once you do this, use this
result to prove the intermediate value theorem. Note: You might want to convince
yourself the the intermediate value theorem is equivalent to: If U C R is an interval
and f: U — R is continuous, then the image f(U) is an interval.

Let x € M and r > 0. Prove that bdry(B(x;r)) C {y € M s.t. p(x,y) = r}. Hence
prove that B(x;r) is closed.

Let M be a set and assume that p; and ps are both metrics on M. We say that p;
and po are equivalent metrics when there exist constants ¢, C' > 0 such that for all
x,y € M, cpa(z,y) < p1(x,y) < Cpa(x,y). Let U C M. If p; and pe are equivalent
metrics on M, prove:

a) U is open in (M, p1) if and only if it is open in (M, ps).

b) The sequence {z,}>° in M converges in (M, p1) if and only if it converges in
(M, p2). Note: There are example of two different metrics v; and v» on the same
set X where a convergent sequence in (X, r;) does not imply the same sequence
converges in (X, v2); however, as you prove in this problem, this can never happens

when the two metrics are equivalent.






CHAPTER 7

Introduction to Functional Analysis

1. Basics of Elementary Linear Algebra

DEFINITION 7.1.1. Let X be a set and I a field. We say that X is a vector space over F
when:
Vector Addition. There exists a vector addition + : X x X — X satisfying:

i)Forall z,y € X,z +y=y+x.

ii) Forall z,y,z € X, (v +y)+z =2+ (y + 2).

iii) There exists an element z € X such that for all z € X, 2+ 2 = 2. We call z the zero
vector of X and denote it by Ox.

iv) For all x € X there exists an element y € X such that z +y = 0x. We call y the
additive inverse of x and denote it by —z.
Scalar Multiplication. There exists a scalar multiplication - : F x X — X satisfying:

i) Foraa,beFandz € X, (ab)-z=a-(b-x).

ii) For all a,b€F, (a+b) -z =(a-x)+ (b-x).

iii) Foralla e Fand x,y € X, a-(x+y) = (a-z) + (a-y).

iv) If 1 is the multiplicative identity in F, then for all z € X, 1 -z = x.

v) If 0 is the additive identity in F, then for all z € X, 0-x = 0x.

For the remainder of this section, we will assume that X is a vector space over F. The

elements of X are called vectors and the elements of F are called scalars.
REMARK 7.1.2. One can easily check that a field [ is, in fact, a vector space over itself. [J

DEerINITION 7.1.3. If Y C X, then we say that Y is a subspace of X when Y is itself a

vector space when endowed with the same vector addition and scalar multiplication as X.

ProrosITION 7.1.4. If Y C X, then Y is a subspace of X if and only if the following
three properties hold:

207



208 7. INTRODUCTION TO FUNCTIONAL ANALYSIS

(1) 0x €Y,
(2) z,y €Y impliesx+y €Y,
(3) aeF andx €Y impliesa-z €Y.

Proof. Exercise 9 (1). m

DEFINITION 7.1.5. A finite set of vectors {1, x2, ...,z } is said to be linearly independent
when: Given any collection ¢y, co, ..., cq € F of scalars then i c;ix; = 0x if and only if ¢; =0
for every 1 < i < n. An arbitrary set of vectors & C X izs: éaid to be linearly independent
when every finite subset of & is linearly independent. If a set of vectors is not linearly

independent, then we say that it is linearly dependent.

DEFINITION 7.1.6. If o/ C X is a set of vectors, then the span of </, denoted span(</),
is the collection of all finite linear combinations of the vectors in /. That is y € span(</)
if and only if there exist finitely many vectors z1, o, ..., x, € & and scalars c1, ¢, ...,c, € F

such that y = c1x1 + coxa + - - - + cpp.

PROPOSITION 7.1.7. The span of any subset of vectors is a subspace. More explicitly, for

any subset U C X, the set Y = span(U) is a subspace of X.
Proof. Exercise 9 (2). m

DEFINITION 7.1.8. A collection of vectors &/ C X is called a linear algebraic basis, or

simply basis, for X when o7 is linearly independent and span(«/) = X.

PROPOSITION 7.1.9. Let X be a vector space over F and o7 C X. Then </ is a basis for
X if and only if &7 is a linearly independent set and for every y € X, the set o/ U {y} is

linearly dependent.

Proof. Suppose that & is linearly independent such that for every y € X, it holds
that o/ U {y} is linearly dependent. We need to prove that span(«/) = X. To do so, let
y € X be arbitrary. Since o/ U {y} is linearly dependent, there exists some k € N, elements
1,...,Tk € &, and non-zero scalars cq, ..., cx,a € F such that cixq + - + e + ay = Ox.
Now, we must be able to choose a # 0 since otherwise cix1 + - - - 4+ cpxp, = Ox, contradicting
that o/ was linearly independent. But this means y = $(01$1 + -+ 4 ckxk), showing that

y € span(«/). Since y € X was arbitrary, this proves that span(</) = X.
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The other direction is left as Exercise 9 (3). m

Proposition 7.1.9 admits an immediate corollary.

COROLLARY 7.1.10. Let X be a vector space over F. If of C X is a basis of X. Then,
for any y € X, the set o/ U{y} is not linearly independent.

LEMMA 7.1.11. Suppose that X is a vector space over F and o/ C X is a basis. For every
non-zero y € X there exists a unique integer k € N, unique vectors x1, .., x € <, and unique

non-zero scalars ci, ..., ci such that cixy 4+ coxo + -+ - 4+ cpxr = y.
Proof. Exercise 9 (4). m

THEOREM 7.1.12. Let X be a vector space over F. Suppose that &/ C X is a basis for X.
If #(o) = d < o0, then any subset 8 C X which is linearly independent is a basis if and

only if #(%) = d.

DEFINITION 7.1.13. Suppose & is a basis of X. If #(&/) = d < oo, then we say that X
is a finite-dimensional vector space, and say that the dimension of X is d. If #(&7) = oo,

then we say that X is an infinite-dimensional vector space.

DEFINITION 7.1.14. Suppose that Y is a vector space and f: X — Y is a map between
vector spaces. We say that f is linear when: For all z,y € X and a € F, f(a- -z +vy) =
a- f(x) 4+ f(y). The null space of a linear map f : X — Y is the subset of X given by
ft{oy}) = {z € X s.t. f(x) =0y}. The null space of f is commonly denoted Null(f).
If f: X — Y is linear and also a bijection, then we say that f is a linear isomorphism
between X and Y. If a linear isomorphism exists between X and Y, we say that X and Y

are isomorphic as vector spaces.

LEMMA 7.1.15. Suppose X and Y are vector spaces and that f : X — Y is linear. Then
the following hold.

(1) The null space of f, Null(f), is a subspace of X.
(2) The range of f, f(X), is a subspace of Y.

Proof. Exercise 9 (5). m

LEMMA 7.1.16. Suppose that X, Y, and Z are vector spaces over F; and f : X — Y,
g: X =Y, and h:Y — Z are linear. Then the following hold.
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(1) For any o € IF, it holds that f +a-g: X =Y is linear. As usual, (f +a-g)(z) =

f(@) +a-g(@).
(2) hof: X — Z is linear.

Proof. Exercise 9 (6). =

REMARK 7.1.17. Lemma 7.1.16 shows that if X and Y are vector spaces over F, then the
space £ (X — Y) of linear functions f : X — Y is, in fact, a vector space over F. Note that
the zero-vector in £ (X — Y) is the linear map fy : X — Y defined by fo(x) = Oy for every
rzeX. (|

THEOREM 7.1.18. Suppose that X and Y are vector spaces over F and that &/ C X is

a basis. Given every function f : o/ — Y there exists a unique linear function F : X =Y

such that F(x) = f(x) for every x € o .

Proof. Suppose that f : &/ — Y. Let z € X be arbitrary and let x1, ...,z € & and

1, ...,k € F be such that ¢1 - x1 + -+ + cgzp, = . Define F(x) as
Fl)=c - f(z1) 4+ +cp- flzp).

It is easy an easy exercise to check that F' : X — Y is well-defined using Lemma 7.1.11,
and also that F' is linear. For uniqueness, suppose that G : X — Y is also linear such that

G(x) = f(z) for every x € o/. Then, by linearity, for any z € X
Gx)=c1-Gx)+ -+ -Glxg) =c1- f(w) +-+cx- flag) = F(x)

where, as before, c1, ...,c; € Fand z1, ..., x; € &/ were chosen such that x = ¢1-z1+- - -+cp 2.

This shows that G = F. =

REMARK 7.1.19. Because of Theorem 7.1.18, it is common practice to only define a linear
map by describing how it maps basis elements, and then extend it linearly to a function on the
whole space. For example, we extended the map f: .o — Y linearly to the map F : X - Y
in the proof of Theorem 7.1.18. ([l

THEOREM 7.1.20. Suppose that X and Y are vector spaces over F. If X has dimension
d < 0o, then X and Y are isomorphic as vector spaces if and only if the dimension of Y is

d. In this case, f: X — Y is a linear isomorphism if and only if f(</) is a basis for Y any
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time 7 is a basis for X; in turn, this happens if and only if there exists some basis &/ of X
such that f(<) is a basis for Y. Moreover, if f: X =Y is a linear isomorphism, then f is

invertible (since it is bijective) and f~1 Y — X is also a linear isomorphism.
1.1. Linear Dual Spaces.

DEFINITION 7.1.21. Let X be a vector space over F. The linear dual of X, denoted X',

is the collection of all linear functions from X to F. That is,
X'={p: X — Fst. ¢is linear}
Each map ¢ € X' is called a linear functional, or simply functional, on X.

REMARK 7.1.22. In the notation of Remark 7.1.17, X' = £ (X — F). Lemma 7.1.16 and
Remark 7.1.17 both illustrate that X’ is a vector space over F. It is worth noting again that

the zero-vector Ox/ in X’ is the map Ox/ : X — F given by Ox/(z) =0 for every z € X. [0

DEFINITION 7.1.23. Suppose that X is finite dimensional and &/ C X be a basis for
X. Then & = {z1,x2,...,24} is a linear independent set with d = dim(X). The dual basis
" C X' corresponding to .7 is defined as &' = {p!, ¢?, ..., %} where
1 i=j

p'(z;) =0 =
0 otherwise

for every i and j. Here d%; is the Dirac delta function.

REMARK 7.1.24. Although we have only defined how ¢’ in .27’ maps each basis element
z; in o7, this uniquely defines a linear function ¢’ : X — F by Theorem 7.1.18. 0

THEOREM 7.1.25. Suppose that X is a finite dimensional vector space over F and o C X
is a bases. Then the dual basis &' is a basis for X'. In particular, if X is finite dimensional,
then X' is also finite dimensional and is isomorphic to X. This result does not necessarily

hold true if X if infinite dimensional.

Proof. Let & = {x1,...,x4} be a basis of X and &' = {p!,...,¢0?} C X’ the dual basis.

Suppose that aq, ..., ag € F are scalars such that

ap @1+t agq-pq=0x



212 7. INTRODUCTION TO FUNCTIONAL ANALYSIS

Then, for any i = 1,2, ...,d, we have

0= 0x(x:) = (a1 1+ -+ ag- pa)ai) = ar- @' (@) + -+ ai- @' (25) + - + aa - 9'(@)

=10+ 4o 1+ +ag-0=q;.

Since ¢ was arbitrary and we found that «; = 0, this implies that &7’ is linearly independent.

We now show that span(&/’) = X'. Let ¢ € X’ be arbitrary. For each i = 1,2,...,d,
let ¢; € F be defined by ¢; = 1(x;). We claim that 1) = ¢; - @' + -+ + cq - ¢%. Once we
show this, then we will have proved that 1) € span(«?’), from which the result will follow.
Define ¢ = ¢; - @' + - - + ¢4 - ¢%; we will show that ¢ = ¢) by showing (y) = 1 (y) for every
y € X. The crux of this proof comes from the easily verified fact that Qﬁ(xz) = ¢; for every
i =1,2,....,d. Now, let y € X be arbitrary. Since & is a basis of X, we can find scalars

al,...,a? € F such that y = a'zy + - - - + a%x4. We then have

P(y) = a'Y(a1) + -+ a®P(zq) = a'ey + - atey = a'P(21) + -+ ahih(zg) = U(y).

This finishes the proof. m

1.2. Function Spaces as Vector Spaces. Let X be a vector space over F. Let U be
any set and .% (U — X) be the collection of all functions with domain U and codomain X.

Since X is a vector space, there is an induced vector space structure on .7 (U — X).

THEOREM 7.1.26. Let X be a vector space over F. Then #(U — X) is a vector space
over F under vector addition and scalar multiplication defined pointwise. That is, for all

frge F(U — X) and a € F, we define f+ge€ F(U — X) anda- f € F(U — X) by
(f +9)(w) = f(u) +g(u) and (a- f)(u) =a- f(u)
forallu eU.

Proof. Exercise 9 (7). m

REMARK 7.1.27. Note that in Theorem 7.1.26, the domain U has no extra structure
beyond being a set, whereas the codomain space X is a vector space. Therefore, you will
recognize that the fact that .# (U — X) is a vector space is wholly induced from the vector

space structure on X. ]
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ExaMpLE 7.1.28. Let n € N. Elementary linear algebra tells us that R™ is a vector space
over the field R with vector addition and scalar multiplication given componentwise. Indeed,

if (x1,x9,...,20), (Y1,Y2, ..., yn) € R™ and a € R, then

("171,1:2, 7xn) + (ylay27 7yn) — ($1 + Y1,T2 + Y2,y ...y Tn + yn)

and a- (21,29, ...,x,) = (az1, axe, ...,aZy).

However, with the right perspective, this is nothing more than a vector space of func-
tions as in Theorem 7.1.26. To see this, consider .#({1,2,...,n} — R); a function f €
F({1,2,...,n} — R) is easily identified with the vector (f(1), f(2),..., f(n)) € R". Similarly,
a vector (1,2, ...,x,) € R" is easily identified with the function z € .#({1,2,...,n} — R)
defined by z(i) = z; for all 1 < i < n. Putting this together, we can identify R™ with the
function space .#({1,2,...,n} — R). Moreover, giving .#({1,2,...,n} — R) a vector space
structure as in Theorem 7.1.26, we again arrive at the componentwise addition and multipli-
cation that is familiar to us at this point. An insight to take away from this example is that a
good portion of vector spaces you will encounter (if not all vector spaces) can be interpreted

as function spaces given a vector space structure as in Theorem 7.1.26. ]

2. Normed Vector Spaces

Let X be a vector space over F. A norm on X is a function that endows X with a notion
of “length” of a vector. One can also interpret a norm as the abstraction of the absolute
value. Closer to the abstraction of an absolute value, we first describe what a norm is on the

field F, which is then used to define a norm on X.

DEFINITION 7.2.1. A function |- | : F — R is called a norm or an absolute value on F

when it satisfies:

(1) For all a € FF, |a| > 0.
(2) For all a € F, |a|] = 0 if and only if a = 0.

(3) (Triangle Inequality) For all a,b € F, |a + b| < |a| + |b].
(4)

4) For all a,b € I, |ab| = |a||b].
When F is endowed with a norm |- |, we say that (F,|-|) is a normed field. As usual, we often

omit the tuple (F,|-|) from the notation and simply call F a normed vector space, implicitly

identifying a norm on F.
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ExXAMPLE 7.2.2. If (F, P) is any ordered field (here P C F is the collection of “positive
elements” in ), then there is a natural notion of absolute value defined such that if r € F
then

r ifreP
—r ifrgpP
O

ExaMPLE 7.2.3. The absolute value on R makes R into a normed field as a special case
of the previous example. The non-ordered field of complex numbers C is a normed field with

the standard norm |z| = /2%, where Z is the complex conjugate of z. t

REMARK 7.2.4. Although we are momentarily keeping our field F with norm |- | general,

all of our examples will come from either R or C normed as in the previous example. (Il

DEFINITION 7.2.5. Let X be a vector space over the normed field (F,|-|). A function

|- ]| : X — R is called a norm on X when it satisfies:

(1) Forall z € X, ||z]| > 0.

(2) For all x € X, ||z|| = 0 if and only if x = 0x.

(3) (Triangle Inequality) For all z,y € X, ||z +y| < ||z| + ||yll-

(4) Foralla € Fand z € X, ||a-z| = |a| [|z||.
When X is endowed with a norm || - ||, we say that (X, | - ||) is a normed vector space. As
before, we often omit the tuple (X, ||-||) from the notation and simply call X a normed vector

space, implicitly identifying a norm on X.

EXAMPLE 7.2.6. Let n € N. The Euclidean norm || - || on R™ is defined by the standard

formula

[@1,22 s )l = /23 + 23+ -+ 22,

Typically, when we want to imply that we have endowed R™ with the Euclidean norm, we
simply call R Fuclidean space. In fact, older texts used to use the notation E™ instead of R"

when they wanted to emphasize that they have equipped R" with the Euclidean structure. [J

EXAMPLE 7.2.7. Let (I, |-|) be normed field. We can view I as a vector space over itself.
Then, in comparison of Definitions 7.2.1 and 7.2.5, it turns out that |-| is a norm on F viewed
as a vector space. In particular, we won’t find ourselves tripping over different concepts of

norms. O
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2.1. Normed Vector Spaces as Metric Spaces.

THEOREM 7.2.8 (Normed spaces are metric spaces). Suppose that (X, || - ) is a normed
vector space. Let p: X x X — R be defined by p(x,y) = ||z — y||. Then p is a metric on X.

We say that p is the metric induced from the norm || - ||.
Proof. Exercise 9 (9). m

ExamMpPLE 7.2.9. Endowing R™ with the Euclidean norm, the induced metric is exactly

the Euclidean metric on R"™. O

COROLLARY 7.2.10. Let (X, | -||) be a normed vector space and p the induced metric. A
sequence {xn}>2, of elements from X converges to x € X with respect to p if and only if

limy, o0 |20, — || = 0.

Proof. This is immediate since x,, — x if and only if p(x,,x) — 0, but p(x,,z) =

[2n — /. =

REMARK 7.2.11. While all normed vector spaces are metric spaces with a canonical metric
induced from the norm, the opposite need not be true. In fact, all normed vector spaces are,
in fact, vector spaces; there is no reason that a general metric space is even a vector space.
So, metric spaces are certainly a more general concept that normed vector spaces, although

normed vector spaces are extremely common and an important object of study. U

Given any normed vector space (X, | - ||) and armed with Theorem 7.2.8, there is always
a metric on X induced from the norm. We always assume that when we are given a norm
on X, that X is a metric space endowed with the induced metric. From here we can inject
all we’ve learned about metric spaces. In particular, we know what it means for sequences
to converge in X; we know about the topology on X including what defines and open set,
closed set, compact set, and density; we know about continuous functions between normed
vector spaces. However, one question you might have is the following: how do the metric and
norm “interact”? The following proposition is in this vein. The proof of the proposition will
explicitly point out where the metric is being used in conjunction with the norm; however,
after this we will implicitly understand this to be the case without necessarily giving it explicit

mention.
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PROPOSITION 7.2.12. Let p be the metric induced on X from the norm ||-||. Then ||| is a

continuous function viewed as a map between the metric space (X, p) and (R, Euclidean metric).

Proof. Let {z,}72, be an arbitary sequence in X which converges to some point z € X.
If we can show that lim ||z,|| = ||z||, we will conclude that || -| : X — R is continuous using
n—oo

Theorem 6.7.6. To do this, the reverse triangle inequality (see Exercise 9 (10)) gives
Nzl = Nzll] < llan — 2.

By the assumption that x,, — z, it holds that li_>m ||z, — || = 0 using Corollary 7.2.10. With
n—oo

0 < ||&nll=]lz||| £ lzn—2]|, a squeezing argument lets us conclude that lim |||z, || —||z||| = 0,
n—0o0
proving that li_>m l|zn|| = ||z||. Hence we deduce that || - || is continuous, which concludes the
n—0o0
proof. m

A next reasonable question is to ask how do the linear operations of vector addition and
scalar multiplication interact with the induced metric. Here is a proposition giving some

insight to that question.

PROPOSITION 7.2.13. Let {z,}02, and {y,}5>, be sequences in the normed vector space
X which converge to v € X and y € X, respectively. Then the sequence {x, + yn}oy

converges to x +y. Further, if a € F, then the sequence {a - x,}>2, converges to a - x.
Proof. For the first claim,

lzn +yn — (@ + Y| = (@0 — ) + (Yn — Y| < 20 — 2] + [Jya — yl|-

For the second,

la-zn —a-z| = [la(zn —2)| = la] zn — 2|

The remainder of the proof is now from Exercise 9 (11). m

2.2. Series. Working on a vector space X, we have addition defined on the vectors, so
it makes sense to look at sums of finitely many of the vectors. If (X, || -||) is a normed vector
space, then we can consider sums of infinitely many vectors in a similar way as we did in R.

o0
Formally, given a sequence {x,}5° ; in X, a series ) x is the sum of all terms of a sequence
n=1

[e.@]

{zn}5° ;. However, as was the case in R, the series > z, is by no means guaranteed to exist
n=1

(imagine if for every n we define xz,, = (—1)" - = for some fixed 0x # = € X). Instead, we
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o0
use the symbol > x, in much the same way as we might write li_)rn yn for some sequence
n=1 n—=0o0

{yn}>2; this limit nh_}rgo Y May or may not exist, but it is convenient notation to use anyway.

DEFINITIONS 7.2.14. Let (X, ] -||) be a normed vector space and let {z,}32; be a in X.
n

(1) For each n € N, the sum s, = ) xj is called the the nth partial sum of the
k=1

o
sequence. The series Y x;, is said to converge when the sequence of partial sums
n=1

oo
{sn}>2, converges, in which case we let the symbol > xj be the limit of the partial

k=1
[e.°]
sums Y xp = lim s,.
k=1 n—o0
oo oo
(2) We say that the series > x, converges absolutely when the series ) ||zy|| converges
n=1 n=1

in R.

REMARK 7.2.15. Although we have only defined series to be a sum over n € N, we can
easily generalize this notion to be a sum of the form n > k for k € Z. Indeed, suppose that

o0 o0
k € Z and {z,}°°, is a sequence in X, then the series ) z, can be defined by Y jjp—1. O

n=k n=1

LEMMA 7.2.16 (Sigma Notation Properties). Let {x,}5°, be a sequence in the normed

vector space X. For n,m € N, the following hold.

n m n
(1) If m<mn then Y xp— > xp= >, .
k=1 k=1 k=m+1
oo oo o0 n
(2) If > xp converges then Y xr— Y., Tp= >, Tk.
k=1 k=1 k=n+1 k=1

Proof. Exercise 9 (13). m

THEOREM 7.2.17 (Cauchy Criteria). Let {x,}°2 a sequence in the normed vector space

o0

X. Let {sp}>2, be the sequence of partial sums of the series Y xy. The sequence of partial
k=1

sums {sn}>2 is Cauchy if and only if for any € > 0 there exists some n. € N such that for

m
all n > ne and m > n, it holds that H > ag ‘ <e.
k=n

Proof. If {s,}°°; is Cauchy, then given ¢ > 0 there exists some n. € N such that for
all n,m > n., it holds that ||s,, — sp| < €. But then, for all n > n. + 1 and all m > n, we

proving one direction of the claim. For the other

m
have that € > ||sm — sn_1]| = H Sz

k=n
direction, let € > 0 and n. € N be such that for all n > n. and all m > n it holds that

m
H > ka < e. Let n,m > n. be arbitrary, and without losing generality, assume that m > n.
k=n

m
Thenn+12ngandm2n+1,soHsm—an:H > ka<E. |
k=n+1
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COROLLARY 7.2.18. Let {x,}°, be a sequence in the normed vector space X. If the

o0

series Y xp converges absolutely, the the sequence of partial sums is Cauchy. This further
k=1 -
implies that if X is complete, then any absolutely convergent series > xj, converges.
k=1

Proof. If m > n, then by the triangle inequality
m m
DIEREDIE
k=n k=n

o0
Since ) |l@n|| is a series of non-negative real numbers which is assumed to converge, given
n=1

oo
an € > 0 we can find some n. € N such that if n > n. then ) ||zx|| < e. Therefore, if n > n.

k=n

m oo
D Mkl <D el <e.
k=n k=n

By Theorem 7.2.17, the sequence of partial sums is Cauchy. If we assume X is complete, this

and m > n,

implies that the sequence of partial sums converges, which is equivalent to the convergence

o0
of the series > zj. m
k=1

3. Banach Spaces

DEFINITION 7.3.1. A normed vector space (X, || - ||) which is complete (using the metric

induced by the norm) is called a Banach space.

THEOREM 7.3.2. A normed vector space (X, || -||) is a Banach space if and only if every

absolutely convergent series converges.

Proof. If we assume that (X,| - ||) is a Banach space, then by Corollary 7.2.18, any
absolutely convergent series converges. On the other hand, suppose that we only assume that
(X, ]| - ||) is a normed vector space and that every absolutely convergent series in (X, || - ||)
converges. We then need to show that (X, | - ||) is complete. To this end, let {x,}°; be a
Cauchy sequence in X. We build a subsequence {z,, }3>, of {,}22, in the following way.
First, let n; € N be chosen such that for every m > ny, ||zm — zn, || < 1/2 (we can do this
since the sequence is assumed Cauchy). Next, choose ny > nj such that for every m > nao,
|€m — @n,|| < 1/4. Continuing on this way, for every k € N we let ngy; > ni be chosen

(k+1)

such that for all m > ngi1, [|[Tm — Tn,., || < 27 This defines a subsequence of the

natural numbers n; < ng < ng < --- and hence a subsequence {z,, }32, of {,}22,. Let’s
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now consider the alternate sequence {yx}72, defined by yx = xp,,, — z,,. Note that by

oo o
our choices of the ng, ||lyx|]| < 27%. In particular, 3 [jyx] < 3. 27% < co. By assumption,
k=1

k=1
00

this means that > yi converges, since it converges absolutely. Now, by a telescoping series
p k=1

argument, Y Y = Tpy, — Tn,. S0, if § = Z Yk, then hm (an x1) = S which implies

that Klgn ;:n; =S+ xp,. Most 1mportantl§f, %hls shows that the the subsequence {z,, }7°,

converges. Since {xy,}2° is a Cauchy sequence with a convergent subsequence, then we can

conclude that {x,}° converges as well. m

ExamMpPLE 7.3.3. Let X be a Banach space over the field R. Suppose that M : X — X

is a linear function. For any non-negative integer k, define M* as the k-fold composition
k

MF="MoMo---oM, where we define M? = I, with I the identity map I(x) = x. Assume

that there exists some A > 0 such that ||M(z)|| < A||z|| for every z € X; inductively this
implies that ||[M*(z)|| < A¥|lz||. Then, for any ¢t € R, the function '™ : X — X is well-
o0
defined pointwise by M (z) = Y tkj, MP*(z). Indeed, for any = € X we have
k=0

ZH 1) = Z‘ ) < 30 2 o) < faperr
_ < S o i

k=0
This shows that for each fixed x € X, the series defining e (2) converges absolutely. Since we

have assumed that X is complete, Theorem 7.3.2 implies that et (x) converges pointwise. [

3.1. Aside: Pointwise and Uniform Convergence of Functions. Let U be an
arbitrary set. There are many ways to consider convergence of a sequence of functions. In

this section we explore two extremely common and useful such convergences.

