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Abstract

Many important problems in pure and applied mathematics and engineering can be reduced to linear
algebra on dense structured matrices. The structure of these dense matrices is understood in the sense
that their n” entries can be “compressed” to a smaller number O(n) of parameters. Operating directly on
these parameters allows one to design efficient fast algorithms for these matrices. One of the most prominent
matrix problems is that of multiplying a (structured) matrix with a vector. Many fundamental algorithms like
convolution, Fast Fourier Transform, Fast Cosine/Sine Transform, and polynomial and rational multipoint
evaluation and interpolation can be interpreted as superfast multiplication of a vector by structured matrices
(like Toeplitz, DFT, Vandermonde, Cauchy). In this paper, we introduce a novel and fairly general class
of structured matrices, which we call confluent Cauchy-like matrices, that contains all the above classes as
a special case, and we will design new superfast algorithms for multiplication of matrices from our class
with vectors. Our algorithm can be regarded as a generalization of all the above mentioned fast algorithms.
Though this result is of interest by itself, its study was motivated by the following application. In a recent
paper [18] the authors derived a superfast algorithm for solving the classical tangential Nevanlinna-Pick
problem (rational matrix interpolation with norm constrains). Interpolation problems of Nevanlinna-Pick
type appear in several important applications (see, e.g., [4]), and it is desirable to derive efficient algorithms
for several similar problems. Though the method of [18] can be applied to compute solutions for certain other
important interpolation problems (e.g., of Caratheodory-Fejer), the solution for the most general confluent
tangential interpolation problems cannot be easily derived from [18]. Deriving new algorithms requires
substantial further efforts; in particular, one needs to design a special fast algorithm to multiply a confluent
Cauchy-like matrix by a vector. This is precisely what has been done in this paper.

1 Introduction

1.1. Several examples of matrices with structure. Structured matrices are encountered in a surprising
variety of areas (e.g., signal and image processing, linear prediction, coding theory, oil exploration, to mention
just a few), and algorithms (e.g., for Pade approximations, continuous fractions, classical algorithms of Euclid,
Schur, Nevanlinna, Lanzcos, Levinson). There is an extensive literature on structured matrices, we mention
here only several large surveys [13], [10], [3], [17] and two recent representative papers on rational interpolation
[7, 18] and on list decoding of algebraic codes [19].

Many fundamental algorithms for polynomial and rational computations can be seen as algorithms for
matrices with structure. Examples include Toeplitz [t; ;], Hankel [h;y ;j 2], Vandermonde [J '], and Cauchy
matrices [1/(z; — ;)]

Multiplication of these matrices with vectors often has an analytic interpretation. For instance, the problem

of evaluation of a rational function >, _, If’; — at the points x1,...,x, is clearly equivalent to computing the

product of a Cauchy matrix [1/(z; — y;)] by the vector [ a; |. Table 1 lists some further interpretations for
various matrices with structure. Its last column lists running times of the corresponding algorithms. Here, we
denote by

M(n) = { nlogn if the field K supports FFT’s of length n (L.1)

nlognloglogn otherwise

the running time of basic polynomial manipulation algorithms such as multiplication and division with remainder
of polynomials of degree < n, cf. [1, Th. (2.8), Th. (2.13), Cor. (2.26)]. The running times in Table 1 are well
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Toeplitz matrices convolution M(n)
Hankel matrices convolution M(n)
Vandermonde matrices multipoint polynomial evaluation | M (n)logn
DFT matrices (i.e., Vandermonde

matrices with special nodes) discrete Fourier transform M(n)
inverse Vandermonde matrices polynomial interpolation M (n)logn
Cauchy matrices multipoint rational evaluation M (n)logn
inverse Cauchy matrices rational interpolation M(n)logn

Table 1: Algorithms

Toeplitz-like matrices R rank (ZR — RZ) <<n
Hankel-like matrices R rank (ZR — RZT) <<n
Vandermonde-like matrices R | rank (D, 'R — RZT) <<n
Cauchy-like matrices R rank (DR — RD,) <<n

Table 2: Definitions of basic classes of structured matrices

known. We only mention that the problem of fast multiplying a Cauchy matrix by a vector is known in the
numerical analysis community as the Trummer problem. It was posed by G. Golub and solved by Gerasoulis
in [6]. We also mention the celebrated fast multipole method (FMM) of [20] that computes the approximate
product of a Cauchy matrix by a vector (the FFM method is important in computaional potential theory).

