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1. INTRODUCTION

One of the main features of analysis on post-critically finite self-similar (pcfss) sets is
that it is possible to understand the behavior of the Laplacian and its inverse, the Green
operator, in terms of the self-similar structure of the set. Indeed, a major step in the ap-
proach to analysis on self-similar fractals via Dirichlet forms was Kigami’s proof [8, 10]
that for a self-similar Dirichlet form the Green kernel can be written explicitly as a series
in which each term is a rescaling of a single expression via the self-similar structure. In [6]
this result was extended to show that the resolvent kernel of the Laplacian, meaning the
kernel of (z — A)~!, can also be written as a self-similar series for suitable values of z € C.
Part of the motivation for that work was that it gives a new understanding of functions of
the Laplacian (such as the heat operator ¢’*) by writing them as integrals of the resolvent.

The purpose of the present work is to establish estimates that permit the above approach
to be carried out. We study the functions occurring in the series decomposition from [6]
(see Theorem 3.3 below for this decomposition) and give estimates on their decay. From
this we determine estimates on the resolvent kernel and on kernels of operators defined as
integrals of the resolvent kernel. In particular we recover the sharp upper estimates for the
heat kernel (see Theorem 10.2) that were proved for pcfss sets by Hambly and Kumagai [4]
by probabilistic methods (see also [1, 13, 3] for earlier results of this type on less general
classes of sets). It is important to note that the preceding authors were able to prove not
just upper estimates but also lower bounds for the heat kernel, and therefore were able
to prove sharpness of their bounds. Our methods permit sharp bounds for the resolvent
kernel on the positive real axis, but we do not know how to obtain these globally in the
complex plane or how to obtain lower estimates for the heat kernel from them. Therefore
in this direction our results are not as strong as those obtained in [4]. However in other
directions we obtain more information than that known from heat kernel estimates, and we
hope that our approach will complement the existing probabilistic methods. In particular
we are able to obtain resolvent bounds on any ray in C other than the negative real axis
(where the spectrum lies), while standard calculations from heat kernel bounds only give
these estimates in a half-plane.

A further consequence of our approach is that we extend (in Theorem 9.7) the decom-
position from [6] to the case of blowups, which are non-compact sets with local structure
equivalent to that of the underlying self-similar sets. The blowup of a pcfss set bears the
same relation to the original set as the real line bears to the unit interval, see [17] for details.

The structure of the paper is as follows. In Section 3 we recall some basic features
of analysis on pcfss sets, as well as the main result of [6], which is the decomposition
of the resolvent as a weighted sum of piecewise eigenfunctions. Section 4 then discusses
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the natural decomposition of the pcfss set according to a self-similar harmonic structure.
The next two sections deal with sharp estimates on the real axis. In Section 5 we obtain
estimates of piecewise eigenfunctions for which the eigenvalues are real. To show these we
decompose into pieces in the manner of Section 4, prove that each piece has one normal
derivative that is larger than the others by a factor, and use this to show that the only way
to glue pieces together smoothly is by requiring the size to decay by this factor each time
we cross a cell of the decomposition. This implies that piecewise eigenfunctions have sub-
Gaussian decay. From these estimates it is routine, though somewhat long and technical,
to estimate the kernel of (1 — A)~! for 1 on the positive real axis and to prove that the
decomposition of [6] is valid on blowups in this setting. The former is in Section 6 and the
latter in Section 7.

In Section 8 we switch gears and prove some complex analytic estimates related to the
Phragmen-Lindelof theorem. Our goal is a method for obtaining resolvent estimates on
sectors in the complex plane from our decay estimates on the real axis. This method is not
restricted to the setting of pcfss sets, and may be of interest for proving resolvent estimates
in more general settings, such as metric measure spaces. We find that combining decay
estimates on the real axis with some weak estimate on a sector away from the spectrum
proves decay on any ray in the sector. In Section 9 we show that the required weak esti-
mates can be proved on pcfss sets by a generalization of some arguments from Chapter 4
of [9]. As a result we obtain our main result, Theorem 9.6, giving decay estimates for
piecewise eigenfunctions and the resolvent kernel away from the negative real axis in C.
Section 10 contains some examples, including a proof of the upper bounds for the heat
kernel.

2. ACKNOWLEDGEMENTS

This paper relies heavily on its precursor [6]; the author thanks his co-authors on that
paper, especially Bob Strichartz, whose suggestion that there might be an approach to heat
kernel estimates via Kigami’s theory and the results of [6] inspired the present work.

3. PCFSS FractaLs: ENErGY, LapPLAciAN, METRIC, EIGENVALUE COUNTING AND RESOLVENT
KERNEL

We work on a pcfss fractal X corresponding to an iterated function system {F,... F,}.
In full generality this could be a compact metrizable topological space X equipped with
continuous injective self-maps F; so that there is a continuous surjection from the space of
infinite words over {1, ..., J}" to X, as in Chapter 1 of [9]. The reader may prefer, however,
to think of the more intuitive situation in which the F; are Lipschitz contractions on a finite
dimensional Euclidean space and X is their fixed point in the sense of Hutchinson [5].
In either case, the boundary of X is the post-critical set Vj, which is a finite set with the
property that F;(X) N Fir(X) C Fj(Vo) N Fir(Vp) for k # j. We assume that X \ Vj is
connected. The best known example of a set of this type is the Sierpinski Gasket, for
which the full analytic theory we will use is expounded in [19]. Note that the Sierpinski
Carpet is not of this type, as it is not post-critically finite.

If w is a finite word on the letters {1,...,J} then |w| is its length. The set V,, is
Upp=mFw(Vo) and V. = UZ V.. Points in V. \ V; are called junction points. For a word
w = wi---w, we write F\, = F,, o F,,, o---0F,, . The set of finite words is W,, and
the set of infinite words is X. If o = 0j05 --- is an infinite word we use [o7],, to denote
the subword o - - - 0, For a finite word w we use the notation wW, (respectively wX) for
finite (respectively infinite) words that begin with w.
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We assume that we have a regular self-similar harmonic structure on X which provides
an irreducible self-similar Dirichlet form E with domain dom(E) and scalings 0 < r; < 1

so that
J

E(u) = Z rolE(u o F)).
1
Details of the construction and properties of such forms may be found in [9]. We also fix a
probability measure u satisfying

J
(3.1) W(A) = ) i (A).
1

We will require that this measure is related to the Dirichlet form by u; = rf for the unique

§ so that }; rf = 1. This measure is known to be the natural one for many aspects of the
analysis on X; it arises in studying the analogue of Weyl-type asymptotics of Laplacian
eigenvalues [12], and in determining heat kernel estimates [9, 13, 3, 4]. It is the Hausdorff
measure (with Hausdorff dimension S) for the resistance metric, which is the metric in
which the distance between points x and y is R(x, y) given by

R(x,y)™" = min{E(u) : u(x) = 0, u(y) = 1}.

Remark 1. In most of the theory of analysis on fractals one can take any Bernoulli measure
defined by (3.1) for some 0 < p; < 1 with 3 ; u; = 1. In particular, this is all that is required
for the construction of the Laplacian resolvent in [6]. The author would be curious to
know whether it suffices for Theorem 9.7 or even Theorem 7.3 regarding the resolvent on
blowups.

The Dirichlet form and measure give rise to a weak Laplacian A by defining # € dom(A)
with Au = f if there is a continuous f such that

E(,v) = —ffvd,u

for all v € domy(E), the functions in dom(E) that vanish on Vy. The Laplacian is self-
adjoint and has compact resolvent, with negative eigenvalues —A; of finite multiplicity that
accumulate only at —oo. The asymptotic distribution of the eigenvalues was determined by
Kigami and Lapidus [12], who proved a more general version of the following result.

Proposition 3.1 ([12]). Let N(x) = #{4; : |4;| < x}. Then

N(x)

.. N .
0 <liminf ——— < limsup SIS

toeo xS/(S+D)

X—00

We also recall from [9] that there is an explicit formula for a continuous Green kernel
that is positive on the interior of X, zero on Vj, and inverts —A with Dirichlet boundary
conditions. Kigami’s construction was generalized in [6], from which we will need the
following results.

Proposition 3.2. If p € V,y and z € C is such that none of the values r,u,,z is a Dirichlet

eigenvalue of A then there is a function nﬁf) with measure-valued Laplacian satisfying

@ -MnP =0 onX\V,
ngf) =0pq forq eV,

where 0, is the Kronecker delta. We call this a piecewise z-eigenfunction.
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Under the same assumptions on z we define functions that form a natural basis for the

piecewise z-eigenfunctions on 1-cells. For p € V; \ Vj, let
@ _ (rjujz) -1

G2 P = D o F;
where by convention the sum ranges only over those terms that are well-defined, in this case
those j so p € Fj(Vy). Then wif) has a measure-valued Laplacian, with (z/ — A)wﬁf) =0
on all 1-cells and Dirac masses at the points of V| \ V. The main result of [6] is that
for suitable values of z the resolvent G (x,y) of the Laplacian with Dirichlet boundary
conditions may be written in terms of these piecewise eigenfunctions.

Proposition 3.3. For each z € C such that none of the values r,,u,z is a Dirichlet eigen-
value of A, let

(3.3) G(Z)(x, y) = Z I’W‘I’(r”'“”'Z)(F;lx, F;'y)
weW,

in which

(3:4) YOy = Y Goud oY)
paeVi\Vo

where Ggf; is the inverse of the symmetric matrix B;f; with entries

FiX) (2
(3.5) B = > a7/
JFi(Vo)3q
Then G9(x,y) is continuous and vanishes on Vy, and it inverts (zI — A) in that if f € L' (u)
then

(el - A) fX GO ) f () duly) = f(x).

In what follows, we will suppose that z = A > 0 and study the decay of 7Y and its
dependence on A, so as to estimate the decay of the terms in GV, This will then be used to
study the dependence of ® and G® for those z € C that are not on the negative real axis.
As usual these estimates will include constants depending on the structure of the fractal,
for which reason we define a shorthand notation as follows.

Notation 3.4. We write a < b or b > a if there is a constant ¢ > 0 that depends only on the
fractal, the harmonic structure or the measure, and for whicha < ¢b. If a < band b < a
then we write @ =~ b. The implicit constant, as well as constants explicitly named, may
vary from line to line in a computation.

4. RESISTANCE PARTITIONS AND CHEMICAL PATHS

The short-time behavior of diffusion on fractal sets may be analyzed by partitioning the
fractal such that all pieces have a prescribed resistance (up to a constant factor) and study-
ing the lengths of minimal paths in this decomposition (see, for example, [4]), which are
often called chemical paths. We should therefore expect that the behavior of the resolvent
G“W(x,y) for large A > 0 may be determined in the same manner. In this section we record
some known estimates for chemical paths that will be useful later.

Definition 4.1. A partition of X is a finite set @ ¢ W, with the properties
(1) If 6,0/ e ®then 62N H'E #Qonlyifd =6,
(2) UpeobZ = X.
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We will refer to the cells Fy(X), 6 € ©, as the cells of ©.
The partitions we use are
O = {91 Oyt rg 1y, < et < rg, "'rgm?l},
and we write V(@) for the junction points corresponding to words in @

VO = | Fov).

S0

We will frequently use that when 6 € ©,

(4.1) ro=e, pg=e™, rouy=e T,

There is a graph structure corresponding to the partition ®@;. Let I'; be the graph with
vertices V(®;) and edges between every x and y for which there is 6 € ©; such that
x,y € Fyg(Vy). Points joined by an edge are said to be neighbors. As a consequence of
the definition of ®@; we have (see Lemma 3.2 of [4] for a proof)

4.2) R(x,y) ~ e~ for any x,y € V(®y) that are neighbors in I[';.

A path joining x and y in I is a finite sequence {xi}fzo of vertices such that adjacent
vertices are connected by an edge and xo = x, x; = y. The length of the path is / and the
graph distance di(x,y), also called the chemical distance, is the length of the shortest path
joining x and y in I'%.

It is generally difficult to obtain good estimates relating the graph distance di(x, y) and
the resistance R(x,y); the interested reader is directed to [11] for a detailed analysis of
this question and its connection to heat kernel estimates. We will satisfy ourselves with
some elementary but crude results. For example, it is well known that R(x,y) does not
exceed the resistance along a path from x to y, so that for x,y € V(®,;) we must have
R(x,y) < e*d;(x,y). In particular if x,y € V; then d;(x, y) 2 eX. Conversely, in Lemma 3.3
of [4] it is shown that for any x,y € X, the bound d;(x,y) < e *D¥2 holds. We will need
these estimates in a form that compares dj.4 (x, y) to di(x, y).

Lemma 4.2.
v _ e (%)) (sew 2
< —<e¢e

di(x,y) =
Proof. Observe that the partition by words

[0 =60 :0c,0 cO)

has g < e"®**) 50 is a subpartition of @, and consequently has longer paths. Since a
path in this partition describes a path I'; in which any pair of vertices is joined by a path
no longer than the maximal path between points of Vj, in I'y;, which we know is at most
eS+DF/2 "we conclude that djp (x,y) < ST 72q,(x, y).

For the lower bound we note that there is a constant ¢ depending only on the harmonic
structure and such that the partition by words

{07 =00 : 00,0 cOp_)

contains @, and therefore has shorter paths. Again each such path restricts to a path in
I'x, and now every pair of I'; vertices is separated by a path of length at least the minimal
distance between points of Vj in I'y/_., which is > K> ek, O
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For the special classes of nested and affine nested fractals there are quite precise results
about chemical distances in [13, 3]. In particular the authors construct a geodesic metric
on affine nested fractals that is comparable to a power of the resistance (see Proposition 3.6
and Remark 3.7(2) of [3]), from which the following is easily obtained.

Proposition 4.3 ([3]). For an affine nested fractal there is y € (0,S + 1) which may be
obtained by solving an explicit optimization problem, such that for all sufficiently large k,

di(x,y) = e"R(x, y)".

Sketch of Proof. Knowing that R(x,y)” is comparable to a geodesic metric we see that
edges of T, have geodesic length like ¢7*”, so the geodesic distance from x to y is com-
parable to di(x, y)e"" if k is large. This must be comparable to R(x,y)”, so we have
di(x,y) =~ e""R(x,y)". The bounds on vy are evident from the preceding discussion. O

The proof in [3] is a generalization of an earlier argument, Proposition 3.5 of [13], for
the case of nested fractals. We do not wish to give the definitions of nested or affine nested
fractals here, but we recall that they are subsets of R”, are generated by iterated function
systems consisting of Euclidean similarities that have a high degree of symmetry. Full
details may be found in [13, 3] and the references therein.

Definition 4.4. For later use we extend the definition of di(x,y) from I’; to all of X in
the obvious fashion. For x in the interior of a cell Fy(X) of ®; and y € Iy let di(x,y) =
min{d(z,y) : z € Fg(Vy)}. For x in the interior of Fy(X) and y in the interior of Fy (X) set
di(x,y) = min{d(z,7') : z € Fg(Vp), 7z’ € Fg(Vy)}. When we refer to a d; geodesic between
points x and y that are not in ®; we mean a geodesic joining the cells containing them.

5. ESTIMATES FOR PIECEWISE EIGENFUNCTIONS WITH POSITIVE EIGENVALUE

In this section we develop decay estimates for the piecewise A-eigenfunctions nﬁf) in the
case where A is a positive real number. We summarize the results in the following theorem.