DEFINITION 7.3.4. Let (M, p) be a metric space and {f,}5°; a sequence of functions
fn i U — M. We say that this sequence of functions converges pointwise to a function

f : U — M when for every fixed x € U, it holds that li_)rn p(fn(x), f(z)) = 0. We say that the

sequence of functions converges to f : U — M uniformly when li_>m sup p(fn(x), f (x))} =0.
n—=oo LzeU

While much of the theory of pointwise and uniform convergence can be done in the setting
of functions taking values in metric spaces, we will specialize to the case that the metric space
is a normed vector space. Because of this, we will repeat Definition 7.3.4 using the notation

from normed vector spaces.
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DEFINITION 7.3.5 (Definition 7.3.4 in Normed Vector Spaces). Let (X, || - ||) a normed
vector space and {f,}°°; a sequence of functions f, : U — X. Then this sequence of

functions converges to a function f : U — X pointwise when for every fixed z € U,

Tim |[fu() — f(2)]| = 0.

The sequence of functions converges to f : U — X uniformly when

lim [ sup|fu (@) = F(2)]l] = 0.
zeU

n—o0

EXAMPLE 7.3.6 (Pointwise and Not Uniform). For every n € N, let f,, : [0,1] — R be
defined by f,,(z) = 2™. We will show that f,, converges pointwise to the function f : [0,1] — R
given by

0 0<z<«l1

flz) =
1 z=1.

We will also show directly that f,, does not converge to f uniformly (even though we already
know this since f is not continuous, so f, can not converge uniformly to f otherwise we
would be in violation of Corollary 7.3.17).

fn converges to f pointwise: If x € [0,1), then we know that z" — 0 as n — oo
(since |z| < 1). This shows that for a fixed z € [0,1), fn(z) — 0 as n — oo; equivalently
fa(z) — f(z) as n — oo since for x € [0,1), f(x) = 0. If = 1, then for every n,
fn(l) =1" =1 = f(1), and again we can conclude that f,(1) — f(1) as n — oco. Therefore,
for every fixed = € [0,1], fn(x) — f(z), meaning that f,, converges to f pointwise.

fn does not converge to f uniformly: We will prove that for any n € N, sup |f.(z) —
f(z)] = 1. Using notation that will be introduced below, we will write || f, —xj“ﬁ;z} to mean

sup |fn(x)—f(x)|. Hence, what we are going to show is that for every n € N, || f, — f]loo = 1.
z€[0,1]
Once we do this, we can conclude that f,, 4 f uniformly (if f,, — f uniformly, || fr,— f||cc — O,

but since || f, — f|loo = 1 for every n, this can not happen). For any n € N, rlﬂ?f 2™ = 1; this
is true because the polynomial g(x) = x™ is a continuous function. This implies that given
any £ > 0, we can find some z € (0, 1) such that }1 —:17"‘ < g, which rearranges to 1 —e < z".
Therefore, for any n € N, there exists some z € (0,1) such that 1 —e < 2" = |f(x) — fu(x)|.

Since ¢ was arbitrary, we conclude that 1 < ||f, — fllco. Moreover, for any = € [0,1],
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|fn(z) — f(z)] < 2™ < 1. Hence [|f(z) — fn(2)|loc < 1. What we have then shown is that
1 <||fn = flloo <1, which concludes the proof. O

PROPOSITION 7.3.7. Let (X, | -||) be a normed vector space. Suppose that {f,}, is a
sequence of functions from U to X which converge pointwise to a function f : U — X and

converge uniformly to a function g : U — X. Then f = g.

Proof. We will prove that f(z) = g(z) for every x € U, which will imply that f = g.
Let € U be arbitrary and take ¢ > 0. Let n € N be large enough that || f,(x) — f(x)|| < e/2

and || fr, — glloc < €/2; such an n exists by our convergence assumptions. Then
1 () = g@)| <[[f(2) = fu(@)| + [ fn(z) — g(@)[| < 1F(2) = fal@)]| + [1fn = glloo
<e/24+¢e/2=¢.

Since € > 0 was arbitrary, we have shown that || f(z) — g(z)|| = 0, proving that f(z) = g(x).

Since = € U was arbitrary, we’re done. m

3.2. Bounded Function Spaces as Banach Spaces in the Uniform Norm.

NOTATION 7.3.8. Define .%,(U — X) as the set of all X-valued bounded functions with
domain U. That is, f € %#,(U — X) if and only if f: U — X and sup ||f(z)| < co.
zelU

THEOREM 7.3.9. . % (U — X) is a vector space. Moreover, define the function
[ lloo s Fp(U = X) =R by [[fllec = SUEIf(w)I-
S

Then || - ||lso is @ norm on F(U — X). In other words, (F(U — X), | - |lo) is a normed

vector space.
Proof. Exercise 9 (19). m

DEFINITION 7.3.10. The norm || - ||oc defined on .%,(U — X) is called the sup-norm or

the uniform norm.

REMARK 7.3.11. Based on Definition 7.3.5, a sequence of functions {f,}>° in .%,(U —
X) will converge uniformly to a function f € .%,(U — X) if and only if {f,}°°,; converges

to f in the uniform norm; i.e.,

Tim [ f — flloc = 0.
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O
THEOREM 7.3.12. If (X, || -||) is Banach, then (F,(U — X),| - |) s a Banach space.

Proof. Let {f,}>2, be a Cauchy sequence in .%,(U — X) with respect to the uniform
norm. We need to prove that there exists some f € .%,(U — X) such that nh_)rrolo | fn—flloo =0
(equivalently, we could write nh—>Hc>lo fn = f since we know we’re using the uniform norm). Here
we will find the candidate function f; in Exercise 9 (16) you will prove that f € .%,(U — X)
and that f,, — f uniformly. To find our candidate f : U — X, we note that for every x € U,

the sequence {f,(z)}72 is a Cauchy sequence in X. Indeed,

n=1

[ fa(x) = fn (@) | < [ fn = fmlloo

which implies that { f,,(z)}72; is Cauchy in X since {f,}°°; is Cauchy in .%,(U — X). Since

X is assumed complete, this means for every x € U, there exists a limit of the sequence

{fn(z)}>2,. Define f : U — X as this limit; i.e., f(z) = lim f,(z). We now have our
n—oo

candidate function f : U — X. What remains for Exercise 9 (16) is to show that f, — f
uniformly and that f is in .%,(U — X) (i.e., show that f is bounded). m

3.3. Bounded and Continuous Function Spaces in the Uniform Norm. Let
(M, p) be a metric space and (X, || - ||) be a normed vector space over (F,|-]). Recall that we
use the notation C(M — X) to mean the continuous functions from M to X. Here continuity
is implicitly using the metric p on M and the metric induced from the norm on X, and we
know what defines a continuous function from one metric space M to another X. We will
also continue with the notation .#,(M — X) to mean the bounded functions from M to X,

as in the previous section.
DEFINITION 7.3.13. The bounded continuous functions from M to X is the set
Cy(M - X)=C(M — X)NFp(M — X).

THEOREM 7.3.14. The set of bounded continuous functions Cp(M — X) is a vector
subspace of Fp(M — X). Moreover Cy(M — X) is a closed subset of Fy(M — X) in the

uniform norm.

Proof. The proof that Cy,(M — X) is a vector subspace of #,(M — X) is left as an
exercise. We will prove here that Cy(M — X) is a closed subset of .#(M — X) in the
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uniform norm. Let {f,}5°; be a sequence in Cy(M — X) which converges uniformly to
some f € Zp(M — X). If we can deduce that f € Cp(M — X), then we can conclude that
Cy(M — X)) is closed by Theorem 6.5.1. To this end, we need to prove is that f is continuous.
Let zp € M and ¢ > 0. Since {f,}72; is uniformly convergent to f, there exists some n € N
such that ||f, — flleo < &£/3. Since f,, is continuous by assumption, there exists some 6 > 0

such that for all x € B(xo;0), ||fn(x) — fn(zo)|| < /3. Therefore, for every = € B(xo;J),

1 (z) = flzo)ll = [/ (x) = fu(@) + ful@) = ful20) + fa(z0) — f(20)]]
< (@) = fa@)]] 4+ [[fn(@) = falzo)l| + [ fa(z0) — f(z0)]]
< = Falloo + [[fn(2) = Fulzo)ll + [1fn = Flloo

<e/3+¢/3+¢c/3=¢.

Therefore, © € B(xzo;¢) implies that || f(z) — f(z0)| < €, proving that f is continuous at xg.
Since xo was arbitrary, we can conclude that f is continuous. In symbols, f € C(M — X).
Since f € C(M — X) and f € #,(M — X) (by assumption), then f € Cy(M — X) and the

proof is done. m

COROLLARY 7.3.15. If (X,|| - ||) is a Banach space, then Cy,(M — X) is a Banach space

with respect to the uniform norm.

Proof. If (X, | - ||) is a Banach space, then .7#,(M — X) is also a Banach space in the
uniform norm. Since Cp(M — X) is a closed subset of F#,(M — X), then Cp(M — X) is

also complete. m

COROLLARY 7.3.16. Suppose that (M, p) is a compact metric space and (X,| - ||) is a
Banach space. Then the continuous functions from M to X, C(M — X), is a complete
normed vector space when endowed with the uniform norm || - ||oo. In particular, if {fn}o>,
is a sequence of continuous functions in C(M — X) which converges to some function f

uniformly, then f is a continuous function from M to X; i.e., f € C(M — X).

Proof. If M is compact and f : M — X is continuous, the f is bounded since f(M) is a
compact subset of X. What this implies is that C(M — X) = C,(M — X). The result now

follows from Corollary 7.3.15. m
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COROLLARY 7.3.17. Let a,b € R with a < b. Suppose that for everyn € N, f,, : [a,b] = R
is continuous and there is some function f : [a,b] — R such that f, — f uniformly. Then f

18 continuous.
Proof. This is a special case of Corollary 7.3.16 with M = [a,b]. =

EXAMPLE 7.3.18. Let us revisit Example 7.3.3. In this example, we defined ™ =

[e.°]
> tk—k,M ¥ as a function '™ : X — X. Recall that M : X — X is a bounded linear function
k=0

with bound A > 0; this means that | M*(z)|| < A\¥||z|| holds for every x € X. In Example 7.3.3

o0
we proved that e™ : X — X was well defined pointwise e!™ (z) = 3 %M k(z), since the
k=0

n
sequence of partial sums f, = > %C,M k converged pointwise (and we defined that pointwise
k=0

limit to be ™). Here, we will prove that if X is a Banach space, then /™ : X — X is, in
fact, continuous. We will do this by showing that for every x € M, there is a neighborhood U
of X such that the partial sums f,, are in C,(U — X) and are Cauchy in the uniform norm.
Once this is done, since we have assumed that X is a Banach space, then by Theorem 7.3.14,
Cy(U — X) is a Banach space and thusly the partial sums converge to some continuous
function f € Cy(U — X); however, since f, — e'™ pointwise on X, it must be that f = e'M
on U by Proposition 7.3.7.

To this end, let ,y € X. Then ||M(z) — M(y)| = |M(z — y)|| < M|z — yl|, where the
first equality used that M is linear. This shows that M is Lipschitz continuous and therefore
continuous. Since the composition, addition, and scalar multiplication of continuous functions
results in a continuous function, it follows that for each n, the partial sum f,, = i %C,M k
is continuous. Now, let 9 € X be arbitrary. Let U be the open ball around zg li):foradius
1; i.e., U = B(zo;1). (Note that since X is a normed vector space, it is a metric space, so
any subset of X inherits the metric space structure, though not necessarily the linear [vector
space] structure). For every z € U, an application of the triangle inequality shows that

||z|| < ||zo|| + 1. For convenience, define k = ||zg||+ 1, and note that ||z|| < & for every x € U.

Now, using a similar estimate as we did in Example 7.3.3, for every x € U,

—~th = [tk It/ A It/ A
Wa@)ll = [ 2 M @) < D0 el < el < welf
k=0 k=0 ’

In particular, since the rightmost inequality is independent of x € U, we have shown that

| fulloo < el where || - ||o is the uniform norm on .%,(U — X). We therefore have that
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each partial sum is both continuous and bounded as functions from U to X, showing that
fn € Cp(U — X) for every n. We have left to show that {f,}°°; is Cauchy in Cp(U — X)

using the uniform norm. For this, let x € U be arbitrary. Let n < m be integers. Then,

L |tRAR 0 |k \E
)~ fa@l < 3 T e < 3 MEE

k=n+1 k=n+1
s} k\k
Since the right hand side is independent of x € U, this shows that || f;,— frllec <k D lt‘kl)\
k=n+1
a2/ ky\k
With this estimate in mind, let ¢ > 0 be arbitrary. Since ) MT,A = el converges, let
k=0
S |t|k>‘k
ne € N be large enough that for any n > n. we have that < ¢/k. Then, for an
g g Yy A y
k=n+1
n,m > ne with m > n, our previous estimate implies that
0 k
[ A
Hf%l_>fHWX)S K j{: ! <€
k=n+1

This proves that {f,}>2, is a Cauchy sequence in Cy(U — X)) with respect to the uniform
norm, and hence converges uniformly to some function f € Cy(U — X). As previously
mentioned, this function must agree with the pointwise limit e!™. So, we have proved that
the restriction e/ : U — X is continuous. Since U is a neighborhood of zg, this further
proves that the unrestricted function e : X — X is continuous at g (see Chapter 6 Exercise

(31)). Since xp € X was arbitrary, we have proved that e : X — X is continuous. O

4. Inner Product Spaces

We begin our discussion of inner product and Hilbert spaces. For this, we specialize to
the case that the underlying field F is either R or C. For z € C, we will write Z as the complex
conjugate of z. Moreover, we consider R to be a subspace of C; particularly, if » € R, then
7 = r, since the complex conjugate of a real number is just that number itself. As is always
the case unless otherwise explicitly mentioned, we assume that R and C are endowed with

their respective standard Euclidean norm | - |.
4.1. Basics.

DEFINITION 7.4.1. Let X be a vector space over the field F, which is either R or C. An

inner product on X is a function (-,-) : X x X — F which satisfies the following.

(1) For all 2,y € X, (z,) = (y,4).
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(2) Foralla e Fand z,y,2 € X, (z+a-y,2) = (x,2) + a(y, 2).
(3) For all x € X, (z,z) > 0.
(4) For all z € X , (z,x) = 0 if and only if z = Ox.

When we endow X with a such an inner product, we call (X, (-, -)) an inner product space;
implicitly this assumes that the field F is either R or C. If F = R, we often explicitly state
that (X, (-,-)) is a real inner product space, whereas if F = C, then we often state that it is a
complex inner product space (also known as a Hermitian inner product space in some circles).

As always, we often drop the tuple (X, (-,)) and just state that X is an inner product space.

REMARK 7.4.2. The case we will become most familiar with in these notes is when X
is a real inner product space. When X is a real inner product space, then property (1) of
Definition 7.4.1 says that the inner product (-,-) is symmetric; that is, (z,y) = (y,z) for any
z,y € X. ]

LEMMA 7.4.3. Let (X, (-,-)) be an inner product space over F, which is either R or C.
Then for every a € F and z,y,z € X, it holds that

(r,y+a-z) = (z,y) +alz).
Proof. Exercise 9 (21). m

DEFINITION 7.4.4. Let (X, (-,-)) be an inner product space. The function || - || : X — R
defined by ||z|| = \/{x, x). is called the induced norm on X.

REMARK 7.4.5. Though obvious by definition, let’s point out that ||z||* = (x,z). In many

calculations, it is easier to consider ||z|? rather that ||z||. O

THEOREM 7.4.6 (Cauchy-Schwarz Inequality). Let X be an inner-product space. For all
z,y € X,
(=, 9)| < ll=ll [lyll-
Moreover, }(az?y)‘ = ||z|| [|y|l if and only if x and y are linearly dependent.

Proof. Let z,y € X. Let’s first prove this in the case that (x,y) € R; in particular,
(x,y) = (y,z). Let A € R. Then

0< (z =My, z = Ay) = [lz]* + N[y > = My, 2) = Mz, y) = 2] + X[lyl]* = 2X(z, y)
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This is a concave up parabola in the variable A with minimum found by

2Myl* — 2(z, y) = 0.

Té |?|’2> . Evaluating the above inequality at the minimum,

<$,y>2 2<xvy>2 _ 2 <$,y>2
2 2 ||SU|| - 9
Iyl [yl [yl

Therefore, the minimum is A =

0 < flzf* +

Rearranging this, we arrive at

(@,)” < llz)?[lyll*.
Taking the square root on both sides finishes the proof in the symmetric case (x,y) = (y,x)
(in particular, if X is a real inner product space, then we’re done).

Now we tackle the case that (x,y) € C. In this case, there is some r > 0 and 6 € [0, 27)
such that (z,y) = re?. Let z = y. Then (z,2) = e7(x,y) = e ¥re® = r, showing that
(z,z) € R. Moreover |[(z,z)| = |e7™||(z,y)| = |(z,y)| and ||z]| = [¢”||ly|| = [|y|. Putting
this all together, since (z,z) € R, we can apply the first case to find that |(z,z)| < ||z| [|2].
But then, [(z,y)| = [(z, 2)| < [|l=[l lz]| = [|=]/ [lyll-

The proof of equivalence between ’<ZL‘, y>‘ = ||z|| ||y|| and linear dependence of = and y is
an exercise (Exercise 9 (22)). m

We next show that the induced norm is called a norm for good reason.

THEOREM 7.4.7. Let (X, (-,-)) be an inner-product space. Then the induced norm is a

norm on X.

Proof. We will prove the triangle inequality holds, the other properties of a norm are
left as an exercise (see Exercise 9 (23)). Before going head deep into the proof, let’s make a

quick observation: if a € C is any complex number, then a+a < 2 |a|. Now, if z,y € X, then

lz +ylI” = (@ +y, 2 +y) = l|z* + [y + (2, 9) + (y,2) = [«]* + [yl* + (2, 9) + (2, y)

<l + yl* + 2z, )| < llal® + Iyl + 20l yl* = (2l + llyl)*.

The first inequality came from our observation, the second from the Cauchy-Schwarz inequal-

ity. By taking the square root, we arrive at

[l +yll < =]l + llyll
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which is the triangle inequality. m

REMARK 7.4.8. We now know that every inner product space is a normed vector space
using the induced norm, which in turn is a metric space using the induced metric (the
metric is induced from the norm, and hence induced from the inner product). Therefore,
whenever one encounters an inner product space, it is implicitly understood that any results
from metric spaces and normed vector spaces can be carried over, and that the norm and
metric being used are those which are induced unless explicitly mentioned otherwise. Note
that the induced metric p : X x X — R can be written in terms of the inner product by

p(z,y) = [l —yl| = V{z —y,v —y). O

PROPOSITION 7.4.9. Let (X, (-,-)) be an inner product space over F. Let z,y € X and
suppose that {x,}7° 1 and {y,}°2 | are sequences in X such that h_)m Ty =z and h_)m Yn =Y.
n—oo n—oo

Then lim (xn,yn) = (x, ).
n—oo

Proof. We have

‘<xmyn> - (x,y)\ = ‘<xmyn> —(Tn,y) + (@0, y) — (x,y)‘ = |<5Unayn —y) + (Tn — 55»?4)‘

< (@, yn = )| + [(@n — 2,9)] < llnll llyn — yll + lzn — 2l yll-

In Proposition 7.2.12, we have proved that ||z,| — ||z|| as n — oo, and by assumption
|z, —z|| = 0 and ||y, — y|| — 0. Therefore ||z,|| ||yn — || + ||zn — | [|y|| = 0 as n — oc.
With

0 < [, yn) — (@, 9)| < lznll llyn — yll + llzn — ]| ]

and the rightmost side converging to 0, a squeezing argument proves that
|<$n7yn> — (x,y>| —0asn—

which proves that lim (z,,y,) = (z,y). =

n—oo

4.2. Orthogonality.

DEFINITIONS 7.4.10. Given vectors x,y € X, we say that z and y are orthogonal when
(x,y) = 0. In this case it is common to write x L y. A collection of vectors U C X are said
to be orthogonal when x L y for all z,y € U. Further if V' C X is any collection of vectors
and z € X is orthogonal to every vector in V, then it is common to write x L V and say

that z is orthogonal to V.
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THEOREM 7.4.11. Suppose that X is an inner product space. Let U C X be non-empty.
Define the set UL by

Ut={zeX stazlyforeveryyecU}={zecX st.x LU}.

Then

(1) UtnU = {0x}.
(2) Ut is a closed subspace of X. That is, UL is a vector subspace of X which is closed

as a subset of X.

Proof. Suppose that 2 € U NU*+. Then (z,z) = 0, implying that z = 0x. Therefore, if
such an x exists, it must be Ox, otherwise, there is no such x.

The proof that Ut is a subspace is left as an exercise (see Exercises 7?7 below). We
now prove that U~ is closed. Let {zn}52, be a sequence in U+ which converge to some
point x € X. By Proposition 7.4.9, for any y € U, nliﬁx&(y,wm = (y, z), but by assumption,
(y,xn) = 0 for every n, implying that (y,2z) = 0. Since this is true for any arbitrary y € U,

we conclude that z € UL and therefore UL is closed. m

DEFINITION 7.4.12. The set U+ defined in Theorem 7.4.11 is called the orthogonal com-
plement of U.

THEOREM 7.4.13 (Pythagorean Theorem). Suppose that x1, z2, ..., z, € X are orthogonal.
Then

n 2 n
[ 3o = > el
k=1 k=1

Proof. We have
n 2 n n n n n n n
2 2
| Y] = (D) = 3 Y anw) = 3o dusllanl® = Yl
k=1 k=1 j=1 k=1 j=1 k=1 j=1 k=1
where the penultimate equality comes from the orthogonality assumption and we used the

Kronecker delta notation

0 otherwise

This concludes the proof. m
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THEOREM 7.4.14. Suppose that Y is a subspace of X. Let x € X and w, € Y. Then
|z —ws|| < ||z —yl| for everyy € Y if and only if x —w, € Y. Moreover, if such an element

w, €Y exists, then it is unique.

Proof. Suppose first that ||z — wg| < ||z — y|| for every y € Y. Then for any y € Y, the
function f(t) = ||z —w, —ty||* has a minimum when ¢ = 0 by assumption. Therefore f'(0) = 0.
However, you can also calculate that f/(0) = —({z — wa,y) + (y, 2 — wy)), implying that
(x—wy,y)+ (y,z—wy) = 0. If F =R, we're done since (x —wy, y) + (Y, £ —wy) = 2(x — wy, y)
from which we can deduce that (z — w,,y) = 0. If F = C, then by arguing analogously for
the function g(t) = ||z — w, — ity||*, we will find that ((z —wg,y) — (y,z —w,)) = 0 also. We
then add these together ((z —wg, y)+ (y, 2 —wy)) + (2 —wa, y) — (Y, 2 —wy)) = 2(x — wa, y),
which again implies that (z — w,,y) = 0.

Now, assume that & — w, is orthogonal to every element in Y. Then for any y € Y,
|z —yl|? = ||z — we + wy — y||* = & — wa]|* + |ws — y[|* by the Pythagorean theorem since
wy —y € Y. Therefore ||z — wy||? = ||z — y||? — [|we — y||* < |lz — y||?>. Taking square roots
shows that ||z — wg| < ||z —y|.

Finally, to prove uniqueness, let’s assume that wy, wy € Y are given such that (z—wy,y) =

0 and (z — wa,y) =0 for every y € Y. Then
||w —wQH2 = (w1 — x4+ — wo,w; — we) = —(T — w1, w; — wa) + (T — wa, w; — wa).

Since wy — wg € Y, both the terms on the right side of the equality are zero by assumption.

Therefore ||w; — we||?> = 0 implying that wy = wo. =

DEFINITION 7.4.15. Let Y be a subspace of X, x € X and w, € Y be as in the previous

theorem. We say that w, is the orthogonal projection of x onto Y.

REMARKS 7.4.16. (1) If we define dist(z,Y) = inf {|jz — y|| s.t. y € Y} (which is
standard), then Theorem 7.4.14 says that that if w, exists, then it is the unique
element in Y such that dist(z,Y) = || — w,||. Colloquially this says that w, is the
“closest” element to = in the subspace Y. Moreover, we can interpret the equivalence
of dist(z,Y) = ||z — wy|| and (z — wg,y) = 0 for every y € Y, as the statement:
the distance from z to Y can be found by starting at z and moving perpendicularly

towards Y'; w, will be the first element in Y we hit.
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(2) Be careful! This theorem does not claim nor prove that the orthogonal projection
of x onto Y actually exists. In fact, it might not! Do not fear; in the next section

we will give sufficient conditions for existence.

5. Hilbert Spaces

DEFINITION 7.5.1. An inner product space which is complete (as a metric space with the

induced metric) is called a Hilbert space.

THEOREM 7.5.2. Assume that X is a Hilbert space and let' Y be a closed subspace of X.

Then for every x € X, there exists an orthogonal projection w, € Y of x onto Y.

Proof. Let x € X and d = dist(z,Y) = inf {||]z —y|| s.t. y € Y}. We can therefore
find a sequence {y,};2; in Y such that lim ||y, — z|| = d (see Exercises 9 (27)). By the
n— o0

parallelogram law (see Exercises 9 (28)),
g = ymll® + llyn + ym — 220> = 2(|lyn — 21 + |y — /)
which rearranges to
2 2 2 1
I = gl = 2(1lgn = 2112 + lym — 1%) = 4|5 (o + ) — 3

Since Y is a vector space, 3(yn 4+ ym) € Y, and therefore ||3(yn + ym) — || < d by the

definition of d. Hence
llyn — ym”2 < 2(Hyn - l’H2 + |Ym — xHQ) —4d

By how we chose the sequence {y,}5° , we know that ||y, — x| — d and ||y, — x| — d as
n — oo and m — oo. We therefore can deduce that ||y, — ym| — 0 as n,m — oo, from
which we can conclude that {y,}>2, is Cauchy. Since X is complete and Y is closed, Y is

also complete. Thus the sequence {yy}2°; converges to some point w, € Y and we have

|lwy — || = lim ||y, — z|| = dist(z,Y").
n—oo

THEOREM 7.5.3 (Least Squares). Let Y C X be a closed subspace. Then for every x € X,
there exist unique elements x1 € Y and xo € Y+ such that © = x1 + xo. Moreover, x1 is the

orthogonal projection of x onto Y.
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Proof. Theorem 7.5.2 tells us that the orthogonal projection of x onto Y exists. Set xy
as the orthogonal projection of x onto Y, and let zo = © — x1. Clearly = x1 + z2, and by
Theorem 7.5.2, xo =z — 1 € YL. To show that 1 and x5 are unique, not that if y; € Y
and y; € Y- such that x = y; + s, then £ —y; = yo € Y+ which means that g is the unique

orthogonal projection of x onto Y, from which we conclude x1 = y1, and thusly xo = y2. =

REMARK 7.5.4. Given a vector space W, if there exist two subspaces Vi and V5 such
that V1 NVa = {Ow} and every element w € W can be written uniquely as w = wy + wo
for some wy € V; and wy € Vs, then we say that W is the direct sum of Vi and Vs, denoted
W =V} & Vs. Hence, Theorem 7.5.3 can be restated in linear algebraic terms as: If Y C X
is a closed subspace, then X =Y @ Y+ O

5.1. Least Squares in R". The dot product is a real inner product on R"™ making R"
into a Hilbert space. Viewing the vectors in R™ as column vectors, we can define the dot

product via matrix multiplication as

(z,y) = y"x

where y'" is the transpose of the vector y € R™. Given a matrix A : R” — R™ and a vector
b € R™, one often wants to solve an equation of the form Az = b for the unknown variable
x € R™. However, if b is not in the range of A (the column space), then there is no solution
to this equation. However, it is arguable that the “best” solution is the value £ € R"™ such
that ||Az — b|| < ||Az — b| for all z € R™. We will denote the image of A by Ran(A), which
is a closed subspace of R".