In this extended abstract we continue the work of our colleagues and propose a new superfast algorithm
to multiply by a vector a confuent Cauchy-like matrix (a far reaching generalization of a Cauchy matrix). To
introduce confluent Cauchy-like matrices we need a concept of displacement recalled next.

1.2. More general matrices, displacement structure. Many applications give rise to the more general
classes of structured matrices defined here. We start with a simple clarifying example. Let us define two
auxiliary diagonal matrices A; = diag{xz1,...,z,}, and A, = diag{y1,...,yn}. It is immediate to see that for
a Cauchy matrix [1/(z; — y;)], the matrix A.C — C' A, is the all-one matrix, and hence rank(4.C — CA,) = 1.

This observation is used to define a more general class of matrices which have appeared in many applications,
e.g., [4, 18] and which have attracted much attention recently (see, e.g., [17] and the references therein). For
these matrices the parameter

a =rank(A.C — CAx), (1.2)

is larger than 1, but it is still much less than the size of C'. Such matrices are referred to as Cauchy-like matrices.

Similar observations can be made for all other patterns of structure discussed above. Simply for different
kinds of structured matrices we need to use different auxiliary matrices {A, A¢}. Table 2 contains definitions
for basic classes of structured matrices. Here ZT = J(0) is one Jordan block with the eigenvalue 0, and {D,, D, }
are diagonal matrices.

Matrices in Table 2 are called matrices with displacement structure, the number « in (1.2) is called the
displacement rank. The name “displacement” originates in signal processing literature [14, 5, 15] where Toeplitz
and Hankel matrices are of special interest. For these matrices the auxiliray matrices {A¢, A;} are shift (or
displacement matrices) Z. The name displacement structure is now used also in connection to other classes of
structured matrices in Table 2, though this terminology is not uniform (For example, in interpolation literature
[2] they are called null-pole coupling matrices, in [3] they are referred to as matrices with low scaling rank).

1.3 A generator and superfast multiplication algorithms. It is now well-understood [10], [3], [13],
[17] that a useful approach to design fast matrix algorithms is in avoiding operations on n? entries, and in
operating instead on what is called a generator of a structured matrix.

If the displacement rank (1.2) of a structured matrix R is a, one can factor (non-uniquely)



Toeplitz-like aM (n) inverses of Toeplitz-like aM(n)logn
Hankel-like aM(n) inverses of Hankel-like alM(n)logn
Vandermonde-like | aM (n)logn inverses of Vandermonde-like | aM (n)log®n
Cauchy-like aM(n)logn inverses of Cauchy-like oM (n)log®n

Table 3: Complexities of multiplication by a vector for matrices with displacement structure

n [e3
AN

Ac R - R A, =- | B, (1.3)

where the two rectangular o x n and n x o matrices {C, B¢} are called a generator of R.

If the displacement equation (1.3) (with given {Cr, A:, A¢, B¢}) has the unique solution R, then the entire
information on n? entries of R is conveniently compressed into only 2an entries of its generator {Cr, B¢ }.!

Avoiding operations on matrix entries and operating directly on a generator allows us to design fast and
superfast algorithms. In particular, superfast algorithms to multiply by vectors matrices in Table 2 can be
found in [9]. Table 3 lists the corresponding complexity bounds.

Notice that the problems of multiplying with the inverse is equivalent to solving the corresponding linear
system of equations.

1.4. First problem: matrix-vector product for confluent Cauchy-like matrices. Notice that the
auxiliary matrices {A¢, A} in Table 2 are all either shift or diagonal matrices, i.e., they all are special cases of
the Jordan canonical form. Therefore it is natural to consider the more general class of structured matrices R
defined by using the displacement equation rank(A¢R — RA;) = B.C; of the form (1.3), where

A( = diag{Jml(l'l) @---@Jms(xs)}Ta Ar :diag{‘]kl(yl) @©...® J, (yt)}> (14)

are general Jordan form matrices. We suggest to call such matrices R confluent Cauchy-like matrices. Notice
that the class of confluent Cauchy-like matrices is the most general class of structured matrices, containing all
other classes listed in Table 2 as special cases. Therefore it is of interest to design a uniform superfast algorithm
to multiply a confluent Cauchy-like matrix by a vector: such an algorithm would then contain all algorithms
in Tables 1 and 3 (e.g., convolution, FFT, rational and polynomial multipoint evaluation and interpolation) as
special cases.