Theorem 5.1. There is k() with ¢V ~ (1+ )VS*Y and a constant ¢ > 0 depending only
on the fractal and harmonic structure such that for A € (0, 00) and p € V), each piecewise
A-eigenfunction )7&,1) satisfies the following bounds. For all g € Vo, q # p, and all x € X

G- exp(—cdip(p, ¥)) £ 150 (%) S exp(~dia(p, X)),
5.2) anﬂﬁf)(p) ~ (1 4 VS,

(53) =1+ )Y exp(=dicay(p, @) 5 Ourty (@) < =1+ 'SV exp(—cdia(p, ),

except that the lower bound of (5.1) is not valid on cells Fg(X), 0 € Oy such that Fo(Vy)
contains a point of Vo \ {p}.

Proof. The number k(1) is introduced in Definition 5.12, where it is shown it is comparable
to (1 + )Y/S+D. The upper bound of (5.1) for sufficiently large A is Corollary 5.15, and
continuity ensures we may take a suitably large constant multiple to make it true for all
A > 0. Both (5.2) and the lower bound of (5.3) are in Lemma 5.18, while the lower bound
of (5.1) is Corollary 5.21 and the upper bound of (5.3) is Corollary 5.22 O

Remark 2. We note in passing that the estimate (5.1) is sufficient to complete Strichartz’s
proof of the smoothness of finite-energy harmonic functions on products of fractals [18,
Theorem 11.4]. Strichartz proves this modulo an assumption on the behavior of the normal
derivatives of the heat kernel [18, Equation (8.3)], but the key estimate in his proof is ac-
tually the decay estimate [18, Equation (8.25)], which is a consequence of the above in the
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case of nested fractals by Proposition 4.3. More generally, for products based on fractals
and harmonic structures of the type discussed in this paper, the estimate (5.1) is sufficient
to imply the convergence in [18, Equation (8.19)], and thus the argument proving [18, The-
orem 11.4]. The author hopes that is a first step toward proving hypoellipticity of solutions
of elliptic PDE on products of pcfss fractal sets ( [18], Section 11 and [16] Section 8).

The remainder of the section is devoted to the proof of this theorem. As the working
is at times technical it may help the reader to have a concrete example in mind. The most
elementary choice is to let X be the unit interval with Lebesgue measure and the maps F'; be
the contractions onto the left and right halves of X. In this case we obtain the usual Dirichlet
energy, the Laplacian is the second derivative, and the normal derivative is the outward-
directed first derivative at the endpoints [19]. Eigenfunctions and piecewise eigenfunctions
are exponentials, and a quick computation shows that r](l/l) = sinh VAx/ sinh VA. Our goal
is to show that the basic features of this function, as listed in the theorem, are also true for
the functions nﬁ,ﬂ) on any pcfss set.

An observation we use throughout this section is (5.4), which says that we may decom-
pose these functions into pieces corresponding to cells of a partition ®; and obtain a linear
combination of pieces; moreover if @ is suitably chosen then each piece looks almost like
a copy of a fixed function. In the case of the unit interval the pieces are literally translates
and reflections of a fixed hyperbolic sine, and the decomposition (5.4) can be obtained by
iteration of the double angle formula (see Section 2 of [6]). The main idea of this section
is that in the decomposition each piece has a larger normal derivative near its peak than at
the other boundary points, and in order for such pieces to join together in a smooth fashion
it is necessary that the peak of each is smaller than that of its neighbor by a constant factor.
Thus the exponential decay may be derived from the shape of a collection of basic func-
tions and counting the cells in paths on @. In essence, our estimates on the relative sizes
of the normal derivatives come from the fact that r](p’l) 18 subharmonic, but there is some un-
avoidable technical work to obtain the correct quantative bounds. It should be emphasized
that most of the work in this section depends on the fact that A is positive.

Assumption 5.2. In this section we require that 1 > 0.

We will extensively use the decomposition of ngf) as a piecewise A-eigenfunction on the
cells of a partition ®;, as defined in Section 4 above. Using the Laplacian scaling

Wi A - - wiyw A - Wity A -
AT o FU1Y = (rup) Ay Yy o FLL = 2 o F

we see that ngf) may be written as a linear combination of the functions n;r”” " for 0 € O
and y € V(®;). More precisely,

(5.4) P00 = >0 3 a(Faq) (1" o Fy' ().

0Oy geVy

Before proceeding we require several preparatory lemmas about the function ngf) . The
first is a maximum principle for smooth subharmonic functions. It is well known but does
not seem to appear in the literature, except for that part which is in Proposition 2.11 of
[15].

Lemma 5.3. Suppose u € dom(A) and Au > 0. If u attains its global maximum at an

interior point then u is constant. Moreover Au < 0 at any local maximum point.
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Proof. The proof uses the fact that on any cell F,,(X) there is a Green kernel g,, that is
non-negative on F),(X) and strictly positive on F\,(X) \ F,,(Vp), and such that

(5.5) U = () - f 20 (e ) (A(y)) dj
F,(X)

where h,,(x) is the harmonic function on F,,(X) with A,,(x) = u(x) for all x € F\,(Vy).

Let h,, be the piecewise harmonic function at scale m with h,,(x) = u(x) for all x € V,,.
Since Au > 0 we find from (5.5) that u < h,,. This implies that d,u(x) > 9,h,,(x) for all
x € V,,. However the sum of the normal derivatives of u at any point of V,, \ V) must vanish
because # € dom(A), so the sum of the normal derivatives of /,, must be non-positive. This
gives that the m-scale graph Laplacian of &, is non-negative, so if 4, achieves its maximum
at a point x € V,,, \ Vp then this maximum is also attained at all neighbors of x in the m-scale
graph. Connectivity then implies 4, is constant on V.

If u attains its global maximum at a point x € X \ V then u < h,, and h,, harmonic
implies that 4, achieves the same value at a point on the boundary of any cell containing
x. For all sufficiently large m, this point (which could be x) is not in Vj, so A, attains
its maximum value u(x) at a point of V,, \ Vj, and is therefore constant by our previous
reasoning. Applying this for all large m implies # = u(x) on the dense set V., and since u
is continuous it must be constant.

Suppose in order to obtain a contradiction that u has a local maximum at x € X \ V; and
Au(x) > 0. The easy case is when x € V,, because it is then easily seen that %, has a local
maximum at x for all sufficiently large m. This contradicts the above reasoning showing
the graph Laplacian of 4, to be non-negative if there is a neighborhood on which Au > 0.
The alternative is that x ¢ V.. Then there is an infinite word o € X so N,,F|4,(X) = {x}
and these sets form a neighborhood base of x. From (5.5) we see that A, (x) > u(x) for all
m large enough that Au > 0 on F|4,(X). The maximum principle for harmonic functions
then gives

max{u(y) : y € F\,(Vo)} = max{hy,, () : y € Fio(Vo)} > u(x),

so that every neighborhood of x contains a point at which u exceeds u(x), in contradiction
to u(x) being a local maximum. m]

Definition 5.4. Let £, be the function harmonic on X with £,,(¢) = 0 for g € Vy, g # p and
&p(p) =1

Lemma 5.5. 0 < nﬁ) <&

Proof. 1f the first inequality fails then the fact that nﬁf) > 0 on V| implies that ngl) has a
strictly negative minimum at some interior point x. However by Lemma 5.3 the Laplacian
must be non-negative at a minimum point, in contradiction to Anﬁf)(x) = /lngf)(x) < 0. Hav-
ing established the first inequality, it follows that nﬁ,ﬂ) is subharmonic and thus is bounded

above by the harmonic function with the same boundary values, which is precisely £,. O

(D)

» I attained at the

Corollary 5.6. On any connected open set in X the maximum of n
boundary.

Proof. We have Angf) = /1772,/1 ) >0 and so may apply Lemma 5.3. O

Lemma 5.7. If A > A’ then 773) < ’7;}’)’
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()

Proof. Supposing the contrary we find that 17, 77;,1) has a negative local minimum at a

point x. However using that n,, 1) > 0 and the hypothesis,
A" = ")) = i = ang")x) < A" = 1)) < 0

which cannot occur at a minimum point by Lemma 5.3. O

Corollary 5.8. For any p,q € Vo with p # q, the values 6,1772,/1)(17) are non-negative and in-
creasing in A, while the values 8,,77;1) (g) are non-positive and increasing in A. In particular

for p # q the values 6,1n§,’l)(q) are bounded below by min,, sev, 0,¢,(q) < 0.

Proof. Positivity of annp’l)(p) is evident from Lemma 5.5 because r](’l) <, <lonX\/{p}

Then the fact that 775}) < nu ) when A > /1’ from Lemma 5.7 implies (9,,77,, )(p) > Bnn,, )(p)

Similarly ﬁnnp )(q) is negative because 71 )>0= nu)(q) from Lemma 5.5, and nﬁf) < ngf'

implies a,,np )(q) > Onnp )(q) The lower bound comes from Lemma 5.5, because np) <,
for all 4 > 0 implies Onnp )(q) > 0,{,(q) for all p,g € V. O

With these basic observations in hand we look more closely at the decomposition (5.4).

Lemma 5.9. Forall p €'V,
fnf,f) duz (1+)75,
X

Proof. For A < 1 the result is clear from the positivity of nﬁf) and the monotonicity shown
in Lemma 5.7; in fact we have =~ rather than an inequality. For 4 > 1, fix k such that
e ¥S+D ) e (71, 1], so that for § € ®; we have rgusd ~ 1. The monotonicity of Lemma 5.7

then implies
fn(mﬂe/l) du =~ 1.
X

All terms in the decomposition (5.4) are positive by Lemma 5.5, so writing 6, for a word
in ®; such that Fo, (X) > p, we have

A (rop top ) -1
fﬂ‘p)dﬂzf ny """ o Fyldp
X Fy, (X)

p

T A
= H, f’l( o gy,
X

However g, ~ A75/5*D for § € © and our choice of k, so the proof is complete. O

Lemma 5.10. For any wordw € W,,

Pt - 4
> g o F)() 2 =
x€F,,(Vo) (("wllw)i1 + /1) S
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Proof. Applying the Gauss-Green formula to 7751’“'” Do F 1 and the constant function 1
yields

> oo m = [ ae o rda

xeF,, (Vo) F(X)

-2 f n o B2l dy
Fu(X)

=/1#wf nC gy

2 Apt(1+ rupty )5
Pl

() + D

where we used Lemma 5.9 and y,, = 5.

[m]

On the first reading of the following lemma one should think of the case @ = @y. It will
later be used for ® = @ \ {0 : Fyp(X) > p} and more complicated sets. This lemma is the
main argument in this section of the paper, in that it uses smoothness of the join between
pieces of the decomposition (5.4) to show that n(pﬁ) must decay.

Lemma 5.11. For ® C Oy and Y = Ugeer Fo(X) we have
Z n(pA)(y) < C(ek(S”)/l_l + ek/l—l/(S+1)> Z n;/l)(z).

yeV(O)\dY ze0Y

Proof. At any point x € V(®y) the sum of the normal derivatives of nf,,ﬂ) over the cells

meeting at x must be zero because 775,”) € dom(A). If we sum this cancelation over all
V(0y) points that are interior to ¥ we may use (5.4) and rearrange to obtain

(5.6) > Ea Y, da o B )w) =

0@’ geVy xeFy(Vo)\oY
We estimate the innermost sum in (5.6) using Lemma 5.10. Suppose first that 6 and ¢
are such that Fyq is an interior point of Y. Then Corollary 5.8 tells us that the terms
O (nf{“”“l) o F;")(x) for x € dY are negative. Thus the lower bound of Lemma 5.10 is still
valid with these points removed. Substituting into (5.6) we find

D=y > aE@( Y s e Fihw)

0e@’ {qeVy:Fg(q)edY} XeF(Vo)\OY
2
=Y Y E@( Y e e )
0€®’ {qeVo:Fy(q)¢dY} XEF(Vo)\OY
2> D, mFEQ)————
, ] ((r )—l + ﬁ)m
6@’ {qeVy:Fy(q)2aY} oMo

2% Z w(y)

(Cek(S+l) +/1)s+1 YEV(@)\OY

Now in the terms
an(n(rn/lnﬂ) ° F 1)()6) — rglannqa#o/l)(F (X))

on the left in (5.7), the points g and F, !(x) cannot coincide, because x ¢ dY and F, 9g €
0Y. Again appealing to Corollary 5.8 we see that such normal derivatives are negative,
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increasing in 4, and bounded below by —c = min,, 4ev, 9,{,(g), which depends only on the
harmonic structure of X. Putting this and the estimate ry ~ e into (5.7) gives a positive
constant C depending on —c and the degree of vertices so that

cd D aP@=-> > aPFg) DL (—ceh

2€dY 00’ {qeVo:Fo(q)edY} XEFH(Vo)\OY

A
2 > o
~ S
(Cek(SJrl) + /1)5+1 YeV@N\OY

s «
We also use that (ceS+D + 2)5T < & 4 150, o

We may obtain decay estimates of 77;,/1) by iterative use of Lemma 5.11 for an appropriate
choice of k and sets ©’.

Definition 5.12. Given A > 0 we let k(1) be the larger of 0 and the greatest integer such
that

1
k() < logd—1logC -2
() < g logd—log
where C is the constant in Lemma 5.11. Note that ¢ ~ (1 + 1)!/S+D,
The following result is an immediate consequence of the definition of k(2).
Corollary 5.13. If A is large enough that k(1) > 1, then for ®" C Oy,
PR ACES Z 75 @).
yeV(@))\3Y € ‘o

Lemma 5.14. For A as in Corollary 5.13 and each p € Vy, let Xy 1)(p, i) = {x € V(@) :

diy(p, x) = i}. Then
PO

YEXk((P.i)

Proof. We induct over i. The base case i = 0 is simply the fact that n(/l)(p) = 1. Observe
that points y € Xy (p, i) for i > 2 satisfy dY(p,y) = i—1orarein Vo \ {p}. The latter

may be ignored because r]ﬁ,ﬂ) is zero on Vj \ {p}, so substituting the inductive estimate into
Lemma 5.13 gives the result. O

If we restrict 775)/1) to a cell, Corollary 5.6 implies the maximum is at the boundary. If a
point x € X has diy(p, x) = i then the boundary points of the cell of @y, that contains x
are in Xy (p, i) Thus Lemma 5.14 implies

Corollary 5.15. For any x € X and A as in Corollary 5.13,
75" (x) < exp(—din(ps ).

Lemma 5.14 also allows us to show that Lemma 5.9 gives the correct value for the
integral as 4 — oo.

Corollary 5.16. For all p € Vj,

f 1D du > (1+ )75,
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Proof. For A < 1 the result was observed in Lemma 5.9. If 4 > 1 then for 6 € O, we
reason as in the proof of Lemma 5.9 to find

f (V(-/HM) d/l Uy = /1_5% )
FH(X)

Integrating the decomposition (5.4) then yields

IWWAMEJZWM)

9e@Kk(A)) g€Vo

=y P

i xeeXiw(p:i)

_S —i
A5+ Z e

i

IA

where the last inequality is from Lemma 5.14. The reverse inequality is Lemma 5.9. O
Using the result of Corollary 5.16 in the proof of Lemma 5.10 improves it as well.

Corollary 5.17. For any word w € W,,

> an e P~ ———
xeF,, (Vo) ((rw/Jw)_1 + /l) S+

A

From here it is not difficult to obtain estimates of the normal derivatives of np ) at points
of Vy. Recall from Section 4 that di(p, q) is 2 e, so exp(—dku)(p, q)) tends to be small
when A is large. The following lemma therefore tells us that the normal derivatives (9n77 b )(q)
are much smaller when g # p than when g = p.

Lemma 5.18. For p,q €V,
B (p) = (1+ D)5,
~(1+ D57 exp(~dia(p, @) < a1l (@) < 0.

Proof. Suppose g # p. Let 8,...,6" be those words from @y, for which Fy(Vy) > q.