Conducting some non-rigorous background work,

Ar=b = A"Az = A"b — z = (A"A)" A"
— Az = A(A7TA)T A",
We needed to assume that A A was invertible, and we will continue with this assumption

here. Now, certainly if we set T = (A’””A)_1 A'b, then A7 € Ran(A). We now show that AZ

gives us the orthogonal projection of b onto the range of A. An arbitrary element in Ran(A)
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can be written as Ax for some arbitrary x € X. Then
=I
——
(b— Az, Az) = (Az)"" (b — AZ) = 2" (A”b — A”Ai;) =" (Atrb — A’”"A(A’”"A)_1 At’"b)

— 4" (AT — ATB) = 0.

Therefore b— A% € Ran(A)*, proving that AZ is the orthogonal projection of b onto Ran(A).
In particular, for any Az € Ran(A), ||Az — b|| < ||Az — b|| by Theorem 7.4.14.

ProposiTiON 7.5.5. Consider Euclidean spaces R™ and R™ as Hilbert spaces endowed
with the standard dot product. Let A : R™ — R™ be a linear operator such that A7 A is
invertible. For any b € R™, the vector & = (A" A)"LA"b is an element in R"™ such that
|AZ —b|| < ||Az —b|| for every x € R™. This further implies that & will be a true solution in
the case b € Ran(A).

5.2. Orthonormal Bases.

DEFINITION 7.5.6. A set of vectors {zy}qsca C X is called orthonormal when they are

orthogonal and ||z,|| = 1 for every a € A.

THEOREM 7.5.7 (Bessel’s Inequality). Suppose that for some N = 1,2,...,00, the col-
lection {xy}5_| is an orthonormal set in the inner product space (X, (-,-)). Then for every

re X,
N
>l @) < ).

k=1
N

In particular, the series Y. |(x, zx)|?> converges in R.
k=1

Proof. Let n € N be any value n < N. Then,

o= St antan] = Il - 23w+ || oo
k=1 k=1

n n n
=llz* =2) [z, i)+ D Wa, 2P = [l = Y [, @)
k=1 k=1 k=1

Since the leftmost expression in this equality is clearly > 0 we get that

[,z < [l

NE

>
Il

1
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If N < oo, then we can set n = N and this argument still holds, hence we are done. If

o0
N = oo, what this tells us is that the partial sums of Y |{x, z))|? are bounded above by ||z]|2.
k=1

oo
Since the series > |(z,71)|? has non-negative terms, the partial sums are a monotonically

k=1
increasing sequence and hence converge as n — oo since bounded. Since limits respect non-

strict inequalities,
o0 n
2 _ 7 2 2
> leal” = Jim 3 Ko < el

which finishes the proof. m

COROLLARY 7.5.8. Suppose that for some N = 1,2,...,00, the collection {a:k},lcvzl is an
N
orthonormal set in the Hilbert space X. Then for every x € X, the sum > (x,xg)x) converges
k=1
and

N

2 2

1> @ ]| <l
k=1

Proof. Let us assume that N = oo since this is the meaningful case. Take x € X. Let

n,m € N with n < m. We then have

|3 twvmndan]” = 3 oo Pllonl? = 3 o)
e h=n k=n

where the first equality was using the Pythagorean theorem, and the second was by the as-

o0
sumption that [|z||? = 1 for each k. Since Theorem 7.5.7 proves that Y [(z, x)|?
k=1

converges

oo
we can apply the equality we just deduced and the Cauchy criteria for series Y |(x, zy)|?

k=1
00

to conclude that, in fact, the partial sums of > (x,zy)x are Cauchy. Since X is assumed
k=1
complete (as it is a Hilbert space), this implies that the series converges. The inequal-

ity || Z(x,xk>ka2 < ||z]|? is simply another application of the Pythagorean theorem and

Bessel’s inequality. m

THEOREM 7.5.9 (Parseval’s Identity). Suppose that N = 1,2,3,...,00 and {:I:k}{g\[:l is an

N
orthonormal set in the inner product space X. For every x € X, the equality > ’(m, k) ’2 =
k=1
N
llz||? holds if and only if x = > (x, x)xs.
k=1
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Proof. In the proof of Bessel’s inequality, we deduced

n

o= St = b2~ 3
k=1

k=1
for any integer n < N. From here it is obvious that the righthand side of the equality
n
converges to 0 if and only if the partial sums of the series > (z, xx)x converge to x, which
k=1

is what we needed to show. ®m

Fact 7.5.10. Although unproven at this point (we will prove it in a Section ?? below), it
turns out that given any orthonormal set {x,},c4 and x € X, there exist at most countably

many of the a € A such that (z,z,) # 0. That is, given any x € X, we can find a countable
subset B C A such that (z,z,) # 0 if and only if a € B.

Let us simply summarize the results stemming from Bessel’s Inequality and Parseval’s

identity with Fact 7.5.10 in tow.

THEOREM 7.5.11. Suppose that (X, (-,-)) is an inner product space and {xq}qeca is an

orthonormal set. Then for every x € X, it holds that Y. |(z,z4)|? < ||x||* with equality if
a€A

and only if v = Y (w,x,). Moreover, for every x € X, the series > |(z,1,)|* converges in
acA acA
R, and if we further assume that X is a Hilbert space, then the series > (x,xq)x, converges

acA
in X.

DEFINITION 7.5.12. Let 8 = {z4}qca be an orthonormal set in X indexed by some set
A. We say that 8 is an orthonormal basis for X when for every x € X
T = Z(x,xa>xa.
acA
As noted in Fact 7.5.10, even if A is uncountable, for each x € X, at most countably many
of the a € A leave (x, z,) non-zero, so the sum over A truly is just a sum over those (at most

countable) non-zero terms.

LEMMA 7.5.13. Suppose that (X, (-,-)) is an inner product space. Let {xs}qsca be an
orthonormal set in X. For each a € A, let N\, be scalars such that at most countably many

are non-zero and Y, Aq x4 converges. Then for any b € A,

acA
< Z Aa xa,xb> = Z Aa(Ta, Tp) = Np.

a€A acA
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Proof. Since at most countably many of the A\, are non-zero, let’s denumerate the
collection {\;}72, of all non-zero elements (if there are only finitely many, just augment that
collection by setting the remainder to 0), and without losing generality, assume that b = 0.

For any n € N, the linearity of the first component of the inner product guarantees that

< > A, 960> =3 Mk zr,m0) = Y Aodko = Ao
k=0 k=0 k=0

where we are using the Dirac delta function d; 9 which results in 0 unless & = 0, in which
case the result is 1. (The Dirac delta function arises by the assumption of orthonormality).
Since we have assumed that the sequence of partial sums i ALTE converges as n — oo, and
we’ve proved that we can interchange the limit and inner-]f;gduct, the result now follows. m

THEOREM 7.5.14. Let {z4}aca be an orthonormal set in X. The following are equivalent.

(1) {za}aca is an orthonormal basis.
(2) For every x € X, ||z]|?> = 3 (@, za)|*
acA
(3) If (x,24) =0 for every a € A, then x = Ox.

Proof. (1) <= (2). The equivalence of 1 and 2 follows from Theorem 7.5.9.

(2) = (3). Exercise 9 (77).

—

(3) =
be A,

—~

1). Let z € X and define y = x — ) (x,24)2q. Using Lemma 7.5.13, for any
acA

(y, zp) = (@, xp) — < Z(x,ma>:ca,xb> = (x, xp) — Z(m,xa) (g, xp) = (x,x) — (2, 28) = 0.

a€A a€A s
ab

Therefore, by assuming (3), we deduce y = Ox, implying that x = ) (z,x4)x,. B
acA

6. Bounded linear operators between Banach spaces

Let (X, - ||x) and (Y, - ||ly) be normed spaces over the common field (FF,| - |) which
is either R or C with the standard absolute value. Recall from linear algebra that a linear

operator between X and Y is a function A : X — Y which satisfies

Ala-z+y)=a-Alx) + A(y)
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for all a € F and x,y € X. Of course this definition makes sense as X and Y are both vector
spaces. However, since X and Y are both normed spaces, we can explore more than just

linear properties of linear operators.

NOTATION 7.6.1. If A : X — Y is linear, it is common to omit parenthesis around the
arguments of A; that is, we often write Az rather than A(x). This notation holds over from
matrix theory, since if X and Y are finite dimensional, Az can be interpreted as matrix vector

multiplication.

DEFINITION 7.6.2. Let A: X — Y be a linear operator. The operator norm of A is
(6.1) |Allop = inf {C > 0 s.t. ||Az|ly < C||z||x for all z € X }.

where, as usual, we define inf{@} = oco. If ||All,p < 00, we say that A is a bounded linear

operator, also commonly called a continuous linear operator.

THEOREM 7.6.3. Let A: X — Y be a linear operator. The following are equivalent.

1
2

(1) A is a bounded linear operator.
(2) A is Lipschitz continuous.

(3) A is uniformly continuous.

(4) A is continuous.

(5) A is continuous at any point in X.
(6)

6) A is continuous at Ox.

Proof. (1) = (2). Suppose that C' € R is some positive number such that for every
x € X, it holds that ||Az|ly < C||z|x. Then, for any z,y € X, it holds by linearity that
|Az — Ay|| = || A(x — y)|| < C||z — y||. This proves that if there exists such a C, then A is
Lipschitz continuous.

(2) = (3) = (4) = (5). Immediate.

(5) = (6). Suppose that A is continuous at zg. Let ¢ > 0. Take & > 0 such that
for and x with ||z — zo||x < 4, it holds that ||[Az — Axo|ly < e. Now, suppose y € X is
some element such that |y||x < d. Then, defining x = y + o, we have ||z — z¢||x < & so
||Az — Azolly < e. Since A is linear, Az — Axg = A(x — z9) = Ay. So, for every y € X such
that |ly||x < ¢ it holds that ||Ay|ly < €, proving that A is continuous at Ox.
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(6) = (1). Take € > 0 and let 6 > 0 such that if ||z||x < J then ||Az||y < e. Then, for

any x € X, by the linearity of A (and dropping all norm subscripts for sanity)

o = 2L gt )] < Ze

where the last inequality follows from the fact that ||zs]|x = J/2 < 6 and hence ||Az;s|y < ¢;
here z5 = m:r. But then, setting C' = 2¢/0, we have that for all x € X, it holds that
|Az|ly < C||z||x, proving that A is a bounded linear operator. m

6.1. The Operator Norm and the Uniform Norm on the Sphere. We will assume
that (X, - ||x) and (Y, || - ||y) are normed spaces (over the same field F) and often omit the

distinguishing subscripts on the norms when it is clear from context with which space the

norm is being used.

DEFINITION 7.6.4. Let X be a normed vector space and define Sx as the unit sphere in

X. That is, Sx = {x € X s.t. |z]| = 1}.

THEOREM 7.6.5. Let A: X — Y be a linear operator. By ||A||S, let us denote the uniform
norm of A over the unit sphere ||A||S, = sup {||Az|y s.t. € Sx}. Then ||Allop = || A|S.
That is, the operator norm of A is equal to the uniform norm of A restricted to the unit

sphere.

Proof. Let us first assume that || A|,, = co. Then for any k£ > 0 there exists some z € X
such that ||Az| > k|/z||. In particular, this implies that z # Ox, and so we can divide by
||z|| and use the linearity of A to deduce that ||Az|| > k where & = z/||z| € Sx. Since k was
arbitrarily large, we conclude that ||A||S, = oo. Conversely, if ||A||S, = oo, then given any
k > 0 there is some point = € Sx such that ||Az|| > k. But since ||z|| = 1, then ||Az| > k||z||.
Since k was arbitrarily large, this implies that || Al|,, = co. What we have thus shown is that
| A]|op = oo if and only if ||A||S, = oo.

Now, suppose that [|A||S, = s < co. We will show that ||A[l,, = s. Take ¢ > 0. Then
for every = € Sx, it holds that ||Az|| < (s + ¢) by the definition of s. Hence for any x € X,
we must have ||Az| < (s +¢) with & = z/||z||. Using the linearity of A, this implies that
|Az|| < (s + ¢)||z||, and since = was arbitrary, this shows that [|All,, < (s +¢). On the
other hand, there exists some x € Sy such that ||[Ax| > (s — ¢) by the definition of s; since
||z|| = 1, this is equivalent to ||Ax| > (s —¢)||z||. From this we deduce that ||Al|op > (s —¢).

Therefore, s — e < ||Al|op < s+ €, which implies that ||A||,, = s since € was arbitrary. m
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NOTATION 7.6.6. For a function f : X — Y, we will continue to use the notation || ||,

to denote the uniform norm restricted to the unit sphere

1115 = sup {||f (2)[ly s.t. = € Sx}.

COROLLARY 7.6.7. The operator norm || - [lop behaves like a norm on bounded linear
functions. That is, if A and B are bounded linear functions from X toY, then
(1) [[Allop > 0.
(2) [|Allop =0 if and only if A =0, where 0 : X =Y is the zero map 0(x) = Oy.
(3) 4+ Bllop < | Allop + | Bllop-
(4) laAllop = |a|[|Allop for any o € F, where as usual, €A : X — Y is defined by
(aA)(z) = a- A(z).

Proof. We know that the uniform norm || - ||S, is a norm on the continuous functions

f:Sx — Y. Since A and B are bounded linear functions X — Y, they are continuous.

Hence their restrictions to the unit sphere are also continuous. Since || - ||, and || - ||S, agree
on bounded linear functions, and || - ||$, is a norm, then || - ||, must also behave like a norm.
|

COROLLARY 7.6.8. Suppose that {A,}72  is a sequence of bounded linear functions from
X toY, and A: X — Y is another bounded linear function. Then the sequence {Ap}22  is
Cauchy in the operator norm || - ||op if and only if it is Cauchy with respect to the uniform
norm on the sphere || - ||‘§O Moreover, the sequence converges to A in the operator norm if

and only if the sequence converges to A uniformly on the unit sphere Sx .

Proof. From Theorem 7.6.5, the norms || - ||, and || - [|S, are the same, so they must

determine the same Cauchy sequences and convergences. m

6.2. Bounded Linear Functions as a Normed Vector Space.

DEFINITION 7.6.9. The space Ly(X — Y) of bounded linear operators from X to Y is the

set of all linear operators from X to Y which are bounded. That is,
Ly(X -Y)={A: X =Y s.t. Ais linear and [|Al|op < o0} .

In consideration of Theorem 7.6.3, L,(X — Y') is also commonly called the continuous linear

operators from X to Y.
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THEOREM 7.6.10. Ly(X — YY) endowed with || - ||op is a normed vector space. Moreover,
if Y is a Banach space, then so is (Ly(X = Y), || - |lop)-

Proof. The fact £,(X — Y) is a vector space and that || - ||op is @ norm on the vector
space is left as an exercise (see Corollary 7.6.7 and Exercise 9 (34)). We will prove here that
if Y is complete, then so is £,(X — Y'). To that end, suppose that Y is a Banach space. Let
{A4,}5°; be a sequence of bounded linear operators which is Cauchy with respect to || - ||op-
We need to prove that there is a bounded linear function A : X — Y such that nh_}ngo A, =A,
where the limit taken in the operator norm. We will break this proof up into three claims.

Claim 1. There exists a function A : X — Y such that A,, — A pointwise.
Proof of Claim 1. Let x € X. Then by the definition of the operator norm,

[Anz = Apz|| = [|(An — Am)z| < [[An — Amllop [|l2]

From this, since { A, }°° ; is Cauchy in the operator norm, it is clear that for each fixed z € X,
the sequence {A,z}7 , is a Cauchy in Y. Since Y is complete by assumption, this sequence
must converge. So, define the function A : X — Y to be defined by Ax = nl;n;o Apx. Hence
by construction, A,, — A pointwise.
Claim 2. The pointwise limit A : X — Y is bounded and linear.
Proof of Claim 2. Let x,y € X and a € F. Then, by the definition of A, we have
Az +ay) = lim [A,(z+ ay)] = nh_)rgo [Anz + adny] = Az + oAy

n—o0

where the second to last equality follows from the assumption that A, is linear for each n,
and the last equality follows from the fact that the limit of the sum of convergent sequences
is equal to the sum of the limits of those sequences. This has shown that A : X — Y is linear.
As for bounded, we could make a quick argument using the fact that || - ||, and || - ||3, agree,
but let us instead give a more illustrative proof. The reverse triangle inequality tells us that
{||An||op — [[Amllop| < 1[An — Am|lop, Which implies that the sequence of norms {||An [lop}oe;
is Cauchy in our field F (which is either R or C, and hence complete). This ensures that
hm |Anllop exists and moreover that sup{HA llop} < oo (see e.g., Exercise 9 (15)). It is easy

to see then that hm | Anllop < sup{HA llop}. With this in mind, for any z € X we have
neN

Izl = | Jim Av] = i |Awe) < Y [ Aulloplel < sup{ Ao} ]
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The second equality comes from the fact that we have shown that norms are continuous, so
we can interchange the norm and the limit. By defining C' = sup{|| Ay |lop} < 00, we see that
for any z € X, it holds that ||Az| < C||z||, which proves that Zﬁi a bounded linear operator.

Claim 3. The sequence {A,}7°, converges to A in the operator norm.

Proof of Claim 3. Since {4,,}°2, is Cauchy in the operator norm |- ||op, then by Corollary
7.6.8, it is Cauchy in the uniform norm on the sphere || - |S,. From Claim 1, we have proved
that A, — A pointwise (in particular, the convergence is pointwise on Sx), and in Exercise
9 (16) it is proved that this implies {A4,}72; converges uniformly to A on the sphere Sx.

But then, since A, — A in the norm || - ||$,, then A, — A in the operator norm (again, by

Corollary 7.6.8). m

6.3. Dual Spaces. We continue to let (X, || -||) be a normed vector space over F, which

is either R or C.

DEFINITIONS 7.6.11. 1) A linear operator f : X — I is called a linear functional.
2) The space of all linear functionals on X is called the algebraic dual of X.

3) The space of all bounded linear functionals on X, denoted X*, is called the continuous

dual of X.

REMARK 7.6.12. With our previous notation, since I is itself a normed vector space, we
have X* = L(X — F). Often times the algebraic dual of X is denoted by X'; however, X’ is
not as “nice” as X* since we know that every linear functional f € X* is continuous, whereas
we can’t assume continuity for an arbitrary element in X’. From Theorem 7.6.10 in the
previous section, we know that X™* is a Banach space when endowed with the operator norm,
since both R and C are complete (Banach spaces). However, the algebraic dual X’ makes
sense when only assuming that X is a vector space without any notion of a norm, whereas
the continuous dual X™* uses the norm structure on X to “choose” which linear functionals

are continuous. O
7. Bounded linear operators between Hilbert spaces
7.1. Reisz Representation on Hilbert Spaces.

PROPOSITION 7.7.1. Let (X, (-,-)) be an inner product space. Given any x € X, the map

oz X = F given by ¢, (y) = (x,y) is a linear functional on X. Moreover, ¢, € X* and
lzllop = [l]]-
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Proof. That ¢, is a linear functional on X follows directly from the definition of an

inner product. To prove the upper bound for ||¢4||op, let y € X with y # 0, then

lo2(W)] = |(z, 9)| < [l=]lllyll-

The last inequality was an application of the Cauchy-Schwarz inequality. Since y € X was
arbitrary, (6.1) implies that ||¢z|lop < ||z||. However, ¢,(z) = (z,2) = ||z||?, which means

that ||@z|lop > [|z||. We thusly conclude that [|¢z|lop = ||z||. =

THEOREM 7.7.2 (Riesz Representation — Hilbert space version). Suppose that (X, (-,-))
is a Hilbert space and f : X — F. Then f € X* if and only if there is some element zy € X
such that f(x) = (x,zy) for every x € X. Moreover, if f € X* and zy € X is such that
f(x) = (x,zp), then z5 is the unique and || f|op = ||2f]-

Proof. For any z € X, Proposition 7.7.1 ensures that f : X — F defined by f(x) = (z, 2)
is bounded linear functional (i.e. f € X*). Conversely, suppose that f € X*. Let’s find an
elements zy € X such that f(x) = (x,zy). If f(z) =0 for every x € X, then set zy = 0x. If
not, then the orthogonal complement of Null(f) = f~({0}) is a one-dimensional subspace
of X. Let 0 # x,y € Null(f)* and we find some A € F such that A -z = y (we can find
such a A since z and y are in the same one-dimensional space). Therefore, f(y) = Af(z) and

(y,x) = A||z||?. Solving for lambda we find

o~ T = 0= )

Therefore, let’s try z5 = % - 2. Since Null(f) is a closed subspace of X (see Exercises 77),

by Theorem 7.5.3, X = Null(f) @ Null(f)*. Hence given any y € X, there exist y; € Null(f)
and yo € Null(f)* such that y = y; + y2. Then by our previous calculation,

f(y) = f(y1) + f(y2) = 0+ (y2, 25).

Also,
(y,2f) = (Y1, 2f) + (2, 2¢) = 0+ (2, 25).
What we have thus shown is that given any y € X, f(y) = (v, 2¢).
To show that z; is unique, suppose that w € X is such that f(z) = (z,w) for every
x € X. Then given any v € X, 0 = f(z) — f(z) = (z,2f) — (z,w) = (x, 2y — w). Hence for
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all z € X, (z,zf —w) = 0, which implies that z; — w = Ox, proving that zy = w. The fact
that || f|lop = [|z¢ is proved in Proposition 7.7.1. m

7.2. Adjoints. We continue to let I be either R or C, and suppose that X is a vector

space over F.

THEOREM 7.7.3. Let (X, (-,-)) be a Hilbert space and suppose that A € L(X — X) is a
bounded linear operator from X to itself. Then there exists a unique bounded linear operator

A* € L(X — X) such that (A*z,y) = (x, Ay) holds for all z,y € X.

Proof. Fix z € X. Define the operator f, : X — F by f.(y) = (Ay,z). As the
composition of linear operators, f, is a linear operator. Moreover, using Proposition 7.7.1,
| fzllop = ||Az||, showing that f, is a bounded linear operator from X to F. Hence we can
apply the Riesz representation theorem to conclude that there is some element z, € X such
that f.(y) = (y, zz). Hence for all x € X, there is an element z, such that (Ay,z) = (y, z,).
This then defines the map A* : X — X by A*z = z,. By construction (Ay,z) = (y, A*z),
and by the uniqueness in the Riesz representation theorem A* is the unique map with this

property. To prove that A* is linear, let x,y,z € X and o € F. We then have
(z, A"(y+az)) = (Az,y+az) = (Az,y) +a(Az, 2) = (z, A"y) +a(z, A"z) = (2, A"y +aA™2)

Since z was arbitrary, this proves that A*(y + az) = A*y + aA*z and hence A* is linear.
Finally, to prove that A* is bounded, let x,y € X be arbitrary. Then

{2, A%y)| = [{(Az, y) < [|Az[[[ly[} < [l | Allop [yl

where the penultimate inequality was due to Cauchy-Schwarz. By Exercise 9 (77), this
implies that ||A*y| < ||Allop ||y|| which implies that A* is a bounded linear operator; in fact,
it shows that ||A*[|op < || Allop- ™

DEFINITION 7.7.4. The operator A* in Theorem 7.7.3 is called the adjoint of A.

THEOREM 7.7.5. Let (X, (-,-)) be a Hilbert space and suppose that A,B € £ (X — X)
are bounded linear operators. Then the following hold.
(1) (AB)* = B*A*.
(2) (A7) = A.
(3) If A is invertible, then so is A* and, in fact, (A*)~' = (A~1)*,
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) [ Allop = 14" lop-
(5) 11 4* Allop = [IAI3,-

Proof. The proof of (1), (2), and (3) are Exercise 9 (38).
(4) In the proof of Theorem 7.7.3 we showed that ||A*|op < ||Allop. Hence [[(A*)*||op <
| A*||op- Since (A*)* = A, the result easily follows.

(5) Let z,y € X be arbitrary. An application of the Cauchy-Schwarz inequality shows
(&, A" Ay) = [(Az, Ay)| < || Az| || Ayl < 1] | A]15, 9]

By Exercise 9 (35), this implies that [[A*Ay| < [|A[2,llyll, which further implies that
| A* Al|op < [|A]lZ,. By Exercise 9 (36) and Theorem 7.6.5,

|A*Allop > sup {z, A*Az) = sup (Az, Az) = sup [|Az|* = [|A]3,.

llz[|=1 llzfl=1 llz]l=1

Therefore [|A*Allop = |A]2,. =
8. A first look at product spaces
8.1. Products of Metric Spaces.

DEFINITION 7.8.1. Let (My, p1), (Ma, p2), ..., (Mpy, pn) be metric spaces. The product met-

ric space is the metric space (M, p) where M is the Cartesian product of the spaces My
M = M; x My x -+ x My, = {(z1, 22, ..., xn) s.t. x € My, for every k =1,2,...,n}

and the metric p on M, called the product metric, is defined by

P((215 ey @), (Y1 s Yn)) =V P1 (@1, y1)2 + p2(22,42)% + -+ + pr(Tn, yn) 2.

The metric p is often denoted p = p1 X p2 X --- X pp. If x € M, then for each k =1,2,...,n,
there is some x € My, such that x = (x1, x9, ..., x,). We say that zj, is the kth component of

X.

ExAMPLE 7.8.2. You can consider R" with the Euclidean metric as the product metric
space of n copies of R each endowed with the standard distance. Indeed,

n copies

R™ = {(x1,22,...,xn) s.t. zx € Rforevery k =1,2,..,n} =R xR x--- xR
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and

p((xlﬂ'IZ? "'?'In)ﬂ (ylay27 ,yn)) = \/|y1 - $1|2 + |y2 - CL'2|2 +oot |yn - xn|2

where we certainly recognize that |y, — | is the standard distance between zg,yr, € R. O

NoTATION 7.8.3. For the remainder of this section, let (M, p) be the product metric space
of (M17 Pl), (M2a p?)a ) (Mna pn)

PROPOSITION 7.8.4. The product metric space (M, p) is a metric space. Moreover, the

following inequalities hold

(8.1) max{pg (2, yk) : 1 <k < n} < p(x,y) < v/n-max{pg(zr, yp) : 1 <k <nj}
and
(8:2) p(x,y) <> pi(w;,y5) < n-max{pp(zr,yp) 1 1 < k< n}.

j=1

for every x = (21,22, ..., Tn), ¥ = (Y1,Y2, -, Yn) € M.

