Math 2110 Final

Instructions: You may not refer to any notes or your textbook. No calculators are permitted. You have from 3:30pm
until 5:30pm to complete the test.

[5 points] 1. Find the equation of the tangent plane to the function
z=x° —2xy+x+y

at the point (2, —1).

Solution: We use the equation for a tangent plane. First compute

f2,-1) =y =2y+1=-1+2+1=2,
£2,=1) =3xy* = 2x+1=32)(-1)* -4 +1=3.

The value of z at (2, —1) is z = 2(=1)> = 2(2)(=1) + 2 — 1 = 3, so the equation of the tangent plane is

z=2x-2)+3(y+1)+3=2x+3y+2.

[5 points] 2. Given functions f(x,y), x(s,t) and y(s, ), suppose that at some point we have f; =2, f; =1, x;, =3, x, =1,y =5,
and y, = 2. Find the values of f, and f; at this point.

Solution: From the chain rule, at the point in question:

2=fs=fixs + f;;yv =3fc+ Sf;”
L= fi= foxe + fiye = 1fx + 2.

The first equation minus 3 times the second equation gives —1 = —f,, so f, = 1. Substituting f, = 1 in the
first equation gives 2 = 3f; + 5, so f, = =3, and f, = —1.

[5 points] 3. Compute
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where R is the region between the curves y = 2x,y = 1 and y = x°.

Solution: The region is of type I, and is between y = 0 and y = 1 and has % < x £ +/y. Thus we compute

fleowdAzfolfy/flowdxdy=follow(@—g)dy

1
= f 10y — 5y°% dy
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[7 points] 4. Compute f f fE 4(x* + y* + 72)dV where E is the solid region above the x — y plane and between the spheres of
radius 1 and radius 2 around the origin in 3-dimensional space.

Solution: It is convenient to use spherical polar coordinates, in which x> + y> + z2 = p?, and the region

between the spheres is given simply by 1 < p < 2. The part of this region above the x—y plane has 0 < ¢ <
and 0 < 0 < 2r.

Therefore the integral is
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[8 points] 5. Find the maximum and minimum values of

fy)=x+x"+y

on the disc %> +y? < 1.

Solution: We first look for critical points V f = 0, by setting

0
0= —f:3x2+y2,
Ox

Oza—f=2xy+1.
dy

From the first equation x = y = 0, so the second equation can’t be true, and there are no critical points.
Next we restrict to the boundary, which is the circle of radius 1 and can be parameterized by (cos?,sin?),
0 <t < 2n. Substituting this into f we get

f(cost,sint) = cos® t + coszsin’ 7 + sin 7 = cos t(cos2 f + sin® t) +sint = cost + sint.

To find the maximum and minimum we look at the derivative with respect to ¢, which is —sint + cost. It is
zero when sint = cost, so t = /4 or t = Sx/4. This gives
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[10 points] 6. Set up an integral in rectangular coordinates (x, y, and z, in an order of your choice) for the volume of the part of

the region between the sphere x> + y*> + z> = 1 and the ellipsoid % +y* + 22 = 1 that has x > 0.
(DO NOT EVALUATE THIS INTEGRAL.)
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Solution: Only two choices of integration order give just one integral, and both have the dx integral in the
innermost position. The two surfaces intersect when x = 0 and y*> + z> = 1, so the outer integral is over the
disc of radius 1 in the y — z plane. The inner (x) integral has as its lower endpoint the hemispherical surface

= /1 =y — 72, and as its upper endpoint the part of the ellipsoid with x > 0, which is x = 2 /1 — y% — 2.
Thus the two possible answers are

fl fy=@ x=2/1-)2 -2
1

dxdyd
vz ey T

and

1-y2 22
f f dxdzdy.
Vi-y? Ja=1-y2-2

[10 points] 7. Let F(x,y) = (y*sin(xy), xy sin(xy) — cos(xy)). Compute fc F.dr for the curve C which starts at (0, 0), travels in a
straight line to (1, 1), and then travels in a straight line from (1, 1) to (0, 2).

Solution: It is possible to do this by parameterizing the curve, but it is a bit messy. A better way is to say
F = (P, Q) for P = y*sin(xy) and Q = xy sin(xy) — cos(xy), and to check that

98 = 2ysin(xy) +y*x cos(xy)
%2 = ysin(xy) + xyy cos(xy) + ysin(xy) = 2ysin(xy) + y>x cos(xy)

so that the field F is conservative. Then we can either find a scalar function f such that Vf = F or use the
fact that it is path-independent to take a path from (0, 0) to (0, 2) on which the integral is simpler. A simpler
choice of path is the straight line 7(¢) = (0, 2¢) with 0, < ¢ < 1. Then r/(¥) = (0, 2) and the integral is

1 1 1
f F(r(t)).r (t) dt = f 2(0in(0) — cos(0)) dt = f —2dt = -
0 0

0

If instead you choose to find f, then you would set
flxy) = f y? sin(xy) dx + g(y) = =y cos(xy) + g(y)

and since xy sin(xy) — cos(xy) = f, = xysin(xy) — cos(xy) + g’(y) it follows that g(y) is a constant that may be
taken to be zero. Then the integral is

f Fdr= f Vidr= £(0,2) — £(0,0) = —2cos(0) — 0 cos(0) = —
C C
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Formula Sheet: Math 2110

e Projections of b onto a

a-b

|al

a-b) a
roj,b=——|—
Prola (|a|)|a|

e Cross product of a = {a;, ay,a3) and b = (by, by, b3)

comp,b =

i j ok
axb=|lag a a
by by, b3

e Theorem on cross and dot products of vectors a, b, c.
a-(bxe)=(axb)-c
ax(bxc)=(a-c)b-(a-b)c

e Volume of parallelpiped determined by a, b, and cis|a-b X c|.

e Derivatives of dot and cross products

d
d_;(“(t) V(@) =w'(@) - v() +u() - V(D)

d%(u(t) X (1)) = ' () X v(£) + u(t) X v'(1)
e Curvature is given by

wo = TOL_ K0 xr)
rOl T IwOP

e The binormal is B = T X N.

e Accelerationis a = a7 T + ayN where

Ay Y@

ar —_

dt @)
- M@ X 0)
N e’ (2)]

e The discriminant in the second derivative test for two-variable functions is given by

D = fulab)fyy(@b) ~ (fi(a b))

e Green’s theorem: For a smooth positively oriented simple closed curve C enclosing a region D

_([(ee o
Lde+Qdy—fL(a (9y)dA
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