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Abstract

The classical scalar Nevanlinna-Pick interpolation
problem has a long and distinguished history, appearing in
avariety of applications in mathematics and electrical engi-
neering. There is a vast literature on this problem and on its
various far reaching generalizations; for a quick historical
survey see [1] and [38]. It is widely known that the now
classical algorithm for solving this problem proposed by
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1. Introduction

1.1. Motivation: rational vs. polynomial interpola-
tion. Analysis of the arithmetic complexity of various in-
terpolation problems is a classical topic, and several effi-
cient superfast methods developed by a number of authors
are readily available, see, e.g., [5] and [9]. Thouyogihy-
nomial modelsare attractive in many applications [such as
to coding theory], they may not be particularly convenient

Nevanlinnain 1929 can be seen as a way of computing thewhen studying certain classes of problems in system the-

Cholesky factorization for the corresponding Pick matrix.
Moreover, the classical Nevanlinna algorithtakes advan-
tage of the special structur# the Pick matrix to compute
this triangular factorization in onlyO(n?) arithmetic op-
erations, where: is the number of interpolation points, or,
equivalently, the size of the Pick matrix. Sincegtracture-
ignoring standard Cholesky algorithm [though applicable
to the wider class of general matrices] has much higher
complexityO(n?), the Nevanlinna algorithm is an exam-
ple of what is now calledast algorithms In this paper we
use a divide-and-conquer approach to propose a sew
perfastO(n log® n) algorithm to construct solutions for the
more generaboundary tangentiaNevanlinna-Pick prob-
lem. This dramatic speed-up is achieved via a new divide-
and-conquer algorithm for factorization of rational matrix
functions; this superfast algorithm seems to have a practi-
cal and theoretical significance itself. It can be used to solve
similar rational interpolation problems [e.g., the matrix Ne-
hari problem], and a variety of engineering problems. It
can also be used for inversion and triangular factorization
of matrices withdisplacement structurencluding Hankel-
like, Vandermonde-like, and Cauchy-like matrices.

*This work was supported by NSF grants CCR 9732355, CCR
9625344, CCR 9732206, GSU ORSP award, and PSC CUNY award
669363.

ory and digital filtering. In these areas we are often able
to identify a transfer functiorf (z) of a certain linear time-

invariant system  u(2)—f(2)F>-y(2)  via a finite
number of interpolation conditions, and it is often advan-
tageous to devise an efficient and robust procedure to con-
struct an interpolanf (z) belonging to a prescribed class of
functions. For physical reasons this transfer function has to
be passive, i.e|f(z)| < 1 [to guarantee that the energy of
the outputy(z) = f(z)u(z), will not exceed the energy of
the inputu(z)]. Since polynomials are not bounded at in-
finity, one has to go beyond this class when studying many
classes of applied problems. These arguments, among oth-
ers, motivated many authors to study a varietyatfonal
interpolation problems, first of all those related to the clas-
sical Nevanlinna-Pick problem recalled next.

1.2. Formulation: the classical scalar Nevanlinna-
Pick problem. In [34] Nevanlinna proposed an efficient
recursive algorithm to compute the solution for the follow-
ing interpolation problem.

Problem 1. Scalar Nevanlinna-Pick problem

Given: n points{z;} in the open right-half-planH*, and
n points{ fi. } inside the unit circleD, i.e.,| fi| < 1.

Construct: a rational scalar functiofi(z) such that



1. f(z) is analyticinsidelIl*. 1.4. Arithmetic complexity of computations. The

2. f(2) is passive sup__, R If(2)] < L. guestion is: given inter.polatiqn data. at points,

z {zk, fr }1<k<n, hOw many arithmetic operations we have to
3. f(z) meets the interpolation conditions perform to compute the solution? The original Nevanlinna
algorithm use$)(n?) operations. Before presenting ourim-
provements, we next briefly clarify why this was already a
very satisfactory result. It is well-known that the classical
Nevanlinna algorithm can be seen as a way of speeding up
computing the Cholesky factorization,

f(zr) = fr fork=1,2,...,n.