THEOREM 7.8.5. Suppose that {X,, }5°_1 is a sequence in M, and for each k =1,2,...,n,
let a?g,]f) be the kth component of Xp,; i.€. X = (x%), x%), ...,ars,?)). Then {xm}5°_ is Cauchy
in (M, p) if and only if {a:gi) o°_1 is Cauchy in (My, px) for every 1 < k < n. Moreover,
{xm 1}, converges to some point x = (z1,x2,...,xn) € M if and only if the sequence con-
verges componentwise. That is, n}gnoo X = X with respect to p if and only if n%gnoo :cgf) =Xk

with respect to py for every 1 < k < n.
Proof. We have
max{pp(x™ ) : 1 <k <n} < p(xm,x) < vn-max{pp(z® z,): 1 <k <n}.
From this inequality, everything follows. m

EXAMPLE 7.8.6. Consider the sequence {x,, }7°_; in R? given by x,,, = ((14+2/m)™, 5™, 1).
In the notation of the previous theorem, 33%) = (1+2/m)™, :13,(5) =5, and acq(q?{) =1 We
know that lim x%) =2, lim x%) =0, and lim :U,(f{) = 1; we can therefore deduce that
m—00 m—00 m—o0

Xm — (€2,0,1) as m — 0o. On the other hand, consider the sequence {ym}3_; in R3 given

by ym = (1/m, (=)™ e+ Z_m). Although, 1/m — 0 and e + 27™ — e both have limits as
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m — 00, (—1)™ does not converge to a limit, which prevents the sequence {y;,}5°_; from

converging to a limit. O

COROLLARY 7.8.7. If for all k = 1,2,...,n, (Mg, px) is a complete metric space, then so
is (M, p).

Proof. If {x,,}>°_; is a Cauchy sequence in (M, p) and x,, = (m%), ...,a:,(ﬁ)), then for
every 1 < k < n, {x%)};’fb’zl is Cauchy in (Mg, pr). Therefore, if each of the (Mg, px)
are complete, there is some x; € M} such that lim acgf) = xp. This then implies that

m—0o0

lim x,, = (1,2, ..., Tm), showing that the arbitrary Cauchy sequence has a limit in M,
m—0o0

thus proving completeness. ®

COROLLARY 7.8.8. Suppose that for each k =1,2,...,n, Uy C My is a closed subset with

respect to p. Then U = Uy x Uy X --- x U, C M s a closed subset with respect to p.

Proof. Let {x,,}>°_; be a sequence of elements in U which converges to some point
(k)

x = (z1,...,x,) € M. Then for every 1 < k < n, lim z;’ = z, where, as usual, x,,, =
m—0o0
(:U%), ...,x%l)). Since for each k, U, is assumed closed, this implies that z € Uy, further

implying that (x1,...,x,) € Uy X -+ x Uy,. Therefore, x € U from which we conclude that U

is closed. m

THEOREM 7.8.9. For each k =1,2,...,n, let Uy C My, be open subsets (with respect to the
corresponding metrics). Then Uy x Ug X --- x U, is an open subset in M with respect to p.
Moreover, V. C M is open with respect to p if and only if for every x = (x1,x2,....,x,) € V
there exist open subsets Vi, C My, such that x, € Vi for everyl < k <n and Vi xVox---xV, C
V.

Proof. Exercise 9 (39). m

THEOREM 7.8.10. Suppose that for every k = 1,2,...,n, My is compact with respect to
Pk, then M is compact with respect to p.

Proof. We will prove that M is sequentially compact, which will complete the proof by
Theorem 6.6.11. Notice that if n = 1, then (M, p) = (M, p1) and is compact by assumption.
Assume n = 2, then M = M; x My and p = p; X pa. Let {x,}3_; be any sequence
in M. For each m € N, let y,, € My and z, € My such that x,,, = (Ym,2m). Since
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M is compact, it is sequentially compact, and therefore there is a subsequence {ym, }72;
of {ym}ss_; which converges to some y € Mi. Now, {Xp, }7%1 = {(Umys 2mp) 50 s a
subsequence of {x,,};°_; in which the first component converges. We have that {z,,, }7° is
a sequence in Mo, which is compact, so there exists a further subsequence {zmkl }2, which
converges to some point z € Ms. Moreover, since {ymkl }72, is a subsequence of the convergent
sequence {ym, }7>, then Ymy, = Y as I — oo. We now have constructed a subsequence
{xmy, 1121 = {(Ymy,» 2my, ) }iZ1 in which both components converge, Y, — y and zm, — 2
as | = oo. By Theorem 7.8.5, this implies that xp, — (y,z) as I — oo. What we have
then shown is that given an arbitrary sequence {x,,}>°_;, we can find a subsequence which
converges in M, proving that M is sequentially compact and thus compact.

We finish up the case for general n > 2 by induction. Suppose that given some n > 2
and and n compact metric spaces (M, p1), ..., (My, pn), the product metric space is compact.
Let (My,p1), ..., (Mp+1, pnt1) be compact metric spaces and let (M, p) be the product metric
space. Let (IV,d) be the product metric space: N = My X --- X M,, and d = p; X -+ X pp. By
the inductive hypothesis, N is compact. Now M = N x My 1 and pp4+1 = d X pp+1. Hence
we can realize that M is the product metric space of two compact metric spaces, and we just
proved that the product space of two compact metric spaces is compact. We thus conclude

that (M, p) is compact. m

DEFINITION 7.8.11. Suppose that U is aset and f : U - M = My X --- X M, is a
function. Then there are functions fi : U — My, such that f(u) = (fi(u), fo(u), ..., fn(u)) for

every u € U. The fi are called the component functions (or simply components) of f.

THEOREM 7.8.12. Let (N,d) be another metric space and f : N — M. Then f is
continuous at o € N as a map between the metric spaces (N,d) and (M, p) if and only if
each component fr : N — My, is continuous xo as a map between the metric spaces (N,d)

and (Mg, pr). In particular, f is continuous if and only if each component is continuous.

Proof. f is continuous at xg if and only if {f(zy,)}3_; converges to f(z¢) whenever
{zm}3°_, converges to zg. By Theorem 7.8.5, {f(zy)}5>_; converges to f(zo) if and only
if each component converges n}gnoo fe(xm) = fr(zo). In turn, the component sequences
{fr(xm)}o_ converge to fi(zo) whenever x,, — xg if and only if each component is contin-

uous. Following this trail of equivalences, we arrive at the desired result. m
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EXAMPLE 7.8.13. Endow [0,27] and R?® with the appropriate Euclidean metrics. Let
f :]0,27] — R3 be defined as the spiral f(t) = (cos(t),sin(t),t). The first and second
components of f(t) are the trigonometric functions cos(t) and sin(t), the third is the linear
map ¢. Since each component of f is continuous (using the respective Euclidean metrics), we

can be assured that f itself is continuous. O
8.2. Products of Normed and Inner Product Spaces.

DEFINITION 7.8.14. Suppose that Xq, ..., X,, are all vector spaces over the common field
F. The product space X is the Cartesian product X = X; x - --x X,, made into a vector space
(over F) by component wise addition and scalar multiplication. That is, if x = (21, ..., zy)

and y = (y1,...,yn) are both in X, and o € F, then
x+y= (214 Y1, Tn+yn) and ax = (azy,...,az,).

Moreover, for any xp € Xg, the canonical extension of xp to the vector x; € X is x =

(0,...,x,0,...,0), where zj is in the kth component.

DEFINITION 7.8.15. Suppose that (X1, |]1), ..., (Xn, ||-||») are normed vector spaces over
the common field F. The product normed space is the normed vector space (X, || - ||) where

X is the product space and the product norm || - || is defined as

Il = /1l + -+ llal2

for every x = (x1,...,x,) € X.

PROPOSITION 7.8.16. Let p1, ..., pp be the induced metrics on (X1, - |[1), s (Xns || - [In),
respectively, and let (X, ||-||) be the product normed space. The product metric p = p1X--+X pp
on the product space X is the same as the induced metric from the norm || -||. In other words,
the product metric space (X, p) created from (X1, p1), ..., (Xn, pn) is the same metric space as

induced from the product normed space (X, || - ||).

Proof. Exercise 9 (40). m
At this point, everything we know from product metric spaces can now be applied to

product normed spaces. One particularly nice result is the following.

COROLLARY 7.8.17. If (X1,|| - ||1)s---s (Xn, || - |ln) are all Banach spaces, then so is the
product normed space (X, | - ||)-
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DEFINITION 7.8.18. Suppose that (X1, (-,)1), ..., (Xn, (-, -)n) are all inner product spaces
over the common field F. The product inner product space is the inner product space (X, (-, -))

where X is the product space and the inner product (-,-) is defined by

<X7Y> = <x17y1>1 +o <xnvyn>n

for x = (21, ..., ),y = (Y1, .-, yn) € X.

PROPOSITION 7.8.19. Let ||-||1, ..., ||||n be the induced norms on (X1, (-, )1), - (Xn, (-s)n),
respectively, and let (X, (-,-)) be the product inner product space. The product norm || -| on
X defined in Definition 7.8.15 is the same as the induced norm from the inner product (,-).
In other words, the product normed space (X, || -||) created from (X1, | - 111); -y (Xn, || |n) s
the same normed space as induced from the product inner product space (X, (-,-)). In light of
Proposition 7.8.16, this further implies that the product metric on X and induced metric on

X are the same.
Proof. Exercise 9 (41). m

PROPOSITION 7.8.20. Suppose that Uy, ..., U, are orthonormal bases for the Hilbert spaces

(X1, (-, 01)s oy (X (-, On), respectively. For each k, let Uy, be the vectors in Uy, canonically
no_

extended to the product space X as in Definition 7.8.1/. Then the set U = |J U; is an

7=1
orthonormal basis for the product Hilbert space (X, (-,-)).

Proof. Exercise 9 (??7) proves that U is an orthonormal set. So, using Parseval’s identity,
if we can show that for every x € X, it holds that x = ) (x,u) u, then we’ll be done. To

uel
this end, let x = (z1,...,2,,) € X. Note that by assumption, we have that

x; = (21,0,...,0) = Z (x1,u)1 (u,0,...,0) = Z (x1,u) u,

uelUy uel;
x2 = (0,22,...,0) = Y (z2,u)1 (0,u,..,0) = > (x3,u)u,
ucUs UEUQ
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Since x = x1 + - -+ + X, we see that

which concludes the proof. m

ExAMPLE 7.8.21. Consider R” as the Hilbert space created as the product space of n
copies of R, where each copy of R is endowed with the standard inner product (multiplication).
Since {1} C R is an orthonormal basis of R, Proposition 7.8.20 tells us that {(1,0,...,0)} U
{(0,1,0,...,0)}U---U{(0,0,...,1)} is an orthonormal basis for R"; a fact we are very familiar
with. ]

9. Exercises

1
2
3
4) Prove Lemma 7.1.11.

) Prove Proposition 7.1.4.
)
)
)
5) Prove Lemma 7.1.15.
)
)
)

Prove Proposition 7.1.7.

Prove the “other direction” in Proposition 7.1.9.

6
7
8) Let £2(R) be the collection of all sequence {z,}°2; in R such that > 22 < oc.

n=1

Interpret this space £2(R) as a function space by identifying the sequence {z,,}°°,

(
(
(
(
(
(6) Prove Lemma 7.1.16.
(7) Prove Theorem 7.1.26.
(
with the function f : N — R under the identification f(n) = z,,. For each k € N, let
fr € £2(R) be given by
1 k=n

fr(n) = 6pn =

0 otherwise

Show that {f;}?2, has the property that for every f € ¢*(R) there are countably

many scalars z1, s, ... € R such that

F=Y e fi
k=1

However, prove that {f;}?°, is not a basis of £2(R).
(9) Prove Theorem 7.2.8.



(10)

(1)
(12)

(13)
(14)

(15)
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Prove the reverse triangle inequality for norms: If (X, || - ||) is a normed vector space
and .y € X, then [[lz] — [ly]| < [}z — y]|.

Finish the proof of Proposition 7.2.13

Prove the claims of Examples 7.2.6, 7.2.7, and 7.2.9. Hint for Example 7.2.6: the
hardest part is the triangle inequality; for n = 2, it might help to show that |z +
ylI? < (|| + HyH)2 from which the inequality will follow; for n > 2, try induction.
Prove Lemma 7.2.16.

Prove that if ioj x is a convergent series in the normed vector space (X, || - |),
then given an;C :€1> 0 there exists an n. € N such that for all n > n. it holds that

o0

H > l’kH < e. Hint: Note that if {s,}5°, are the partial sums whose limit is s,
k=n -

then by Lemma 7.2.16, ||s — s,|| = H > T

k=n-+1 )'
Suppose that {z,}>°, is a Cauchy sequence in the normed vector space X. Prove

that this sequence is bounded. That is, prove that there is some k& > 0 such that for
every n € N, we have ||z,| < k.

Assume that X is a Banach space, let { f,}22; be a Cauchy sequence in .%,(U — X)),
and assume f : U — X is the pointwise limit of this sequence; i.e., f(x) = nh_}rrolo fn(x).
We will prove that this implies f,, — f uniformly and that f € (U — X). This
will prove that a uniformly Cauchy sequence which converges pointwise must, in
fact, converge uniformly.

(a) Prove that f, — f uniformly. That is, prove that nli}ngo Il fn— flloo = 0.
(b) Prove that f € %#,(U — X). Note that you already know that f : U — X

exists, so you only need to prove that f: U — X is bounded.

Possible Outline: For (a), assume that || f,, — f||cc does not converge to 0 as n — oo.
Therefore there exists some € > 0 such that for any NV € N we can find some n > N
such that || f, — fl|loc > €. Let n. € N be chosen such that for every n,m > n. it
holds that || f, — fim|lco < €/2 (remember we are assuming the sequence is Cauchy in
the uniform norm). By the contradictive assumption, we can find some n; > n. such
that || fn, — flleo > €. Justify that this implies that there is some xy € U such that
| fry (x0) — f(20)|| > €. From here, justify that there exists some ng > n. such that

| frp (o) — f(x0)|| < &/2. Arrive at the contradiction we’ve been working towards in
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the previous two parts by proving that ¢ < || fn, (o) — f(z0)|| < €. For (b), notice
Sup [ /(@) < 1] = falloo + [l fnllec
kS

(17) In a paper by the famous mathematician Weierstrass, the function f : R — R was

introduced with

f(z) = Z ¥ cos(skm )
k=0

where 7 € (0,1) and s is an odd integer. Prove that f : R — R exists and is
continuous. Hint: Let ay(z) = r* cos(s*mx). Show that the sequence of functions
{ar} is in Cp(R — R) and that the series § ay converges converges absolutely in
the || - ||co norm; hence use Corollary 7.3.15k:aL:I1od Theorem 7.3.2. Alternatively, prove
Exercise 9 (18) and apply that result here.
Note: An interesting thing about the function f : R — R is that it is continuous,
but nowhere differentiable!

(18) Suppose that {a}32, are a sequence of continuous functions ay, : M — X, where
(M, p) is some metric space and (X, || - ||) is a Banach space. Suppose further that

(e8]
the series ) ||ag|/co converges. Show that the function f : M — X defined by

k=1
o0
f = > ap exists and is continuous. Hint: Show that the sequence of functions
k=1

{ar}32, is in Cp(M — X). Hence use Corollary 7.3.15 and Theorem 7.3.2.
(19) Prove Theorem 7.3.9.
(20) (a) Forevery n € N, let f,, : R — R be defined by f,(z) = sin(x/n). Prove that the
sequence {f,}72, converges pointwise to the zero function, but not uniformly.
(The “zero function” is the function f : R — R defined by f(z) = 0).
(b) For every n € N, let f, : R — R be defined by f,(x) = sin(x)/n. Prove that
the function f: R — R converges uniformly to the zero function.

(21) Prove Proposition 7.4.3.

(22) Finish the proof of Theorem 7.4.6. That is, prove that if x,y € X such that
{z,y)| = ||=| ||y||, then x are y are linearly dependent. Note that x and y are
linearly dependent if and only if there are scalars a and b such that -z =10-y.

(23) Finish the proof of Theorem 7.4.7. That is, prove that the induced norm || - || on
an inner product space is a norm (the proof of the triangle inequality is given in

Theorem 7.4.7).



(24)

(25)

(28)

(30)
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Consider R™ as a vector space over R. For x = (x1,z2,...,2,) € R" and y =

(Y1, Y2, -y Yn) € R™, define

(x,y) = 191 + Tay2 + - + TnYn.

Show that (-,-) is a (real) inner product on R™ and find an explicit formula for the
induced norm. (Note that the inner product here is just the standard dot product
you're used to).

Let a,b € R with a < b. For f,g € C([a,b] — R) (which is a vector space over R),
define

b
(f,9)2 Z/f(x)g(x) dz.

Prove that (-, )2 is a real inner product on C([a,b] — R) and find an explicit formula
for the induced norm.
Let (X, (-,-)) be an inner product space. Let U C X be a non-empty proper subset.
Prove that U™ is a closed subspace of X.
Let (X, (-,-)) be an inner product space. Let Y C X be a non-empty subset and
r € X. Let d = dist(z,Y) = inf {||x — y| s.t. y € Y}. Prove that there exists a
sequence {y,}2° in Y such that nh_{lfolo lyn — 2| = d.
Let (X,(-,+)) be an inner product space. Prove the parallelogram law: For any
z,y € X,

e+ 91l + = o112 = 2(2l12 + [191?).

Also, explicitly show how the parallelogram law was used in the proof of Theorem
7.5.2.

Let (X, (-,-)) be an inner product space. Let v € X be a non-zero vector and
Y = span{v}. Then Y is a 1-dimensional subspace of X (you can picture Y as the
line passing through the origin in the direction of v). Let € X and show that the

orthogonal projection of  onto Y is given by

o0
Let 2 = (*(R) be the set of all sequences (x1,z2,3,...) in R such that Y z2
k=1

converges. (We are intentionally writing sequences here to look like vectors, since
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we conceptualize £ as a subspace of R with n = co). We can identify a sequence
(21,2, 23, ...) with a function z : N — R by z(k) = x;. Under this identification,
an element x € ¢% is a function z : N — R such that i z(k)? < oco. As with
most function spaces, we consider £2 a vector space (in thi]:clase over R) with vector
addition and scalar multiplication done componentwise.

(a) Prove by induction that for any n € N and real numbers z1,z9, ..., z, and

Y1,Y2, -, Yn, that

n n

(é@f@/k)Q < (Zﬂf%)( 11/13)

k=1 k=
It might help to make the base case n = 2.

(b) Prove that £2 is closed under scalar multiplication and under vector addition.
Note: ¢? is closed under scalar multiplication when for every a € R and = € 2,
then a-x € £2; similarly, £? is closed under vector addition when for all z,y € ¢2,
x+y e’

(c) Define the function (-,-) : £2 x £> — R by

(w,y) = x(k)y(k)
k=1

Prove that (-,-) is an inner product on ¢2. Note: This is the same formula as

the dot product on R™ in the case n = oo.

(d) For x,y € £2, write an explicit formula for the Cauchy-Schwarz inequality

(@, )] < llz ] Tyl

(e) For every k € N, let fi, € *(R) defined by

1 k=m

0 k#m

for every m € N. Prove that {f}?°, is an orthonormal basis for £ with respect
to the inner product given in part c.
(31) Suppose that X is a Hilbert space. Prove that if A is a finite set, then an orthonormal

basis {4 }4eca for X is a vector space basis for X. On the other hand, prove that if
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A is a countable set, then an orthonormal basis {z,}.c4 can not be a vector space
basis of X. Hint: If A is countable, then we can denumerate the elements in A
as {a1,a9,as,...} = A; define the element = = io: 27%z,,. Show that r € X, but
x ¢ span{z, taca. =

(32) Suppose that X is a Hilbert space and that {z;}}2, is an orthonormal basis. Prove
that the set {x;}?2, is total. That is, prove that the subspace Y = span{z;}2° is
dense in X. Hint: Consider the partial sums in Parseval’s identity and show that
every element in X is the limit of elements in Y.

(33) Let (X, |- |lx) and (Y, || - ||y) be normed vector spaces. Suppose that A: X — Y is
a bounded linear function. Prove that

[Az]ly
]l x

HAHOp:sup{ s.t.aceX,x;éOX}.

Hint. Tt might be easier to show that || A||S, is equal to the righthand side and hence
use Theorem 7.6.5.

(34) In reference to Theorem 7.6.10, prove that £,(X — Y) is a normed vector space
when endowed with the norm || - ||op. For ease, look at Corollary 7.6.7.

(35) Let (X, (-,-)) be a Hilbert space. Let y € X. Prove the following.
(a) If £ > 0 is such that for all z € X, it holds that |(z,y)| < k||z|, then ||y|| < k.
(b) [lyll = sup {[{z,y)[ s.t. [lz] = 1}.

(36) Let (X, (-,-)) be a Hilbert space and suppose that A € Z,(X — X) is a bounded

linear operator. Prove that
sup {|(Az, z)| s.t. [lz]| = 1} < [|Al|op-

(37) In the proof of Theorem 7.7.3, we proved that given a bounded linear operator
A € 4 (X — X), there is a unique bounded linear operator A* € £ (X — X)
such that (Az,y) = (x, A*y) for every x,y € X. However, in the statement of the
theorem the claim was that (A*x,y) = (z, Ay) for every z,y. Prove that these are
equivalent. That is, prove that (Az,y) = (z, A*y) for all = and y if and only if
(A*z,y) = (x, Ay) for all x and y.

(38) Prove (1), (2), and (3) of Theorem 7.7.5.

(39) Prove Theorem 7.8.9.

(40) Prove Proposition 7.8.16.
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(41) Prove Proposition 7.8.19.



CHAPTER 8

Differential Calculus in R"

1. Some Notes on the Structure of R"

Throughout this chapter we will be working in the Euclidean spaces R” for n € N. We
consider R" as the n-fold product space R® = Rx---xR. Since each copy of R in the product
caries with it an inner-product (simple multiplication), a norm (the standard absolute value),
and a distance (the absolute value of the difference), in turn R™ inherits an inner product,
norm, and metric as constructed in Chapter 7 Section 8. The formula for these structures
on R™ should be familiar; they give rise to the standard dot-product, and sum of squares
distance formula we are used to from elementary calculus classes. Moreover, since each copy
of R is complete, Corollary 7.8.7 implies that R” is complete. We summarize these statements

here.

THEOREM 8.1.1. R™ is a Hilbert space (over the field R) when endowed with the inner

product
n
<X7Y>n = Zxkyk =x1y1 + -+ Tpyn
k=1
where X = (T1, ..., Tn), Y = (Y1, .-, Yn) € R™. The corresponding norm || - ||, on R™ is thusly

%[l =

and hence the metric p, on R™ is

pn(x%,y) =[x —ylln =

NoTATION 8.1.2. We will often be considering situations where we are working with
several Euclidean spaces simultaneously, such as considering functions f : R — R™ for some
n,m € N. Because of this, we will sometimes write the inner product, norm, and metric in R™

as (-, )n, || - ln, and p,, respectively; we used this notation in Theorem 8.1.1. The subscript n

257
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tells us which dimension Euclidean space we are conducting the operation in. For example,
if f:R™ — R™, a statement such as x|, < 6 = |[|f(x)|lm < € accentuates where the
norms are taking place. For similar reasons, we will also frequently write 0,, or 0,, to be the

zero vector in R™ or R™ | respectively.

DEFINITION 8.1.3. Let n € N. For each k € {1,...,n}, we let ¢, = (0,...,0,1,0,...,0) € R”
be the vector in R™ with 1 in the kth component and 0 elsewhere. The set {e;}}_, is called

the standard basis in R".
PROPOSITION 8.1.4. The standard basis {e;}}_, is a orthonormal basis of R™.

Proof. One could notice that {1} is clearly an orthonormal basis of R and then use
Proposition 7.8.20 to conclude this result. However, it is an easy matter to check this directly
(see Exercise 1). m

Before beginning, let us make a quick note about the components of a function f with

codomain R™.

ProrosiTION 8.1.5. Let U be a set and f : U — R™. For each k = 1,2,...,m let
fr : U — R be the kth component of f; i.e. f(x) = (fi(x), fa(x),..., fm(x)) for every x € U.
Let {ey}}", be the standard basis in R™. Then

fa) =" fulx)ex.
k=1

Moreover, each component fi can be found by

which further implies that

flx) =) (f(x),ex) - ex

k=1

Proof. Exercise 5 (2) m

1.1. Heine-Borel in R". In the general theory of metric spaces, we learned that a
subset of a metric space is compact if and only if it is complete and totally bounded; this
was Theorem 6.6.9. However, in R we learned a simpler (and easier to check) criteria for

compactness through the Heine-Borel Theorem, which said that a subset of R is compact if
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and only if it is closed and bounded. Fortunately, this familiar version of the Heine-Borel

Theorem holds over in general Euclidean space.

THEOREM 8.1.6 (Heine-Borel Theorem - Several Dimensions). For any n € N, a subset

U C R" is compact if and only if it is closed and bounded.

Proof. Since R" is complete, any subset of R" is complete if and only if it is closed by
Theorem 6.5.3. If U C R"™ is bounded then there exists some R > 0 such that for every
(21, ..., zpn) € U, max {|z;| s.t. 1 <i <n} < R. In particular, U is a subset of the rectangle
R = [-R,R] x --- x [-R,R]. Since [—R, R] is a compact subset of R, R is compact by
Theorem 7.8.10. In particular, since U is a subset of a totally bounded set, it is totally
bounded. Since totally bounded implies bounded, we have shown that U is bounded if and
only if it is totally bounded. To summarize, U is complete if and only if it is closed and

bounded if and only if it is totally bounded. By Theorem 6.6.9, the proof is finished. m

REMARK 8.1.7. In the proof of the Heine-Borel theorem, we actually proved two facts

that could stand alone as their own propositions:
PROPOSITION 8.1.8. A subset U C R" is complete if and only if it is closed.
and
PROPOSITION 8.1.9. A subset U C R" is bounded if and only if it is totally bounded.

These propositions themselves are a manifestation of how “nice” the structure of R" is

compared to more general metric spaces. ]

2. The Derivative

DEFINITION 8.2.1. Let n,m € N and U be an open subset in R™. A function f : U — R™
is said to be differentiable at xog € U when there exists a linear operator Ax, : R” — R™ such
that for any sequence {h;}7°, in R" \ {0,} converging to 0,,

lim |f(x0 4+ hy) — f(x0) — Axohi|m

=0.

(2.1)

In this case we denote Ay, by f'(x¢), and call f'(x¢) the derivative of f at xo. If f is

differentiable at all points in R", we say that f is differentiable.
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REMARKS 8.2.2. (1) Note welll If f is differentiable, it seems sensible to write f’
withholding the argument until later used. This is OK, but you must realize that
as a function,

J iR = L(R™ — R™).
Particularly, f’ is not generally a linear operator; only once f’ is evaluated at a point
x € R™ are we guaranteed a linear operator f'(x) € L(R™ — R™).
(2) It is more common to use “continuous limit” notation rather than “sequential limit”
notation when defining the limit. That is, we say that Ay, is the derivative of f at

ro when

lim | f(x0+h) — f(x0) — Ax,hlm

hs0 b, =0

To rigorously understand this continuous limit perspective, realize that by defining

g:R*—=Ras

_ [f(x0+h) = f(x0) = Axohllm

g(h) Tl ’

the continuous limit perspective is simply the limit of the function g as h — 0,
if that limit exists. However, both perspectives agree, so you are free to consider

whichever suits you.