Though such a generalized problem would be of interest by itself, we were motivated to study it by a rather
general tangential interpolation problem formulated in the next section.

1.5. Second problem: Confluent rational matrix interpolation problem. Rational functions
appear as transfer functions of linear time-invariant systems, and in the MIMO (Multi-Input Multi-Output)
case the corresponding function is a rational matriz function (i.e., an N x M matrix F(z) whose entries are
rational functions 2;—8) It is often important to identify the transfer function F(x) via certain interpolation

conditions, one such rather general problem is formulated below. There is an extensive mathematical and
electrical engineering literature on such problems, some of the pointers can be found in [18].

Tangential confluent rational interpolation problem.

r distinct points {21} in the open right-half-plane I, with their multiplicities {my}.
Given : r nonzero chains of N x 1 vectors {zx,1,---,Zkmy |
r nonzero chains of M x 1 vectors {yr 1, -, Yk,ms }-

Construct: a rational N x M matrix function F'(z) such that

1). F(z) is analytic inside the right half plane (i.e., all the poles are in the left half plane).

I Because of page limitations we do not discuss what happens if there are multiple solutions R to the displacement equation, but
all our complexity bounds fully apply to this more involved case. We only would like to mention an interesting connection of this
case to the rational interpolation problem discussed in Sec. 1.5 below. Specifically, this degenerate case corresponds to the case of
boundary interpolation, e.g., treated in [12] for the non-confluent case, and where just bounds of the form O(n2) were obtained.



2 ). F(z) is passive, which by definition means that

sup_ [IF(2) < 1. (1.5)
zen+UiR
3 ). F(z) meets the tangential confluent interpolation conditions (k =1,2,...,7):
_ (1) -
[ Tk1  --- Tkmy ] X 0 0 = [ Y1 " Yk,my ] . (16)
: F'(z)
0 0 F(z) J

The passivity condition (1.5) is naturally imposed by the conservation of energy (i.e., the energy of the
output y 1 should not exceed the energy of input x;1). We next consider several clarifying special cases to
show the fundamental nature of the above interpolation problem.

Example 1.1 The tangential Nevanlinna-Pick problem. In the case of simple multiplicities my = 1
the interpolation condition (1.6) reduces to the usual tangential (i.e., x’s and y’s are vectors) interpolation
condition

zi - Fzr) =y

which in the case of the scalar F(z) further reduces to the familiar interpolation condition of the form

F(zy) = Z—’;

Example 1.2 The Caratheodory-Fejer problem. Let the vectors {xy ;} are just the following scalars:
[mk,l C T ]:[1 o --- 0]_
Clearly, in this case (1.6) this is just a Hermite-type rational passive interpolation problem

Flmi=1) (Zk)

F(zk) = Y1, F'(Zk) = Yk,2, (myg — 1)!

= Yk,my -
Example 1.3 Linear matrix pencils. Let F(z) = A — zI, then F'(z) = —I, F"(z) = 0. If the condition
(1.6) has the form

(A—ZkI) —I 0
[ukl U2 ukg]- 0 (A—Zkf) —I :[0 0 0]

then uyy is the (left)eigenvector: ugi (A — zxl) = 0, whereas uy2 is the first generalized eigenvector: ugs(A —
zil) = ug1, etc. In this simplest case the confluent interpolation problem reduces to recovering a matriz from
its eigenvalues and eigenvectors.

To sum up, the confluent tangential rational interpolation problem is a rather general inverse eigenvalue
problem that captures several classical interpolation problems as its special cases.

1.6. Main result. In this extended abstract we describe a novel superfast algorithm to solve the confluent
tangential rational interpolation problem. The running time of our algorithm is

Compl(n) = O <M(n) logn - [1 + z’“: % log i]) (1.7)

mi
k=1 k

where the multipliciteies {my} are defined in Sec 1.4, n =Y my, and M (n) is defined in (1.1).



To understand the bound (1.7) it helps to consider two extreme cases. First, if all mj = 1 (The Nevanlinna-
Pick case: n points with simple multiplicities) then Compl(n) = M (n)log®(n) (or nlog®(n) if K supports
FFT’s). Secondly, if m; = n (The Caratheodory-Fejer case: one point with full multiplicity) then Compl(n) =
M (n)logn (or nlog®n if K supports FFT).