Using (5.4) and the lower bound for the normal derivatives 9 (n(r"'” o ﬁ))(y) for x,y € V)
with y # x from Corollary 5.8, as well as r&l ~ KD ~ (1 4 PHV/ESHD,

0200 @ =3 S HE0,6 o 3 g)

i=1 xeVy

—Zth&mwmwwwﬁm

i=1 xeVy

2 (1+ ﬂ)ﬁ(x;erlva% =0ndu(y) Z D (Fgx)

i=1 xeVj

>-C+51 > 7P
2€ Xk (g,1)

~(1+ D57 exp(1 = dicay(p, 9)

where in the final step we applied Lemma 5.14 and used that points in z € Xy1)(g, 1) have
diy(p, x) = dyy(p, q) — 1. This gives the desired estimate for g # p.



RESOLVENT ESTIMATES AND FRACTAL BLOWUPS 13

As a special case of the above estimate we have 0 > (9,1772,/1)(11) > —A5. Combining this
with Corollary 5.17 for the empty word w gives the desired result for 6,,771(,,)) (p) when A > 1.
For A < 1 the conclusion is clear from Corollary 5.8, because 3,177;1)([7) is increasing, so is
bounded below by ,{,(p) and above by ann,, )(p) O

To complete our picture of the behavior of 7Y we need a lower estimate on its decay
and a corresponding upper estimate for the normal derivative ann(p/l)(q) when p # q. Aftera
preliminary lemma, these may be obtained by somewhat simpler reasoning than that used
earlier.

Lemma 5.19.
(1) The function 7]5,1) is non-zero all points in V, \ Vy,
(2) For p #+ q we have (9nr]p)(q) <0,
(3) Forw € Oy, and p # q we have anng“””’l)(q) < —L

Proof. The first step is to prove a weaker version of the second statement. From the Gauss-
Green formula we have

0u (@) = 0nLp(@) = 0411 () — Buly(p)
= > 0P (02,(x) = 1P (X)L (x)

xeVy

f (M), di

-2 f 1Pz, dy

so that 6n77§,/1)(q) — 0,4,(q) as A | 0. With p # g we have 6,{,(q) < 0, hence we may find
some ¢ < 0 and A such that c')”r]gl)(q) <¢forall A< A

Now at x € V, \ V, the fact that n;/l) € dom(A) requires that the normal derivatives sum
to zero. Take k so large that x € V(®y) and for all 6 € ®; we have rgugly < A. Suppose
that r]w(x) = 0. Using (5.4) we can write this sum of normal derivatives as

0= 3 D E s o o)
(0O Fy(Vy)ax} p'eVy

= DT FEap'y g @) F ()
{0€O:Fo(Vo)ax} {p'€Vo:Fo(p')#x}
(5.8) <z D Eep)

{0€Ok:Fo(Vo)ax} {p’€Vo:Fo(p')#x}

where the first step uses the scaling of the normal derivative and the fact that n(’l) (x) =0,
while the second uses that (6,,77;;’” “NF S1(x)) < € because rougd < dand p’ # F,'(x).
However ¢ < 0 and all rg‘l m )(ng’) > 0, so the only way (5.8) can be true is if these
values are all zero, meaning that nu) vanishes at the boundary points Fy(Vy) of each cell
meeting at x. Repeating the argument inductively we see after finitely many steps that nw

must vanish at all points in V(®y), which is impossible because p € V(0;) and nu)(p) =1.
This proves the first statement of the lemma.
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The second assertion of the lemma now follows fairly easily from the first. Using the
partition @ as above and the decomposition (5.8) for the normal derivative at x = g we see

ORI DL P E) g @y ) ES (@)

{0€Ok:Fo(Vo)aq} {p’€Vo:Fo(p')#4}

e, DL Ea)

{0€O:Fo(Vo)3q} p'€Vo

(5.9)

IA

and we have already shown that the values rg"ng)(F 9p’) > 0 when Fyp’ ¢ V).

Finally the third statement follows from the second because 6nr]ff)(q) is continuous,
non-positive and increasing in 4, and r,u,,A is bounded above when w € @y, with all of
these depending only on the fractal and harmonic structure. O

Lemma 5.20. There is a constant a > 0 such that for any point x € V(@) \ Vo,
ngf)(x) > amax{ng,ﬂ)(y) : 46 € Oy with Fg(Vy) D {x,y}}.
These points y are the neighbors of x in V(O)).

Proof. Smoothness of Tlﬁf) requires that the first step of (5.8) holds, where we take k = k().
As we are not assuming n(pﬁ)(x) = (0 we obtain instead of the second step of (5.8)
B0 Y e E @)
{0€O): Fo(Vo)ox}

== XD A e E W)

{0€OK: Fo(Vo)2x} {gE€Vo: Fo(q)#x}

DY D ' (Fo@)
{0€@r1): Fo(Vo)ax} {geVo:Fo(q)#x}
where we used that 8,,(17(r9” M))(F ~1(x)) = 1 from the third part of Lemma 5.19. On
the left of this inequality each of the normal derivatives 0, (U(FW ;’/l)))(F (x)) is bounded
above by a constant depending only on the harmonic structure, as shown in the first part of
Lemma 5.18. Since the values rg are comparable on both sides of the equation, the result
follows. O

Corollary 5.21. Let Xy, be the subset of X obtained by deleting those cells Fy(X),
0 € Oy that intersect Vy at points other than p. There is ¢ > 0 such that for all x € Xy,

TI;A)(X) 2 exp(—cdi(p, X))

Proof. If x € V(@k(/{)) \ Vo and dk(/l)(p’ x) = i then there is some y € V(G)k(/l)) with
dk(/l)(x y) = i — 1. By the previous result, nu)(x) > anp) (y) and by induction r]u)(x) >

Ef) (p) = d'. The result for points of V() \ Vo follows by setting ¢ = —log a, and we
note that the estimate nu)(x) < Cexp(—di(p, x)) from Corollary 5.15 ensures ¢ > 0. To
obtain the bound for a general point x € Xj(a),, let 6 € Oy be such that Fyp(X) > x. The
value diy(p, x) is the distance from p to the nearest point of Fy(Vy); all other points of this
form are at most di((p, x) + 1 from p, and none is in Vj \ {p}, so the result for V(O1)) \ Vo
applies to them. It therefore suffices to know that the restriction of r]ff) to Fy(X) is bounded
below by a multiple of its boundary values. Observe that this function is a linear combi-
nation of the functions 77(”’” Mo F 0 ! with the boundary values as coefficients. Hence it is

enough to know that each nf]r”“ M)(y) has a positive lower bound on those cells F;(X) that
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do not contain a point of Vj \ {g}. This follows from the third part of Lemma 5.19, conti-
nuity of nﬁf) and the fact that the values rgugA lie in a bounded interval, and we see that the
constant depends only on the harmonic structure of the fractal. O

Corollary 5.22. For the constant c of Corollary 5.21
0uS(q) 5 —(1 + V)V exp(—cdy(p. x))

Proof. If we rewrite (5.9) with k = k(1) we have instead of ¢ a constant < —1 as determined
in the third part of Lemma 5.19, so that

A —-1_(1
o @s - ) D Ee)
{00k Fo(Vo)3q} {p’€Vo:Fo(p')#q}

however on the right the values r,' =~ (1+2)"/¢*D and there is at least one point Fgp’ from

V(@)\ Vo for which dicy(p, Fop’) = dicy(p, @)1, so that " (Fyp’) = C exp(—cdicpyre(ps X))

as seen in Corollary 5.21. Since all terms on the right have the same sign, this term gives
an upper bound. O

6. ESTIMATES OF THE RESOLVENT KERNEL ON THE POSITIVE REAL AXIS

In this section of the paper we use the estimates of Section 5 and the series expres-
sion (3.3) for the resolvent G®W(x,y) of the Laplacian to obtain estimates in the case
A € (0, 00). The main result is as follows.

Theorem 6.1. There are constants k\ and k» depending only on the fractal, harmonic
structure and measure, and such that if 1 > 0,

(6.1) (1+2)71/6S+D exp(—Kldku)(x, y)) <G, y) <1+ )7 H6+D exp(—szku)(x, y))

except that the lower bound is not valid if x or y is in a cell Fo(X), 0 € Oy such that Fo(Vy)
contains a point of Vo \ {p}. For these latter cells, the appropriate estimate is instead one
on the normal derivative. Specifically, if p € Vy, y is not in one of the above cells Fy(X)
and the normal derivative 0, is taken with respect to the first variable, then

(6.2) exp(—k1di(p»y)) S =8,GV(p.y) < exp(—radin(p.)).

A symmetrical result holds for the normal derivative -0, with respect to the second vari-
able. There are also bounds appropriate to the case where both points are near the bound-
ary. If p and q are points in V) then

(6.3)

(1 + 0)"S*V exp(-k1di(p. 9)) < 30,6V (p.q) < (1 + D) exp(-kadii(p. 9))-

It is easy to see these estimates are equivalent to the following global bounds. Let R(Vy, x)
denote the resistance distance from x to V. Then

exp(~k1dic(p. )  7VED(REx, Vo) T+ D) (R(y, Vo) T+ )G (x, y) 5 exp(—radiiay (. ))-

With this in hand will be relatively easy to obtain a similar result for the Neumann re-
solvent Gﬁ\f)(x, ¥), which has vanishing normal derivatives rather than zero values at points
of V().

Corollary 6.2. Let 1 > 0, Gy(x,y) be the Neumann resolvent kernel, and 1(x) denote the
function identically equal to 1 on X. Then Gy(x,y) — %l(x)l(y) satisfies the upper and
lower bounds of (6.1) everywhere on X.
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The proofs of these results occupy the rest of this section. We begin by expanding the
expression (3.3) for the resolvent of the Laplacian and using (3.4) to obtain
(6.4) Gu)(x, y) — Z Z G(mﬂJ) (le—lm/l)(F 1 )w(rmﬂw/l)(F‘;ly),
weW. p,geVi\Vy
where we recall that G(’l) is the inverse of the matrix B(/D defined in (3.5). In the next few
lemmas we apply the estlmates from Section 5 to the terms in this series, for which purpose
we require the following assumption.

Assumption 6.3. For the remainder of this section we require that 1 > 0.
Lemma 6.4. Let DY be the diagonal matrix with entries Dw =1+ (SJFI)(B(p/};)_1 and
EW = (DW)™ — (1 + 2)"VS*DBD_ Then for all A and p we have D;’}Z ~ 1, E) =0, and
forq#p
exp(—cicdip(p. @) < EYY < exp(—cadin(p, q)
P\ —C1¢dk)(P> 4 pq S CXpl—C2dk1)(P>q))

where ¢ and c; depend only on the fractal and its harmonic structure and c is the constant
in Theorem 5.1.

Proof. Comparing (3.5) and (3.2) we have
Fi(X r, j/l
B;,z]): Z o ()(;4) F (q)
J:Fi(Vo)3q
_ (i)
= > r,,-lannF’f’ (F7'@).
J:Fi(Vo)3q

However Theorem 5.1 then shows that for p = ¢ we have BY) = (1 +2)!/S*D 50 D) ~ 1.
Also from Theorem 5.1 we have for p # g

_ rip;Ad
—(1+A)”“*“exp(—dm,y,.ﬂ)(p,q))srjlann;’,‘ '(F7' ()

s _(1 + /1)1/(S+1) exp(—cdk(rj'u//l)(p, q)),

and the observation that diriy;n (P> @) = diy(p, q) lets us choose appropriate constants ¢;
and c. O

Lemma 6.5. For any word w € W, and all 1 > (),

L e
exp(_CICdk(rwyw/l)(pa 6])) < ((rop) ™ + )1, G eXP(—Czdk(r,,ﬁﬂM)(P, Q))~

where ¢y, c; and c are as in Lemma 6.4.

Proof. Recall that di(y)(p, q) 2 eV = (1 + )V/SHD g0 that exp(—dk(,l)(p, q)) can be made
arbitrarily small by taking A large enough. Lemma 6.4 then implies B is close to diago-
nal, so we may find G = (BY)™! via the Neumann series. Specifically,

(1+ /l)l/(SH)G(/D =(- D(/I)E(/l))—lD(ﬂ) = DW 4 Z(D(A)E(’D)ka.
provided A > C; where C; is chosen large enough that the series converges. Observe that
this C; depends only on the structure of the fractal, because DY contains only values ~ 1
and the values in E? satisfy the estimate in Lemma 6.4. Notice also that all values in D™
and E™W are positive, hence the same is true of all terms in the series. Making the obvious
upper and lower estimates of the sum of the series we conclude that for all p and ¢

exp(—cicdin(p, @) $ (1 + DVEVGY < exp(—cadin(p, 9)).
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Substituting (r,,u,,4) in place of A and using r,u, = r5*! gives

£ iy
exp(=c16digr, . )(P- 9)) S (rupt) ™ + DT 1, Gt < exp(—cadigr, w1 (P> 9))-

which proves the estimate for A > Ci(ryu)~". However if 0 < A < Cy(ryyu,)~" then it
is immediate that ((rw,uw) + )T 5 r,» i1s bounded above and below, and we see G(r““ " g
bounded above and below by continuity of its dependence on r,u,,A. At the same time
di(r, 1,1 (D> @) 18 bounded because it is the distance on a cellular partition of bounded scale.

All constants depend only on the fractal and harmonic structure, so the result follows. O

Lemma 6.6. There are positive constants cz and c4 depending only on the harmonic struc-
ture, such that if ¢ is the constant from Theorem 5.1 and p € V\\V, then for x in the support
of z,bg”'” “D(F-1x), which is the union of all cells F,, #(X) that contain F,(p),

6.5) exp(—cscdi (Fup, 0)) < Wy ™V (F' x) 5 exp(—cadion(Fup, 1)),

except that the lower bound does not hold on the cells F\ j o Fo(X) for those 6 € O, ,,.1)
such that Fy(X) intersects Vy \ {p}. For these exceptional cells the correct estimate is that
if x = F,,(q) for some q € Vy then

exp(—cscdion(Fup, Fug) $ ~((rup) ™ + )70, Y o F()

(6.6)
< exp(—C4dku)(F wp, F wq))-

Proof. From (3.2) we see that ng”’” ‘M)(F ;le) is a piecewise A-eigenfunction on F,,(X) with
value 1 at F,,(p) and zero at the other points of F,,(V}). It is non-zero precisely on the
the cells F,,;(X) such that p € F;(Vp). On each such cell it is equal to n(r’”’r“””/l) F;,}.

According to Theorem 5.1 we have
(6.7)

- withoiA) ¢ e _
CXP(—Cdk(rw,ﬂ;z,‘,,x)(Fj ! p. F, j(x))) < ’75: {“ i) (Fw‘}(x)) < exp(—dk(rwjum)(F [ ! 2 ](x)))

except that the lower bound does not hold on the cells excluded in the statement of the
lemma.

From the partition O ,r,u,1) Of X, form the partition r,, Oy i;r,u,1) Of Fy(X) and ob-
serve that the scale is comparable to that of @, restricted to F,,(X). It follows that there
are positive ¢3 and ¢4 depending on the harmonic structure so that for y, z € X,

(6.8) ca3diy(Fujy, Frjz) 2 digr 05 2) 2 cadiiy(Frjys Fivj2)
provided we round appropriately. Substituting (6.8) into (6.7) and eliminating the round-
ing by taking a suitably large multiple of the exponential gives the desired estimate for
zjfg”’“ *D(F>1x) because it is a finite sum of such terms.