PROPOSITION 8.2.3. Let U be an open subset of R"™ and suppose f: U — R™ is differen-

tiable at xg. Then f is continuous at Xq.
THEOREM 8.2.4. Let U be an open subset of R™ and suppose f: U — R™ is differentiable

at Xg. Then the following hold.

(1) Suppose that g : U — R™ is also differentiable at x¢. Let h : U — R™ be defined as
h(x) = f(x) 4+ g(x). Then h is differentiable at xo and

W (x0) = f'(x0) + g (x0).

(2) ([Inner] Product Rule) Suppose that g : U — R™ is also differentiable at xo. Let
h:U — R be defined as h(x) = (9(x), f(x))m. Then h is differentiable at xo and

1 (x0)() = (g'(x0)(-), f(x0))m + (9(x0), f'(x0) (-))m-
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This notation means that for anyy € R™,

h (x0)y = (g'(x0)y, f(x0))m + (9(x0), f'(%x0)¥)m

In particular, in the case R™ =R,

W (x0)y = [¢'(x0)y] f(x0) + g(x0) [ (x0)y].

(3) (Chain Rule) Suppose that V' is an open subset of R™ containing f(x0) and g : V —
RP is differentiable at f(x0). Let h = go f. Then h is differentiable at xo and

B (x0) = ¢'(f(%0)) o f'(x0)(-).

This notation means that for any y € R,

W (xo)y = g'(f(x0))f (x0)y

Proof. (1) Define Ay, : R — R™ by

Ay = f'(x0) + 9 (x0).

That is, for any y € R", Ax,y = f'(%x0)y + ¢'(x0)y. Moreover, Ay, is linear as it is the sum
of linear operators. For any h € R" sufficiently near 0, such that xo + h € U, the triangle
inequality yields
1./ (x0 + 1) + g(xo +h) — f(x0) — g(x0) — Axoh[,,
L=l

< If(xo +h) = f(x0) = f'(x0)h[m n llg(x0 +h) — g(x0) — ¢'(x0)h[lm
B [kl [kl '

By assumption, the latter two terms converge to 0 as h — 0,. This proves that h = f + g is
differentiable at x¢ and h'(x¢) = Ax,-
(2) Let h € R™ be near enough to 0,, such that xo +h € U. By appropriately adding 0,

(g9(x0 +h), f(x0 +h)) — (g(x0), f(x0))

= (g(x0 +h) — g(x0), f(x0 + h)) + (g9(x0), f(x0 + ) — f(x0)).

Define Ay, : R” — R by

Ao () = (¢’ (%0)(+), f(x0)) + (9(x0), f'(x0)(-))
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which is linear by the (bi-) linearity of the real inner product. Hence

|h(x0 +h) — h(x0) — Ax,h]

[l
_ [{g(x0 4+ h) — g(x0), f(x0 +h)) + (g(x0), f(x0 +h) — f(x0)) — Ax,h|
([
< |(g(x0 + h) — g(x0), f(x0 +h)) — (¢'(x0)h, f(x0))|
- [l
}{g(xo), f(xo+h) — f(x0)) — (g(x0), f/(Xo)h>|
i ]

where the last inequality was an application of the triangle inequality. Our job now will be
to show each term in the final sum converges to 0 as h — 0,,. The second term will be easiest

to deal with. Indeed, by the (bi-)linearity of the inner product and the Cauchy-Schwarz

inequality,
[(g(ox0), F(x0 + ) = £(x0)) = {glx0). S'(xo)l)|  [{g(x0), £ (x0 +h) — (x0) — F'(xo)h)
] ]
lGeo) 1 ox0 + 1) — Foc0) = FGeo)bll _ (£ oo+ B) — fxo) — £/(xo)h]
< ] = llaGo)l ( [n] ) |

By the assumption that f is differentiable at xp, the term in parentheses approaches 0 as
h — 0,. It remains to show that

‘<9(X0 +h) — g(x0), f(x0 + h)> - <9/(X0)ha f(X0)>‘
[l

—0

as h — 0,,. To ease notation, let’s define Apg(xp) = g(x0 + h) — g(x0) and similarly for
Anf(xg) = f(x0+h) — f(x¢). By once again adding 0,
(Ang(x0), f(x0 +h)) = (¢'(x0)h, f(x0))

= (Ang(x0) — ¢'(x0)h, f(x0 + h)) + (¢’ (x0)h, An f(x0))
An application of the Cauchy-Schwarz inequality on the first term of this sum gives

|(Ang(x0) — ¢ (x0)h, f(x0 + h))| N [Ang(x0) — ¢'(x0) |
i < 1o 1] ( 1] )
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The right side of this inequality approaches 0 as h — 0, by the assumption of the differen-
tiability of g. Another application of the Cauchy-Schwarz inequality yields

[{g'(x0)h, Anf(x0))| _ [|AnS(x0)] llg'(xo)hll _ <HAhf(Xo)H ||g’(Xo)\othH>
[l - i - [l

= [Anf(xo)ll llg'(x0)lop-

Since ¢'(xg) is a linear operator defined between finite dimensional vector spaces, the operator
norm ||g'(Xo)||op is finite. Moreover, since f is continuous at xq (since it is differentiable there),
Anf(xp) = 0, as h — 0,, which further implies that ||Anf(x0)|| = ||Om] = 0 as h — 0,
since the norm is continuous. Putting these pieces together, we finally conclude that

|(g(x0 +h) — g(x0), f(x0 4+ h)) — (¢'(x0)h, f(x0))]

—0
[l

as h — 0,, which concludes the proof.

(3) Let us start by making the following observation,

9(f(x0 +h)) — g(f(x0)) — ¢'(f(x0))(f'(x0)h)
= [0 (x0 + 1)) = g (x0) = 9/ (F(x0)) (F(x0 + 1) = F(x0))]
+ [/ (Fx0) (Flx0 + 1) = f(x0)) = g/ (F(x0)) (' (x0)b)

Therefore, by applying the norm and using the triangle inequality

l9(f (0 + ) — g(f(x0)) — g/ ((x >>(f’<><o> )M,

< |lg(f (x0 +h)) = g(f(x0)) — 0)(f(x0+h) = f(x0))]|,
+Hg’(f(><o))(f(><o+h) <><o>) g'(f(x0)) (f' xo)h) [,

= |l9(f (x0 + h)) = g(f(x0)) — 0)) (f(x0 +h) = f(x0))].
+Hg’(f(Xo))(f(Xo+h) f(x0) = f'(xo)h) |,

and the fact that ¢’(f(x¢)) is a bounded linear operator,

< lg(f(xo0 +h)) = g(f(x0)) = ¢'(f (x0)) (f (x0 + h) = f(x0))]],,

+ Hg,(f(Xo))Hop | £(x0 +h) = f(x0) = f'(x0)h||
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Let k = f(xo + h) — f(x0); note that by the continuity of f at xo, k — 0,, as h — 0,.
Rewriting the last inequality with this notation and dividing by |||,
|g(f(x0 + 1)) = g(f(x0)) — ' (f(x0)) (f'(x0)h) ||,
[/

- |l9(f(x0) + k) — g(f(x0)) — ¢'(f(x0))K],,
- (Y

| £(x0 + h) — f(x0) — f'(x0)h]] ,
op I,

+||¢'(f (x0)) |

By the assumption that f is differentiable at xg, the second term on the right hand side
converges to 0 as h — 0,. So it remains to show that

l9(f(x0) + k) — g(f(x0)) — g'(f(x0))K|

m 0 as h — 0,.
[haf|n

If k = 0,,,, then there is nothing to show. If not, we have

|9(f(x0) +k) — g(f(x0)) — g'(f(x0))k]],
bl

_ <|1g<f<xO> k) — g(f(x0)) - g’(f(Xo))ka> L3y

(2.2)

Using the triangle inequality

el _ [1fGeo +0) = f(x0)llm _ [If(x0 +h) = F(x0) = f'(x0) bl [1f(x0) 2 ]lm
[, [l - [l [l

and that f’(xo) is a bounded linear operator

< 1fGo+ 1) = flx0) = F'(x0)hllm (1" (x0)lop [[Brlln

B [h[|n B[l
_ If(x0 +h) — f(x0) — f'(x0)h[[m )
- ”th + Hf (XO)HOP

What is important to note is that in the last equality, the first term converges to 0 as h — 0,,,
and the second remains bounded; particularly, the expression is bounded as h approaches 0,.
This shows that for h sufficiently close to 0, there is some bound C > 0 such that

L3I
<C.
[l
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Since h — 0, = k — 0,, and g is assumed to be differentiable at f(xo), from (2.2)

i l9(f(x0) +Xk) — g(f(x0)) — g'(f (x0) k]|,
hs0, k],

<Hg<f<><o> 1) — g(f(x0)) - g’(f(Xo))ka) 0
il )

< (C lim

k—0m,

which finally finishes the proof. m

PROPOSITION 8.2.5. The following are common examples of differentiable functions.

(1) If A: R™ — R™ is a linear function, then A is differentiable at every x € R™ and
A(x) = A.

(2) Let U be an open subset of R™. If f : U — R™ is a constant function (i.e. there is
some a € R™ such that f(x) = a for every x € U ), then for everyx € U, f'(x) = 0.
Here 0 : R™ — R™ is the zero map 0(x) = Oy,

(3) Suppose that U is an open subset of R™ and f : U — R is differentiable at x¢. Let
v € R™. Then the function g : U — R™ defined by g(x) = f(x) v is differentiable
at xo and g'(x0)(-) = f'(x0)(-) v

(4) Suppose that U is an open subset of R™ and f : U — R™ be differentiable at x¢. Let
v € R™. Then the function g : U — R defined by g(x) = (f(x),V)m is differentiable
at xo and g'(x0)(-) = (f'(x0)(-), V)m-

(5) The function f : R® — R defined by f(x) = ||x||? is differentiable and f'(x)(-) =
2(x,-). This means that for anyy € R", f'(x)y = 2(x,y).

Proof. Exercise 5 (7). m

PROPOSITION 8.2.6. Let U be an open subset of R"™ and suppose f : U — R™. For each
k=1,2,....m, let fr : U — R be the kth component of f, then f = (f1, fay ..., fm). Then f is
differentiable at xg € U if and only if each component fj, is differentiable at xg. In that case,

1 (x0) = (f1(%0), f4(x0), ..y f1,(X0)). This notation means that for anyy € R",

f/(XO)y = (f{ (XO)Y7 fé(xo)yv ) f'//n(XO)Y)

Proof. Let {e;}]", be the standard (orthonormal) basis of R™. Then by Proposition
8.1.5,

Fx) = (f1(x), f2(X), ey frn (%)) = > fi = (f(x),er)m ex.
k=1

k=1
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If each component f; is differentiable at xg, then using Theorem 8.2.4 and Proposition
8.2.5, we have that f is differentiable at x¢ and f’(x¢)(-) = % f1.(x0)(-) ex. Rewriting this
in different terms, this shows that f’(x0) = (f](x0), f4(X0), ],c??’l(xo))

If we assume that f is differentiable at x¢, then for any k = 1,2, ....m, fr(x) = (f(x), €k)m-
By Proposition 8.2.5, we have that f; is differentiable at x¢ and

fr:(x0)(-) = (f'(%0) (), €k )m-

m
Moreover, by another application of Proposition 8.2.5, since f(x) = Y (f(x), ex) ek,
k=1

Flx0)() =D _(F'(x0)(), ex) ex.
k=1
Therefore, comparing terms, we have f'(x0)(:) = > f5.(%0)(-) ex. Rewriting in different no-
k=1
tation, this shows that f'(x¢) = (f](x0), f5(X0)s---s 1, (X0)). We have thus shown that f

is differentiable at x¢ if and only if each component is differentiable, and that f/(x¢) =

(f{(X0)7 fé(XO)a ) f’r/n(XO)) u

3. Directional and Partial Derivatives

When first exposed to vectors, students often learn to interpret them as an object with
two quantities: direction and magnitude. While this concept may be hard to picture in more
general vector spaces than R™, it is an apt description for the points (vectors) v € R" for
many practical purposes; to name just a few: describing velocities, accelerations, forces, and
momenta. What we will be interested in for this section is how to find the “rate of change
of a function in the direction of a given vector.” Particularly, picture f : R?> — R as an
“elevation map” of some terrain; here R? can be understood as the latitude and longitude
coordinates, and for a particular (z,y) € R?, f(x,y) gives the elevation at that point. Given
a point (vector) v € R?, imagine at the location (z,y) you are moving over the terrain with
velocity v (this velocity is with respect to the latitude-longitude plane R?). If you ask the
reasonable question, “what is the rate of change in my elevation as I pass through the point
(z,y) at velocity v?” then the answer is given by the directional derivative of f at (x,y) with

respect to v. We now work to make this a rigorous mathematical theory.
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DEFINITION 8.3.1. Let U be an open subset of R"”, xg € U, v € R", and f: U — R™.

The directional derivative of f at xg with respect to v is defined a

lim f(xo+1t-v)— f(xo0)
t—0 t

whenever this limit exists. Note that ¢ is running through values in R.

NoOTATION 8.3.2. Because of the similarity to a real derivative, we often shorthand the
limit as

f(xo+1t-v)— f(xo)
t

dtlo! o+ tv) =i

0
If the directional derivative does exist, we will denote it by a—(xo).
v

For the remainder of this section, U will be an open subset of R, xg € U, and f : U — R™.

REMARK 8.3.3. Note welll If the directional derivative %(Xo) exists, then it is in the

codomain of f, i.e. %(Xo) € R™. Indeed, another way to write the limit which might make
this more apparent is

9 V) —
(f){,(xo) = lim flxo 2t :) f(xo) = lim % (fxo+t-v)— f(x0)).

The fact that we are using scalar multiplication here means that we can get away without

using norms as we were forced to do in the case of a general derivative. Moreover, what this

means is that if g—é(x) exists for every x € U, then we consider g—{ a function g—{ U —=-R™

in the familiar way. O

PROPOSITION 8.3.4. Suppose that U is an open subset of R™ and f : U — R™ is has

components f; fori=1,2,....m. Then g—{,(xo) exists if and only if %{j (x0) ewists for each i.

If this is the case, then jth component of %(Xo) 18 %(Xo); that is,

of (0

(3.1) o (x0) = (av (X0), sy %’z”(xo)).

Proof. This is immediate once one realizes that

fo+t-v) = f(x0) _ (fl(Xo +t-v) = fi(xo)  fm(xo+t-v)— fm(XO))
; ; ; .

Therefore the limit as ¢ — 0 on the lefthand side exists if and only if it does for each

component on the righthand side, and when the limit does exist, it results in (3.1). m
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THEOREM 8.3.5. If f is differentiable at xq, then given any v € R"™, the directional

derivative f(xo) exists. Moreover,

g%(xo) = f'(xo0)v.

Proof. By the assumption that f is differentiable at xo, we have that f/(x¢) € L(R™ —

R™) exists and
Gt v) = F0) = P 0) (V)

Py It -]

=0.

Using the properties of norms and the linearity of f’(xg), for any ¢t # 0,
1f (0 +t-v) — f(x0) = [/ (x0)(t - V)|Im

[t vl
_ ‘f xg+t-v) — f(x0) —t- f'(x0)v
|VHn t m
||V||n ‘f X+t :) f(x0) — f'(xo)v

Since as t — 0 the first term goes to 0, this forces all terms in the equality to converge to 0,

which in particular means

tev) —
hrn f(XO + V) f(XO) _ f/(x())v — 0
t—0 t m
which is equivalent to
lim oo tt-v) — J(xo) = f'(x0)v.
t—0 t

This proves that g—é(xo) exists and equals f/(xg)v. m

REMARK 8.3.6. A calculational observation that is often utilized is the following: Suppose
that U is an open subset of R", f : U — R and g—f,(xo) exists. Let J C R be some interval
containing 0 which is sufficiently small that for every t € J, xg +t-v € U. We then define
the auxilery function ¢ : J — R by ¢(t) = f(xo + ¢ - v). What’s to notice now is that the

existence of g—{:(xo) is equivalent to the existence of Z—f(O) and

dp o e) —9(0) . fxo+tv) = f(xo) _ Of
A : = v
(Remember here that we use Z—f to give the scalar-valued derivative of ). t

THEOREM 8.3.7 (Mean Value Theorem). Let U be an open subset of R™, v € R", x € U,

and f : U — R™. Suppose that % exists at all points in some open neighborhood V of
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U. If t > 0 is small enough that x + s-v € V for all s € [0,t], then there exists some
0 = (01,...,0m,) € R™ with 0; € [0,t] for each i and

Foct ) = 160 =t (Pt o), T 10,0,

In particular, if m =1 (i.e. f:U — R), then there is some 0 € [0,t] such that

fx+tv)— f(x)=t- g“f/(x—f—ev)

Proof. Let k € {1,2,...,m} and let J = [0,¢{] C R. Define ¢ : J — R as ¢i(s) =

of

I (XO +5-v). An assumption of the problem is that I exists at all points in V' which implies

that 7 exists for all points s € J (since xg 4 s-v € V for every s € J). Moreover,

d@() of

o v ——(xo+s-V).

Using the standard mean value theorem, we know that there exists some 6y, € [0, ¢] such that

dyp
p(t) —p(0) =t —(0k)

which is equivalent to
O fr
fe(xo+t-v)— fr(xo) =t- a‘}; (x0 + Ok - v).
Since k was arbitrary, we have shown that there exist 61,6s, ...,0,, € [0,t] such that

f(xo+1t-v)— f(x0)

= (filxo +1t-v) = fi(x0), fa(x0 + V) = fa(X0), ey fu(¥0 + - V) — fu(x0))

‘. <3f1 Ofm

ov T Ov v X va))

(x+01v),..

NoTATION 8.3.8. Let v,w € R". It is perfectly possible that the directional derivative
8f v might be differentiable with respect to v at some point x¢ in the domain. In this case we

typically write
71 (x0)
ovow 0

2 ()

to mean
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PROPOSITION 8.3.9. Let U C R", xg € U, v,w € R”, and f : U — R™. Suppose that

2 . . . . .
a?,—al; exists in some neighborhood of xg and is continuous at xXg. Then

7 (Xo):hmf(XOH'(V+W))_f(XO‘H‘V)_f(X0+t'W)+f(Xo)

(3.2) ovow =50 12

Proof. As in the proof of the mean value theorem, it suffices to show that (3.2) holds
for an arbitrary component fj of f, so it suffices to just assume that f: U — R; we assume
this for the remainder of the proof. Let’s also start with the assumption that U = R" solely

for scaling reasons. For a fixed t € R, we also define ¢ : R — R by
()= f(xo+t-v+s-w)— f(xo+s-w).
Then

Y(t) —9(0) = f(xo+t-(v+w))— f(xo+t-v) = f(xo+1t W)+ f(x0),

which we recognize is the numerator of the righthand side of (3.2). Using the mean value

theorem in R, there exists s; € [0,¢] such that ¢ (t) —(0) = ¢ - %(st). Moreover,

%(st):S—V{I(Xo+t-v+st-w)—g—v{/(xo+st-w).

By another application of the mean value theorem applied to the righthand side of the last

equality viewed as a function of in the variable ¢ with s; held fixed, there is some r; € [0, ]

such that

dy B 0*f

E(St) =t- 8V8W(XO +7r Vvt s w).
Putting these pieces together, we have

L, s OPf
Ut —9(0) =t L) = 8 g v s w),
Therefore
U(t) —v(0) _ Pf () —w(0) 9%
t2 - Ovow (ko +re-vse-w) = }/1—13(1) t2 -~ Ovow (xo)-

The last equality used the fact that both r — 0 and s; — 0 as t — 0, and the continuity

assumption of the second partial derivative implies that since (xg+7¢- v+ s+ W) — X, then

2 2
838]:’V(X0+rt-v—l—st-w) — 8?/8];/()(0)' ]
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THEOREM 8.3.10 (Mixed Partials Commute). Let U C R", x9 € U, v,w € R", and

f:U = R™. Suppose that both 8?/28& and aejgv exist in some neighborhood of xo are are

continuous at xg. Then
& (x0) = st (x0)
ovow T gwov

Proof. Equation (3.2) is symmetric in v and w, which implies the claim. Details are left

as an exercise (see Exercise 5 (9)). m

3.1. Gradient and Jacobian Matrix. For this section, U will be an open subset of

R" xo € U.

DEFINITION 8.3.11. Let {ey}}_, be the standard basis in R™. Suppose f : U — R. For

each k =1, 2,...,n, The directional derivative aaeJ; (xp) is called a partial derivative of f at xg
when it exists. Often, to be more explicit, we say that aaTk is the partial derivative of f in

the e, direction.

NOTATION 8.3.12. It is much more common to use a slightly altered notation when dealing

with partial derivatives, here is a list of some of the most common for ac%:

of
ai.l_k? kaa f,k’
(the comma before the k in the last expression is intentional!) If n = 2 or 3 the dominant

notation is

of of
gy OF Ju for de;
of of
aiy or fy fOI‘ 8782
of of
5z O J= for des

It is also extremely common to let the notation be governed by the choice of symbol for
independent variables. For example, if you consider f to be a function of the variables (r, ),
of af

i.e. you write f(r,0), then it is common to use % or f, for Jor and % or fy for 887’;.

DEFINITION 8.3.13. Suppose that f : U — R is differentiable at the point xg. Then the
gradient of f at x¢, denoted V f(xp), is the unique vector in R™ such that

f'(x0)v = (Vf(x0),v)
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for every v € R™. As usual, if f is differentiable within some subset V' C U, we consider V f

to be the function Vf : V' — R” given by x — V f(x).
LEMMA 8.3.14. The gradient is well-defined.

Proof. If f: U — R is differentiable at xq, then f/(xg) is a linear map from R" to R.
In other words, f’(xo) is a bounded linear functional on R™ (i.e. f'(x¢) € (R")"). Since R"
is a Hilbert space, the Riesz representation theorem (see Theorem 7.7.2) implies that there

exists a unique vector in V f(xg) € R™ such that

f'(x0)v = (V f(x0),V)

for every v e R". m

THEOREM 8.3.15. Suppose that f : U — R is differentiable at xq. Then
of of — Of
VI a0) = (G- (x0) o (o)) = D 5 (xo) e
where {e;}_, is the standard basis in R™. In particular, for any v = (vi,...,v,) € R",

J'(xo)v = (V] (xa). Z o x

Proof. Let {e}}_, be the standard basis in R”. Let v € R™ be arbitrary; we can then
n

write v. = Y v - e, where for each k, vy is the kth component of v. Using the linearity of

k=1
1'(x0), we have f'(xq)v = i v - f'(x0)eg. Using Theorem 8.3.5,
k=1
0
f'(xo)ey, = &;i(xo)

and the right hand side is just different notation for f;, (xo). Therefore,

o)V = 3 For(x0)ve = D fur (x0)(er, v) = (D fu (x0)en, v )
k=1

k=1 k=1

M=

By the definition of the gradient, we conclude that V f(xg) = > fz,.(x0) - e, =

k=1

COROLLARY 8.3.16. Suppose that g : U — R™ is differentiable at xo and for each k =
1,2,...,m, gi is the kth component of g. Define the matriz Dg(x¢) such that for each k =
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1,2,...,m, the kth row of Dg(xg) is given by Vgi(xo). Explicitly

%(X ) %(X ) e %(X )
Va1(x0) o, ’ 9z ’ oz, 0
g2 92 92
Dg(Xo) _ VQQ'(XO) _ 8.731 (XO) 3x2 (XO) axn (XO)
in(XO) % % 8gm
01 (xo) 0z (xo) 0y, (xo)
For any v = (v1,...,v,) € R™, written as a column vector,
g1 g1 g1
u) (00, ™ g5, 5, ) [
vy @(Xo) %(Xo) . @(Xo) v
g (x0)v=Dg(x0) | | = 81‘1' Oz Oy,
Ogn Ogn Ogn
Un —Jn —Jn R i Un
8931 (XO) 3562 (XO) (‘)xn (XO)

where the right hand side is to be interpreted using matriz multiplication. Put another way,
using the standard bases in R™ and R™, the matriz representation of the linear operator g'(xo)

is Dg(x0).

Proof. By Proposition 8.2.6, ¢'(x0)v = (¢1(%0)V, ..., g1, (x0)v) for any v € R™. By
Theorem 8.3.15, g;.(x0)v = (Vgi(xo),v) for each k = 1,2,...,m. The definition of matrix
multiplication yields that the matrix Dg(x() multiplied on the right by v results in the vector
((Vgr(x0), V), ..., (Vgn(x0),v)). Putting these pieces together,

9 (x0)v = (91(%0)V, -y g (%0)V) = ((Vgk(%0), V), -+ (Vgn(X0), v)) = Dg(x0)Vv
which concludes the proof. =

DEFINITION 8.3.17. The matrix Dg is called the Jacobian (or Jacobian matrix) of g.
Another common name is the total derivative matrix of g. When Dg(x) exists for all x €
V C U, then we consider Dg as a function with domain V. From this perspective, then
components of the matrix Dg can also be viewed as functions from V to R, which we will

call the component functions of Dg.

REMARK 8.3.18. Note that interpreting the gradient Vf as a row vector, we have V f

and Df are the same. A nice perspective to take away from this is the following. When
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originally introduced to derivatives of functions f : R — R, we find a scalar value %((E()) eR
for each fixed xyp € R. However, if the derivative exists at multiple points, we consider j—f as a
function itself. Now, the “best” analogue of this obJect in higher dimensions f : R™ — R™
is the Jacobian matrix D f (or the gradient when m = 1). As in the one-dimensional case, we
can write D f explicitly and easily see how it is a function on all values which it is defined.
Further, just like in the one-dimensional case where we have f'(z¢)(v) = %(wo)v where the
righthand side is scalar multiplication, in higher dimensions we have f’(x¢)(v) = Df(xo)v

where the righthand side is matrix multiplication. g

THEOREM 8.3.19. Suppose that the partial derivatives or Of . axn of f:U — R exist

8:171 ) Oz’

in some neighborhood of xg and are continuous at xg. Then f is differentiable at xg.

Proof. We will prove this is true in the case n = 2 from which it will be clear that it
holds in higher dimensions. As is standard for n = 2, we will write f, for g—fl and f, for
(‘;97];' Let xg = (7,y) and h = (hy, ha) # (0,0). Define the linear operator Ay, : R? — R by
Axo(v1,v2) = fo(x0)v1 + fy(x0)ve. We will show that

‘f(XO + h) — f(XO) — Axoh’

lim = 0.
h—(0,0) [h

First considering the numerator for sufficiently small h,

f(xo+h) = f(x0) = Axch = f(z + h1,y + ha) = f(z,y) = fa(@,y)h1 — fy(z, y)he

= (f(z+hi,y+ho) = f(z,y + ha) = fula,y)ha) + (f(a,y + h2) — f(z,y) — fy(2,y)h2)
= (fulz + 01,y + ho)h1 — folz,y)h1) + (fy(z,y + 02)ha — fy(z,y)ha)

= (folz + 01,y + ha) — fa(@,9)) b1 + (fy(z,y + 02) — fy(z,9))he.

where we arrived at the second equality by adding 0 and the third equality by applying the
mean value theorem with 6; € [0, h1] and 02 € [0, he]. Applying the triangle inequality,
|f(x0 +h) — f(x0) — Ax,h
[l
< Malz 00yt ho) = falwyllimal | [fy(z,y +02) = fy(@ y)l Bl
- [ [l

‘fy (x,y+62) — fy(x7y)‘-

thl hH
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By the assumption of continuity of f, and f, at xo = (z,y), we have that |f(x+61,y+ha) —
fz(x,y)] = 0ash — (0,0) (since this implies that #; — 0 and hy — 0), and similarly | f,(x, y+
02) — fz(x,y)] = 0 as h — (0,0). Moreover |h1|/||h|| <1 and |ha|/||h|| < 1. Therefore, both
terms in the final sum converge to 0 as h — (0,0), proving that f is differentiable at xo (and

1’ (x0) = Ax,, but we already knew that from Theorem 8.3.15). m

COROLLARY 8.3.20. Suppose that g : U — R™ and for each k = 1,2, ..., m the partial

derivatives g—a’;’:, s g% exist within some neighborhood of xo and are continuous at xo. Then

g 1s differentiable at xg.