The well-known solvability condition [36] is that the corre-
sponding Pick matrix,

1-fif} . .
R = [ zi¥7; ] 1) R=LL* [ L is lower triangular ]
should be positive definite. for the corresponding Pick matrix (1). So, the arith-
1.3. Generalizations and applications.A strong in-  metic complexityO(n?) operations of the Nevanlinna al-

terest has been brought to this problem, extending consid-gorithm compares favorably with the order-of-magnitude-
erably its original settings, and putting it into the light of higher complexityO(n?) of the standard [i.e., structure-
various relationships between seemingly unrelated abstracignoring] Cholesky factorization algorithm. Therefore, the
and applied areas. Nevanlinna algorithm belongs to the class of what is now
To begin with, there is a vast operator theory litera- calledfast algorithms Can one do faster than(n?)?
ture on far reaching generalizations of the Nevanlinna-Pick 1.5, Main result: a new superfast algorithm for
problem. We only mention that deep results were ob- the tangential boundary Nevanlinna-Pick problem. The
tained in the frameworks of several approaches "ttt main result of this paper is a nesuperfastalgorithm for
guages’, including the band extension method by H.Dym solving the more gener#ngentialNevanlinna-Pick prob-
and 1.Gohberg, the Buerling-Lax-theorem approach by |em [the name “tangential” was suggested by M.G.Krein].
J.Ball and J.Helton, the state-space approach by K.GloverThe practical motivation to study such a more general case
and J.Ball, 1.Gohberg, L.Rodman, the de Branges repro-[where we seek a passive rectangularx N rational ma-

ducing kernel method by H.Dym, lifting-of-commutants ;... fnction F(z) = [ pz:]l-gz; ]] emerges from the multi-
method by C.Foias. We refer to [17], [12], [8], [18] for a il

discussion, as well as for a wide list of references.

Second, along with the interest of operator theorists, a
growing attention to the Nevanlinna-Pick problem has been
paid in the engineering community. As was noted above, gjyen -
one motivation to study of this class of interpolation prob-
lems comes from looking at(z) as at a transfer function of
a certain linear time-invariant system, where the passivity is
naturally imposed by the conservation of energy, and since
we consider a finite number of interpolation conditions, it Construct: a rationalV x M matrix functionF (z) s.t.
makes sense to look for rational interpolants. Thus, itisnot™
surprising that many engineering applications of this inter- 1. F(z) is analyticinsidelIT*.
polation problem have been discovered. Several such appli-

channel case.

Problem 2. Tangential Nevanlinna-Pick problem

n distinct points{z; } in the open right-half-planE*,
n nonzero rowN x 1 vectors{z;},
nrow M x 1 vectors{y}.

cations in system, control and circuit theory were surveyed 2. F(z) s passive SUP.cnruiR 1F G < 1.
in [14]; in particular, it has been observed that the Darling- 3. F(z) meets thetangentialinterpolation condi-
ton synthesis procedure [11], well-known in network the- tions xp-F(zp) =y, fork=12 .. n.
ory, is nothing else but a form of the classical Nevanlinna

recursion. See also [2], [15], [25] for applications. The well-known solvability condition is that the follow-

To sum up, the early results obtained by Pick and Nevan-ing n x n generalization of the Pick matrix,
linna about six decades ago have been found to be deep; L,
and further studies mainly progressed in the two following R= [ DL } (2)
directions: (i) far reaching operator-theory generalizations, !
and (ii) application of these to various electrical engineer- is positive definite. Solutions for thimngentialvariant of
ing problems. In this paper we address a different problemthe problem that lead tastO(n?) algorithms can be found
which does not seem to fall into either one of the above in several places [see, e.g., [29], [16], [13], [12], [20], [40],
two categories: we study therithmetic complexityof the [21], [27] among others]. Here we present a reyperfast
Nevanlinna-Pick interpolation problem. O(nlog® n) algorithm.