For the normal derivative we note that if x = F\.q for g € Vj then x = F,,;q’ for some
q’' € Vo \ {p}. Using Theorem 5.1 at ¢’ we obtain

o 4 - Wik A
exp(_Cdk(rijM)(Fj 'p.q )) < =(1+ ryjpng )0, (r /# g

(6.9)
< exp(—dir, ju,0(F' . q’)).
Recalling that
0,1 o FL) =m0y o F
we see that

_ r‘/ wid
(g™ + DD, 0 FL )
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also satisfies the estimate in (6.9). As 6,1zﬁ(r"” g F is a finite sum of such terms, the
bound (6.6) may be obtained by substituting (6.8) into this estimate. m]

We divide the proof of Theorem 6.1 into two parts: the proof of the upper bounds and
the proof of the lower bounds.

Proof of Theorem 6.1: Upper bounds. Fix x,y in X. If x # y let w € W, be the longest
word such that x,y € F,,(X), and otherwise let w be an infinite word such that F,(X) =
{x} = {y} (in this latter case the expression (6.10) below may need an additional sum over
the possible choices of w, but we suppress this because it does not otherwise affect the
working). Then the series (6.4) terminates at scale |[w| (which is +co if x = y) and may be
written

[wl
(rn,uu,ﬂ) (g Hpwt; D (M) )
6.10)  G(x, y)—§ § P Gyo Y g D (el sy g (ol .
i=0 p,geVi\Vo

It will be convenient to divide the sum into three pieces according to the size of r,u,,A.
Define

whiMp A < 1 if ryppd <1
©.11) io_{mm{ it < 1) i

+00 if ry,d > 1,

so that if iy < co then r,, = A7'/*D. The three pieces of the sum are as follows, where
we note that it is possible for a piece to be empty.

wl
(rm Hiw); oMo A e ol A)

I = Z Z G wp (F[w] )l’bq (F[W] Y)

io p.qeVi\Vo

minf{ip—1,/wl} ( D ( (

Pl Hiw); Flw); Hwl; - Iw) ﬂlw -1
b=, ), "mGu w0 v )
0 p#EGEVI\Vo

minlgey ( D G, D (ot i), D)
Tiw); Miwl; l’[w Hiw); — Twl; Miwl; —1
L= > > nuGp (Foh ) (Fh)
0 PeVi\Vo

For both I; and I, we use the trivial estimate

(rpwy; Hpw); A

(w1 Hiw); -
0 <y, R 0wy ELL ) <1

for the y factors. Then for I; we have rp, 1A < 1, from which the values G(' it )

1, and so

~

[wl
(6.12) 0<h <Y 1y S 1wty S A+ DS Vifrp,d <1
io

I = Oifrwuw/l > 1

where we used the geometric decay of the ry,,), and the definition of iy. Note that we have
the upper bound (1+2)"1/S*D rather than just A1/ +D because when A < 1 we have iy = 0
and ry,, = 1 corresponding to the empty word.
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G(r[w]‘-,u[w]i/l)

For I we instead estimate the factors r(,,),G g

using Lemma 6.5 to obtain

minfio—1,/wl}

(rpw); M A)
ZEND YD IR L

0 p#GEVI\Vo

min{ip—1,|w|}

- —1/(S+1
< (o)) Ly 2) /(S + )exp(—Czdk(rM,,ymiA)(P, CI))
0
(6.13) S VO if rupted < 1
' T+ D7V exp(—cadhir (P @) Af Fuppd > 1

because di(p, q) is at least exponentially increasing in &, so the sum is dominated by a con-
stant multiple of the largest term, which is the one with the maximal value of i. Moreover
the constant multiple depends only on the r and u values and the way path lengths on Oy
grow with k, all of which are properties only of the fractal, harmonic structure and mea-
sure. In the case that the maximal value of i is iy we have r,u,Ad = 1 50 di, u,1(P>q) < 1
and the exponential term is trivial. The factors (1 + 1)~'/+*D can be used rather than the
more obvious choice 17!/S+D because if A < 1 the sum is empty.

For the I3 term we must take a different approach, because in this case i < iy implies we
can apply Lemma 6.5 to obtain

(oo D -1 —1/(S+1) y(rw oy D -1 =1/(S+1)
w1,Gpg = ((rpenttpwr,)” + ) Dy, = ((Fpotowy,)” +A)

and therefore the only estimate we have is that from Lemma 6.6, which gives

minfio1jwl} ( K ( N
_ Pt Hiw; — Pl Hiw; —
I (1+2)7 16+ Z Z U 0 0, (F )
=0 peVi\Vo

minfio—1,/wl}

6.14) <A+ NN exp(—cadion(Fiu,p, %) = cadin(Fin, P, )
i=0  peVi\V,

where we again have replaced the obvious A7/ +D factor with (1 + 1)~/ +D because the
sum is empty if 2 < 1.

The above indicates that we need a lower bound on d)(Fiw, P> x) + dicy(Frwy,ps ) for
the points F,;,p, p € Vi \ Vy and a mechanism for counting how many of them there are.
Let L; be the set of such points that are in the boundary of the /-cell containing x but not
in the boundary of the (I + 1)-cell containing x, then the number of points in L; is smaller
than the number of points in V; \ V{, which is a constant depending only on the structure
of the fractal. Moreover any point z € L; is separated from x by an (I + 1)-cell. By the same
reasoning as in Lemma 6.6, the dj(,) diameter of any such (/ + 1) cell Fy,;,;(X) is bounded
below by a constant multiple of the dy,, 1) diameter of X, rounded down to the nearest
integer. Writing the diameter of X with respect to d; as diamy(X) we obtain:

Z CXp(—Cdk())(F[w]ip, x)) < exp(—c diamk(,mlmwllﬁ)(X)).
Fiw), pely

We use this estimate only for / < |w|. Any points Fy,;,p which occur in the sum but are
not in any of the L;, [ < |w| must be in F,,(V}), so the number of these is bounded by a
constant depending only on the structure of the fractal. For these points we use the triangle
inequality to estimate the corresponding terms of (6.14).

exp(—cadic (i, P> %) = cadicay(Fiun, p»¥)) < exp(—cadin(, ).
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Combining these estimates and substituting into (6.14) we have shown

mingig.wl}
L<(+ /l)—l/(S+1)(exp(—C4dk(,1)(x, y)) + Z exp(—c diamk(,[wll 1, 4)(X)))
1=0
615 (1+)71/6+D if rypd < 1
‘ T+ TS D exp(—cadin(x. ) f e > 1

where we used the same reasoning about the exponential decay as was used for the I,
term, along with the fact that diy(x,y) < diamy,,,1)(X) because x and y have resistance
separation < 7y,,.

Comparing (6.12), (6.13) and (6.15) we see that we always have a bound by (1 +
A)VE+D§f pou,d < 1, and in this case the resistance separation of x and y is at most
a constant multiple of r,, = (ruu,) /S < A7VSD 5o that dyyy(x,y) < 1. Setting
k> = min{c,, c4} we therefore obtain

GO y) £ (1+ )76 < (1 4+ )7V exp(—kadi(x. y)).

For the case r,u,,4 > 1 we have I} = 0, and the estimate for I, is dominated by a multiple
of that for I3, so again

GO(x,y) £ (1+ )76V exp(-kadiay(x.¥))

and we have established the upper bound of (6.1) stated in the theorem.

We now turn to the upper bounds for normal derivatives. Recall that ), denotes the
normal derivative with respect to the first variable. If x € Vj and y # x then the series
for GW(x, y) is finite and we can compute the normal derivative term by term. The upper
bound on —8,GY(x, y) may then be obtained in almost the same way as the upper bound on
G™W(x,). The reasoning for both I, and I5 is unchanged except that instead of bounding

r[w]‘.G(pr;w]’M'”"/l) by A1/6+D we use the full upper bound ((rpppeg,)™ + ) /¢ from
Lemma 6.5. The upper bound for —B;Iw;r[”’“” i) o [‘vvl],(x) from (6.6) cancels this factor

and leaves precisely the exponential decay terms seen in (6.13) and (6.14), so the only
change to these estimates is that the A~'/S*D factor is no longer present. The I; term
requires slightly more changes. Again we use Lemma 6.5 and (6.6) to see that

T Y RTINS
(6.16) 1t Gy ™ (=050, 0 FLL (1) < exp(=cadin(Fruy, p. )

is bounded, but then use it to conclude that

[wl

’ (GIENT) p—
0,11 < Z Z eXp(—C4dk(A)(F[w]iP, )C))wq’l it (Fpy)
io p.geVi\Vo

< exp(—cadiy (Fiu, - ) = cadicay(Fiu, p, X)),
where the last step is from (6.5). This sum can be bounded by the same argument as was
used for /3 in passing from (6.14) to (6.15), so we may sum the terms from /,, I, and
I5 to obtain the desired bound —9,GV(x,y) < exp(—szku)(x, y)) provided y # x. This
verifies the upper bound in (6.2). An easy argument then shows that for points z within

the @y cell containing x, the peak size of GY(z, -) is comparable to R(x, z) rather than
(1 + )Y+ we will later need the immediate consequence

(6.17) NGz, Il < (1 + D)V DR(x, z) as 7 — x € V.
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To complete our upper bounds we must deal with what happens when x and y are both
in V. If this is true and they are distinct, then the sum (6.10) reduces to the finite number
of terms with i = 0. We can break each term into the product of a factor like that in (6.16)
and a factor for the normal derivative in the second variable, which is of the form

17 ¢ P M A) - - 1/(S+1
=0y Wy 0 Ful )0) < ()™ + VY exp(—cadiny(Fpuy, p. y)

by (6.6), but with i = 0. However, the points F|,),p = p are then in V; \ Vj, so both
diy(Fwy, psy) and diay(Fw, p, X) are comparable to dyy)(x,y), and as i = 0 the overall
bound reduces to

8,0,/GP(x,y) < (1+ )"V exp(—cadyiay (x, ).

Finally, we look at 8”79, G“(x, x) for x € Vj. Notice that in the above discussion of the
normal derivative &,GY(x, y) we established that (summing over those w corresponding to
x if necessary)

(6.18)

% _ (P Hpwy; D) (rpwy; Mo A) -1 ooy A =1
—9,GP =Y D Gy (o o Bl o) wy M L)

i pgeVi\Vo

in which the sum is finite for any y # x. However replacing 1&5;‘ it [Y) with

Wl A e . . .
-ay E]rl ik )(F [wf]iy) throughout the series does not give a series for 3d,GY(x,y). The

n
reason is that every finite truncation of the series is zero at x, whereas —GQG(*)(x, x) is the
continuous extension of =3, G (x, -) from X \ {x} to x, which exists because the series is

a sum of continuous positive functions in which all partial sums are < exp(—C4dk( (x, y))
for y # x. We therefore compute 8,'8,GV(x, x) using

8,0,G(x, x) = lim E(=8,G"(x, ), b (-))

=lim > 9k 0)(-0,G"(x.y)

[—00

YEF; (Vo)
(6.19) = lim Z O ()(B,GV(x, x) — 8,GV(x, )

i—o0
YEF I, (Vo)\{x}

(6.20) = lim lim Z O M(B,GV(x, 2) — 8,GV(x, y))
1—00 7—X

YEF; (Vo)\{x}

where A is harmonic on FJ,,),(X) and equal to 1 at x and zero at the other points of FT,,;, (Vo).
We used that yer, v nhi(y) = 0 because /) is harmonic, and that 8,GV(x,x) =

lim,_,, 8,GY(x, z) by definition. Now rewrite these terms using the Gauss-Green formula
in the first variable. Since (1 — A")G(s,y) = 6,(s) we have

3,GV(x,y) = f LN GV (s, y) du(s) = A f LGP (s, y) du(s) — L)
X X
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from which (6.20) may be written
3 9,GV(x, x)

n-n

=lm D OO - i)

i—00

YEF 1 (Vo)\(x}
—alim [ G(s) Y GG (s, du(s)
1—00 X

YeF ), (Vo)\{x}

alim Y o) [ GG )
ands X

% Se R, Vo)

(6.21) = 9p¢(x) = Alim f L) D, BGIG (s, y) duls)
I er, o
In the last step of this computation we used that lim,_,, {,(z) = {:(x), so the first term just
produces 0,{,(x) by the same argument that gave (6.19). We also found that the third term
was zero, because of (6.17) and the boundedness of /.
To further simplify (6.21) we again apply the Gauss-Green formula, this time in the
second variable, to obtain

0l (NG (s,y) = 8;,GV (s, x) - f R OA" GV (s, 1) du(t)
)EF[M']i(VO)\{x] F[w]j(X)

= 0/GY(s,x) + hi(s) - A f hI (OGO (s, 1) du(?)
F[Wl_/-(X)

Two pieces of this make no contribution in the limit as i — co. One is the integral
b f LX) du(s) $ p(Fruy0) = 0 as i — oo,
X

For the other we use the upper bound of (6.1) to compute fx GY(s, ) du(s) < A" and
therefore
A2 f Z(s) hE(GD (s, 1) du(t) du(s) < A f hX(0) du(t) < Au(Fraco)
X Fru;(X) Frun; (X)

which also goes to 0 as i — co. We used that /2 is bounded by 1. On the remaining piece
we use the previously established upper bound in (6.2) to see that that —3’G“(x,y) has
faster than exponential decay with characteristic length k(1), so that its integral against a
bounded function is estimated by the integral over a cell of diameter k(1) at x, which has
measure comparable to A75/S*D_ Thus

(6.22) 1 [ GG 5 0) duts) 5 275D,

Substituting all of this into 2(6.21) we have at last

623 GGV (w0 = 0,60+ 4 [ LGV 0)du(s) 5 (146,
This completes all the upper bounds in th)e: theorem. O

Proof of Theorem 6.1: Lower bounds. Observe that all terms in the sum (6.10) are posi-
tive, so to obtain the lower bound of (6.1) it suffices that we have the desired bound on
a single term. Our upper estimates suggest we consider the dominant term for both the
diagonal and off-diagonal series. To do so we will have to split into two different ranges
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of A. This splitting depends on the lower estimate from (6.5) of Lemma 6.6, which is only
valid off some exceptional cells.

The exceptional cells in the sense of Lemma 6.6 are of the form Fj,,),; o Fy(X) for those
0 € Oy, ;0 Such that Fp(X) intersects Vo \ {p}. Observe that if r(, iy, 4 is too
small then these cells could cover F{,;,(X), so to use this estimate at all we must assume
that rp,. (w4 > €, where ¢ is chosen large enough this does not occur, and is a constant
depending only on the fractal and harmonic structure.

Fix two points x and y and recall w is the longest word so F,(X) contains both x and y.
Our two cases are that where r,,u,,A > ¢ and where r,,u,,A < ¢, the latter including the case
x = y. In the former we prove the lower bound (6.1) including the exponential term, but in
the latter the exponential term is bounded below and plays no role in the estimate.

First consider the case r,,u,, A > ¢. Then the lower estimate from (6.5) of Lemma 6.6
is valid off the exceptional cells of F,(X), and these cells have size comparable to cells of
the partition ®yy. Fix such a size and call the subcells of F,,(X) that both have this size
and contain a point of F\,(Vp) the boundary cells of F,,(X). We further arrange this size so
that the exceptional cells for wrF” pl o F;,! are contained in those boundary cells that do not
contain F,,p.