The algorithm is based on a reduction of the above analytical problem to a structured linear algebra problem,
namely to the problem of multiplication by a vector of a confluent Cauchy-like matrix. The corresponding
running time is shown to be O(M(n) - [1+ >} _; ™= log Tt >y Zlog ¢-]), where {my } are the sizes of the
Jordan blocks of A; and {t;} are the sizes of the Jordan blocks of A, see, e.g., (1.4).

1.7. Derivation of the algorithm and the structure of the extended abstract.The overall algorithm
is derived in several steps, using quite different techniques. Interestingly, sometimes purely matrix methods are

advantageous, and other times analytic arguments help.

1). First, the confluent tangential rational interpolation problem is reduced to the problem of multiplying by
a vector a confluent Cauchy matrix R whose generator is composed from the interpolation data. Namely,
R is defined via AcR+ RA; = B¢JB,

T11 —Y11
oy (21)7 :

T _

A Jm2 (Z?)T B L yLml
¢= <= ’
Tr1 —Yr1
T (ZT)T
L Lr,mn —Yrmn, J

[ Iy 0
=[]

2 ). Secondly, the problem for the confluent Cauchy-like R above is reduced to the analogous problem for the
scaled confluent Cauchy matrix (i.e., not -like) defined in section 2.

3 ). Then the problem for the scaled confluent Cauchy matrix is further reduced in Sec. 3 to the following
two problems. One is to multiply a confluent Vandermonde matrix by a vector, and the second is to
multiply the inverse of a confluent Vandermonde matrix by a vector. The solution for the second problem
is available in the literature (Hermite-type polynomial interpolation).

4 ). The solution for the remaining problems (multiplication of a confluent Vandermonde matrix by a vector)
is equivalent to the problem of multipoint Hermite-type evaluation, and the algorithm for it is described
in the last section 4.

2 Scaled confluent Cauchy matrices

2.1. Definition. Suppose we have two sets of n nodes each

n n
{Z1,... &1,y Ty .y Ts} and Y1, ..., Y1,y Yty oy Ut )y
—_—— —— —_— —_—

mi1 ms k1 ke

sothat n = my +mo 4+ ...+ ms, and n = ky + ks + ... + k. We do not assume that the s + ¢ nodes

T1,---,Ts,Y1,---,Y¢ are pairwise distinct. For a scalar bivariate function
b(z) —0b
B(z,y) = (a:)fy(y)’ where b(z) = (x—y)" - (z—ya)2 ... (z—ys)M (2.8)

we define the block matrix

C=1[0Ci ]1§i§s,1§j§t’



where the m; x k; block B; ; has the form

kj—1
9, B(wi,y;) 0,0, B(i,y;) 0,0, B(wi,y;) 59%5{_13(9:“1/3')
Ci; = | 9:B(xi,y;)) 920, B(z,y;) 9202 B(x4,y;) - 030y B(wi,y;) ,
oM B, y;) O OLB (s, y;) O 2B y;) e OMTLOy T Bl yy)
and we denote o
1
k
= — 2.10
z k! 0z ( )
Before giving a special name to C' let us notice that we do not assume that {z1,...,2s,y1,...,yn} are

pairwise distinct, so in the case z; = y; the denominator in (2.8) is zero, hence we need to clarify what we mean
by B(z;,x;) and its partial derivatives. Using the following combinatorial identity

07 99B(z,2) = OFIHH(2).

we see that in the case z; = y; the definition (2.8) implies that the block C;; is a Hankel matrix of the following
form

ro -~ 0 x ]
0 0 x
0 ifm; >k or : e if m; <k;
X 0 0 x X
L X e e X |

For example, if m; > k; then C;; has the following Hankel structure:

i 0 . 0 ok b(z:)
3 Ok b (x;)
0 057 b(x;) :
Cij = &Igjb(:ri) 6£j+1b(xi) .. agkj—lb(mi)
Oy b(x) : :
Opbas) O - OH b |

We shall refer to C' in (2.9) as a scaled confluent Cauchy matriz, and to explain the name we consider next
a simple example.

Example 2.1 Let m; = k; =1 (so that s =t =n), and {z1,...,Zn,Y1,-..,Yn} are pairwise distinct. Since
1 i 1

r1—Y1 o T1—Yn
b(yr) =0 by (2.8), we have: C = diag{b(x1),b(z2),...,b(zy)} - ' :
1 ... 1

Tn—Y1 Tn—Yn

The above example presents the case of simple multiplicities; in the general situation of higher multiplicities
{m;} and {k;} we call C in (2.9) a confluent scaled Cauchy matrix.