In fact, this algorithm solves several more rational in-
terpolation problems including the following more general
variant of Problem 2, in which the first (< n) points{z; }
lie on the boundaryR. of IT+.

Problem 3. Tangential boundary Nevanlinna-Pick problem

Given: The same datdzy,z,yr} as in Problem 2, but
now

e the firstm (< n) points{z;} lie on the imaginary
lineiR.
o [lzkll = llyxll

e We are also givenm positive numers{p;}
[calledcoupling numbeils

fork=1,2,...,m.

Construct: a rationalNV x M matrix functionF'(z) satis-
fying conditions 1)-3)of Problem 2 and also:

4. xp-F'(zk)-yp = —pr fork=1,2,...,m.

The known condition [8] for solvability of Problem 3 is
that the followingn x n generalization of Pick matrix

ifi=j<m
otherwise

Pi
R = [ Tij ] with Tij = { T —Yiy]
z,-Jrz;f
(3)
is positive definite.
1.6. Superfast algorithms for other interpolation and

engineering problems. In fact, the main algorithm ob-

The solvability condition [8] is that th&n x 2n matrix
w9 7]

I P
has exactly: positive andr negative eigenvalues, where

(2] o]

1.7. Superfast algorithms for generalized Pick matri-
ces.As we mentioned in Sec. 1.4, the classical Nevanlinna
algorithm can be seen as a f@3tn?) way of computing
the Cholesky factorization for the corresponding Pick ma-
trix (1). Similarly, our new algorithm can also be seen as
a superfasO(n log® n) method for triangular factorization
and inversion of generalized Pick matrices in (2) and (3),
and for the other important classes of structured matrices
defined next.

1.8. Displacement structure.In devising the algorithm
we exploit an immediately verified but fruitful observation
that the generalized Pick matrices in (2) and (3) satisfy the
equation

(4)

*

j], Q

-——
ZH-ZJ

el
Z;-FZ]' '

In 0

A*R+ RA, =-C} { } Cr. (5)
0 —Iy
where
A, = diag(—z,.... -2, C,=| 4 _:”"]
g( Zl Zn) |:_y1 _yn

tained here applies to several rational interpolation problem The important fact that will be used and extended in a mo-

of Nevanlinna-Pick type, including the tangential Hermite-
Fejer, matrix Nehari and Nehari-Takagi interpolation prob-

lems, as well as to several engineering problems, including

model reduction, sensitivity minimization, and robust sta-
bilization. The details on these interpolation problems will

ment is that (5) implies that the number

rank(ArR+ RA;) =M + N (6)

can be much smaller than the sizef R [for example M +
N = 2 for the usual Pick matrices (1)]. In the interpolation

be described in the full paper; here we only briefly indicate context, this means that the size of &hx N interpolant

how our new algorithm solves the following problem.

Problem 4. Suboptimal matrix Nehari problem

Given :

n distinct points{z; } in the open left-half-plan8 —,
n 1 x N row vectors{wy},
n M x 1 column vectorg~;},

and a rationall/ x N matrix function K (z) having
only n simple poleq z;} in II~, such that

K(2) = (z — 2z1) ' - wy + [analytic atz;] ,
and such that sup__ R |K (2)|| < oco.

Construct: A rational matrix functionR(z) with no poles
in I~ UiR, such thaEuP@iR |K(z) — R(2)|| < 1.

F(z) of Problems 1)-4) is usually much smaller then the
numbern of interpolation pointq z }.

Many applications give rise to various other kinds of
large densetructuredmatrices. Similarly to the Pick ma-
trices, their structure is understood in the sense that their
n? entries are defined by a much smaller numbén) of
parameters. Table 1 presents some examples.

Table 1. Examples of matrices with structure.