From Lemma 6.5 and Lemma 6.6 we know that for any i such that r{y,),1,,4 > ¢ and x

T M)A o F-!

and y not in the exceptional subcells for ¥ Fo Il
wlip i

oy D Fg oy D =1 et A =1
rlw],-qu 'pp (F[W]ix) 'ﬁq (F[w]iy)

1/(S+1)

2 ((rp gy, + ) exp(=C1k(r 1, 0 () = €3¢dicay(Flooy, s X) = esediay(Fny 4 5))

(6.24)
> A7VEHD eXp(—Cl czcdy(Fwy, Py Fw @) = 3cdiy(Fpwy, s X) = c3cdiy(Fiwy g y))

where the d, u,,, (X, y) term from Lemma 6.5 was converted to c3cd(Fiwy,p, Fiw;q)
using (6.8). To get our lower bound (6.1) on G‘Y(x, y) for A 2 1 it suffices that given x and
v, neither of which is in an exceptional cell containing a point of Vj, we can find such i, p
and ¢ with x and y not in exceptional subcells of F,,),(X) and

(6.25) Ay (Fp), P> Frut, @) + Ay (Fpuy, P> X) + diy(Frug, g5 Y) < digay(x,y) + K

for some constant & depending only on the fractal and harmonic structure, as the corre-
sponding term from (6.24) will be a lower bound of the correct form for the non-negative
series (6.10) for G(x, y) once we set k| = cic3c.

One possibility is that neither x nor y is in a boundary cell of F,,(X). Our choice of
w ensures that x and y are in separate level-one subcells of F,,(X) (i.e. cells of the form
F,,j(X)), so the diy geodesic between them must pass through a vertex F,,p for some
p € Vi \ V. We conclude that dy(Fyp, x) + diay(Fywp,y) = dia(x,y), which is the
desired bound (6.25) in the case ¢ = p and i = |w|.

The alternative is that either x or y or both is in a boundary subcell of F,,(X). There is no
loss of generality in assuming x is in a boundary subcell, and the corresponding boundary
point is F,,p’ for some p’ € V. We will assume that F,,p’ ¢ V;, in which case there is a
largest i satisfying F\,p’ = Fy,,,p for some p € V; \ Vy. If y is also in a boundary subcell
then by taking x to be the point with the larger value of i of this type, we can assume that
the boundary point corresponding to y is of the form F,,),q for some g € V. \ V.

Since the boundary subcells have size comparable to cells from ®y,, they have bounded
diameter in the dy(, distance. Therefore dyy(Fy),p,X) < ko and the triangle inequality
ensures diy(Fpu,p,y) < diy(x,y) + ko. Examining the term of (6.24) with this i and p



24 LUKE G. ROGERS

and taking g = p we find that x is too close to F,,),p to be in an exceptional subcell for

zp;ll ”J’J """ o Fy,), - If y is not in an exceptional subcell for this function then
wlip ;

Ay (Frwy, s Frw, ) + dicy(Frwy, P X) + dicy(Fpoy, 2, ) < ko + dicay(x,y) + ko

which verifies the desired bound (6.25). However for y to be in an exceptional subcell

for wg}"];”[“']'ﬁ oF [;3} it must be in a boundary subcell for F,;,(X) and thus for F,,(X). We
wlip ’

conclude that i + 1 = |w| and therefore y is within dy,) distance ko of Fy,),q for some

q € Vi \ Vo. Looking at the term from (6.24) with this i, p and g we use the triangle

inequality di ) (Fpw),ps Fiwl,q) < diy(x,y) + 2k to obtain

(6.26) Ay (Fr, P Fruni @) + dicy(Fuy, > X) + diy(Fun @, ¥) < diay(x,y) + 4ko

Tiw]; Hiwl;

which verifies (6.25). Then x is not in an exceptional subcell for lﬁF[ ] ‘o F [’Wl] and y is
wiip i

. . Tl Hiw;; A _
not in an exceptional subcell for z//F[[]] Mo F [Wl],,
Wlig i

Thus far we have verified the lower bound of (6.1) in the case that r,,u,,A > ¢ and under
the assumption that if either x or y is in a boundary subcell of F,(X), then this subcell does
not contain a point of V. However in the case r,u,4 < ¢ the lower bound amounts to
saying that G“Y(x, y) is bounded below if neither x nor y is within a @y, cell containing a
point of Vj, which is vacuous when A is so small that these cells cover X, and evident from
continuity of GY(x, y) on the bounded interval in 1 otherwise.

Next we examine what happens on boundary subcells which contain points from Vj. In
this case we seek lower bounds for the negatives of partial derivatives as in (6.2) and (6.3).
Again we assume r,,u,,A > € so as to use the lower bounds that go into (6.24).

Recall that if x € Vj and y # x we can write —3,G“V(x,y) as the series in (6.18). For

this sum we can use termwise estimates like (6.24), because replacing the lower bound on
(rpw; iwy; D)
p

the same result except without the factor A~"/S*D_ As in the reasoning leading to (6.25),
given x € V, and y not in an exceptional cell containing a point of V{, our lower bound
on —3,G™W(x, y) will follow if we can find i, p, and ¢ with y not in an exceptional subcell
of Fi,,,(X) and such that (6.25) holds. Moreover the situation is simpler than it was there,
because x will always be in an exceptional subcell of F,,,(X) and we can take p 5o Fi,,,p =
x. For the largest number j such that y € FJ,,),(X), if y is in an exceptional subcell of
Fy);(X) then it is not in an exceptional subcell of Fy,;., (X), so we may take i to be either
jor j— 1 as appropriate. In either case it is apparent that (6.25) is valid, establishing
the lower estimate of (6.2) when r,u,, A > ¢. To deal with the case r,u,d < ¢ we fix
y # x and observe that G®V(y,y) converges to a positive constant as A — 0 and that
(=3,GV(x,))(GD(y, y))”" is positive and decreasing in A by an argument similar to that in
Corollary 5.8. An easy computation using the series (6.18) with 1 = 0 shows —8,G (x, )
is positive, and we conclude that —3,G“(x, y) is bounded below by a constant depending
only on the fractal and harmonic structure. Together with the above, this shows that the
lower estimate of (6.2) is valid for all positive A.

We can now use this lower bound to improve the < in (6.22) to =, because it guarantees
that —9//GY(x, y) achieves size comparable to a constant depending only on the fractal and
harmonic structure. The lower estimate on the integral then follows by an argument like
that in Lemma 5.9. However this and (6.23) immediately imply the lower bound in (6.3),
so all lower bounds in the theorem have been proved. O

so the lower bound follows from (6.26).

(F [’vj]'x) in (6.24) by the lower bound on its normal derivative from (6.6) produces
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Proof of Corollary 6.2. 1t is stated in Theorem 4.2 of [6] that the Neumann resolvent is
obtained from the Dirichlet resolvent via

Gy =GP+ > o oni k)
P-q€Vo

where ng are the entries of the matrix inverse to that with entries a,,n;”(p). In fact this
is not strictly true; integration of f against this kernel produces a function with Laplacian
equal to f and zero normal derivatives, but it may differ from the integral against the
Neumann Green’s kernel by a constant. Hence this kernel is the Neumann kernel minus
the term corresponding to the eigenvalue zero and the eigenspace of constant functions,
which is what we must estimate.

From Theorem 5.1 the values C(p/;) are all positive and the diagonal values C (p’;,) are com-

parable to (1 + A)~VS+D_ From the same theorem it is evident that nﬁ,ﬂ) (x)nff)(y) is bounded

above by exp(—szk( 0(x, y)), so the terms added in passing from GO(x,y) to Gx) (x,y) also
satisfy the upper bound (6.1), and this estimate is therefore valid for G;j)(x, y). As we are
adding positive terms, the lower bound for G‘Y(x, y) in (6.1) applies also to G;’,l)(x, y). To
complete the proof we need only check that this bound is still valid for x and y within a
cell of scale k(1) at a boundary point. At such points the exponential term is trivial, so the
estimate is just that G;(,l)(x, y) 2 (1 +2)~YS+D_ This is true because ngf) is comparable to 1

at both x and y from the estimates in Theorem 5.1, and ) = (1 + 2)~"/*D as previously

noted. O

7. RESOLVENTS ON BLowUPS

Definition 7.1. For an infinite word o~ = 070 - - - let
Q= F e, X)) =F;l o0 FJI(X).

We call Q2_,, a finite blowup of X. Observe that the sequence {Q_,} is increasing because
Fj(X) c X for any j. The blowup Q of X is the union

In general there are uncountably many non-isometric blowups of a fractal. If the word
ends with the infinite repetition of a single letter, then the blowup will have non-empty
boundary, but otherwise there is no boundary. One reason to be interested in blowups is
illustrated by the familiar case of the unit interval [0, 1], which is a pcfss invariant set of
the iterated function system Fo(x) = 3, F1(x) = %1 on R. In this case any blowup corre-
sponding to a word that terminates with 000 - - - is a ray to +oo, while if the word terminates
with 111--- itis a ray to —oo; for all other words the blowup is all of R. Heuristically we
think of the relationship between a fractal and its blowup as somewhat akin to the relation-
ship between [0, 1] and R, inasmuch as they are compact and non-compact examples of
sets with similar local structure. Some interesting results about blowups of fractals may be
found in [17, 20].

Fix an infinite word o. It is straightforward to define a Laplacian on the blowup Q
that is consistent with that on X. Recall that for a finite word w, we have A(u o F,,) =

rwiy(Au) o F\,. Now if u is defined on Q_,, then uo (F ‘1)[0]” is defined on X, so to maintain
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this composition rule for the Laplacian we must set

-1
At = 11y, i, (A © (F i) © (Fier,)
(7.1) = N1, i1, (AW o (Fjg,)) 0 Fy, 0 Fy, 00020 Fp,.

It is easy to check that this ensures the definition of A on Q_,, is consistent with that on any
other Q_,,, so suffices as a definition of A on Q which is consistent with that on X = Q.
We may similarly define E and u on Q (note that then y is infinite but o-finite) so as to be
consistent with their definitions on X.

Now the result (3.3) from [6] may be transferred to each Q_,. For convenience of
notation, for the remainder of this section the function GY(x, y) of (3.3) will be renamed
GE)/D(x, y) to emphasize that it corresponds to the zero blowup X = Q.

Lemma 7.2. Suppose z € Cis such that there is no finite word w for which (r(g), fo1,) ™ Fuptwz
is a Dirichlet eigenvalue of A on X. Then defining

_ (G
(7.2) GEx,y) = i G (Fy, 00 gy X, Fy 00+ 0 Fyyy)

—n ol 70

the function
w0 = [ G 0)due)
Q.
solves (zI — A)u = f on Q_, with Dirichlet conditions at ((F~)y,(X)) = (F™Y)s,(Vo)-

Proof. By direct computation setting x’ = F, o --- o F, x and similarly for y,

- i, )
(ZI_ AX)M(X) = (ZI_ AX)r[LTI]nf GO[ nhlion (F("n 0---0 FU’lx’ F(fn 0:---0 FmY)f(Y)d#(Y)
Q

—n

1 - Tl i ?) , - , ,
:(Zl‘Ax)r[olL,/‘[frl]nfGor[JH” (Fo, 0+ 0 For, 2, ) f(F i, y") dpy)
X

_ - ("}l 7,7],,) o - ’ ’
= (o, Mo, 2 = B f Gy " Y) F(F Ve, y) Ay
X

= f((F Do, ') = ),
because (r[’(r1

] #[}1] 7) satisfies the hypotheses of Proposition 3.2. The Dirichlet boundary
conditions are immediate from the original result. O

Theorem 7.3. For any A > 0 the sequence G(_/l,f (x,y) is uniformly convergent on € X Q.
The limit G (x, y) is such that if f € L'(Q, dy) then

u(x) = fQ GO, ) f(3) du(y)

satisfies (AI —A)yu = f on Q. If Q has boundary points then u = 0 at these points. Moreover
there are positive constants k3 and k4 depending only on the fractal and harmonic structure
and such that

(73) AV exp(—ksdia(x, ) £ GE(x,y) £ 7 exp(—kadiay (x,))-

unless x or y is in a cell of Oy, that contains a boundary point. If there is a boundary
point p and y is not in such a cell, then we have

(7.4) exp(—kadi(p,Y)) S ~9,GL(p,) < exp(—kadica (. y))
and if p, q are boundary points then

(7.5) AVE+D CXP(—szk(A)(P, 6])) $0/8,GX(p,q) < AV eXP(—K4dk(A)(P, Q))-
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Proof. We need only establish the convergence and the bounds; the other assertions follow
immediately from Lemma 7.2, which is applicable because 4 > 0 and the spectrum of
A contains only negative values. Observe that instead of x,y in a general compact set it
suffices to consider x,y € X = €, because the proof is the same for any Q_, and any
compact set is contained in some sufficiently large Q._,,.

For the moment we assume the convergence and examine the bounds. These are readily
deduced from the estimates in Theorem 6.1 applied to (7.2). Direct substitution into (6.1)
shows that both the upper and lower bound for G(ji,z (x,y) are of the form

r[;l]n(l + r;]nyEo}]’l/l)_l/(s+l) exp( de(’w],, 7:1,,/1)( o, 0 oF,x,F; 00 Fa.ly))
however
r[o’] (I+ r[g’|nl’l[o’|”/l)_1/(s+ = (r[U]nﬂ[tT]n +A) S+ — A6
and
(7.6) dy il y(Fo, 0 0Fsx,Fy 00 Fgy) = dyp(x,y)

[oln

as described in the proof of (6.8). This demonstrates (7.3).

Now using the fact that the normal derivative of a function composed with F;, o---0F,
is the normal derivative of the function times the factor r(,;, we see from (6.2) that the upper
and lower bound for —0,G “)( p,y) are both of the form

-1 A)(Fo',, -~OF(,-1X,F(,-nO-~-OF0-]y))

ol

exp( de(,

so (7.4) follows using (7.6). Using the scaling of the normal derivative twice we have
from (6.3) that the upper and lower bounds for HQ’O;IG(_A,? (p, p) are both of the form
/1)1/(S+1) W(Fo, 0 0Fg %, Fp 00 me))

r[O']n(l + r[(r],,lu[(r]n exp( de(r

LR
S0 using

-1, -1 1/(S+1) 1/(S+1) 1/(S+1

1o, (1 + Ty, My, D) = (Mol Hiol, +4) — /G

as n — oo and (7.6) again we get (7.5). Note that these latter estimates are only of interest
if there is at least one fixed point p that is in all but finitely many Q_,, from which it follows
that p is a boundary point of Q.

