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Prove —— — 0 as n — co.
n?+1

1

Given € > 0 take N > é.lfnZNthenn2+12N2+12%so | <€
n+2 1
Prove 5725 — 5 asn — oo,
Given e > 0let N > ;-. If n > N then
n+2 1 }2n+4—2n—3‘ ‘ 1 | 1 1
— —| = = < —< —X<eE
2n+3 2 dn+6 dn+6 dn 4N

Negate the definition of lim,,_,, a, = L to get a definition of lim, . a, # L.
Then write a definition of {a,} diverges.

The definition of lim, e a, = LisVe > 036 > 0,0 < [x—a| < § =
|f(x)—L| < e. Negating step by step we invert the quantifiers (including the
tacit Vx that goes with 0 < [x —a| < ¢) and finally negate the A — BasA
and NOT B, to obtain de > 0V¥¢ > 0dx,0 < |[x—a| < 6 AND |f(x)—L| > €.

The defintion of {a,} converges is just AL, lim,_,. a, = L, so its negation
is VL, lim,_, a, # L. Combining it with the above we get YLde > OV6 >
03dx,0 < |x—al <6 AND |f(x) — L| > €.

5
Show";—f”—>ooasn—>00.

GivethakeN>M.Ifn2Nthen”S;#>Z—§=n32n2N>M.

Prove Y%_, % < 2+/nforevery n € N.

Use induction. It is true for n = 1 because the sum is 1 and 1 < 2; this is
our base case. If it is true for n then we have

n+l n

1 1 1 1

- = + =< +2+n,
Zj n+1 Zj n+1 \

but if we square the right side and use

m < - and Vi < n then we get

1 4 1 4 4n+1
+ \/ﬁ+ +— dn = nE +4n < 4+4n = 4(n+1),
m+1)? n+1 n+l n+1 n+1

so taking the square root give —— + 2+/n < 2 Vn + I, completing the in-

n+l
ductive step and proving the result by induction.

Prove that if 5, — L then 5,2 — L.

Given € > O use 5, — L to obtain N; so n > N; implies |s, — L| < €. Let
N> +/N;.Ifn> Nthenn®? > N> > N, so s, — L| < €.

Prove that the series )} m converges and determine its sum.
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One may compute the partial sums for n = 1,2,3,4 to be }t, %, 13—0, 14—3,
which suggests the partial sum s, = 5. We have a base case n = 1 for
induction, and if the formula is valid for n then
1 n 1
Sp+l = Sp t = +
Br+D-2)Br+DH+1) 3n+1 GBrn+1)Bn+4)
_ n@Bn+d)+1 n+1D@Bn+1) 3 n+1
T Gn+DGBn+4) Gun+DBr+D+1D) 3m+1)+1
. . . . . . T 1 1
which verifies the induction. Finally lim,,,« s, = lim,_, T = 3
The terms a, are given by a; = % and a, = a,_1 — m Prove Y7 ay

converges and determine the sum.

There is a difference between finding an argument that works and giving
a proof. I remark that the fact a, — a,-; is given means one can write

a, —a; = 2;5:2(411- —aj-1) and thus compute a formula for a;. Once you

1 1
il B because for
k = 1 this gives a; = é, so we have a base case, and if the formula is true

for k = n— 1 then

have it you can simply verify by induction that a; =

_ 2 1 1 2

In =t i+ D(n+2) n n+l nn+Dn+2)
_(m+Dn+2)-nn+2)-2 1 1 1
B n(n + 1)(n +2) T+ Dn+2) n+l n+2

which verifies the induction. Finally,
n n

1 1 1 1 1
N S RER TRt
— — k+1 k+2 2 n+2 2

asn — oo,
k+3
k+172
In essence we show it is bigger than the harmonic series, but we do so for
partial sums. Observe Z’{ﬁ > ¥ o7 = 245 1, where we just used the
inequality for each term in the (finite sum). Now we proved in class that
27 % diverges to oo, so given M there is N son > N implies .} % > (M+1).

Then n > N also implies

Prove the series )}’

diverges to co.

N+1

ok+3 0 S 1
Z(k+1)2>ZZ:E>(ZE)_1>M+1_1:M

1

which shows the result.

Give an €9 proof that lim,_,, %x +1=4

Given e > 0let§ = €. Then 0 < [x—2| < § implies |3x+1-4] = 3|x-2| <
3

50 = €.

2
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Give an e-6 proof that lim,_,, 2x> — x — 5 = 1.

Given € > O let 6 = min{l,€/9}. If 0 < |[x —2| < dthen |[x — 2| < 1 so
[2x+3| < 2|x|+3 < 9 and therefore [2x> —x—5-1| = 2x+3|[x—2| < 9 < e.

For
1 x<3
fx)=<515 x=3
2 x>3

determine (with proof) whether lim,_,3 f(x) exists and whether lim,_,, f(x)
exists.

Suppose lim,_,3 f(x) exists and is equal to L. Then with € = % we can take
0>0s00 < |x—3| <dimplies |[f(x) - L| <e= % Now 3 + g are points
in this interval and f(3 = 6/2) = 1.5 = .5. But then both |1 — L| < € and
[2-L] < e producingl =2-1<]2-L|+|l -L| < e+e=1. This
contradiction (1 < 1) implies the limit lim,_,3 f(x) does not exist.

We can also prove lim,_,,; f(x) = 2, because if € > 0 is given we may take
0 =m—3>0and observe that 0 < |x —z| < § implies x > 1 - = 3 so
f(x) =2 and thus |f(x) —2|=0<e.