Toeplitz, Hankel, Vandermonde,
T=[tj] H=[hiy ] |V=[a"]
Chebyshev- Cauchy, Bezoutians,
Vandermonde, controllability,
Ve=[Tj—(z;) | | C= [ s ] observabilty
Ty (x) are Cheb. pol. matrices, etc.




Similarly to Pick matrices in (6), for each of these patternts puting traingular factorization and for inversion of matri-
of structure one can choose matride$,, A} so thatthe  ces with various displacement structures including Cauchy-
number like, Vandermonde-like and Hankel-like matrices [even for

a(R) = rank(RA, — A¢R) (7) Toeplitz-like matrices it offers an improvement over the
MBA algorithm of [33], [6]].

Finally, we note thaboundarytangential interpolation
problems [see, e.g., Problem 3], and Nehari problem in fact
give rise to what we called in [2fJartially reconstructible
matrices. We recall the formal definitions in the main text

is small. Table 2 lists some choices fod ., A. }.

Table 2. Displacement structure of matrices in Table 1

L Ar  Ac  rank(RA; — AcR) below, here we only mention that the new superfast algo-
Toeplitz z Z 2 rithm applies to this more general displacement structure as
Hankel zt  z 2 well.

transp. Vandermonde Dz Z 1 1.10. Contents.The paper is structured as follows. In
Cauchy Dy D. 1 the section 2 we briefly recall a global state-space formula

for solutions of the boundary tangential Nevanlinna-Pick
problem. This nice formula has theoretical significance,
but it does not immediately lead to fast and superfast al-
gorithms. In order to design a superfast algorithm in sec-
tion 4, we first describe in section 3 factorization theorems,
that led in [20], [21] to fastO(n?) algorithms. In sec-

Here Z is the lower shift matrix, having 1 on the first sub-

diagonal and zeros elsewhere, dnd = diag(xy, - - -, Xy).
The number(R) in (7) is called thedisplacement rank

of R, and if the displacement rank is small th&nis said

to have adisplacement structureT he [easily verified] facts

in Table 2 show that the matrices listed in Table 1 all have - i

displacement structure. tion 4 we use a divide-and-conquer approach to factoriza-

Many applications, however, go beoynd the simplest ex- tlr:)n,bobta(l;mng a new_srRIerfaéll_(n IOgP.nz( alg%rllthm :‘or
amples of Table 1, and give rise to the more general classeé_ e boundary tangential Nevaniinna-Pick problem. In sec-

of matrices with displacement structure. These are matri-ion 5 we briefly indicate another important rational inter-
ces with small displacement rank [i.a(R) can be slightly polation problem, the matrix Nehari problem, to show that

bigger than just 1 or 2 shown in Table 2]. For example, the algprithm _solves the other interpo_lation problems c_Jf the
Cauchy-like matrices are defined as those with the Sma"NevanIm_na-Plck type. Some conclusions are offered in the
a(R) = rank(D, R — RD,). According to this definition, last section.
Pick matrices are Cauchy-like, becayst:, A, } in (5) are .
diaginal. Similarly, the other choices féri,, A;} in Table 2. State-space approach to the tangential
2 lead to the definitions of Toeplitz-like, Hankel-like and Nevanlinna-Pick problem
Vandermonde-like matrices.

There is a nice theory of such matrices with displacement  2.1.  State-space approach. In the early 1960’s
structuré. We refer to surveys [24], [30], [35] for various R.E.Kalman introduced a state-space method to study a lin-

aspects of displacement and further references. ear time-invariant dynamical systems. This method is based
1.9. Superfast algorithms for matrices with [partially on arepresentation of the transfer function for such systems,
reconstructible] displacement structure. FastO(n?) and i.e., a rational x m matrix functiontv (z) = [ PJ_EZg ]
’ aii(z) [’