2.2. Analytic interpretation. We have mentioned that multiplication of structured matrices by a vector
often has an analytic interpretation, see, e.g., Table 1. Confluent Cauchy matrices are not an exception, and



multiplying C in (2.9) by a vector [ ap,1 .. Q1,1 | | Aot .. Qk,—1t ]T is equivalent to multipoint
evaluation of a rational function (with fixed poles {y;} of the orders {¢;})

k;

t
Z 7]3 B(z,y;)

j=11

I
=)

at points {x;} as well as of its derivatives up to the orders {m;}.

2.3. Displacement structure. Let the auxiliary matrices {A¢, Ar} be defined as in (1.4), and define the
class of confluent Cauchy-like matrices as those having a low displacement rank (1.2) with these {A¢, Az} The
following example justifies the latter name.

Example 2.2 Qur aim here is to show that for the scaled confluent Cauchy matriz R in (2.9) we have
rank(Ac.R — RA;) =1 (2.11)

where {A¢, Az} are as in (1.4).
Indeed, applying 8585 (recursively for p,q = 0,1,2,...) to the both sides of

rB(x,y) —yB(x,y) = b(x) — b(y)

we obtain
0 ifp>0andg¢g>0
2P 04 R(x,y) + Oy Oy R(w,y) — yordyR(w,y) — 29y 'R(z,y) = { bi(z) if¢=0
b (y) ifp=0
Now arranging the latter equation in a matriz form we obtain
b(x;) 0O --- 0
- OLb(x;) 0 --- 0
I (@i)" Cij — Cijdi; (y5) = : : :
omi=tp(z;) 0 -+ 0
Combining such eqautions for each block R;; together we finally obtain
b(x1) 0 -+ 0 b(x1) 0 -+ 017
Lb(z1) 0 --- 0 Lb(z1) 0 --- 0
oM =1h(z) 0 -+ 0 o —b(a) 0 - 0
AC—-CA; =
b(xs) 0 --- 0 b(xs) 0 --- 0
OLb(zy) 0 --- 0 OLb(zy) 0 --- 0
| o™ lb(z,) O --- O om==lp(zs) 0 --- 0 ]

which yields (2.11).

Thus, the displacement rank of scaled confluent Cauchy matrices is 1, so we coin the name confluent Cauchy-
like with the matrices whose displacement rank, though higher than 1, still much smaller than the size n.



3 Factorization of confluent Cauchy matrices. Confluent Vander-
monde matrices

We shall need a superfast algorithm to multiply a confluent Cauchy matrix by a vector, this algorithm will be
based on the formula (3.12) derived next.

Theorem 3.1 Let C be the confluent Cauchy-like matriz defined in (2.9), b(x) is defined in (2.8) and O,
is defined in (2.10). Then

C = Vp(z)Vp(y) " 'diag{Bi, Bs, ... B,}, (3.12)
where
Po(z;) P (z; e P, (z;)
VP(I’l) 6IP0(',B7,) 61'P1) 6:tpnfl(mz)
VP(;L') = col with Vp(l’l) = 3§P0 (wZ) a?cpl (wz) T a?gpn—l(xz) ,
Vp(zk) : : :
82“*1P0(a:,») 6;7”71]31 (1‘,) 6;711'71]:)”71(:“)
and
0 0 O b(x;)
. . - . mlb i
B; = o _(m b (3.13)
0 O b(x;) ' :
amib(zy) O Vb)) - O™ Vb(ay)

The proof is based on the following formula which is of interest by itself:
Ve(y) ' = 1VE(y) - diag (BT, By, By,

where I stands for the flip permutation matrix, and {13} denotes the associated system of polynomials defined
in [11] (see also [16] for a connection with inversion of discrete transmission lines) .

We now turn to the computational aspects of the formula (3.12). Though the formula is given for an
arbitrary polynomial system {P} we shall use it here only for the usual power basis Py (z) = #* (other choices,
e.g., the Chebyshev polynomials are useful from the numerical point of view). The formula reduces the problem
of multiplication of C' by a vector to the same problem for the three matrices on the right hand side of (3.12).
Each of the three problems is treated next (it is convenient to discuss these three problem in a reversed order,
i.e., first step 3, then step 2, and finally step 1).