In order to establish the convergence it helps to reorganize the notation so that it is clear
what we are summing. From (7.2) and (3.3),

Gy = 1, Gor i (Fy 00 Fyyx, Fyy 000 Fpy)
= ’"[_(r],, Z rW‘I’("””“"Er'Jn”Ehn’D(FV‘VI 0F,; 0---0F,x, F;l 0oF, 0---0F,Y)

weW,
however if w has length m then F,! o Fy 0---0 Fy = Flo--c0 Fl o Fy 0. 0 Fy |
so produces a non-trivial term in the sum only if w begins with o, 0,0,-1, and so on.
More precisely, if we think of o as infinite to the left, o = - - - 030,071, and write [0]-, =

oy---opand [O]opm = 0y Op_ms1 then the words producing a non-trivial term are of
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the form [o7]_,,,, for 0 < m < n, or [o"]_,w for some w € W.. Consequently

)
G2, (x,y)

n—1

_1 Tl-nm MO l-nm -l o /{ _] _l

= ol Zr (), P im0t V(Fly, )7 © Fio, X, (Fiel,,) ™" © Flop,y)
m=0
-1 ol i A -1 -1
o, Z Fler) e B i 10 D (Figy )™ © Fiop, X, (Fiop) ™" © Flo,y)
weW,

n—1
-1 -1 -l witwd) ¢ —1 -1
Z 7 U]”Hl‘{’(' 1omn Mo mn )(F (hun®s Flol,y) + Z Fyy PO )(FW xF.y)
m=0 weW,
-1
-1 e TRLN | wilw A -1 -1
Z r[a_]m\P(r[(r]m/‘l[(r]m )(F[O—]”,X, F[o—me) + Z rW‘I’(r # )(FW X, Fw y)

m=—n weW,

In particular, for n” > n we have from (3.4)

—n—1

—1 ~1 -1 A
Z righ, Wt (Fig), x, Figy,y)

m=-n’

G (x,y) = GY(x,y)

—n —-n

-n—1

-1 AT ) CioHion, D oMo D
Z Z r[o-]mGpc[/] (o1 Wp[ ko) (Flo), %) ‘/’q[ Tt (Fiop,)-
m==n' p.qeVi\Vy

From Lemma 6.5,

1 AT D o1 o L
M1, Opa S (o, iy, + DT eXP(‘C2dk<r(;Jmu-' »(P.@)) S AT

[oTm
and applying Lemma 6.6 we find

—n—1
1 p 1S+ i D RN
G(_,f,(x,y)—GS,f(x,y)|$ﬁ SN T  Fi, 0w T (Fi, )
m==n" p,geVi\Vy
—n—1

(1.7) SAVED NN exp(—cadin(Fihy, po3) = cadian(Figh, 4.9))
m==n’ p,qeVi\Vy

Recall that we were able to assume x,y € Qp. Now we wish to count how many F [701] p
and F, [}l]mq are within some distance of €. It is not easy to do this using the dj,) distance,
but it is easy to make an estimate using the number of cells that have the same scale as €,
by which we mean the cells of the form F[‘( r]]m o F,,(Qo) where |w| = m. For cells of the
same scale as Qg, we think of those that intersect ) as forming an annulus of size 1, those
intersecting this annulus (but not € itself) as forming an annulus size 2, and so forth. It
is apparent that the number of points in the intersection of {F [_allm p:peVi\Vo,m=>1}
with any such annulus is bounded by a constant depending only on the fractal. We can also
obtain a crude estimate on the growth of the dj,) distance from Q to the n™ annulus, just
by noting that the resistance distance to this annulus must grow at least like (max; r;)™,
and the dyy)(x, ) distance is bounded below by (1 +2)!/S*1 times the resistance distance,
so also grows geometrically. It follows that (7.7) converges (pointwise) as n’ — co and
satisfies a bound

GP(x,y) - GY(x, y)‘ s CW) exp(—C4 min{dk(ﬂ)(F[_Ul]mp, X):m=n,peVy\ VO}).
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However we established above that there are only finitely many points F' [’(Tl] p within any of
our annuli. Thus for any prescribed distance we can take the finite union of annuli covering
that distance around g, and by taking n large enough we can be sure no F [‘(rl] pwithm > n

lies in this union. Hence G(_A,i(x, y) converges uniformly to GP(x, y). O

8. PHRAGMEN-LINDELOF TYPE THEOREMS

In this section we prove some complex analytic estimates related to the Phragmen-
Lindelof theorem. Later these will be used to prove bounds for the resolvent in a sector of
C that omits the negative real axis. Phragmen-Lindel6f theorems have previously been used
to obtain off-diagonal decay estimates for heat kernels from Davies-Gaffney estimates [2],
however it seems that the techniques and results proved there are not applicable in our
situation.

Fix an angle @ < 7 and consider the sector

Ay ={z=lle® eC:-a <p<al

It will also be convenient to identify A} = A, N {Jz > 0} and A, = A, N{Jz < O}.
One version of the classical Phragmen-Lindel6f theorem is as follows; a proof may be
found in [14].

Theorem 8.1 (Phragmen—Lindelof). Suppose that u(z) is a function analytic in an open
sector of angular size a and continuous on the closure of the sector. If u is bounded by M
on the sides of the sector and satisfies |u(z)| < C exp(clzl“’) for some o < g and constants
C and c, then |u| < M on the closed sector.

As a particular consequence we see that

Corollary 8.2. Suppose g(z) is analytic on A, and continuous and bounded by 1 on the
closure. If |g(2)| < exp(—ai|z|**) on the positive real axis for some 0 < a; < 1 and a; > 0,
then for B € [0, @] we have

—ay sin(ax(a@ = B)) .,
K )

i < (
lg(lzle®)I < exp sin(a, @)

Proof. With the convention that all power functions are defined by cutting the z-plane

along the negative real axis, let
a ei(ﬂ/Z—azry)
v(z) = exp(—l . “2)
sin(a@)

which is analytic in A}. Note that the real part of the exponent vanishes on Arg(z) = @, and
that on the positive real axis it is a1]z]*2. Thus [v(z)g(z)| < 1 on 0A}. It is also apparent that

()| < exp(ﬁmﬁ)

within A}. Since ay < 1 and the sector has angle @ < x, the Phragmen-Lindel6f theorem
implies [v(z)g(z)| < 1 on the closure of A}. Thus for z = |z]e”, 0 < B < @ we have

—ap sin(ax(a - B)) .,
1)

-1 _
lg@I < @)™ = exp( sin(aa)
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We shall later see that this could be applied to both piecewise eigenfunctions and the
resolvent in the case of affine nested fractals, because these have decay exp(—aidj 1 (x,))
for A on the positive real axis and dyy)(x,y) = (1 + )/ S*DR(x, )" by Proposition 4.3 and
Definition 5.12. In the more general pcfss case it cannot be used because we do not know
whether dj 1)(x,y) grows like a power of A. In order to deal with the more general decay
exp(—aidy ) (x,y)) we need a modified version of Corollary 8.2. The modification takes
into account the fact that dy ) (x, y) behaves like a power of A over exponential scales, but
that the powers could perhaps be different for distinct scales. In essence, what we must
do is create functions analytic on a sector and growing according to different powers on
different exponential scales. This is done using Schwarz-Christoffel functions. The author
anticipates that the existence of maps might be known, but does not know of a place where
they are described. Our replacement for Corollary 8.2 in the general case is as follows.

Theorem 8.3. Fix a < n. Suppose f : [0,00) — [0, ) has the property that there are
0<pB1 <Br<1landc; > 0andcy > 0 such that

j+1
MP < f(M—H) < coMP,
(M)
for any sufficiently large M € [1,00) and all j € N U {0}. If g(z) is a function that is
analytic on A}, continuous and bounded by 1 on the closure of A}, and satisfies |g(z)| <
exp(—f(1z["/)) on the positive real axis, then there are constants ¢ and ¢ such that for

B<€[0,a]

8.1)

i TN i ﬁ
lg(lzle®)| < exp(—Cf(|ZI /%y sin c(l - 5))

Proof. From Lemma 8.5 below we know that under these hypotheses for every 0 < € <
% min{(B1), (1 — B2), (B> — B1)} there is a function F(z) analytic in the upper half plane and
satisfying
c3()f (1) sin((B1 — e)( - B)) < RF(lzle”) < f(Izl) sin((B + €)(7 — B)).

Consider

F(Z) )

sin(r(8, + €))/’

which is analytic in A;. Observe that 7/ takes the ray with argument a to the negative real
axis, so that F(z*/?) is imaginary and |v(z)g(z)| < 1 on this ray. Since the real part of F(z"/)

is bounded by f(|z"/%) sin(n(8, + €)) on the positive real axis, we see that |v(z)g(z)| < 1 on
0A}. We also have the bound

v(2) = exp(

Sz )
sin(n(B; + €))

on A;. Since f(|z|ﬂ/a) < C2|Z|ﬁ2ﬂ/a for all sufficiently large | and
Lindledf theorem implies that [v(z)g(z)| < 1 on A7. We conclude that
—c3(€) f(Jzf"*) sin((B) — €)m(1 — g)))
sin(m(B; + €))

and note that the constants are non-zero. O

(o) < expf

Brt oz the Phragmen-
a [e3

8@ < @I < exp

The construction and properties of the Schwarz-Christoffel function used in the proof
are contained in the following lemma.
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Lemma 8.4. Given 0 < a; < @y < 1 and numbers ; such that that a;; < 21]‘.:0 T; < ay for
all'k, and sup; || = C < 1, the Schwarz-Christoffel function

H(z) = ‘fok w o 1:[(1 - %)_ﬁ dw
is holomorphic in the upper half plane and satisfies
o'~ Z o1 minfsin(ay 7z + (1 = a1)B). sinar + (1 - a)p))
< SH(|zle?)
< gt~ Zio =il KOT max{sin(a,;r + (1 = ay)B), sin(arm + (1 — az)ﬁ)}.
for every B € [0, nt], with constants depending only upon the assumed bounds and on M.

Proof. 1t is well known that H(z) maps the upper half plane conformally onto the region
bounded by a polygonal path with angles 77; at the vertices and extends continuously to
the boundary, so that the negative real axis is mapped to itself and at w € (M*, M**1) c R
the direction of the boundary path is & Z'(‘) 7;, which by hypothesis is in [a 7, a;7]. We will
need to know an estimate for the direction of the image of a ray from O at angle 3 € (0, ).
At a point w on this ray, the angles 8, from w to M’ € R form a strictly increasing sequence
beginning at 8y = —m + 8 and converging to 0. The direction tangent to the image curve at
H(w) is then 8 + 3 ;(—7,)B;. Now

k k k
B+ ) (TBj =B+ (=) Y T+ ) T B-7—p)
j=0

Jj=0 j=0

and f—n—p; < Oforall j, so the second sum has the opposite sign to };; 7; > 0. It follows
that

k k
B+ DT <P+ =B Y T <+ =Pz =71~ (1 - ar)(w - .
j=0 j=0
To see a lower bound, write
k k k
B+ D =T)B; =+ (x=Byro+ (x—P) Y T+ Y Ti(B-7—f)).

J=0 J=1 J=0

If Y 7; > 0, then so is 3§ —78;, so
k
B+ (~T)B; = B+ (x—Byro = B+ (x - Blar.
j=0

However, at any k such that Z/{ 7; < 0 we have Z_];:o 7i(B —m— ;) > 0, so that the same
lower bound

k

k
B+ ) (=B 2B+ (m=P) Y Ty 2B+ (r—Par =~ (1 —a)r—p)
j=0

J=0

holds. Thus the direction of the image of the ray from O at angle 3 is between 71— (1 —a )(7r—
B) and 71—(1—a;)(r—p). In particular we may relate the integral along this ray to the integral
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of the magnitude of the integrand along the ray. Writing A(w) = w™™ H;’;l(l - WM
and z = |z]e?® we have

Iz]
min{sin(n — (1 =ay)(r=p)),sin(r — (1 —ay)(r —,3))} f |h(f€w)| dt
0
Izl
<9 f h(te®) d(te®) = SH(z)
0

Izl
82 < maxsin(r~(1-ap)r—B).sin(x (1 - a2)(x - B)} fo ’h(teiﬁ)' d.

To proceed we need an estimate on the magnitude of the integrand h(w). For fixed z let
k be such that M*1/2 < |z| < M**!/2 and write

'h — |w|~T0 W T M w |~
ool =t = [l TH=S T -4
J=1 J=1 j=k+1
1 w|~Tk = W |-Tj - M/ > w
=|w|™" 1_W l—”M exp(Z—leog‘1—7‘+ Z —Tj10g|1—M|).
j=1 J=1 J=k+1

Now it is easy to see that
k=1

]Z:;—leog‘l - —j‘ < %;M/ <€
ORI [ Pyl SRR Ye
50 that - N e -

with constants independent of k (here we used boundedness of Z](‘) 7;). We may use this to
estimate the integral in (8.2) from ¢ = A2 40t = AK1/2 The fact that |r| < 1 ensures
integrability of the first term, and that the integration introduces a bounded multiple of M*
into the product. Letting K be the integer part of log |z|/ log M we find that

Izl ) K k=1 ‘ K-1 )
f h(te’ﬁ)' dt =~ Z M* ]_[ MY > pK ]_[ MUK,
M2 =0 =0 =0

However the ratio of the (k + 1)-th term to the k-th term is

k k=1
[Mk+] 1_[ M(j—k—l)rj][M—k 1_[ M(k—j)‘rj] = Mt > ple

J=0 J=0

by hypothesis. Thus we have the upper bound

K k-1 K-1 K K-1
) N e o
k=0 =0 =0 k=0 j=0

and finally may conclude (again using boundedness of 215 7;)

Izl
f 'h(teiﬁ)|dt ~ ||~ Zhe1=iK0T;
MO
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from which the result follows by (8.2). O

The construction in the preceding lemma is applicable under the hypotheses of the the-
orem, as shown in the following.

Lemma 8.5. Suppose f satisfies the hypotheses of Theorem 8.3. For any 0 < € <

%min{(ﬂl), (1 = B2), (B2 — B1)} there is a constant c3 = c3(€) and a function F(z), holo-
morphic on the upper half plane, such that for all 8 € [0, rr]

c3 f(lz) sin((B1 + €)(w = B)) < RF(Izle”) < f(lz]) sin((B2 — €)(x = B)).
Proof. By hypothesis we have

iy _ i-1
__a log f(M") —log f(M") <y —2
log M log M log M

Bi

Choose M sufficiently large that both @ and 1022114 are smaller than €. Then

log f(M') —log f(M™")

(8.3) 0<pBr—€< log M <Br+e<l.
By making M larger if necessary we also may require 8; — € < % < B> + €, because
log(f(1))/logM — 0 as M — oo.
Now let
_ log f(M’*h
PTG+ DlogM® T
and
1-1j if j=0
Tj =142l -2 if j=1

T;= j(2lj_1 - lj - lj_g) + lj_z - lj lf] >2
We claim that
k
(8.4) 1- Z(l — jlk)Tj = iy fork = 1.
=0

This is easily verified when k = 1, 2. For k > 2 it follows by induction, because if it is true
up to k then the the following are true, and we must prove X = (k + 1)I.

k
k=D k=t =Koy
j=0

k-1

k=1= (k= 1= jy; = (k= Dla

=0
k+1

k+1—Z(k+1—j)Tj=X.
=0

If we subtract the latter two equations from twice the first we obtain

Tk = 2klk,1 — (k - l)lk,z -X
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from which we have the desired equality:

X = Zklk,l - (k - 1)lk,2 — Tk
=2kly = (k= Dy = kQhy = Ik = lr2) = ez + i
= (k+ D).
Our goal is to apply Lemma 8.4, for which we need estimates on 26 7;. Define a =

1-B,—eand @, = 1 - +¢;itiseasy tocheck thatO < @) < a; < 1. Fori=0,79 = 1-1
is in [, a2] by the estimate following (8.3). For i > 1 we may use (8.4) to obtain

i i+1 i
RIE i(m 1= = D=y
=0 =0 0

=1-(+ l)l, + il

_ log f(M™!) — log f(M")

=1
log M

€ [a1, 2]
directly from (8.3). We also need that sup ; Itjl < 1. As already noted, 7g € [a}, @2]. For
Jj =1 we write
_ log f(M?) —log f(M)
log M
which is a difference of two values from [3; — €,8; + €], so has magnitude bounded by
2€ + 3, — B1. Similarly, for j > 2 rewrite 7; as

1 MH -1 MY 1 Mty —1 M/
(jlj_]—(j—l)lj_z)—((j+1)lj—ﬂj—l>: og f( )1og1(\)/;gf( ) log f( 10)gﬂ/[ogf( )

T =1lo= Q2L =lp) =1lo

which is a difference of the same type. Since we chose that 3e < 8, — 3 we conclude that
all |7j], j > 1 are bounded by 8, — 8; < 1.