superfasO(n log® n) algorithms for trianguar factorization
were first designed for Toeplitz-like matrices in [32], [33],
[6]. Following the breakthrough work of M.Morf, fast W(z) =D+ C(2I — A)*lB, (8)
O(n?) algorithms were exteded to the other types of dis-
placement structure including Vandermonde-like, Cauchy- with the matricesD € C***, ¢ € C**", 4 ¢ C""",
like, Hankel-like matrices and others, and several tech-B € C""“ of appropriate sizes:
niques to design such fast algorithms can be found, e.g., in
[24], [30], [21], [35] among others. However, the superfast [W(z) =| D | * C
algorithm of [33], [6] for Toeplitz-like matrices has not be- (z2I-A)7"' | B
ing carried over to all other types of matrices with displace-
ment structure. This gap is filled by our new superfast algo-
rithm. Though it is designed here for solving various tan- A realization is calledninimal if the size ofA is the
gential interpolation problems, it can also be used for com- smallest possible. The attractive feature of this approach
1The nomenclaturedisplacemeritwas suggested in [19], [26] because is in that the representation (8) often reduces a non-linear

these references first explored the approach to study Toeplitz-like matricesProblem to a simpler linear algebra problem, involving just
defined using shift [= displacement] matricscf. with Table 2. four arrays in{A, B, C, D}.

in the form called aealization




Although the original interest in the state-space method whereG (z) is an arbitrary rational matrix function sat-
was for specific engineering applications [e.g., the linear isfying 1) and 2) of problem 2 in Sec 1.5 (witR in
quadratic regulator problem and the Kalman filter], the place ofF).
state-space method turned out to be fundamental, leading
to new insights in many other directions. Various engi-
neering and mathematical problems have been addressed i
this way, see, e.g., [17], [15], [2], [8] among many others.
However, it has been found [8] that solutions for all these
tangential interpolation problems can be more conveniently
described via a speciglobal state-spaceepresentation for
the interpolant,

2.3. Cascade decompostiofzormulas (11), (9) present

a nice closed-form expression for solutions without any
computations. Unfortunately, computations are needed
when these two formulas are used to evaluate the inter-
polantF'(z), in this case the inversion & in (9) [or solving

the associated linear systems] becomes a computational and
numerical bottleneck. If standard structure-ignoring meth-
ods [such as Cholesky, QR factorization, bordering method,
W(z) =1+ Cr(zI — A;) 'R 'B, (9) etc.] are employed for this purpose, then the resulting com-
plexity would be too expensive@(n?) arithmetic opera-
tions. This motivates one to look for an alternative to (9)
representation of/’(z). One such more convenient repre-

now involving [as opposed to (8)] the inverse of a certain
structured matrixR, satisfying the following matrix equa-

tion sentation is a cascade decompositiofilafz),
RA, — RA; = B:Ch. (10)
Such equations are often calleéigplacement equationand W(z) = 01(z) - ... On(2) (12)
suchR are often referred to as matrices wilsplacement
where
structure see, e.g., Sec. 1.8. _ 1 1
This connection [8] of interpolantd’(z) in (9) to matri- Ok(z) =1 +cx —zpdg *

cesR_with disple_acement structure in (10). has filready bgen are thefirst orderfactors, i.e., they have the same form (9),
exploited to devise fast algorithms for rational interpolation but they have an advantage of having just one ppland
[20]', [40], [21], [35]. and'here we continue.this work, and o zero—z:. Sincecy, is just aa x 1 column, dy is a
design a superfast algorithm for the more involved bound'scalar, and is just al x a row, the representation (12)

ary2p2roblemAs : \uti he bound il is very attractive, because it allows us to evaludtéz) in
N j .I' pi Sl? utlobr: 0 é? odun a_rg_ tangentlla only O(an) operations. Another argument in favor of (12)
evaniinna-rick problem. Beloré descriing our algo- g ynat gch first-order sectiof, (z) are easier to realize as

pthm vgefflrs;thprssen;thgl?bal st?}tel-;pacs?lut|onpgfl(the b electronic devices, so that by concatenating these sections
orm (9) for the boundary tangentia evaniinna-FICck Prob- 4, 5 cascade one obtains a realization for the global transfer
lem. It turns out that the set of all solutions can be parame'functionW(z)