Step 3. Multipoint Hermite-type evaluation The problem of multiplying V(z) by a vector [a;] is equiv-
alent to the problem of multipoint Hermite-type evaluation. Indeed, let us use the entries [ax] of to define

the polynomial a(z) = Z;é arz®. Then it is clear that we need to evaluate the value of a(z) at each x;

() (25
as well as the values of its first m; (scaled) derivatives as—(,m) (notice that the rows of V(z;) are obtained
by differentiation of their predecessors). The algorithm for this problem is offered in the next section.

Step 2. Hermite interpolation The problem of multiplying Vp(z)~! by a vector is the problem that is
inverse to the one discussed in the step 3 above. The superfast algorithm for this problem can be found
in [1]. The complexity is the same as in the step 3.

Step 1. Convolution The problem of multiplication of diag{B1, B2, ...B,} by a vector is clearly reduced to
the convolution, since all diagonal blocks (3.13) have a Hankel structure (constant along anti-diagonals).
We also need to compute the entries of all these blocks By, i.e., for each point z; we need to compute the
first 2m; Taylor coefficients 95b(zx) (s = 0,1,...2m; — 1). This is exactly the problem we treat in the
step 3 above.



4 Multipoint Hermite-type evaluation

4.1. The problem. The problem we discuss here is that of computing the Taylor expansion of a univariate
polynomial at different points. More precisely, for f € K[z] and £ € K there are uniquely determined elements
fo.e, fie,... such that

f=loe+fie@—86+ foelz — 6> +---.
The sequence T'(f,&,n) := (foe,---, fn—1,¢) is called the sequence of Taylor coefficients of f up to order n. Let
&1,...,& be elements in K and dy, ..., d; be positive integers, and suppose that f is a univariate polynomial of
degree < n:=d; +---+ d;. We want to develop a fast algorithm for computing the sequences

T(f>£7d1)) s )T(faé-)dt)'

Our algorithm will use as a subroutine a fast multiple evaluation algorithm. Its running time involves the
entropy of the sequence (dy, ...,d;) defined by

t
d; d;
dyy...,dy) == — — log —
H( 1 ) t) ; n og TL,
where n = ), d; and log is the logarithm to the base 2.
4.2. Our Algorithm. The algorithm we present for the problem stated above consists of several steps.

Algorithm 4.1 On input £ € K and d > 1 the algorithm computes the polynomials 11, ¢ = (z — 5)22 for

(=0,...,[logd], as well as the polynomial (x — &£)?.

(1) PutIlpe := (z = &).
(2) Fort:=1,...,[logd;] put I, ¢ := Hil,g'
(3) Letd =24 +2% + .. 4+ 2% with €, <--- < ls. Put P:=1Tly, .
(4) Fori=2,...,s set P:= P -1, ¢. The final value of P equals (x — £)?.
Lemma 4.2 Algorithm 4.1 correctly computes its output with O(M (d)) operations.

The proof of this and the following assertions are omitted and will be included in the final version of the

paper.
The next step of our presentation is the solution to our problem in case t = 1.

Algorithm 4.3 On input a positive integer d, and element ¢ € K, and a univariate polynomial f € K|[z]
of degree less than d, the algorithm computes T(f,&,d). We assume that we have precomputed the polynomials

(x—&),(x—6)?2,...,(x — &> where T = [logd].
(1) If d =1, return f, else perform Step (2).

(2) Compute fo := fmod (z—&)* " and f1 := (f — fo)/(x — €)¥ " and run the algorithm recursively on f
and f1. Output the concatenation of their outputs.
Lemma 4.4 The above algorithm correcly computes its output in time O(M (d)).
Now we are ready for our final algorithm.

Algorithm 4.5 On input positive integers dy,...,d;, elements & ,...,& € K, and a polynomial f € K|[z]
of degree less than n := 22:1 di, the algorithm computes the sequences T(f,&;,d;), i =1,...,t.

(1) We use Algorithm 4.1 to the inputs (£,d;) for i =1,...,t. At this stage, we have in particular computed
(x—&)% fori=1,...t.

(2) Now we use the multiple evaluation algorithm given in the proof of [1, Th. (3.19)] to compute f; =
fmod (x —&)%,i=1,...,t.

(3) Use Algorithm 4.3 on input (f,&,d;) to compute T'(f,&;,d;) fori=1,...,t.

Theorem 4.6 The above algorithm correctly computes its output in time O(M (n)H) where H is the entropy
of the sequence (dy,...,d:).

We remark that the algorithm can obviously be customized to run in parallel time O(#) on O(n) processors.
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