Proof. By Proposition 8.2.6, g is differentiable at x¢ if and only if g is differentiable
at xg for each k = 1,2,...,m. By the assumption of continuous partial derivatives on the
components of g, we can apply Theorem 8.3.19 to each component g, to conclude that each

componenet g is differentiable at xg, which concludes the proof. =

3.2. An Extremal Property of the Derivative. For this section we let U be an open

subset of R™, xg € U, f: U — R™, and for each k = 1,2, ..., m, let f; be the kth component
of f.

PROPOSITION 8.3.21. Suppose that f is differentiable at xy. Then the following are equiv-
alent:
1) f'(x0) = 0 (here, as usual, 0 : R™ — R™ is the zero map 0(x) = 0y, ).
2) Forallk=1,2,...mandxz=1,2,....n, %’Z(xo) =0.

(1)
(2)
(3) Forallk=1,2,....,m, V fr(x0) = 0y, the zero vector in R™.
(4)

4) Df(xg) is the m x n zero matriz.

DEFINITION 8.3.22. If f is differentiable at xg such that f’(xg) = 0 (or any of the

equivalent conditions of Proposition 8.3.21), then x is called a critical point of f.

DEFINITION 8.3.23. A function g : U — R is said to have a local maximum at xg when
there exists some neighborhood V' C U of x¢ such that g(x) < g(x¢) holds for all x € V.
Similarly, we say that g has a local minimum at xo when there exists some neighborhood

S C U of x¢) such that g(x) > g(x¢) holds for all x € S.

THEOREM 8.3.24. Suppose that g : U — R is differentiable at xo and has a local mazimum

or minimum at xXg. Then xq is a critical point of g.
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3.3. Some notes about the derivative ¢’ : V — L(R" — R™) as a function.
Suppose g : U — R™ is differentiable at all points in some open subset V' C U. Then ¢ :
V — L(R™ — R™) is a function from the metric space V' to the Banach space L(R" — R™).
At this point, we have much technology built up to analyze functions between metric spaces
and Banach spaces, so we can apply this technology to ¢’. For this section we will focus

mostly on continuity properties.

ProposITION 8.3.25. Suppose that g : U — R™ is differentiable in some open subset

V C U, and xqg € V. Then the following are equivalent.

(1) The derivative ¢’ : V — L(R™ — R™) is continuous at Xo when endowing L(R™ —
R™) with the operator norm. That is, given any € > 0 there exists some § > 0 such
that if |Ixo — Xl < & then | f/(x0) = F()]lop < <.

(2) For allk =1,2,....m and all i = 1,2,...,n, the partial derivatives % :V >R are
all continuous at Xg.

(3) For all k =1,2,...,m, the gradients of each component Vgi : V. — R™ are continu-
ous at Xg.

(4) All component functions of the matriz Dg are continuous at Xg.

DEFINITION 8.3.26. Suppose that f is differentiable at xg € U. Then we say f is con-
tinuously differentiable at xy when there exists a neighborhood V' of x( such that any of the

equivalent conditions of Proposition 8.3.25 hold.

4. Inverse and Implicit Function Theorems

Suppose that A is an open subset of R™ and B is an open subset of R™. Then Ax B C R™x
R™ (identified with R"*™). We will denote points in A X B as (X,y) = (1, ...; T, Y15 -+, Ym)
with x € Aandy € B. Let g : A x B — RP with components g; for i = 1,2, ..., p. For each
fixed x, we have the induced function ¢g* : B — RP defined by ¢*(y) = g(x,y); similarly, for
each fixed y € B, we have the induced function ¢¥ : A — RP defined by ¢¥(x) = g(x,y). It
is often useful to consider the properties of these induced functions. To that end, we make

the following definition.
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NOTATION 8.4.1. Suppose that for some xo € A, ¢*° is differentiable at the point yo € B,

we write Dy g(Xo,yo0) as the Jacobian matrix of g*° at the point yo. That is,

0 15) 0
ﬂ(XOJO) ﬂ(XOaYO) i(XOJ’O)
oy gyz %ym
N TQQ(X(},YO) 8792(3(0;}’0) %(XOQ’O)
Dy g(x0,y0) = Dg™(yo) = | Y1 Y2 Ym '
99 99p 9gp
8y1 (X07 YO) 8y2 (X07 yO) 8ym (X07 YO)

Similarly, when there is some yg € B

such that g¥o

on

is differentiable at xg € A, then we write

on

og1

TM(XOJ’O) TM(XOJ’O) T%(XOJ’O)

092 092 092

8 (X07y0) T(X():y()) T(XﬂvyO)
Dxg(x0,y0) = Dg*°(x0) = | 9%1 T2 Tm .

99p 99p 9g9p

O (X07YO) do (Xo,yo) oz, (XOaYO)

Intuitively, we think of Dy and Dy as taking the derivatives in the y and x variables respec-

tively.

THEOREM 8.4.2 (Inverse Function Theorem). Let U be an open subset of R", xo € U,
and f : U — R™. Suppose that [ is continuously differentiable in U and f'(x¢) : R" — R"”
is invertible. Then there exists a neighborhood U C U of xo and a neighborhood V- C R™ of
f(xo) such that the following hold:

(1) the restriction f : U — V is a bijection,
(2) the inverse f~1:V — U is continuously differentiable in V, and

3) (f Yy = f/(ffl(}’))f1 for everyy € V.

Proof. We will start by proving a simpler case, and from there deduce the general
statement.
Case 1: Assume that f'(x¢) = I, where I is the identity operator: I(x) = x for all x € R".
Find § > 0 small enough that B(xg,2d) C U and such that for all x € B(xg,26), both
|| f(x) — f(x0)]] <1/4 and ||f'(x) — I|lop < 1/4 (we can find such a ¢ since U is open and f
is assumed continuously differentiable with f’(xg) = I). For x € U, define ¢ (x) = f(x) — x;
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then ¢/(x) = f’(x) — I. This implies that for any x,x + h € B(xo, 26),
1
(4.1) I (e +h) =)l < 5k

Define V = B(f(x¢),0) and U = {x € B(x0,20) s.t. f(x) € f/} = f~YV) N B(xo, 29).
We will show that f : U — V is a bijection. Given the definition of U, this boils down
to proving that given any y € V there exists a unique x € B(xg, 2d) such that f(x) = y.
We prove this using the contraction mapping theorem 6.8.3. Indeed, fix y € V. For every
x € B(xq,20), let T(x) = x + (y — f(x)). For x* € B(x¢,26), f(x*) = y if and only if
T(x*) = x*, i.e. if and only if x* is a fixed point of T'. Since B(xg,26) is a closed subset of
the complete metric space R", it is a complete metric space. So, if we can show i) that T :
B(x0,268) — B(xq,2d), and ii) there exists some k € (0, 1) such that for all x,y € B(xo, 24),
IT(x) —T(y)|| < k||x—y||, then we can apply the contraction mapping theorem to conclude
that there is a unique fixed point x* € B(xq, 2d) such that T(x*) = x*; equivalently, there is
a unique x* € B(xo, 26) such that f(x*) =y.

For i) Let x € B(x0,26), and set h = xg — x

I7(x) = xoll = [Ix + (y = f(x)) = xoll = | (x = f(x) + f(x0) — x0) + (y — f(x0))]

< £0c+ ) = 6~ bl + lly = F0xo)l| < 5 Ibll +6 < 6+ 6 =25

The final two inequalities come from (4.1), the fact that y € V = B(f(x¢),d), and that
|h|| = |[|x — %o|| < 26. What this shows is that for any x € B(xg,26), T'(x) € B(xo,2).

For ii) let x,y € B(xg,2d) and set h = y —x. Then we have T(y) — T(x) = —((x +
h) —1(x)). By (4.1), this implies

IT(y) = TG = 0x +h) — v} < 5| = 5y x|

This proves that T : B(xg, 20) — B(xo,26) is a contraction mapping on the complete metric
space B(xg,20), and hence the claim of bijectivity of f: U — V. m

One application of the Inverse Function Theorem is the Implicit Function Theorem, which
we have all many times in our past, unaware of the details surrounding seemingly algebraic

manipulation.

ExXAMPLE 8.4.3. We present this example formally as one might see in an elementary

calculus class. Using implicit differentiation, let’s find the slope % of the graph z? +y? = 25
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at the point (z,y) = (4,3). To do so, let g : R x R — R be defined by g(x,y) = 22 + y? and
notice we are looking at the equation g(x,y) = 25. Using the chain rule

d dy

%(g(w,y) =25) = g.(z,y) +gy(zy)o =0
Solving for %,
dy 9z(T,y)
4.2 —(z,y) = — .
(4.2) dx( ) gy(7,y)

From here, ¢,(4,3) = 2(4) = 8 and g,(4,3) = 2(3) = 6. Therefore,

dy 4
—(4,3) = ——.

O

REMARK 8.4.4. Let’s make some notes about some of the manipulations used in the last
example. The first is that when looking at the equation g(z,y) = 25, we implicitly assume
there is some function h(z) such that y = h(z); at least near the point (4,3) we can use the
equation 2 + y? = 25 to “solve for” y = /25 — 22 = h(zx). Particularly, near (z,y) = (4,3),
we are assuming we can write g(x,y) = 25 as g(x, h(x)) = 25.

Another something to point out is that when solving for dh/dz (aka dy/dx), we arrived

at (4.2),
dh 9:(7,y)

%(l',y) = _gy(x7y)

Particularly, we need that g,(z,y) # 0 for (x,y) near (4, 3); this requirement is equivalent to

saying gy (z,y) is invertible near (x,y) = (4,3). O

THEOREM 8.4.5 (Implicit Function Theorem). Let A and B be open subsets of R™ and R™
and g: Ax B — R™. Let (x0,y0) € AX B and a = g(xg,yo). Suppose that g is continuously
differentiable in Ax B and Dy g(Xo,yo) is invertible. Then there exists a neighborhood AcA
of xo and a function h: A — R™ such that the following hold:

(1) h(x0) = yo,
(2) g(x,h(x)) =a for allx € A, and
(3) h is continuously differentiable in A.

Proof. Let f: A x B — R" be defined by f(x,y) = (x,9(x,y)). Then f is continu-
ously differentiable on A x B and f'(xg,yo) is invertible. Indeed, we that D f(xg,yo) is the
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block matrix

Df(x0,y0) = o Doan
Omxn  Dyg(x0,¥0)
where I« is the n x n identity, O,xm is the n X m zero matrix, and similarly for O, x,. The
assumption that Dy g(xo,yo) is invertible implies that D f(xo,yo) is an invertible matrix,
which is equivalent to the invertibility of f’(xg,yo). Therefore, the inverse function theorem
tells us that there are open subsets U C A x B and V C R"™™ such that (xg,yo) € U,
f:U — V is a bijection, and f~!:V — U is continuously differentiable. Since U C A x B,
there are component functions k; : V. — A and kg : V — B such that f=' = (ki,k2).
For any (x,v) € V, f(f~'(x,v)) = (x,v); however, f(f 1(x,v)) = f(ki(x,V), ka(x,v)) =
(k1(x,v), g(k1(x,Vv), k2(x,v))). By equating these two expressions for f(f~!(x,v)), we learn
that i) k1(x,v) = x and ii) every x component of the vectors in V' must coincide with the x

components of the vectors in U; that is,
{x e R" s.t. (x,v) € V for some v € R"} = {x € R" s.t. (x,y) € U for some y € R"}.

From here, (x,v) = f(x, k2(x,V)) = (x, g(x, k2(x, v))) from which we learn the g(x, k2(x,Vv)) =
v. Let (xq,vo) € V such that f~!(xp,vo) = (x0,y0) (We can find such a vq since f~! :
V — U is a bijection and (xo,y0) € U); particularly, ka(xo,vo) = yo. Let A be de-
fined by A = {x € As.t. (x,vo) € V}. For every x € A, g(x,k2(x,vo)) = vo. However,
g(x0, k2(x0,v0)) = g(X0,¥0) = a. Hence vy = a and for every x € A, g(x, ko(x,a)) = a.
Define h : A — R™ by h(x) = ka(x,a). We now have that h(xg) = yo and for every x € A,
g(x,h(x)) = a. It remains to prove that h is continuously differentiable in A. However, when
we appealed to the inverse function theorem, the inverse function f~! we found was contin-
uously differentiable. In turn this implies the continuous differentiability of the components

k1 and ko, and hence of h since h(x) = ka(x,a). ®

5. Exercises

(1) Prove Proposition 8.1.4 directly by showing that {e;}}_, is an orthonormal set such
n
that for every x € R™ we have x = ) (x, ej) e,. Justify that once you prove this,
k=1
you can conclude that {ej}}_, is an orthonormal basis of R".

(2) Prove Proposition 8.1.5
(3) Let f: R — R and 2y € R.
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(a) Prove that f is differentiable at zy in the sense of Definition 8.2.1 if and only
if f is differentiable at z( in the way defined in elementary calculus (Definition
5.1.1).

(b) In the case that f is differentiable at g, let Az, be the scalar value you would
assign to f’(zg) in a calculus course and let A,, be the linear operator you
would assign to f’(zg) through Definition 8.2.1. For each 2 € R, give an explicit
formula for Ay, in terms of A\, and z.

(4) Let m : R? — R be the multiplication function: m(z,y) = xy. For any (zg,%0) € R
show that the derivative m/(xg,y0) € L(R? — R) is given by

m' (20, 40)(,y) = yox + xoy for all (z,y) € R%.

(5) Let a : R? — R be the addition function: a(x,y) = x +y. For any (x¢,%0) € R, find
the derivative a’(xg,yo) and evaluate a'(m,e)(1,0).

(6) Let f:R — R3 be defined by

f(z) = (er2+1, /x et dt, 5).
0

For any zo € R, find the derivative f’(z¢) € L(R — R?) and evaluate f'(1/In(2))3.
(7) (a) Prove Proposition 8.2.5 (1).
(b) Prove Proposition 8.2.5 (2).
(¢) Prove Proposition 8.2.5 (3).
(d) Prove Proposition 8.2.5 (4).
(e) Prove Proposition 8.2.5 (5).
(8) For the given function f and given values of x¢ and v, calculate g—é(xo):
(a) f:R%— R? defined by f(s,t) = (cos(s + t),es2t,t); v = (1,2); xo = (1,0).
(b) f:R3 — R defined by f(r,s,t) = r?sin(st); v = (1,0,0); xo = (—1,37/2,1).
(c) f:R — R defined by f(t) = *™; v = 1; xo = t. In fact, what you show here
is that Z—{(t) = %(t) (this is true in general for differentiable functions R — R
with our notation), though the notation %(t) will never again be used in these
notes.

(9) Fill in the details of the proof of Theorem 8.3.10.
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(10)

(11)

(12)
(13)
(14)

(16)
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Let f: R? — R be defined by

S 2—82
W) (s,t) #(0,0)

0 (s,t) =0

f(S,t) =

Let e; = (1,0) and ez = (0,1). Show that 8e 66 (0,0) and f (0,0) exist, but

8e28e
are unequal.
Let f : R? — R? be defined as f(s,t) = (s? 4 t?,s% — t?). Prove that there exist
01,02 € [0,2] such that

24
a(1,2)

of
a(1,2)

f(3,5)—f(1,1):2-( (1+ 61,1+ 261), (1+92,1+292))

and find such values 6; and 6.

Prove Corollary 8.3.16.

Prove Corollary 8.3.20. Hint: Look at Proposition 8.2.6.

In the proof of Theorem 8.3.19, we write, “First considering the numerator for
sufficiently small h..” What this means is that there is some £ > 0 such that the
statement holds for ||h|| < e. Why do we need sufficiently small h? How would you
choose this epsilon?

Let U be an open subset of R™ and f : U — R. Suppose that f is differentiable at
xo = (a1, az,...,a,) € U. For a fixed k, let ¢(t) = f(a1,...,ax_1,t, 011, ..., Ty) for t
in a sufficiently small neighborhood J of ay; we can choose J = (ay — €,ax + ) for
some € > 0 such that for all t € J, (aq,...,ax_1,t, axi1, ..., Tn) € U.

(a) Prove that d‘p( k) = gxf (x0). (Recall that we use ‘é—‘f(ak) as the scalar value
identification of the derivative).

(b) In calculus, you mechanically learn that the partial derivative f;, is “taking
the derivative in the xj variable with all others held fixed.” Briefly explain why
part a is a proof of this statement.

(c) Let f : R? — R be defined by f(x,y) = e**¥sin(cos(zy) + 1). Find f.(z,y)
and f,(x,y) and make sure to justify how you arrive at your solution. You may
assume that the standard functions e”, sin(z), and cos(z) are differentiable on

. . . de® _ g dsin(z) dcos(z)
R with derivatives 7~ = e*, == = cos(z), and =~ =

— sin(x).
Suppose that U is an open subset of R. Let f : U — R and assume f is differentiable

at g € R. We have made a “big deal” about the identification of the derivative of
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[ at xg as a linear operator f’(x) as opposed to the identification of the derivative
as a scalar %(wo). More generally, if V' is an open subset of R” and g : V — R
is differentiable at xg, this same type of identification can be made between the
linear operator ¢'(xg) and the vector Vg(xg). For this problem, show that this is a
reasonable generalized identification by proving that %(mo) = Vf(z) (note that by
definition V f(z) is a vector in R, but a vector in R is just a scalar!).

We continue along the same lines as the previous problem. Let U be an open subset
of R" and f : U — R. Assume f is differentiable at xq. Show that D f(x¢) = V f(x0)
(identifying the 1 x n matrix D f(xg) as a vector and V f(xg) as a row vector).

Let U = (0,00) x (0,27) x (=7, 7) C R? and g : U — R? be defined as

g(r,0,¢) = (r cos(#) sin(¢), rsin(0) sin(¢), r cos(¢)).

a) Find Dg(r,0, ¢).
b) Let {ex}3_, be the standard basis in R3. Find ;egk(r, 0,¢) for k=1,2,3.
c¢) Let v = (—1,10,5) and xo = (1,7,0). Find the directional derivative of ¢g at the
point xg with respect to v. That is, find g;qf(xo).
Let U C R™ be an open subset and suppose that f: U — R™ is differentiable. Let
V C R™ be an open subset containing the image f(U) and suppose g : V' — RP is
differentiable. Prove that for any x € U, it holds that D(go f)(x) = Dg(f(x))D f(x),
where the righthand side is matrix multiplication. Use this to further prove that
if p =1 (so that g : R™ — R), then V(g o f)(x) = Vg(f(x))Df(x), where the
righthand side is matrix multiplication of the row vector Vg(f(x)) and the matrix
Df(x).
Let x : R — R and y : R — R be continuously differentiable functions for ¢ = 1,2,
and let f : R> — R be continuously differentiable. Define the function g : R — R by
g(t) = f((t), y(t)). Prove

W10 = S (o)) G0+ 5 (@l u0) T 0.

This is a justification of the chain rule abusively written (but oft used) as

dr_0fde Of dy
dt — Oxdt Oy dt’

Generalize this chain rule to a function f : R” — R and prove its validity.
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(21)

(22)
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Let U C R? be the right half plane U = {(z,y) € R? s.t. 2 > 0}. Define the func-
tions r : U — Rand 0 : U — R by r(z,y) = /22 + y2 and 6(z,y) = arctan(y/z).
Define the function f : R? — R? by f(z,y) = 22 (cos(y),sin(y)). Find the total de-
rivative matrix D f(r,0) at all points in U. That is, find the total derivative matrix
for the function f(r,0) : U — R? with f(r,0)(z,y) = f(r(x,y),0(x,y)). Hint: Let
g(z,y) = (r(x,y),0(x,y)) and notice you are finding D(f o g).

Suppose that f : R"™ — R™ is a function such that f’(x) is invertible for every
x € R™. Prove that for any open subset U C R", the image f(U) is an open subset
of R™. (Such maps where the image of open sets are open are called open maps).

Hint: Inverse function theorem.

For some a,b € (0,00), let f: R? = R be defined by
22 2
flay)=—5+ 15

Using the implicit function theorem, find all points (z,y) € R? such that there is an

interval J containing x and a continuously differentiable function A : J — R such

that f(z,h(x)) =1 for every x € J. Further, find distinct formulae for the function

h.

In this problem we prove that if a function f : R? — R is continuously differentiable

and there exists some § > 0 such that g—i(az, y) > 6 for every (z,y) € R?, then there

exists a continuously differentiable function i : R — R such that f(x,h(z)) = 0 for

every = € R, and moreover, if f(z,y) = 0, then h(z) = y.

(a) Prove that if g : R — R is continuously differentiable and ¢'(x) > § for every
x € R, then there is a unique point g € R such that g(z¢) = 0.

(b) Prove the existence of a function h : R — R such that f(z,h(z)) = 0 for every
x € R. Hint: For each fixed x € R, apply the previous part to the function
9(y) = f(z,y).

(c) Show that the function & : R — R you found in the previous part is continuously
differentiable and argue that if f(z,y) = 0, then h(xz) = y. Hint: You may find
the implicit function theorem helpful.

(d) You’ve finished the proof. Now, use it to prove that there exists a function

h : R — R which solves the equation h(z)? + h(z) = .



CHAPTER 9

Introduction to Measure Theory

Unless stated otherwise, we will assume that F is either R or C for this chapter.

1. Motivation

If someone were to ask you how you measure the length (i.e., one-dimensional volume) of
generic subset £ C R, what would you answer? A reasonable start would be to say that if
E = (a,b) is an interval, then the measure of E is given by b — a. By investigating further,
you would likely stumble upon the following properties as desirable for such a measure:

i) The measure of [0,1] is 1.

ii) If E C R and F' C R such that F' is a translation of E (i.e. there is some ¢y € R such that
F=E+ty={x+1ty:x € E}), then the length of F and the length of F' are the same.

iii) If By, Fs, ... are all disjoint subsets of R, then the length of their union UE; should equal
the sum of each of their individual lengths.

So, after much thought, you come up with the following idea to study how to measure
subsets of R: Let 2% be the power set of R and let y : 28 — [0, 0o] be called a measure on R
when:

i) u((0,1)) =1,
i) u(E + to) = p(E) for any E € 2% and ¢y € R, and
iii) If Ey, Fs, ... are disjoint subsets in 2%, then u(UE;) = > u(E;).

Do we get to go pick up our fields medal now? Unfortunately not. The problem is that
the requirements we have on yu are inconsistent: there is no function p : 2% — [0, oo] satisfying
those three properties. The outline of how we would show such an inconsistency is as follows:
We create a countable collection of (pretty strange looking) disjoint subsets {E;}°; such
that each Ej; is a translation of Ey and U2, E; = [0,1]. Then, u([0,1]) = p( U2, E;) =
S22 u(E;) by property iii). However, u(E;) = p(Ep) by property ii), so if u(E;) > 0 then
then >27° u(E;) = 3275, p(Er) = oo; if p(Er) = 0 then 327 u(E;) = 325, 0 = 0. You
conclude that p([0,1]) = 0 or oo, which breaks property i).

285
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However, not all is lost. We could just forgo property i) and declare that the measure of
every set is 0 (or that the measure of every non-empty interval is co), but for the case we

want to assign a positive finite measure to non-empty intervals, we need to do some work.

2. Measure Spaces

2.1. Algebras.
NOTATION 9.2.1. We continue to denote the power set of a set Q by 2.

DEFINITION 9.2.2. Let Q be a set and A C 2. We say that A is an algebra (or as
probabilists say, field) on §2 when the following three properties hold.
(1) o€ A
(2) If By, Ey € A, then Ey U Es € A.
(3) If E € A, then E° € A.
If F C 2% is called an algebra, we further say that F is a o—algebra (or for probabilistic, a

o—field) on Q2 when F also satisfies the following.
(2°) If Eq, Ey, E3, ... € F is any countable collection of sets in F, then U2, E; € F.

If A satisfies Property 2, we say that A is closed under finite unions; if it satisfies Property
3, we say that A is closed under compliments. Similarly, if F satisfies Property 9.2.2, we
say that F is closed under countable unions. Analogous uses of the phrase “closed under”
when referencing a collection of subsets are used frequently throughout this chapter and are

common in literature.

PROPOSITION 9.2.3. Algebras are closed under finite intersections and o-algebras are

closed under countable intersections.

Proof. Suppose A is an algebra or o-algebra. If Eq, Fs, ..., E, € A (where n = oo is
allowed when A is a o-algebra), then by Definition 9.2.2 (3), Ef, ES, ..., ES € A and hence
n n c n

Ef € A. Taking the compliment of this union, we have [ U Ef} = (1 E; by D’Morgan’s
=1 i=1 i=1

1=

n
Laws. By another application of Definition 9.2.2 (3), we then deduce (| E; € A. =

=1

LEMMA 9.2.4. Let Q be a set, then {@,Q} and 2 are both o—algebras on Q.

PROPOSITION 9.2.5. The intersection of arbitrarily many algebras on §2 is again an algebra

on ). The same is true for o—algebras.
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Proof. Exercise 4 (3). m

THEOREM 9.2.6. Let £ C 2 be any arbitrary subset of 2. Then there exists a unique
o—algebra, denoted o(£), such that € C o(E) and such that if F is any other oc—algebra with
ECF, theno(€) C F.

Proof. Define o(&) as the intersection of all o—algebras on € containing £. We know
that there exists at least one such o—algebra, since 29 is o-algebra. By Proposition 9.2.5,
o(€) is a o—algebra. Moreover, since every o—algebra in the intersection contains &, then
& C o(€). Particularly, if {F;};jes is the collection of all o-algebras containing £ (indexed
by some set J), then o(€) = Njc F;, from which we can conclude that if F is any o—algebra
containing &, o(€) C F. If (&) is any another sigma algebra satisfying the conclusions of
this theorem, then since £ C 6(€) we have shown (&) C 7(€); since £ C o(€), then by

assumption (&) C o(€). Thus (&) = o(€) and uniqueness is proved. =

DEFINITION 9.2.7. Given £ C 29, the o-algebra o(€) is called the o-algebra generated
by .

One main reason we care about “generating” an (o—)algebra is because working with
arbitrary sets within the algebra might not be tractable since they don’t need to be nice.
However, we can often get away with working only with a generating collection of sets which

we better understand.
LEMMA 9.2.8. Suppose that F,E C 2°. If F C o(£), then o(F) C o(€).
Proof. Exercise 4 (4). m

DEFINITION 9.2.9. Let © be a metric space and 7 C 2% be the collection of all open
subsets of Q. The Borel o-algebra on Q is defined to be o(7). We will denote the Borel

o—algebra by Bq = o(7).