terized by the formula (9) as follows [cf. with [8]]. In this paper we devise a superfast algorithm fiac-

e Use the given data of Problem 3 of Sec. 1.5 to form torization of rational matrix functions Using the formu-

the following matrices: las (11), (9) as an input, our algorithm computes the so-
lution W (z) for the boundary tangential Nevanlinna-Pick
g e gt T T problem in the attractive form (12). Similarly, it can com-
Cr = ! ?1,Bc= : : , pute solutions for the other rational interpolation problems
Y91t Tn Tn  —Un of this kind, e.g., for matrix Nehari, Nehari-Takagi and
Caratheodory-Fejer problems.
A, = diag(-=z7,...,—2}), and formR to be the
generalized Pick matrix displayed in (3). 3. Factorization of rational matrix functions
e Use these matriceC'r, A, B¢, R} to write down an and displacement structure
(M + N) x (M + N) rational matrix function of the
form (9), and partition it as 3.1. Interpolants and displacement. There is a large

number of theorems, e.g., in [37], [39], [7], [23], [3], [4],
[31], [20], [40], [21] on factorizations of rational matrix
functions. In order to design a superfast factorization al-
gorithm we recall in the next two sections a variant of [21]
of such a theorem, and refer to a recent survey [35] that dis-
cusses it in a historical context and lists some applications.
F(2) = [Wi1 - G(2) + Wia] - [Way - G(2) + Was] Y, We reinforse the point made at the end of Sec. 2.1 that
(1) there is a close connection between interpoldfits) of

W11(Z) le(z)
Wi(z) =
(Z) W21 (Z) W22 (Z)
e Then all solutionsF'(z) for the boundary tangential
Nevanlinna-Pick problem are parametrized as follwos



the form (9) [that we are going to factorize] and matri¢es The above discussion shows that Lemma 3.1 allows one
with dispacement structure in (10). Keeping this connection to replace expensive computing the Schur complement
in mind, we postpone presenting the factorization result for
W (z) till Sec. 3.3, and first present in Sec. 3.2 a purely
matrix auxiliary lemma fot? with displacement structure.
3.2. Schur complements of structured matricesOur by @ much cheaper computing via (16) its generator,
notations here involve the same subscripts as in (9) and (10),
to keep notations unified throughout the paper.

R1 —>R2

(O, 4D, 40 By — (0P, AD, 42, B}
(18)
However, Lemma 3.1 allows us to treat the more general
situation addressed next.
3.3. Partially reconstructuble matrices. We note two
properties of Lemma 3.1 that will be crucial in Sec. 4 for

Lemma 3.1 [ [20], [21], Theorem 2.3 et matrices in

RiAY — AR, = BM M (13)

be partitioned ask; = { Ru R ] the design of a superfast algorithm.
Ry1  Rao
Two properties.
1 - -F- -
A — Afrl)1 * AWM Aé% 0
B o AN |7 ¢ AL |7 1. Lemma 3.1 addresseshdock Schur complementa-
(14) tion. This is important, because the usual technique
BW of devising superfast algorithmdivide-and-conquer
1
oM = [ o), ) ] , B ) = Bfil) : is based on partioning; into four nearly equablocks
¢,2
If Ry, is nonsingular then the Schur complement 2. Lemma 3.1 does not assume that the displacement
equation (13) has aniquesolutionR;. This is impor-
Ry = Ry — Ro1Ri7' Rio tant, because fdroundanyinterpolation problems [and
o ] for some other, e.g., for the Nehari problem] the as-
satisfies the equation sociated displacement equations have many solutions.
2 4@ p _ p®) @) For example, the generalized Pick matrix of (3), is a
Ro Ay ARy =B 07 (15) nonuniquesolution of (5). Indeed, the first: diag-

onal entries ofR [coupling numbergp;}] cannot be

(2) ._ 4(1)
where A;7 := A recovered from (5).