We have verified that Lemma 8.4 may be applied to the sequence 7; to produce a
function H(z). Since @, > a3 = 1 — 3, — € > 0 we may find a constant ¢’ such that
sin(B + ax(m — B)) < ¢’ sin(B + a; (7w — B)) for all B € [0, x]; inserting this into the estimate
of JH(z) in Lemma 8.4 yields

2!~ ZI0 =K in(B + aa( — B)) < TH(2le®) < |2~ Z =K% 5in(B + a1 (r — B))

with K the integer part of log |z|/ log M. However we determined in (8.4) that

logle|

0g K —
|Z|lfzf:0(lfj/K)Tj — |Z|l,(,| — |Z|% — (f(MK))(KH)IOgM,

Moreover % € [l—ﬁ, 1]and f(M*%)V/&+D js bounded, as is the ratio of f(MX)/f(|z]),

so we have in fact
f(lz)sin(B + ax(w — B)) < FH(zle®) < f(I2l) sin(B + a1 (x — B))
which may be rewritten as
Sz sin((1 — a2)(x = B)) < FH([zle”) < f(lzl) sin((1 - a1)( — ).

Hence there is some constant ¢ such that F(z) = —iH(z)/c satisfies the conclusion of the
lemma. o
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9. ESTIMATES AWAY FROM THE NEGATIVE REAL AXIS.

In previous sections we have estimated piecewise eigenfunctions and the resolvent for
real positive values of A. In this section we combine them with a weak decay estimate
for the resolvent and use the Phragmen-Lindelof theorems to obtain decay estimates in a
sector in C. This gives bounds on the resolvent everywhere away from the negative real
axis.

Our weak decay estimate for the resolvent relies on knowing L™ bounds for projection
kernels onto eigenspaces. To obtain them we first prove a modified version of Theorem
4.5.4 of [9], which relates L* and L? norms for eigenfunctions.

Theorem 9.1. If u is in the span of the eigenfunctions with eigenvalues not exceeding A
then |lulleo 5 AS/2E D jull,.

Proof. Let u = } ajp;(x), where the ¢; are an orthonormal set of eigenfunctions with
eigenvalues —4;, and 0 < A; < A for all j. The main point of our argument is that u does
not vary very much on any cell F,,(X) for which r,u,A < % Specifically, if F,,(X) is a
cell and A, is the harmonic function on X with A, (p) = u(F,,(p)) for all p € V;, then the
difference between u and h,, on F,,(X) can be obtained by integrating against the Green
kernel G¥(x, y). Since we know [|G©(x, y)|lo < 1 we have

o Fu = o Fu|| = | fx GO(x,y) (~Aw o F\)(») du(y)||_
slawe P,
= rW,LlW”(AM) o Fw”l

= rW”Au”LI(FW(X))

©.1) < b A 2

If ® is a partition of X into cells with r,u,, A < % then

_ 2 2\1/2 1
02 maxr|[Aull, = max ruu, (] @4) < max rus Al < Sl
J
Now if we make the above decomposition on each cell of ® we obtain a piecewise harmonic
function & by setting h o F,, = h,, o F,, and by (9.1) and (9.2)

1
93)  llu = hlloo < max 12| A, max 7y, [Au], < 5 max !l

<
(Fyp(X)) —

However (9.1) and (9.2) also yield
e = BB = >l = g ) = D sl © Fu = s 0 Fullhsiy,
w w
< Zﬂw“u ° Fw - hw ° FWHZO
< Z rfvuvaAuHiz(FW(X))

1
(9:4) < max roga [ Auf; < 21l
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Moreover the L* and L? norms of h,, o F,, are comparable because the space of harmonic
functions is finite dimensional. As in Lemma 4.5.5 of [9] we conclude

lhlles < 3 W o Fulles € D Wy © Fulls = D 15 e, o) = max il
w w w

and by (9.4), ||hle < %maxwu,_vl/zllullz. Combining this with (9.3) gives

1 -1/2 -1/2
il < Wil + 5 max g, 2l < 2 max "2l

We required only r,u,A < 1, so may choose it such that wSHIS =, > AT from

which ;"2 < A28+, O

Theorem 9.2. If {¢;} is a finite orthonormal set of eigenfunctions with eigenvalues not
exceeding A and {b;} is a set of complex numbers with all |b;| < B then

HZ bjgj(x)¢;(y) < BAS/(S+D).
J

Lo(XxX)

Proof. Fix y € X and take the L* norm with respect to x. We see that 3} ; ¢;(x)¢;(y) is in
the span of the eigenfunctions with eigenvalues at most A, so by Theorem 9.1 it suffices to
compute the L? norm with respect to x. Since the ¢ ;(x) are orthonormal and appear with
coeflicients ¢;(y), we have

ASISHD]S” 6,(00)
J

;(x) < Z,: ¢, < HZJ: ¢j(y)2|'oo < ”Z,: ¢ 1(N);(y)
Taking the supremum over y gives

1> #50850)
J

L (XxX)

< AS/S+D
L2(XxX)

because the functions are continuous and X is compact. However the the fact that the ¢;
are real-valued then ensures

> bi0,08,0)| < BY 10,08, < B(Y 6,07) (D 0,007) " 5 BASSD.
J J J J
O

Remark 3. The estimates in Theorems 9.1 and 9.2 are sharp in the sense that there are
fractals on which they are achieved. Indeed, on certain fractals with sufficient symmetry
it is also known that there are individual eigenfunctions of eigenvalue A with support in
cells of size A75/5*D when A is large. For these to have L? norm 1 they must then have L™
size A5/25+D_and the product ¢;(x)¢;(y) then has size 25/ *D (see Theorem 4.5.4 of [9]).
We do not know whether they are sharp on all pcfss sets, though it is not difficult to get a
lower bound from the Weyl law in Proposition 3.1. According to that result, the number of
eigenfunctions with eigenvalue at most A is bounded below by a multiple of AS/S*D if A is
sufficiently large. Calling them ¢; we see 3. ; ¢;(x)é;(y) has L*(XxX) norm bounded below
by a multiple of AS/25+D_and hence L*(X x X) norm that is at least this great. Hence as
a converse to Theorem 9.2 we have the existence of a set of eigenfunctions satisfying the
assumptions and for which there is x at which 3 ; ¢ (x)¢;(x) 2 AS/*S*D_ The consequence
for Theorem 9.1 is that setting a; = ¢;(x) we have the L™ norm of u = }’; a;¢;(x) is equal

Y a? 2 AS/Z5+D while its L? norm is (3; a?)]/z, so u satisfies the hypotheses and has
llulloo = AS/HE |l
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Lemma 9.3. For z € A,, the piecewise eigenfunction 171(;) satisfies

a
HTI,(UZ)(X)||LM(X) < (1 + tan(z))_

Proof. Recall £, is the harmonic function on X with value 1 at p € V; and 0 at the other
points of Vj. Let {¢;} be an orthonormal eigenfunction basis of L? with corresponding
eigenvalues {—4;} repeated according to multiplicity. It is easy to verify (see Lemma 3.3
of [6]) that if the L? expansion of {p in this basis is {, = 3 ; b;¢; then we have {;, — nf) =

I OW! Zf—ﬁj({) j» with L? convergence of the function and its Laplacian. We also have the L?

expansion 77(;) =i %¢ ;. Now we compute at z € A,

Ab;
95 Nx) =Dy =zl =2) Y —— 7 5.(x).
9.5) 1, (x) =1, (%) = (|2l - 2) Ej (z+/l,-)(|z|+/1,»)¢]( )

We break up the sum into pieces of the form A; € [2F,2%1) and estimate each piece using
Theorem 9.1 to obtain

[79 ) = 1P )llew < |I2l - 2] Z“ Z Lbj(pj(x)”w
k

i @+ )02+ 45)

Aib;
_ A(k+1)S/2(S+1) b A
AR |W;§AUJMMam%“%

|4;b;* )1/2

= iz —Z|22(1‘+‘)5/2(S+1)( R
g <<kt |TF /1j|2||z| + /1,-|2

lzl - z b 12
< 2:(2k5/2<s+1) max | . |)( Z ibj 2) '
. k+1 .
% 2 S/1,1<2 |Z+ j| 2k§/lf<2k+l |Z| + /lj|

Now for k > ko = log, |z| + 1 we have A; > 2|z| so |z + 4] > %’ > 2¢°1 and the maximum in
the above is at most 8|z|27%. For k < k, we instead bound the maximum using the fact that
7 € A,. Clearly we have |z + 1| 2 7] sina, but this is a poor estimate when « < 7, where
|z + 4] > |z|. Instead observe that sin@ > cos 5 for @ € [5,x] and so |z + 4| > |z| cos § for
all @ € [0,7]. Also |lz] - z| < 2[z|sin £, so the maximum is bounded by 2 tan 7. Inserting

these bounds for the specified £ and using the Cauchy-Schwarz inequality gives

75 = P )lleo

b2 \1/2 ;b
@ kS /2(S+1) 4B ) kS/2(S+1)n—k 14;b;
<2tan(3) 32 > ) 48 Y2 2 Y
J

2
lz| + /ljl k>ko 2k< <2k

k<ko 2k< <2k

< 2tan(%)(z 2kS/(S+1))1/2< Z M)”z + 8|Z|(Z 2kS/(S+1)2—2k)1/2( Z |4bjI?

|zl + /1_,-|2 k=ko 2;22% ||Z| + /ljl2

k<ko A;<2%0%!

< (2 tan(%)zkoS/Z(Sﬂ) + 8|Z|2koS/2(S+1)2—ko)(Z %)1/2
7 [lel+ 4]

< (#tan( )25 4 16172540 )]

where in the final step we used that kg = log, |z| + 1 and the known L? expansion of
nﬂzl) . The latter can be estimated using (5.1) from Theorem 5.1. This shows nﬂzl) has

)1/2
)1/2
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exponential decay with scale k(|z|), so that its L? norm is dominated by integrating over the
cell containing p and of measure |z|~5/*D. Since the function is bounded by 1 we find
Hﬂ(lzl)nz < |z75725+D Again using (5.1), this time as an L™ bound on ngzl), completes the

proof. O

Lemma 9.4. For z € A,, the Green kernel for a pcfss fractal with regular harmonic struc-
ture satisfies

|69y S 4+ DS D(1+ tan(3)

Proof. Expanding the resolvent kernel at both z € A, and at |z] € R with respect to the
basis {¢;} of eigenfunctions from the previous theorem we find

1
Z+4; |z| +4;

GOx.3) = G y) = 3 (e = —— )0, (000,0) = $;(X)9;().
J

Z:(Z-t/l)(lz|+/l)

As before we break up the sum, taking one piece where A; < 4|z|, and the rest to be
of the form A; € [2%,2%1), k > ko = log, |zl + 1. For each of the the latter we have
2+ 2; > lz+ 4] > % > 2F1 50 the coefficients multiplying ¢;(x)$;(y) are bounded by
8|z/272. Applying Theorem 9.2 we find

ol -z
(9.6) H

@+ (el + )" 9=2kn(k+1)S/(S+1)
(@ + (el + /tj)¢l(x)¢1(y)“m < 8l

2K|g]<A;<2k+ g

For the piece where A4; < 4|z| we use |z + 4| > [z]cos % and ||z] — 7] < 2|7 sin% for all

@ € [0, 7], because z € A,. The coefficients are then bounded by 2|z|~! tan &, and applying
Theorem 9.2 gives

H S

BT 506, =1 o (ENAS/ S+ — o1/ +D) ¢
@+ L) +/lj)¢’](X)¢j()’)Hoo <22 tan(2)|z| 2lz] tan(z).

A;<4z|
Combining this with (9.6) we have
169, y) = G, )|, < 2176 +D tan( )+ Z”

k>k0 2k</{ <2A+I

<2z l/(S“)tan( )+8|Z|ZZ 2k (k+DS/(S+1)
k=>ko

a
< |Z|_1/(S+1)taﬂ(§) n 8|Z|2—2k02(ko+1)5/(5+1)

|z| -

—(Z o BYER )¢,(x>¢]<y>1|

[0
S 70 (1 + tan(2))

However the bound can be improved for small z, because if 2|z| < Ay, the smallest Dirichlet
eigenvalue, then the first sum is empty and the second begins at log A rather than log |z],
giving a bound independent of z. We may therefore replace |z|~!/S+D with (1+z)~"/$*D in
the estimate. The result now follows by using (6.1) from Theorem 6.1 to bound G (x, y).

O

Remark 4. A small modification of the method in the previous proof provides bounds off
suitably small neighborhoods of the eigenvalues. If D; is the disc radius 6/11/ $+D centered
at —A; then outside U;D; we have |z + ;| > 6~ /11/(5”)
rather than the estimate in the above proof we see that

1690, < 67 1SS off U; D,

and using this for those A; < 4
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Moreover the Weyl estimate in Proposition 3.1 guarantees that the number of eigenvalues
of size at most A is bounded by a constant multiple of AS/S*D and therefore a suitably
small ¢ depending only on the fractal and harmonic structure ensures U;D; contains at
most half of any interval of the form [—-2**!, —2F]. It is easy to check that this estimate and
that in the lemma are comparable at points of the form —4; + 16/11/ 4D

We complete our estimates in A, with some for the normal derivatives.

Lemma 9.5. Under the assumptions of Lemmas 9.3 and 9.4,

9.7) 65 @] < (1 +12D"6*2(1 + tan(5)
(9.8) 9GP, )|y S (1 + tan(5 ))

9.9)

3,3,G°(p.0)| < (1 +12)"S* V(1 +tan(3)).

Proof. Applying the Laplacian to

G9(x,y) - G (x,y) = ¢ /() ;).

Z(z+/l)(lz|+/1)

gives an L? convergent series. We may therefore expand in the Gauss-Green formula

a;Z/G(z)(x’ p) - a:l/G(lzl)(x’ P)

= > 9(GV(x 9) - G (x, 9)¢p(9) — (GO(x,9) - G (x, )3t (q)
q€Vo

= IA(G(Z)(X’ y) —G(|Z|)(x,y))§,,(y) du(y)
(e =24;

= (1d - # |

= (lzl Z)Z YR +Aj)¢,(x)

— n;Z)(x) n(lhl)(x)

as we saw in (9.5). The justification for exchanging the integral and sum is that ||¢ /]| <
/lf /28+1 by Theorem 9.1 and £, is in L?, so the series form of the integrand is L' convergent

uniformly in x. The same is true of the series expansion of n(Z)(x) - nﬁ,‘z‘)(x) by Lemma 9.3,
and combining the estimate of that lemma with (6.2) from Theorem 6.1 gives (9.8).
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Similarly, the fact that applying the Laplacian to n(Z)(x) n(m)(x) gives an L? convergent
series allows us to compute

a2 (p) = 3P (p) = D" 0un = N DG (@) - (1F = SN @Fndp(0)

q€Vo

f A (x) = n“f“(x)){p(wdu(x)
f (2l -2) Z v )(m @Y ®

= (- Z)Z( +/1)(|z|+/1)

b,
‘('Z'"Z)Zq EX:

< 2|Z|”n(lzl)” < |Z|1/(S+1)

where we used the decay estimate (5.1) as we did in Lemma 9.3. This and the normal
derivative estimates from Theorem 5.1 give (9.7) and together with (6.3) from Theorem 6.1
establishes (9.9). O

With the preceding weak decay estimates in hand we may prove the main result of this
section, which gives bounds on both the functions n(Z) and the resolvent kernel G (x, y),
as well as their normal derivatives, at points z € C that are not on the negative real axis.

Theorem 9.6. Suppose X is a post-critically finite fractal with regular harmonic structure.
Then there is a constant ks > 0 depending only on the fractal and harmonic structure such
that for 7 = |z|€®, |8] < m we have

)] < @B 12, p. x)
619 (@) < 1z + 1SV, 12, p. @)
|G )| < le+ 17D, 2], x, y)

3,G(p.y)| £ ©B. 12, p.y)
80,GO(p, )| s Iz + 11VS*VD@, |21, p, )

where

Iﬁl

e —|Bl)
)) exp(—stqub(x, ) Sln(Tw'))
Proof. We give only the proof for G(Z)(x, y) because the others are entirely analogous. Fix
x and y in X. Recall from (6.1) that the resolvent satisfies

(9.10) GP(x,y) < (1 + )7 /6+D exp(—szk@)(x, y)).

for A € (0, ).

