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Math 2144Q - Advanced Calculus IV
Practice Midterm

Instructions:

e You may not refer to any notes or your textbook. No calculators, cellphones, or other electronic devices are
permitted.

e You have from 12:30pm until 1:45pm to complete the test.

¢ In every question you must justify your answers.

1. Let S be the sphere radius 1 around the origin oriented outward. Compute

ff(Zyz+z3 —x)dy/\dz+(x2+y—22)dz/\dx+(z+x2y+cosx)dx/\dy
s

Solution: You could parametrize using spherical polar coordinates with fixed radiusand 0 < ¢ < 71,0 <6 <
27, but it is easier to use the divergence theorem. Recall this says that f fs F-dS = f f fR V . F dxdydz where

R is the region inside (orientable) boundary surface S and S has outward normal. Moreover f fs Ady A dz +
BdzAdy + Cdx ANdy = ffs F -dS for F = (A, B, C). Substituing the formulas for A, B, C in the question we

findV-F =-1+1+1 =1, so that the integral is fffR dxdydz = 4r/3 because it is the volume of a ball of
unit radius.

2. One eigenvalue of the matrix A below is 5. Find all eigenvalues and eigenvectors and determine whether there is
a matrix C such that C"'AC is diagonal. If there is no such C, explain why not.

1 3 1
A=13 2
1 0 4

=)

Solution: The characteristic polynomial is

-3

(4-4)"1__31 1_2'_‘[_32 ‘01‘=u-4)(42—3a+2—9)—u-2)

= -7 +31+28-2+2

=(A1=5)%=-21-6)
so the eigenvalues are 5, 1 + V7, 1 — V7. With 3 distinct eigenvalues and a 3 dimensional space there is
a basis of eigenvectors and we can diagonalize (so C exists). It is fairly easy to spot that the eigenvector

corresponding to 5 is (1, 1, 1)’. The other two are from the nullspaces of the two matrices (corresponding to
the choice of + V7) which we row reduce simultaneously below

V7 3 1 1 0 3T 1 0 3F V7
3 1%V7 o |, |o 3 -6+3V7|, |0 1 -2+ 47
1 0 3F VT 0 1¥V7 -9+3V7 0 1¥V7 -9x3V7
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In the matrix at the right the bottom row is a multiple of the middle row so reduces to a row of zeros at the
next step. Thus the eigenvector (x, y, z)' corresponding to A = 1 + V7 has x = (-3« \/7)1 andy=Q2F \/7)z,
yielding eigenvectors (=3 = V7,2 F V7, 1). Then the matrix C is

1 -3++V7 -3-+7
[1 2-v7 2+\/7]
1 1 1

3. Compute the surface area of the part of the cone x> + y> = z? that lies between z = 0 and x = 3 — 2z.

Solution: The intersection of the surface and x = 3 — 2z is a curve with equation x> + y* = (3 — x)?/4, which
simplifies to 3x% + 6x +4y?> = 9, or, more usefully, 3(x+ 1)> +4y*> = 12 (which is an ellipse centered at (=1, 0)
and semimajor axis 2, semiminor axis V3). The region has 0 < z < (3 — x)/2, so it is inside the ellipse; we
call the region in the xy-plane inside the ellipse 7. Now we can parametrize as a graph z = f(x,y) = /X% + y2
(note that z > 0 so we only needed the positive root). The partial derivatives are df/0x = x/z, df /0y = y/z,

so the area is from
fde = ff \/1 + (x/2)% + (y/2)? dxdy =f V2 dxdy
N T T

This is V2 times the area of the ellipse, so if you know the area formula for an ellipse you can use it to get
V272 V3 = 2 Vér. Otherwise you should integrate over 7', by doing one of

\3-3(x+12/4 Va-4y2/3-1 o pl

f f dydx or f f dxdy or f f 2V3sdsdf
\B-30e+1)2/4 Va-4y2/3-1 o Jo

2cosf  —2ssinf

V3sin® V3scosd

=2+/3.

where the last is from setting x = 2scos 6, y = V3ssin 6, so the Jacobian is
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