T,27

7 AP =AY} are just “bor-
rowed” from (14), and

The second property shows that in order to design an al-
gorithm, we need to modify the recursion in (18), because a
generator of?, in (17) no longer contains the full informa-

Recall that in applications structured matrices usually tion on R, .
appearimplicitly, i.e., theirn? entries are defined by a Denote byl = KerV
smaller numbeO©(n) of parameters. For example, in Prob- placement operatoivy
lem 2 we are givenl + M + N) x n parameters in
{2k, Tk, yr }1<k<n, andnot the entries of the generalized
Pick matrix of (2). Viaw awy

The whole point of adisplacement approacto struc-
tured matrices is in avoiding manipulations on the entries, If K is non-trivial, we call suctR, partially reconstructible
and instead working with a small number of parameters. because now its generator (17) no longer contains the full
Assuming for the moment thak; is a unique solution of  information onZ;. Following [27], let us represet; as
the equation (13), we see that the whole informatioriRgn
is conveniently captured by the fogeneratomatrices in

c® =c)~CV R 'R, BY = Bgl)—RmRHl?%).
1

{A(Wl)’A(CD}(-) the kernel of thelis-
() . Can N Can'

a4y

(Ri) = RiAY —AVR,. (19)

R, = R,(Cl) + Rféi with respectto C™*" = K@ K,

(20)
where the orthogonality of matrices is understood in the
sense of inner product

{cD, 40, 40 By (17)

™

which usually involve onlyO(n) parameters, cf., e.g., with
Table 2. For example, iR, is the generalized Pick matrix
of (2), (5), then{ A, A} are diagonalC’: has onlya rows,
andB; has onlya columns [witha << n].

< A,B >=tr(B* - A), (21)

wheretr(A) denotes the sum of all diagonal entriesdof



A partially reconstructible matrix; is uniquely deter-  this background, we then not only show in Sec. 4.3 that it

mined by the five matrices solves the boundary tangential Nevanlinna-Pick interpola-
@ o) o) tion problem, but we also provide a clarifying interpolation
{cV, AN, A, B RS, (22)  interpretation for each step of the algorithm.

4.2. Matrix description of the main algorithm. Ap-
so we called them generatorof Ry, see [27]. plying a displacement approach described in Sec. 3.2 and

_Itis easy to see that for all basic classes of par- 33 e avoid computations on the entriesafand manip-
tially reconstructible structured matrices [i.e., Toeplitz-like, ulate instead on its generator in (22) in the following two

Hankel-like, Cauchy-like, etc.], the matriR,(é) is defined  fyndamental computations.

by a small number (< n) of parameters. For example,

for generalized Pick matrices in (3), (5) we hala%) — e Instead of computing the entries of the Schur comple-

diag(p1, ..., pm,0,...,0). mentR; we use Lemma 3.1 to compute its generator.
3.4. Factorization of rational matrix functions. In

fact, Lemma 3.1 was obtained as a matrix interpretation of

the following factorization result.

e The previous item uses the fact [see Lemma 3.1] that
R inherits the structure oR;. It is known and can
be easily seen that the inverself in (13) inherits its
Theorem 3.2 [ [20], [21], Theorem 2.3 ]Let matrices structure as well:

{Cr,Ar, A¢, B¢, R1} be defined as in Lemma 3.1 [e.g., (1) p=1 _ =1 4D _ (=1 p(D\ /(1) p—1

satisfying (13)]. If the left upper blocR;; is invertible ARy - Ry A = (By B (OB (24)

then the rational matrix function . . .
Therefore, instead of computing the entrlesﬁtﬁl, we

_ — 1 i
Wi(z) =1+ C}Tl)(zl _ Agrl)) 'Ry 1Bé )’ shall compute its generator.
admits a minimal factorization [minimal means that there Procedure D&C-FactdMatrix formulation]

is no pole-zero cancelation
P ] Input: A generator (22) of?; in (13).