Let (A1) = kadjemy(x,y). Recalling Definition 5.12 we may substitute into Lemma 4.2
with k" = £ log M and k = jk’ to find that there are constants c¢; and c;, depending only on
the harmonic structure, for which

(B, 1, x.y) = (1 + tan(Z~

dk(M(jH)u/zr)(x, y)

< CQM%
dk(Mja/n)(.x, y)

o
ciM @+ <
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provided M is large enough. (Note that the latter restriction is so k(MY*D¥/™) is given by
the formula in Deﬁnition 5.12 and is not zero.) Thus (8.1) holds for f(1) with 0 < 8, =
e +1) <2 = 5= < 1. Consider the product

(Z + 1)1/(S+1)

— G :
8@ C(1 +tan 5 *)

on the sector A]. Lemma 9.4 implies |g| is bounded by 1 on A} if C is large enough,
while (9.10) implies |g(z)] < exp(—f(|z”/%)) on the positive real axis. Applying Theo-
rem 8.3 and multiplying out to retrieve G we have for 8 € [0, a] that

|G('Z'eiﬁ)(x, y)| Slz+ ll_l/(s“)(l + tan(g)) exp(—Cszk(\z\)(x, y)sin E(l - é))
2 a

In order to obtain an estimate on a general ray z = |zle’, B # r it then suffices to take

= 1@ +p), s0
y +
'G(‘Z‘eﬁ)(x,y)| Sle+ llfl/(S”)(l + tan(n B)) exp( k2 i) (X, ) sm( o ﬁ)))
n+p
and by symmetry corresponding estimates are valid on the sector A, obtained by reflection
in the real axis, simply by replacing g with |3|. O

Note that in the case of an affine nested fractal we could have proved this result using
the classical Phragmen-Lindelof theorem, because dj)(x,y) = (1 + DYEFDR(x, y)Y by
Proposition 4.3 and Definition 5.12. In this case one also obtains better constants.

Theorem 9.7. The sequence G_n(x y) defined in Theorem 7.3 for a blow-up Q of X con-
verges uniformly on compact subsets of Q X Q X (C \ (=0, 0]) to the Laplacian resolvent
Gg) (x,V), and there is kg > 0 such that

|GE (x.y)] < 17D, 12, x.y)

where

Iﬂl

)) exp(—KGdk(IzI)(x’ ) Sin(&iri—_lﬁlﬁl')))'

Proof. Using the definition of G% »(x,y) and the bound from Theorem 9.6 we have
| G(Z) ( X, y)|

®(B. k. x.y) = (1 + tan(™

o Hionn?)
_r[[r] |G ol (Fy, 0---0F, x,Fy °"’°F0'1y)|
—1/(S+1)

-1 -1 -1
< i i Hin, 2 + 1 (B, 17 Hion, |2 For 0+ 0 Fory X, Fr, 0+ 0 Fir )
—1/(S+1)
= |Z + "ol M(o), OB, 1, [o-],,,u[a-]” |2, Fo, 0 0 Fg x,Fg,0---0Fgy)
but we recall from (7.6) that
dk( l(r )XHI(T ”/l)(FO',l 1 © Fo-lx’ Fo—n 0---0 Fo']y) = dk(/l)(x’ y)

from which there is k¢ > 0 such that
—1/(S+1) =

GO < [+ 110, e, O(B. Izl x.)
independent of n. Thus the sequence is uniformly bounded on any compact set of the type
in the hypotheses, and since it is analytic in z it is a normal family by Montel’s theorem.
The function G (x, y) is the unique limit point because the sequence converges on the
positive real axis by Theorem 7.3. O
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10. ESTIMATES FOR OTHER KERNELS

One of the main purposes for proving estimates on the resolvent kernel is that we can
obtain estimates of the kernels of other operators from it using functional calculus. Specif-
ically, if I' is a contour in C that surrounds the spectrum {—4;} of A and h(z) is analytic in
a neighborhood of I and its interior then we define

(10.1) H(x,y) = :T f GO(x, y)h(z) dz

provided £ is such that the integral converges. Under reasonable assumptions this should
be the kernel of h(A). At times it is useful to think of the kernel of A(A) as H(x,y) =
2. h(=1)¢ j(x)$ (), so we begin by describing sufficient conditions for these to coincide.
It will be convenient for us to work with contours that lie in a sector A,, as in Section 8.

Lemma 10.1. Suppose I is a contour in A, that surrounds the spectrum of A that h(z) is

analytic in a neighborhood of T and its interior, and that there is some a > 2(S vy such that

(102) f " |d2] < co.
T

If in addition ¥ ; |h(—/lj)|2 < oo then both H(x,y) and H(x,y) converge in L*(X x X) to a
common limit. If the stronger condition

(10.3) szwm sup  [a(=2))| < oo

2A </l <2k+1
holds then both H(x,y) and H(x,y) converge in L*(X x X) to a common limit.

Proof. The Cauchy formula guarantees that

h
) = Y H-A) 010 - sz | 5 e

so we must prove that we can exchange sum and integral to obtain

h
27 f Z - -¢;()p;(y)dz = H(x,y)

z+4;

where the convergence is in LP(X X X) for p = 2 or p = oo. So it suffices to prove
convergence of

(10.4) j|Z h(=A7)6/(0655)

(10.5) MZ

For (10.4) we have

1> 1=,
J

LF(X><X)

" 006,00

LP(XxX)

20 1/2
L2(XXX) (Zlh( & )| )

L) S ; I sup =1y

2k<Qj<2k+1

1> 1=,
J

where the latter is from Theorem 9.2. Summability of these are the conditions given in the
hypotheses for p = 2 and p = oo respectively.



RESOLVENT ESTIMATES AND FRACTAL BLOWUPS 43

For (10.5) we use the integral Minkowski inequality and Theorem 9.2 to obtain

|25 ememal,,.,
f |h<z>IHZ 00, b
f|h(z)|Z|z+A| 2)" p=2

f MY e a i p=

2k< A <2k

But now [z + 4,7 < tan(%)min{|zl‘1,/1;1}. For a >
Proposition 3.1

(ZJ: |z+/l_,-|’2)1/2 < |Z|a71tan(%)(zk: ZkS/(smTZak)”z < calzl“*ltan(%)

ﬁ and using the Weyl law of

and also

a 1/2 [
Z KS/SHDqup |z + /ljl_] < Jgle! tan(—)(z 2"5/““)2_2‘”‘) < gl tan(—)
% 2"3/1/-<2“"" 2 % 2

so that we have for both p =2 and p = co and any a > there is ¢, so that

2(S+1)

h
I 2 - Lo, s cu [ e

and finiteness of this mtegral is enough to ensure (10.5). O

We can then obtain L™ bounds for the kernel H(x,y) by inserting our estimates on
G@(x,y) into (10.1) and integrating over I". How best to do this depends very much on the
function A(z), so rather than attempt to formulate a general theorem we simply give some
examples of how this can be used. There are many other examples that could be treated in
a similar manner to those given below, such as exponentials of complex powers of A, some
of which we may return to in future work.

Example 1 (Heat Kernel). The heat kernel is defined for 7 > 0 by
piey) = ) eV (0)p;()

J
so in the above notation it is H(x, y) for h(z) = ¢*. To estimate it we introduce a suitable
family of contours.

Fix t > 0 and « € (0,7), and let I'y , be as in Figure 1. It consists of the arc of the circle
lz| = p in the sector A,, as well as the rays z = |z]e*™®, |z| € [p, o), traversed so as to wind
once around any point on the negative real axis.

Observe that on the circular arc of I's;/4, we have || < ¢, while on the rays [¢"] <
e ™2 where |z] > p. It is then easy to verify (10.2), for example with a = 1. We also note
that i(=4;) = e~ so that (10.3) is just finiteness of >} 2KkS/(S+1)p=12° We conclude that

1
pi(x,y) = — f G9(x,y)e" dz
2mi Tinjay

and can apply our estimates of G to estimate p;.
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Figure 1. The contour Iy,

Theorem 10.2. On a pcfss set with regular harmonic structure there is k7 > 0 such that if
0<t<landp(t) =inf{p > 0 : k7dip)(x,y)/p < tVp > p} then

—S/(S+1)

eyl st eXP(—K7dk(p(t))()C, y)).

Proof. The leading power is only of interest when x = y. In this case we take @ = 37/4
and p = 1/t and make the trivial computation

f GO(x,y)e" dz

Lo/t

1
< sup IG9(x, y)l leldz| < — sup 1GP(x,y)l.

2€l0,1/0 o1/t 2€l0,1/t

Then use the bound [G®(x, y)| < lz+17/S*VD(Z, |2, x,y) < [z+1]7S*D in the sector Az
from Theorem 9.6, and the fact that |z| > ! on the contour, to obtain |p,(x, y)| < 5/6+D,

To determine the decay when x # y we use almost the same estimate with & = 37/4,
but choose p so as to obtain a good bound for the result. Specifically, we observe that

_ﬂz = le¥]dz] < \/gep’ , as may be verified by integrating over angles of size bounded by
(2pt)~'/? separately from the angles with magnitude in ((2pf)~'/2,37/4). On the radial
lines of T3z/a, we have || < eI/2 5o their contribution to fr le?| |dz| is bounded by

4t~ 1e7P2 Combining these gives

1
f G(Z)(x,y)eﬂdz < sup |G(Z)(x,y)|( \/éept + ;6—9/2)
T,

Favﬂ z€ a.p

1
S |p + 1|_1/(S+I)CD(%9|Z|» x,y)( \/éept + ;e_P/Z)‘

The second term in the sum is small for small ¢ and if we seek to minimize over p then the
power factors have little effect, so we look at the exponent in the first term. By Theorem 9.6
this is of the form pt — cdj)(x,y) for some constant ¢, and the minimum is non-positive
because this is zero at p = 0. If we knew something about the form of dy,)(x,y) we could
genuinely minimize this expression. Otherwise we note that if cdy)(x, y)/p exceeds 2t for
some p = pg then the exponent is bounded by —cdy,,(x,y)/2. This estimate is best for
the largest possible choice of py satisfying the condition, which is precisely inf{py > O :
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K7dip) (X, ¥)/p < t Yp > po} with k7 = ¢/2. Conveniently this value is zero if cdy)(x,y)/p
never exceeds 2t, so also gives the correct estimate in this circumstance. We may then
adjust the leading power to that given in the theorem at the cost of reducing «7 and changing
the implicit constant in the bound. O

This is essentially the same upper bound as in Theorem 1.1 of [4], though their result
is stronger because it also includes a lower estimate from which it follows that this upper
bound is sharp.

Note that in the case of an affine nested fractal, where by Proposition 4.3 and Defini-
tion 5.12 we have dy(yy = (1 + )"/ S*DR(x, y)” for (1 + 1) 2 R(x,y)"S*D, the minimizing p
can be explicitly computed to be of the form c(S, y)R(x, y)YSD/S+=NS+D/=5-1 From
this we find that there is a constant kg so

R , S+1 /(S +1-)
Ipi(x, )l 5 17516 +1)€XP(—K8(%)Y n )

which should be compared to the upper bound in Theorem 1.1 of [3] or Theorem 6.1 of [4].
In particular we note that if the unit interval is dyadically decomposed to obtain a pcfss set
with 7 = 4 = 1/2 then § = y = 1, the resistance and Euclidean metrics are the same, and
the above is the classical Gaussian bound for the heat kernel (though the constants may be
far from optimal).

It is also worth mentioning that the above method gives estimates on the derivatives of
the heat kernel, simply because differentiation in 7 introduces a polynomial power of z into
the integrand.

Example 2 (", w € C). Consider h,,(A) for h,(z) = ¢** and w € C. In order that
that (10.3) holds it is necessary and sufficient that w = |wle” with |8| < %. For (10.2)
we must be careful to select a suitable contour. If we use I'y; then on the radial parts of
the contour we have |h(z)| = €™ with the + sign determining whether we are on the
upper or lower ray. Then (10.2) holds for some (indeed any) a > % iff 8+ a € (3,n),
meaning that rotating the boundary rays of the sector by 3 still leaves them in the left half
plane. This is true iff [t—a| < 8. With these constraints, following the proof of the previous

theorem with ¢t = |w| we have a bound of the form
|Hyo(x, )| < w5/ + D cot |B]) CXP(—stquH)(X’ 1)) sin(cwn).

Example 3 (Complex powers). If we take the usual logarithm with branch cut on the neg-
ative real axis then h(z) = exp(wlog(—z)) = (—z)" is analytic in a neighborhood of the
spectrum of A. We cannot use one of the I',, contours, but can take the rays at angle +a
from radial distance ‘ al where —Ay is the smallest Dirichlet eigenvalue, and connect
these with a vertical 11ne through —70 on the real axis. This change does not affect the
convergence of (10.2), which depends only on the behavior of /(z) on the rays. On these
|h(z)| is dominated by el Mm(I—lah|zRe(w) "o (10 2) is satisfied if a + Re(w) < 0 for some
a> ﬁ, hence we need only Re(w) < — Applying the same estimate to h(—A4;)
we see from the Weyl estimate that

Z Ih(—/lj)lz < CZ/ﬁRe(w) < CZ2kS/(S+l)22Re(w)(k+l) < 00
J J ! k

2(s+1)

when Re(w) < — 2(S+1)
the same limit in (X x X). If we want convergence of H(x, y) also in L*(X X X) then we

instead need Re(w) < — Sil

This is sufficient to conclude that H(x,y) and H(x,y) converge to
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In estimating |H(x, y)| along the rays using Theorem 9.6 we do not need any assumptions
on w. We have

f RGO (x, )]
Ray

<é Im(w)|(7r—|(1|)(] + tan(’%m)) Afl: |Z|Re(w)—l/(S+l) eXp(—stqup(x, ¥) sin(E: " :Z: )) |dz]

however dy)(x,y) 2 (1 +|z)S*DR(x,y) from the discussion preceding Lemma 4.2 and
Definition 5.12, so this integral is bounded by a Gamma function. No matter how large
a negative value of Re(w) we have, we cannot obtain anything better than |H(x,y)| ~ 1
because the contour integral for H(x, y) includes integration along the vertical line on which
the most we can say is that 4(z)G® is bounded by a constant depending on the fractal and
harmonic structure and the length is bounded in the same way. Abusing notation to use
I'(+) for the Gamma function as well as the contour we find that our bound is

mOw)lCr—Ic + |a] m=laly 1
|H(x,y)| < 1+¢l MmOl "')(1+tan(¥))(csc(cz+ IZI)R(x, >

If | Im(w)| is larger than S + (S + 1) Re(w) then taking @ so |[Im(w)|(mr — |@]) = § + (S +
1) Re(w) we find that the terms involving « cancel with the Gamma factor to leave only
| Im(w)|S +D®Re+D If Im(w) is smaller than this then we may take & = 7 — 1 and bound

S+(S+1)Re(w)
) I(S+(S+1)Re(w)).

by a multiple of ™" (S +S+1) Re(w)). In either case we get no worse than
|H(.x,y)| < 1+ (S + (S + 1)lwl)(S+l)(Re(w)+1)R(x,y)lf(SJrl)(Re(W)+1).

We further remark that if the fractal is affine nested, so that di(x,y) =~ ¢*’R(x,y)? for

some y € [ﬁ, %] as in Proposition 4.3, then we can improve the bound to

[H(x,p)| S 1+ (S + (S + DS T DROTDDIy R 31 +DRem D)y,

Some results related to these appear in [7], where they were obtained for affine nested
fractals by recognizing the kernels as being of Calder6n-Zygmund type.
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