LEMMA 9.2.10. If (M, p) is a metric space and By is the Borel o-algebra on M, then for

every x € M, the singleton set {x} is an element in Bys. That is, for every x € M, it holds
that {x} € Bys.

Proof. Let x € M. Then for every n € N, we have that B(z;1/n) € Bx. Hence
oo
{z} = () B(z;1/n) € Bx. =
n=1



288 9. INTRODUCTION TO MEASURE THEORY

THEOREM 9.2.11. Suppose that Q is a separable metric space. That is, Q) is a metric
space and there exists a subset QQ C Q which is countable and dense (with respect to the given
metric). Let £ C 2 be the collection of all open balls in Q. Then Bg = o(E). Poetically, the

Borel o—-algebra is generated by the open balls.

Proof. We have proved that any open set in a separable metric space can be written as
the union of countably many open balls. Therefore every open set must be in the o-algebra
generated by the open balls. This shows that if 7 is the collection of open sets and & is
the collection of all open balls, then 7 C ¢(€), implying that o(7) C ¢(€) by Lemma 9.2.8.
Similarly, it is clear that £ C 7 C o(7), and hence o(&) C o(7), giving the equality we need.

|
COROLLARY 9.2.12. The Borel o—algebra on R™ is generated by the open balls.

COROLLARY 9.2.13. The Borel o-algebra on R is generated by each of the following.

(1) Open intervals: £ = {(a,b) s.t. a < b}

(2) Closed intervals: € = {[a,b] s.t. a < b}

(3) Half open intervals: £3 = {[a,b) s.t. a < b} or E4 = {(a,b] s.t. a < b}
(4) Open half lines: E = {(a, ) s.t. a € R} or & = {(—0,a) s.t. a € R}
()

5) Closed half lines: E; = {[a,0) s.t. a € R} or &g = {(—00,a] s.t. a € R}.

Proof. Let 7 be the collection of all open subsets of R.
(1) The open intervals in R are the open balls in R, so this claim is a direct result of
Theorem 9.2.11.

(2) For any a,b € R with a < b, we have the equalities

(G

la,0] = (Y(a—1/n,b+1/n) and (a,b) = | J[a—1/n,b+1/n]
n=1

1

N
I

from which we can deduce that £ C 0(&;1) and & C 0(&2). From Lemma 9.2.8, this implies
that o(&1) = 0(&2). Since o(&1) = Br by (1), we conclude that (&) = Bg.
(3), (4), and (5) Exercise 4 (5). =

2.2. Measures.

DEFINITIONS 9.2.14. Let A C 2 be an algebra and suppose j : A — [0, oc].
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(1) wis called a finitely additive measure on A when:

i) p(@) =0,

ii) (finite additivity) if F1, Fs € A are disjoint, then u(E1UEy) = pu(Er)+u(Es).
(2) p is called a pre-measure on A when:

i) p is a finitely additive measure,

ii) (countable additivity) if {E;}5°, C A is a countable collection of disjoint sets

such that U2, E; € A, then pu( U2, E;) = io: w(Es).

(3) p is called a measure when: -

i) A is a o-algebra,

ii) p is a pre-measure on A.

ExXAMPLE 9.2.15. Let @ be endowed with any o-algebra F, we define the Dirac delta

measure at a point wg € €1, denoted d,,, by

1 wpe A
5w0 (A) =
0 otherwise
We now check to ensure that ¢, is, in fact, a measure on F. First, §,,(&) = 0 since

wo ¢ @. Second, if {E;}2, are disjoint measurable subsets of Q, we want to show that
Suo (UiEy) = 3, 6w (E;). We consider two cases. Case 1 is that wy € U2, E;. Hence, there
exists exactly one iy € N such that wy € E;, and (by the disjoint assumption) this implies
that wy ¢ E; for all ¢ # i9. We therefore have that 1 = d,,(U2,E;) and > ;2 0w, (Es) =
Ouo (Eig) + i 2y Owo (£i) = 140 = 1. So, in this case, du, (U2 Ei) = 1 =377, due(E;). Case
2 is that wo ¢ U2, E;. In this case wy ¢ E; for all ¢ € N and therefore 6,,,(E;) = 0 for all 1.
Hence 6(US2 1 E;) =0=3210 =2, 0w, (Es). O

DEFINITIONS 9.2.16. Let F be a o-algebra on (2.

(1) When we endow 2 with F, we say that (Q,F) is a measurable space. Any subset
E C Q such that E € F is called a measurable set, or if we need to be extra explicit,
an F-measurable set.

(2) If further, p: F — [0, 00] is a measure on F, then when endowing 2 with F and p,
we say that (Q, F, ) is a measure space.

(3) If () < oo, we call pu a finite measure.
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(4) In the special case that u(2) = 1, we call u a probability measure, or often just a

probability.

ExaMPLE 9.2.17. Let Q be the set of all sequences of 0s and 1s of length n. That is
Q= {(z1,...,2) s.t. 7; € {0,1} for each i}. Let F = 2 which we have shown is a g-algebra
on Q. Let p € (0,1), and define the probability measure P on (2, F) by

P({(x1, ..., xp)}) = pF# oL 19) (1 — p)(# of 0s)

For example, if n = 5 and w = (1,0,0,1,0), then P(w) = p?(1 — p)3. In Exercise 4 (10),
you prove that P does indeed define a probability measure on (2, F). Now, consider the
function X : Q@ — R defined by X(w) = i x;, where w = (x1,...,xy,); effectively, X (w)
counts the number of 1s in the sequence w?:lfhe image of X, we will denote Sx, is Sx =
X(Q) = {0,1,2,....,n}. Let B = 29%. Define the probability u on (Sx,B) by u({k}) =
P{w € Qst. X(w)=k}) = P(X"1({k})) for each k € Sx. By Exercise 4 (10), you are
guaranteed that p is a measure on €. By simple counting arguments, we find that pu({k}) =
(Z) Pk (1— p)”_k. The intuition in this example is that you flip a coin n times with a probability
p of achieving heads on any single flip. You numerically keep track of the results by assigning a
1 for the ith flip if it resulted in heads, otherwise you assign a 0. In this case, X represents the

number of heads achieved in n flips, and the measure p is defined (in probabilistic notation)

by p({k}) = P(X = k). u

PROPOSITION 9.2.18. Suppose that (2, F,p) is a measure space, E is a measurable set
and F' C E is also measurable. Then p(E) = uw(F) + p(E\ F). In particular, if p(F) < oo,
then p(E\F) = p(E)—u(F). Moreover, if u is a finite measure, then for any measurable sets
Eq, By, we have u(EyU Ey) = p(EyN E2) + u(E1AEs), where EyAEy = (E1\ E2) U (B3 \ EY)
is the symmetric difference of the sets Ey and Ea. In particular, if p(E1AE,) < oo, then
w(E1 N Ey) = u(E1 U Ey) — p(E1AE,).

LEMMA 9.2.19. Suppose that {E,}5° is a sequence of subsets of Q). Then there exists
oo

a sequence {F,}o° of subsets of Q which are disjoint, F,, C E, for each n, and |J E, =
n=1

oo
U Fn. Moreover, if Q is endowed with a o-algebra F and each of the E,, is measurable, then

n=1
the disjoint sequence {F,}>2 | can be found such that F,, is also measurable for each n.
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Proof. The basic idea is the following. Let F} = Fj, then recursively define F, 11 =
Eni1\ <UZ:1 Ek) The details are left for Exercise 4 (77). m

THEOREM 9.2.20 (Continuity of Measure). Let (2, F, u) is a measurable space.

(1) If Ey C Ey C E3 C --- is an increasing sequence of measurable sets, then

(U B2) = Jm i

(2) If Ey D Ey C E3 D --- is a decreasing sequence of measurable sets and pu(E,) < 0o

for some n, then
() 52) = i )

Proof.

PROPOSITION 9.2.21 (Sub-Additivity). Let A be an algebra on Q2 and u a finitely additive
measure on A. Then the following hold.

(1) IfE,F € Aand F C E, then u(F) < u(E).

(2) 1 (EYina © A then (UL, E) < - (B

If we further assume that A is a o-algebra and p is a measure, then we can replace (2) with

(2) I {E}22) C A then p(U 0§§ME)

Proof. (1) In Proposition 9.2.18, we see that u(E) = pu(F)+u(E\F). Since u(E\F) >0
we must have p(F) < p(E).

(1) Let {F3}"_, be the disjoint sequence of measurable sets from Lemma ??. Then F; C E;
and UF; = UF;. Hence,

(UE> (GFZ):ZM(FDSZM(E).

2.3. The Extended Real Line.

DEFINITION 9.2.22. Find two elements which are not elements of R, denote them by oo
and —oo. The extended real numbers, denoted R, is the set R = RU {00, —0o}, endowed with

additional ordering and metric type structures we lightly develop in this section.
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While there are many ways to (equivalently) define the structure on R so that it behaves
as our intuition tells us it should, we will develop it in the following way. Define the bijection

h:[-1,1] = R by

—00 r=—1
h(z) = A+a)(1-2) x € (—1,1).
o0 z=1

You can easily check that h does, in fact, define a bijection. Effectively, what h allows us
to do is “stretch” the interval [—1,1] to the extended real numbers R in such a way that
(-1,1) —» R, =1 +— —o0, and 1 — oo. From this, we export all the standard Euclidean
structure from [—1,1] to R. In particular, we have the following

(1) (Ordering) For z,y € R, we have = < y if and only if A= (z) < h™1(y).

(2) (Alternative Metric) Define a metric py; on R by pa(z,y) = |h=1(z) — h=1(y)].

THEOREM 9.2.23. Let p be the standard Euclidean metric on R, let {z,}22, be a sequence

in R, and let x € R.

(1) Ifx € R, then the sequence converges to x with respect to p if and only if it converges
to x with respect to pas-

(2) The sequence diverges to oo (resp. —oo) in the usual sense if and only if it converges
to oo (resp. —oo) in R with respect to pas.

(3) A subset U C R is open in R with respect to p if and only if it is open in R with
respect to pgi;. Moreover, a subset U C R is open with respect to pay if and only if

h=Y(U) is open as a subset of [—1,1] viewed as a metric space with respect to p.

Theorem 9.2.23 is useful because it tells us that we can use py+ as a tool to make rigor-
ous metric structures on R which stay consistent with those that are already extant on R.
However, realize that the existence of py; is just as a rigorous tool. In practice, we still like
to endow R with the standard Euclidean structure the best we can, so for z,y € R, we still
use the intuitive Euclidean like distance between x and y when we can. In particular, we put

ordered field-like operations on R in the following way.

(1) For every z,y € R C R, x +y and zy are defined in the usual way as elements of R.
(2) For every z € RU {oo}, we define x + 0o = co. If x > 0, then - 00 =00. If 2 <0

then x - co = —00. We leave 0 - oo undefined.
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(3) For every x € RU {—o0}, we define z + (—o0) = 2 — o0 = —oo. If z > 0, then
x - (—00) = —o0. If 2 < 0 then x - (—00) = 00. We leave 0 - (—oo) undefined.
(4) We leave oo + (—o0) undefined.

(5) For every = € R, we define

x>0

2| =
-z <0

(6) For any subset U C R, we define the supremum of U as

o0 if either co € U or U N R is non-empty and not bounded above
sup(U) = { sup(U NR)  if oo ¢ U and U N R is non-empty and bounded above
—00 U={-c0}orU=90

Similarly, we define the infimum of U as

—00 if either —oco € U or U N R is non-empty and not bounded below
inf(U) = ¢ inf(UNR) if —oo ¢ U and U N R is non-empty and bounded below

00 U={c}orU=g

From here, it makes sense to talk about the “Euclidean distance” on R by requiring the
distance between x and y to be |x — y| whenever this is defined. Notice that |z — y| will take
values in R (for instance if one of the = or y is an infinite value, then this distance is either
not defined, or o). Because this version of Euclidean distance on R is consistent with the
true Euclidean distance on R when restricted to R, Theorem 9.2.23 ensures that we can use
this distance to critique converge and of sequences (even to the points co and —oo in the
divergent cases). We do this henceforth without explicitly referenced py; unless the need
arises. Before moving to define the Borel o-algebra on R, we state the monotone convergence

theorem for sequences in R and apply it to limit supremums and limit infimums.
THEOREM 9.2.24. All monotone sequences in R converge.

Proof. In Theorem 7?7, we proved that every monotone sequence in R either converges
in R if and only if it is bounded, otherwise it diverges. From Theorem 9.2.23 we learn that

a sequence in R diverges if and only if it converges to an infinite value in R. Therefore, if
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{x,}2°, is a monotone sequence in R, then it converges in R. The case that {x,}5°; takes

on some infinite values is covered in Exercise 4 (7?7). =

DEFINITION 9.2.25. Let {z,}°2; be a sequence in in R. The limit supremum of this

sequence, denoted lim sup x.,, is defined as
n—oo

lim sup x,, = hm (sup{xn,xnﬂ,xnﬁ, }) = lim sup{zy s.t. k > n}.
n—0o0 n—00

Analogously, the limit infimum, denoted lim inf x,, is defined as
n—oo

liminf z,, = hm (inf{xn,xn+1,:pn+2, }) = lim inf {z} s.t. K > n}.
n—oo —00 n—oo

THEOREM 9.2.26. Let {x,}5%, be a sequence in R. The following hold.

(1) Both limsup x, and liminf z,, erist in R.

n—o0 n—oo
(2) limsupz, > hm 1nf T, with equality if and only if hm Ty, exists. In this case,
n—oo
limsup x,, = hm mf T, = lim x,.
n—o0 n—o0

Proof. (1) By defining y, = sup {z s.t. & > n}, the sequence {y,}°°, is monotonically
decreasing (as it is taking the sup of smaller and smaller subsets of the original sequence).
Since monotone sequences always converge in R, we know that lim v, convereges. However,

n—oo

lim y, = limsup z,, and therefore lim sup x,, exists. The symmetric argument proves the
n—oo n—00 n—00
case for liminf.
(2) It is easily shown that limsup x,, > hm mf Zpn. Suppose that equality holds and let
n—o0

r = limsupx,. We will assume that z ¢ ]R, where the case that © € {—o0,00} is the
n—o0

substance of Exercise 4 (?77?). It is clear then that for any n,
inf{z st. k>n} —x <z, —z <sup{zgst.k>n}—x

If liminfx, = limsupz, = x, a squeezing argument shows that =z, —x — 0 as n — oo,
proving that lim x, = x. Conversely, if z,, — z, then given any € > 0, we can find some n,
n—oo

such that for every n > ng, it holds that |z, — x| < &, implying that for n > n.
Tp—r—c<inf{zgst.k>n}—x <z, —z<sup{zpst.k>n}—ax<z,—z+e¢

which, by the arbitrarity of ¢ > 0 and a squeezing argument, proves that if z,, — z, then

liminf z, = x and limsupz, =z. =
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We now arrive at the motivation for our defining of the extended real numbers. We will
consider R as a measure space. Since we have defined R as a metric space, we can define the

Borel o-algebra on R.
PROPOSITION 9.2.27. Let J = {@,{—o0}, {00}, {—00,00}}. Then

Br=|J{FUJ st FeBg}.
JeJg

In other words, a set E is in Bg if and only if there is some set E € Bgr such that either
E=FE, or E=EU{-o00}, or E=EU{c0}, or E=EU{—00,00}.

Proof Outline.  The idea of the proof goes as follows. Every open set U of R is
either a standard open subset of R or the union of a standard open subset of R with an
interval of the form (a, oo} or [—o0, b). This leads us to conclude that By is generated by the
collection & = {Bg,{o0},{—00}}. From here, define R = {E UFst. E€Bgand F ¢ j}.
By the definition of R, £ C R. As is a common tactic, we now prove that R is a o-algebra,
from which we will deduce that ¢(€) C R. Further, by the definition of R, it is clear that
R C (&), concluding the proof. m

PROPOSITION 9.2.28. Suppose that f :  — R is a function on the measurable space (2, F)
such that f() CR. Then f is (F/Bg)-measurable when considered a function Q — R if and

only if f is (F/Br)-measurable when considered a function Q@ — R.
Proof. This is a Corollary of Proposition 9.3.39 below, so we leave it unproven here. m

PROPOSITION 9.2.29. The following sets generate B.
1) & ={(a,b) s.t. a,b € R with a < b} U {{oc}}
[a,b] s.t. a,b € R with a < b}
[a,b) s.t. a e R,DER, and a < b} or&s = {(a,b] s.t. a € R,bER, and a < b}
(a,00) s.t. a € R} U {{oo}} or & = {(—00,a) s.t. a € R} U {{oo}}
[ ) s.t.a € R} or & = {(—00,d] s.t. a € R}
[—00,a) s.t. a € R} or &9 = {(a, ] s.t. a € R}.

Proof. We will prove (1) and leave the rest as an exercise for those interested. Using
Corollary 9.2.13, Br C (&) since the open intervals are a subset of ;. Since {oo} € &7, this
further implies that R U {o0} = (—00,00] € o(&1), and thusly (—oo, 0] = {—o0} € o(&1).
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This shows that Br U {{—o00},{o0}} C o(&1) and therefore By C o(£1). However, since
&1 C Br U {{—00},{o0}}, implying that o(&£1) C By, concluding the proof. m

REMARK 9.2.30. In what follows, we are often going to be considering monotone sequences
of functions { f,,}72; whose domain is {2 and whose range is a subset of [0, cc]. (By monotone,
we mean f,(w) < fri1(w) for every n € Nand w € €2). By including the possibility of co as an
acceptable range value, then we know that every monotone sequence of real numbers converge
(possibly to the value of oo if monotonically increasing, and —oo if monotonically decreasing).
So, by allowing ourselves to consider the extended real numbers, we can assuredly state that
every sequence of monotone, non-negative functions {f,}5° ; converges pointwise to some f

whose range is a subset of [0, o0]. O
3. Integration of Measurable Functions
3.1. Measurable Functions.

DEFINITION 9.3.1. Let (2, Fq) and (Y, Fy) be measurable spaces and f : Q — Y. We
say that f is (Fqo/Fy)-measurable when for every f € Fy it holds that f~1(F) € Fq.

NOTATION 9.3.2. The notation f~1(F) = {w € Q s.t. f(w) € F} is common for the pre-
image of F' with respect to f. Also {f € F'} is another common way to denote this pre-image;
{f € F} = f~Y(F). This notation is intuitive insofar as {f € F} is the set of w € € such
that f(w) € F. Moreover, if F' = {y} is a singleton set, then it is common to write {f = y}
for f~1({y}); again this is intuitive since {f = y} is the set of w € Q such that f(w) = y.

Moreover, given some measure p on JFq, we will often be measuring sets such as {f € F'}.
It is common to write u(f € F) for p({f € F}) or u(f = y) for u({f = y}). f Y =R,
expressions such as p(a < f < b) or u(f > a) etc. are often used in place of p(f € (a,b)) or

wu(f € la,00)) ete.

EXAMPLE 9.3.3. If either Q is endowed with the o—algebra 2 or Y is endowed with
the o—algebra {&, Y}, then every function {2 — Y is measurable. On the other hand, if
is endowed with the o—algebra {&,Q} and Y is endowed with any o-algebra containing all

singleton sets, then the only measurable functions {2 — Y are constant functions. O

THEOREM 9.3.4. Let (2, Fq) and (Y, Fy) be measurable spaces and f: Q — Y. Suppose
that € € 2V and Fy = o(E). Then f is measurable if and only if f~1(E) € Fq for every
Ecé.



3. INTEGRATION OF MEASURABLE FUNCTIONS 297

Proof. If f is measurable, then the fact that & C Fy implies that f~}(E) € F for
every E € £. So, the only real substance is the claim that if f~!(E) € F for every E € &,
then f is measurable; we prove this presently. Let R = {E €2%st. fUE) € fg}. By
assumption & C R. We will show that R is a o-algebra, which will finish the proof because
E C R implies that ¢(£) C R; with Fy = o(€) by assumption, we can then conclude
that f~Y(E) € Fq for every E € Fy, proving the measurability of f. To start, & € R
since f~1(2) = @ € Fq. Next, if E € R, then f~(E) € Fq by the definition of R and
therefore (f~1(E))® = f~1(E°) € Fq, showing that E° € R. Finally, if {E,}52, C R, then
fH(En) € Fq for every n, implying that U, f~1(E,) € Fa, but Up f~H(Ey) = f~H(Un Ey),
and therefore U, E,, € R. This proves that R is a o-algebra and concludes the proof. m

THEOREM 9.3.5. Suppose that (2, Fq), (X, Fx), and (Y, Fy) are measurable spaces, f :
Q — X and g : X — Y are measurable functions. Then go f : Q@ — Y is a measurable

function.

Proof. Let E € Fy be arbitrary. Then g~!(E) € Fx by the assumption that g is
measurable, and hence f~1(g7!(FE)) € Fq by the assumption that f is measurable. This
shows that for any E € Fy, it holds that (go f)"}(E) = f~ (g1 (E)) € Fq, proving that

g o f is measurable. ®
3.2. Simple Functions.

DEFINITION 9.3.6. If f : 2 — Y is a function between sets, we say that f is a simple
function whenever #f(Q) < oco. That is, whenever the range of f is a finite subset of its

codomain.

DEFINITION 9.3.7. Let F be either R or C. Given a subset E C €, the indicator function
of E is the simple function 15 : 2 — F defined by
1 wekFk
lg(w) =
0 otherwise
REMARK 9.3.8. Without spending much time looking at the indicator function 1 and
the Dirac delta measure J,,, it might at first seem that we are roughly redefining the same

function twice. This is not true! For the indicator function 1g, the subset E is fixed while
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the points w € 2 are variable 1g(w). For the Dirac delta function d,,, the point wp € 2 stays

fixed, while the measurable subsets E are variable 0, (F). O

REMARK 9.3.9. Before continuing forward, it is worth noting the following. Whenever
using the field ' as a measure space, unless explicitly stated otherwise, it is typically assumed
that we endow F with its Borel o-algebra. (Remember that F is either R or C, and both are
Euclidean spaces and have a natural metric defined (the standard distance), and therefore
we can easily talk about the Borel o-algebra of F). We will make no exception here; if we
do not explicitly mention a different o-algebra on F, then we assume that we are using the

Borel g-algebra By on F resulting from the Euclidean structure on F. ([l

THEOREM 9.3.10. Suppose 2 is a set and f : Q — F is a simple function. Then the
following hold.

(1) There exists a unique finite partition E1, Es, ..., E, of Q and distinct scalars y1,vy2, ..., Yyn €
F such that f = f:yi 1g,.

(2) IfQisa measurzzzb%e space, then a simple function f:Q — F is (F/Br)-measurable
if and only if the partition sets F; in (1) are measurable subsets of Q for 1 < i <n.

(3) If there exist any collection of measurable sets F1, ..., Fy, and scalars zi, ..., 2y, (not
necessarily distinct) such that a function f : Q — F has the form f = % z; 1F;, then

=1
f is a measurable simple function.

Proof. (1) Let f : Q — F be simple and define the scalars y1,y2, ..., yn, € F as the distinct
elements in the image of f; i.e., {y1,92,...,yn} = f(2). For each i, let E; = {f = y;}. By
n

construction, it is clear that the E; partition Q and are unique and that f = > y; 1g,.
i=1
n
(1) If f = > yilg, is a simple function represented as the sum from (1), then for any
i=1
open set U C I,

o= B

yi€U
Since the union on the righthand side is of finitely many of E; and the open subset of F

generate the Borel o-algebra, it also follows that f is measurable if and only if each of the
F; is measurable.

(3) This follows a similar argument as (2) and is left as Exercise 4 (12). m

NOTATION 9.3.11. When (2, F) and (X, B) are measurable spaces, we will define . ((Q2, F) —
(X, B)) as the collection of all (F/B)-measurable simple functions f : Q@ — X. Often, when
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(one or both of) the o-algebras F or B is fixed and implicitly understood, we will omit them
from the notation, simply writing .#(2 — X). In particular, when X = F, we will implic-
itly assume that F is endowed with its Borel o-algebra, and hence write . ((Q, F) — F) or
S (Q — F). Further, we define .7 ((2,F) — R) (or 7 (Q — R) when F is understood) as

the real-valued simple functions f : 2 — R which are non-negative.

THEOREM 9.3.12. The spaces S (Q — F) and ST (2 — R) are vector spaces over F

and R, respectively. Moreover, both spaces are also closed under point-wise multiplication.

Explicitly, if f,g € S (Q — F), then

(1) f+age L (Q—F) for every a € F.
(2) fg € L (Q —T) where, as usual, we define (fg)(x) = f(x)g(x).

The same can be said for .+ (2 — R) as long as we exchange F with R.

n
Proof. Let us first assume that f,g € (2 — F) are given by f = > y; 1g, and g = S 1p
i=1

where, by Theorem 9.3.10, the sets E; and F' are measurable. Then

frag=>" {yz lpar+ (yi + ap) 1EmF} +aB1p\u;E,
i=1

which is again a measurable simple function by Theorem 9.3.10. The more general case is
now a simple matter of induction on the number of terms in the sum representing g. For
multiplication, the point to notice that if A and B are sets, then the pointwise multiplication
of their indicators is 1415 = 1 4np. Therefore, since finitely many intersections of measurable
sets results in a measurable set, the conclusion follows. The details of this are left as Exercise

4(13). m

DEFINITION 9.3.13. Let f € /T (2 — R). We define the integral of f with respect to u

as the value in [0, co] by

| ran= 3

yef(Q

y-uf=y) = > y-u(f{y})
)

yef(Q)
where we define the term 0 - p(f = 0) = 0, preemptively avoiding complications in the case

p(f =0) = oo.

ExAMPLE 9.3.14. Consider a scenario where you flip a biased coin three times. The

bias of the coin gives a probability of p € (0,1) for flipping heads, and ¢ = 1 — p for
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flipping tails. You model the possible outcomes of three flips of the coin as the set Q =
{(z,y,2) s.t. z,y,z € {0,1}}; here, an entry of 1 for x,y, or z represents the outcome of
heads on the first, second, or third flip respectively; analogously, an entry of 0 represents the
outcome of a tail on that respective flip. As Exercise 4 (?7?) suggests, since ) contains only
finitely many elements, it makes sense to define the o-algebra on € as the full power set 2.

From here, we define the probability measure p defined on the singleton sets by

M({(% v, Z)}) _ px+y+zq3f(w+y+z)

Note x+y+z gives the number of heads flipped in the outcome (z,y, z), whereas 3— (z+y+2)
yields the number of tails. Thus, the measure of y is designed to match the probabilities of
flipping heads and tails which our original scenario suggested. For example, ©({(1,0,0)}) =
p ¢, which agrees with the naive probability we’d assign to the event of first flipping a heads,
and then flipping two tails. It is also worth noting at this point that, again due to Exercise 4
(??7), we have now completely defined p since we have defined it on every singleton set within
the finite set Q.

Now, consider the measurable function f : Q@ — R defined by f(x,y,2) = x +y + z;
intuitively, for each w € (2, the value f(w) is the number of heads flipped in outcome w. Note

that the image of f is f(Q2) = {0,1,2,3}, and therefore f € .+ (2 — R). Therefore

3
/Qfdu =S ku(f = k) = u(f = 1)+ 2(f = 2) + 3u(f = 3).
k=0
To finish the calculation, we find

p({(1,0,0),(0,1,0), (0,0, 1)}) = u({(1,0,0)} + p({(0,1,0)}) + u({(0,0,1)}) = 3p ¢,
,U/<{(17 L, 0)7 (L 0, 1)7 (07 1, 1>}) - :U’({(lv L, 0)} + :U’({(l’ 0, 1)}) + M({(Ov L, 1)}) - 3p2 q,

N(f = 3) = /J({(l, L, 1)}) = p3

E R
&H KH
| I
o —_
N~— N~—
| I

and hence
/Qfdu=3pq2+6p2q+3p3 = 3p
where the last equality was after minimal simplification after replacing ¢ with the value 1—p.

It is of interest to note that, setting n, using standard counting notation, we found

p(f =k)= () p"(1—p)"F, where (}) = ﬁlk)' is the choose function. Such a measurable
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function f is typically defined as a binomial random wvariable with probability of success p

with n trials. O

LEMMA 9.3.15. “The integral is well defined on T (Q — R).” If f € ST (2 — R) and

m
{E;}", is any partition of Q comprised of measurable subsets such that f = > y; 1g,, then
i=1

/ fdp =" yin(E:)
Q i=1

Proof. Let f(Q) = {z1,22,...,2,} C R and F; = {f = z;} = f~'({x;}) for each
j=1,2,...n. Since {E;}]" and {F;}]_; are both partitions of {2 and when f is constantly
equal to y; when restricted to any F;, we must have that given any i, F; is a subset of exactly
one of the F}; and disjoint from the rest. This means that for any ¢ and j, either &; N F; =
or E;NFj = E;. Now consider the new partition (of which many of the subsets are likely @):

{EiNFjst.1<i<m, 1<j<n}.

We have U (E; N Fy) = Fj and UJ_, (E; N Fj) = E;. Using the additivity of y, this implies

> (BN Fy) = p(Fy) and > p(E; N Fy) = p(E:).
i=1 =1

From here, we also claim that x; u(E;NF;) = y; p(E;NE}); this is true since either E;NF; = @,
in which case both sides are 0, otherwise F; C F; and f is constantly y; on E; and x; on F},
hence it must be that x; = y;. Therefore,

n m

/fdu iju Z:):quEﬁF ZZx]uEﬂF ZZyi,u(EiﬂFj)

i=1 j=1 i=1 j=1
m n m

= i > wENE)=> yiuE)
=1 =1 i=1

This concludes the proof. m

PROPOSITION 9.3.16. The following properties of integration hold.

(1) If f: Q— R with f =0, then [, fdu=0.
(2) Forall f,g € ST (Q — R) and for all a € [0, 00),

/Q(f+ag)du=/9fdu+a/ggdﬂ.
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(3) Forall f,g € (2 — R) such that f(w) < g(w) for allw € Q, [, fdu < [, gdpu.

Proof. (1) This is straight from the definition of the integral.
(2) Note that if g € T (Q — R), then so is ag for any a € [0,00). Now, as a direct

n
result of the distributive property on finite sums of real numbers. If g = > z; l{g=z;}, then
j=1

/agduzzawm(g=%’)Zazf’fju(gzwj)za/ggdﬂ-
j=1 i=1

It remains to show that [(f +g) = [f+ [g¢. Suppose that f = > " y;1lp, and g =

Z?Zl zj 1, are standard representations of f and g. Then the collection
{EiNFjst.1<i<m,1<j<n}

is another partition of measurable subsets of (2. We can then write

m n m n
F=2_> vilgar and g=3 > zjlgnr,.

i=1 j=1 i=1 j=1
From this, we find
m n m n
Fra= 3D ke e, = [(+0di=Y > it e u(EN )
i=1 j=1 i=1 j=1

Now, 2?21 p(E;NFy) = p(E;) since E; = U;LZI(EiﬂFj) where this union is disjoint. Similarly,
Yoty w(E; N Fj) = p(Fj). Therefore,
n n m

S it a)uBNF) =Y 2y wENF)+> y; > wEiNF)

i=1 j=1 =1 j=1 7j=1 i=1
m n
= i p(E) + Yy p(Fy) = / fdu+/gdu-
i=1 j=1 Q Q

(3) (See Notation 9.3.17 below for some of the notation used in this argument). By the
linear properties of the integral, [ f < [ g if and only if [(g — f) > 0. Therefore, we need to
only show that if g > 0, then [ g > 0. However, this is immediate since the sum definite [ g

is of only non-negative terms. m

3.3. Non-negative Measurable Functions.
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NOTATION 9.3.17. If f, g are two functions  — R (or R) such that f(w) < g(w) for every
w € Q, we will write f < g. Similarly, f < g, f > g, and f > ¢ are to be interpreted as

pointwise true statements.

THEOREM 9.3.18. Let f : Q@ — R be non-negative and (F/Bg)-measurable. Then there
exists a sequence of functions {fn}>2; C S T(Q — R) such that for every n € N, f, < foi1,

and f, — f pointwise.

Proof. For each n € N, define

22n—1
P— n . —_—
fnf2 1{2n<f}+ kz_o on 1{2%<f§%}

This sequence {f,}>°; will do the trick. =

NoOTATION 9.3.19. We let L*(Q, F, 1) be the collection of (F/Bg)-measurable functions
f : Q — R which are non-negative p-a.s. We will often simplify this notation by writing
LT (1) when Q and F are understood.

PROPOSITION 9.3.20. The space LT (Q, F,u) is closed under addition, multiplication by

non-negative scalars, and pointwise multiplication.
Proof. This proof is left as an exercise. m

DEFINITION 9.3.21. Let f € L™ (u). The Lebegue integral of f with respect to p is
(3.1) /fdu:sup{/cpdus.t.w€y+(ﬂ—>R) andg0<f}
Q Q

THEOREM 9.3.22 (Monotone Convergence Theorem). Let f : Q — R. Suppose that
{fa}>2, C LT (u) is a sequence such that for all n > 1, fn, < fny1, and that fr, — f

pointwise. Then f € LT () and
fdp= lim fndu.

COROLLARY 9.3.23. Given any f € LT (u) there exists a sequence {f,}°2, C /(2 = R)

such that fr, < fag1 for every n, f, — f pointwise, and
/ fdu= lim fndpu.
Q n—r0o0 0

Proof. Combine the Monotone Convergence Theorem with Theorem 9.3.18. =
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COROLLARY 9.3.24. The following properties of integration on Lt (u) hold.

(1) For all f,g € L™ (u) and for all a € [0,00), it holds that

/(f+ag)dﬂz/fdu+a/gdu-
Q Q Q
(2) For all f,g € Lt (p) such that f < g for allw e Q, [ fdu < [qgdu.

Proof. (1) We give a thorough outline of the proof here; the technical details are easily
filled in by those interested. If f,g € L™ (u) and a € [0,00), then f+ag € Lt (u). Moreover, by
Corollary 9.3.23, we can find monotonically increasing sequences of simple functions { f,,}5° ;

and {g,}>2, such that f,, = f, g» — ¢, [ fn — [ f, and [g, — [g. Using Proposition

9.3.16
/(fn+agn>=/fn+a/gn

for every n, and hence [(f,+agn) — [ f+a [ g. However, {f, +agn}72 is also a monotoni-
cally increasing sequence of simple functions which converges to f + ag pointwise. Therefore,

by the Monotone Convergence Theorem

[t ag) = [ 7+ a0,

This shows that [(f +ag) = [ f +a [ ¢ and finishes the proof.
(2) Given that for any ¢ € 1 (2 — R) such that ¢ < f, we also have ¢ < g since f < g.

Therefore,

{/godus.t.goeﬁfr(@—ﬂ&)andcpgf}c{/god,us.t.goGYWQ—ﬂR)andgogg}
Q Q

Taking the supremum of both sets, this claim now follows by the definition of the integral

and properties of the supremum. m

N
COROLLARY 9.3.25. Let N € NU {oo}. Assume that {f,}N_; C LT(u) and Y fn is
n=1

N

a pointwise convergent series such that > f, € LT (u) (if N < oo, then the assumption of
n=1

pointwise convergence and belonging to Lt () is vacuous). Then

/ﬁ:lfndu—i/fndu-
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Proof. If N < oo, then this is simply a consequence of Corollary 9.3.24 (1). So, we
m

assume N = co. The partial sums F,,, = Y f, are a monotonically increasing sequence of
n=1
non-negative measurable functions. Using Corollary 9.3.24 (1), we have that

oS

By the Monotone Convergence Theorem lim [ F,, = [ lim F,, and thus,

o0 m o0
S =g 3 [ st [ [ i 5= [3 05
n= n= n=

This concludes the proof. m

3.4. Integration of Measurable Functions. We continue to assume that (2, F, u) is

a measure space.

DEFINITION 9.3.26. Let f : 2 — R be a function. Define the positive portion of f as the
non-negative function f; : Q@ — R by fi(w) = max{f(w),0}. Define the negative portion of
f as the non-negative function f_ : Q@ — R by f_(w) = max{—f(w),0}.

ProposITION 9.3.27. Let f : Q — R. The following hold.

(1) f=rf+—f-
(@) 1/ = fo + [ In particular, [, < |f| and f_ < |f].
(3) If f is (F/Bg)- measurable, then fi, f— € LT(Q,F,pn).

DEFINITION 9.3.28. Let f : Q — R be measurable. We define the integral of f, denote

fodu,as
| rau= [ eau= [ 1

whenever the righthand side is defined in R. Equivalently, we define the integral of f by the

above equality whenever either [ fi < oo or [ fo < co.

DEFINITION 9.3.29. For every p € R with p > 1, we define the space £7(Q), F, u), or
simply £? (1), as the space of (F, Bg)-measurable functions f :  — R such that [, |f|P du <
oo. Any function f € .21 (u) is called integrable.

REMARK 9.3.30. If f : Q — R is measurable, then so is |f|P, since the function | - |? :
R — R is a continuous function, and hence measurable. Thus |f|P is the composition of the

measurable functions |- [P and f, which is again measurable. O
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THEOREM 9.3.31. The space £ (1) is a vector space over R. Moreover, for every f,g €
LY(u) and a € R, it holds that

W | [ fau|< [ 151an
(2) /S](erag)du:/Qfdqua/diu-

(3) If f <y, then/ﬂfdusfﬂgdu-

Proof. By the triangle inequality of the absolute value on R, we have that |f + ag| <
If| + |a||g| for any f,g € Z*(n) and @ € R. Hence, by the properties of integration on
LT (p), we have that [ |f +ag| < [(|f]+ |allg]) = [|f] + |a| [ |g| < co, where the finiteness
of righthand is by the assumption that f,g € #'(x). From this it is easy to deduce that

ZLY(1) is a vector space over R.

(1) We have

il =V ae= [l | [o]+] [ = [+ [ 1= [er = [ 151

(2) Assume first that a > 0. Then (f 4+ ag)+ = (f+ + agy) and (f +ag)— = (f- +ag—.

Therefore, using properties of the integrals on L™ (),

/(f+ag)=/(f+ag)+—/f+ag /f++a/g+ (/f+a/g)
/f+—/f— +a /g+—/g— =/f+a/g-

(3) Again, f < ¢ if and only if g — f > 0. So, if f,g € ZL'(u) with f < g, then
g— f € L*(u). Therefore 0 < [(g— f) = [g— [ f. The last equality came from (2). This
finishes the proof. m

REMARK 9.3.32. Theorem 9.3.31 proves that the integral [ is a linear function on vector

space Z*(u). That is, [ : £ (u) — R is a linear function. O
THEOREM 9.3.33. For each p > 1, define the function || - ||, : £P(n) — R by

181 = [ 157a) ™"

The following properties hold.

(1) For every f € ZP(u), ||fll, > 0.
(2) For every a € R and f € LP(u), llafllp = |a| || f|p-
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(3) For every f,g € ZP(u), |If +9llp < Ifllp + llgllp-
However, if there exists a non-empty measurable set N such that (N) = 0, then there exists
a function f € LP(u) such that || f|l, =0, but f # 0, showing that || - ||, is not a true norm
on ZLP.

Proof. (1) and (2) are immediate from the definition and the linear properties of the

integral.
(3)
Now, suppose that N C € is measurable and non-empty. Let f = 1y be the indicator

function of N. Then f(w) = 1 for every w c N’ and hence f ?é 0. HOWGVGI‘7 f’f‘p _
JIixP = [1y =1 u(N) = 0. Therefore |||}, = 0. m

DEFINITION 9.3.34. The function || - ||, on ZP(p) is called the p-norm.

REMARKS 9.3.35. (1) Although, Theorem 9.3.33 shows that || - ||, is not a true norm
on ZP (1), we will make an adjustment to the space -Z”(u) below which forces || - ||,
to be a true norm, and therefore then name is not a misnomer.

(2) Tt is also worth noting that f € #P(u) if and only if f : O — R is measurable and

1Fllp < o0

THEOREM 9.3.36 (Holder’s Inequality). Suppose p,q € (1,00) are such that % + % =1.
For any f € £P(u) and g € L), the pointwise product fg is in L (u). In fact,

1£glly < 171ollgllq-

3.5. Restricted o-algebras.

DEFINITION 9.3.37. Let Q¢ C 2 and define 7o = {ENQ s.t. E € F}. The Fy is called
the restriction of F to Q.

THEOREM 9.3.38. Let Fy be the restriction of F to §o. Then Fy is a o-algebra on ).

Moreover, if Qg is measurable, then Fo C F and i is a measure on JFy.

Proof. Since @NQy = @, & € Fy. Moreover, since (2\ E)NQy = Qo \ (2 N E) and
(UpEn) NQy = Up(E, NQ), the properties of a o-algebra easily follow. If Q) is measurable,
then ENQy € F for any £ € F, which shows that 7y C F; since p is a measure on F, all
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the properties of u defining it as a measure transcend to Fy, and is therefore a measure on

f(). |

PROPOSITION 9.3.39. Let f : Q@ — R and define Qo = f~Y(R). Then f is (F/Bg)-
measurable if and only if f~1({—o00}), f1({oo}) € F and the restriction f : Qy — R is
(Fo/Br)-measurable, where Fy is the restriction of F to Q.

Proof. 1If f is (F/Bg)-measurable, then f~!({—oco}), f~*({oc}) € F because both
{—o0} and {oo} are in Bg. Further, since every set E € Bg is in Bg, this implies that
f~YE) € F. We need to show that f~!(FE) is, in fact, in Fy to conclude that f : Qo — R
is measurable. Since f~Y(E)N f~1(R) = f~1(E) since E C R by assumption, and Fy =
{Fnf"YR) s.t. F € F}, we see now that E € Fy.

Let’s now assume that f~!'({—o0}), f~}({oo}) € F, and the restriction f : Qy — R is
measurable. By Proposition 9.2.29 and Theorem 9.3.4, it suffices to show that f~!((a, 00]) €
F for any a € R. To do so, we have that (a,00] = (a,00) U {00}, so f~1((a,00]) =
f71((a,00)) U f1({o0}). By assumption f~'({oc}) € F, hence it remains only to show
that f~!((a,00)) € F (since F is closed under unions). We have that (a,o0) € Bg, so
f~1((a,)) € Fy by assumption of measurability of the restriction; since Fy C F by Theo-

rem 9.3.38 (noticing that Qg € F), we can now easily conclude this direction. m

3.6. Null Sets and Almost Sure Statements. Suppose that (2, F, ) is a measure

space.
DEFINITION 9.3.40. A set N € F is called a p-null set (or simply p-null) when pu(N) = 0.

LEMMA 9.3.41. Let N be a p-null set. Then,
1) If F C N isin F, then pu(F) = 0.
2)If E € F, then u(EUN) = u(E\N) = u(E).

Proof. 1) This follows immediately from the inequality 0 < p(F) < u(N) = 0.
2) We have EUN = (E\N) U(ENN)U (N\E). Both ENN and N\E are measurable
subsets of NV, so by additivity and 1),

W(EUN) = u(B\N) + p(E N N) + u(N\E) = u(E\N).

However, E\N C E C EUN, so u(E\N) < u(FE) < u(E U N). From here, the conclusion

easily follows. m
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Let’s assume for the sake of discussion that p is a finite measure; i.e. p(§2) < oco. Suppose
that we want to talk about some property P holding true for certain elements in our space §2.
If we want to know how likely it is the that property P holds for an element in {2, then a rea-
sonable way to do this (in fact, the only way we have to measure this without knowing more
structure on ) is to consider p(FE)/u(?) where E = {w € Q s.t. property P holds for w}
(we are, of course, assuming that F is measurable here); the expression p(E)/u(92) gives
the (u-weighted) proportion of elements in ) satisfying property P. We see that we’d get
w(E)/pu(2) = 1 whenever u(E) = p(2). Intuitively, this says that if we were to randomly
select an element w € Q where our selection is weighted by the measure p, there is a 100%
chance that this randomly chosen element satisfies property P whenever p(F) = u(2). How-
ever, this does not necessarily mean that £ = ). Instead, what this means is that the set
N = Q\F is a p-null set (since u(Q) = p(F) 4+ p(N)). This technicality, that pu(E) = u()

and F C ), requires some addition to our vocabulary.

DEFINITION 9.3.42 (Almost Sure Paradigm). Let P be some property such that we can
check if each w € ) satisfies P (you could take P :  — {0,1} where P(w) = 1 means w

satisfies the property). If there exists a p-null set N such that
{w € Q s.t. w does not satisfy property P} C N,

then we say that property P holds p-almost surely, abbreviated u-a.s.

This definition holds for any measure u, not just finite measures. You might ask why did
we not make the definition to be something of the form: let F = {w € Q : w satisfies P}, if
w(E) = u(Q) then we say that P holds p-a.s. (instead of requiring the existence of a p-null
set N such that Q\ E C N)? There are a couple reasons. The first reason is that these two
statements don’t necessarily agree if p is not finite. In the case that p(2) = oo, we can have
that p(E) = oo and u(Q2) = oo, but u(2\E) # 0; we don’t want to consider E to be the same
as Q almost surely if u(Q\E) # 0, since the elements in Q\E (those not satisfying property
P) have a non-zero measure. The second more technical reason is that it could so happen
that F is not measurable (and hence 2\ E is also not measurable). Therefore, it might not
make any sense to even write the expression p(FE) or u(E€); by first requiring the existence
of the p-null set N (which is measurable by definition), we can get a scope of the size of E

without requiring F itself to be measurable.
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We can also compare two measurable sets this way.

DEFINITION 9.3.43. Let E,F € 2. We say that E = F p-almost surely when there
exists a p-null set N such that EAF C N; equivalently, E N F C N¢ Here FAF =
(E\F)U (F\E) = (EUF)\(ENF), the collection of all elements in E or F' which they do
not share; EAF is called the symmetric difference of E and F.

Here are some examples of common almost sure statements regarding functions.

DEFINITIONS 9.3.44. 1) Suppose that Y is some set and A C Y. If f : Q@ — Y, we say that
fisin A p-almost surely when there is a p-null set NV such that {w € Q s.t. f(w) ¢ A} C N.
We denote this by f € A u-a.s.

2) Suppose that Y is some set. If f: Q — Y and g : Q@ — Y, then we say that f equals g
p-almost surely when there is a p-null set N such that {w € Q s.t. f(w) # g(w)} € N. We
denote this by f = g p-a.s.

3) Suppose that Y is a metric space and f : Q@ — Y. For every n € N, suppose that
fn: Q2 =Y. We say that the sequence {f,}°°; converges to f p-almost surely when there

exists a p-null set N such that {w € Q s.t. ILm frn(w) # f(w)} C N. We denote this by

fn— f pas.

3.7. Complete o-algebras.

DEFINITION 9.3.45. Given (9, F, 1), we say that p is complete with respect to F when:
Given any p-null set N, then every subset U C N is in F. That is, p is complete whenever
N € F and pu(N) = 0 implies 2V C F.

LEMMA 9.3.46. Let {N,}32, C F be a collection of p-null sets. That is, u(Ny,) = 0 for

all n. Then p(U32 1 Ny) = 0; i.e., the countable union of p-null sets is a p-null set.
Proof. This proof is an exercise (see Exercises 7?7 below). m

THEOREM 9.3.47. Given the measure space (0, F, 1), there is a o-algebra F and a measure
11, which is complete with respect to F such that F C F and u(E) = fu(E) for every E € F.

Moreover, we can construct F and Ji in the following way:

F={EUU s.t. E€ F and U is a subset of a p-null set} and u(EUU) = u(E).
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Proof. We start by showing F is a o-algebra. To begin with, & € F is a p-null set, so
@U@ =@ € F. Now, assume that £ € F and U is a subset of a u-null set, we want to show
that (EUU)¢ € F. We start with some assistance from D’Morgan: (EUU)¢ = ENU®. If
N is a p-null set such that U C N (such an N must exist by the definition of U), then we
have that N¢ C U¢ and therefore U° N N¢ = N¢. Hence E“NU°=E°N(U°N(N°UN)) =
(ECN(USNN))YU(ECNUNN) = (ECNN®)U(E°NU°NN) = EUU, where E = E°N N°¢
which is in F as E and N are in F, and U = ECNU°N N is a subset of the p-null set N.
This means that (EUU)¢ = EUU € F, hence F is closed under complements. Finally, if
{(BE,UU,)}5%, is a countable collection of sets in F with FE,, € F and U, a subset of a y-null
set for every n, then U2 (E, UU,) = (US2,E,) U (US2 Uy,). Since UpE,, € F and U,U, is
a subset of a pu-null set by Lemma 9.3.46, we again see that U, (E, UU,) € F, proving that

F is closed under countable unions, and thusly a o-algebra. m

DEFINITION 9.3.48. The o-algebra F is called the completion of F with respect to p, and
7 is called the completion of p.

The reason we care about complete measures is loosely stated as, “we don’t want to worry
about what happens on null sets.” There are many arguments where we have functions which
are equal p-a.s., or two sets are equal p-a.s., etc., but we don’t want to care (or can’t know!)
what happens on the p-null set where they might disagree. Completeness often let’s us
ignore these problems with relative ease. We conclude this section with useful results that

give examples of such arguments.

LEMMA 9.3.49. Assume that u is complete with respect to F. Let E € F and N be a
wu-null set. If U C N, then EUU € F, ENU € F, and E\U € F.

Proof. By the assumption of completeness of u, we know that U € F. Therefore, the
result follows since F is closed under unions, complements, and intersections. (Remember

that E\U = ENU®). m

PRrROPOSITION 9.3.50. Assume that u is complete with respect to F. Let E € F and
FcCcQ. IfE=F p-as., then F e F.

Proof. Since E = F' p-a.s., there is some p-null set N such that EAF C N (recall that
EAF = (E\F)U(F\E)=(FEUF)\ (ENF) is the symmetric difference of the sets E and
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F). This implies that £ N N¢ = F N N¢ in particular, since £ N N€ is in F, then F'N N¢
must be also. Since F NN C N, and p is assumed complete with respect to F, then FF NN
is in F. Therefore, (FNN¢) U (F N N) € F, since F is closed under intersections. We are
done since F = (FNN¢)U(FNN). m

PROPOSITION 9.3.51. Suppose that u is complete with respect to F and f : Q2 — R is a

measurable function. If g : Q — R is a function such that f = g p-a.s., then g is measurable.

Proof. Let us start with an easier case, and work up to the general. Suppose that h =0
p-a.e. This means that there is some p-null set N, such that {w € Q s.t. h(w) # 0} C N. Let
E=N¢and U = {w € Qs.t. h(w) =0} N N. Then h=1({0}) = E U U, which is in F since
E is the complement of a measurable set, and the completeness of © implies that U is in F;
it is a subset of N, which is a g-null set. From here, if F' € Bg, then h~!(F) is a subset of
N if 0 ¢ F, and hence in F as a subset of a p-null set. On the other hand, if 0 € F, then
h=YF) = h1(F\ {0})Uh~1({0}), which is in F as the union of measurable sets. Therefore,
h is measurable.

In the general case, assume that f = g pu-a.s. and f is measurable. Then set h = f — g,
in which case h = 0 p-a.s., and hence measurable by what we have thus far proved. We are
done now after invoking the result of Proposition 77 below to conclude that since h and f

are measurable, so is h + f, which equals g. =

4. Exercises

(1) Prove that for any non-empty set 2, both {@, Q} and 2% are o-algebras on Q.
(2) Let © be a non-empty set and A C €. Describe o({A}).

(3) Prove Proposition 9.2.5

(4)
(5) (a) Prove Corollary 9.2.13 (3).
b) Prove Corollary 9.2.13 (4).

(¢) Prove Corollary 9.2.13 (5).

P

Prove Lemma 9.2.8.
(
(

(6) Prove that if Q is a metric space and Bg is the Borel o-algebra on €, then all

singleton sets are in Bg; that is, for all w € Q, {w} € Bq.



(7)

(11)

(12)
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Suppose that A is an algebra on Q and that w1, us, ..., un are all pre-measures on
n

A. Let A1, ..., A\, all be non-negative real numbers. Show that y = 21 Aift; is a pre-
i=

measure on A. Note that we are defining p as pu(A) = i Aipti(A). Also note that

once you've proved this, it must also be true when assugilng A with any c-algebra

and the p; are measures, since every o-algebra is an algebra and every measure is a

pre-measure.

Suppose that A is an algebra on 2 and p is a finitely additive measure on 2 such

that u(Q) < co. For every E € A, prove that u(E) = u(Q) — u(E). In particular,

use this to deduce that if A is a o-algebra and p is a probability measure, then

w(E) =1— pu(E°) for every E € A.

Suppose that (€2, F) is a measurable space. Let W C Q be a non-empty subset and

define Fiy = {ENW s.t. E € F}. Prove that Fy is a o-algebra on W. We say

that Fyy is the o-algebra F restricted to W.

Let €2 be a non-empty finite or countably infinite set. Unless explicitly told otherwise,

it is implicitly understood that the o-algebra on € is the power set 2. Here we

prove some of the results which motivate this default assumption.

(a) Prove that if F is a o-algebra on {2 containing all singleton sets (i.e., for every
w € €, it holds that {w} € F) then F = 2%

(b) Use Exercises (6) and (9) to deduce that if € is a subset of a metric space, then
the Borel o-algebra restricted to € is the power set 2.

(¢) Prove that if y is a measure on (€2, 2), then u is completely defined by its action
on singleton sets. That is, prove that if {c, },ecq are any values in [0, 00), then
there is one unique measure p on (Q,2?) such that u({w}) = c,. Hint: For
any E C Q, you have that F = |J {w}, which is a finite or countable disjoint
union. Therefore any measure mwlelft have the property u(E) = > pu({w}) by
definition. et

Suppose that f:  — X is a simple function between the measurable spaces (2, F)
and (X,B). Suppose further that B contains all singleton sets; i.e., {z} € B for
every z € X. Prove that f € S(Q — X) if and only if {f = 2} is a measurable
subset of X for every z € X.

Prove Theorem 9.3.10 (3).
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(13) Fill in the details of the proof of Theorem 9.3.12.
(14) Let f € (N — R). Note that (considering Exercise 10) the default o-algebra on
N is 2. Let v be the measure on N defined by v({n}) = 1 for every n. Prove that

/fdvzgf(n)-

Remark: This is a first step towards interpreting a series as an integral. The measure
v is called the counting measure on N since v(E) = #(F), which counts the number

of elements in F.
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