Wi(z) = Wai(z) - Waa(2), Output:
where the first factor
1. A generator for the Schur complemd®t = Ray —

W271 (Z) = Ip + CT(rlg . (2:IN1 — A;’)l)il . Rl_ll Bgl), (23) R21R;11R12-
is obtained “by extraction”, i.e., without computations, and 2. A generator for the inverse; .
the second factor
Steps
Waa(2) = Ip + CP) (21 — A®) 'Ry BY
1. Consider a partitior; = B Fa ] into four
R21 R22
matrices of nearly equal sizes. Extract by inspection
from (13) generators for submatric8s,, Ri2, Ro1.

involves Schur complemeft, and matrices{Cy”), B{”}
computed by (16).

Theorem 3.2 shows that factorization of a rational ma-
trix function W, (z) can be computed via computing Schur
complement fol?; based on Lemma 3.1. In [20], [21] this
technique has been exploited to design a f#st?) factor- 3. Compute a generator for the Schur complenfents-
ization algorithm. In the next section we further accelerate ing the formulas of Lemma 3.1:
the factorization and design a superfast algorithm.

2. Use a generator fdt;; and apply the algorithm D&C-
Factor toR;, to obtain a generator for its inver%jl.

P 1 1 —
. c? =) - MR Rys,
4. Divide-and-conquer approach and a new su- A
perfast algorithm BY? = B{!) — Ry R'BY.).

and computeR}CQ) by using the standard Schur com-

4.1. Preliminary observations.Here we use the results .
plementation formufa

of Sec. 3 to derive the main algorithm of the paper, and this
will be done in two steps. For simplicity we first describein  2rhe schur complementation formuige = Ros — Rt Ry, Ris is
Sec 4.2 a superfast implementation of Lemma 3.1 only, be-ysed here to compute onlyfew numberglefining B, e.g., coupling
cause it allows us to use purely matrix arguments. Having numbers{p;.} in case of the generalized Pick matrix (3).




4. Use this generator ai, to apply the algorithm D&C-
Factor to R, to obtain the generator for its inverse
Ryt

. Use generators fd%l‘ll, R;l, Ry5, Ry, to compute the
generator 1‘0er1 by using the representation

R '=
I —Ry'Rp» Rt 0 I 0
0 I 0 Ry* ~Ruy Ry I

for fast multiplcation of matrices on the right-hand side
of (24).

4.3. Analysis of complexity.Let us denote by'(n) the
arithmetic complexity of the algorithm D&C-Factor for an
n X n matrix Ry, and byM (n) complexity of multiplica-
tion by a vector for a class of structured matritieeluding

R, its submatrices, Schur complements and inverses [we

and that this algorithm calls itself to further recursively fac-
torize each of these two factors. Thus one more output of
this algorithm is the desired [see, e.g., Sec. 2.3] complete
cascade decomposition

into a product of first order factors. As we noted in
Sec. 2.3 and 3.4, this solves the boundary tangential
Nevanlinna-Pick problem, and the achieved arithmetic com-
plexity O(nlog® n) dramatically improves the best known
bound O(n?) for rational interpolation problems of this
kind.

Procedure D&C-Factdtnterpolation formulation]

Input: A rational matrix function

Wi(z) =1+ CV (2] — An) "' Ry BY

shall be more specific regarding these classes in a moment].

Then the analysis of the algorithm D&C-Factor results in QUtpUt:

the operations count
C(n) = 2[20(3) +8M(3) + O(n)]

Therefore the arithmetic complexity of the D&C-Factor al-
gorithm depends upon the estimaté(n). If M(n)
O(nlog® n) for some nonnegative constanthenC(n) =
O(nlog*™“n). In the next Table we spesify this result for
several particular patterns of structure, and refer to [22] for
the estimates fod (n).

Table 3. Complexity.

Toeplitz-like O(nlogn) | O(nlog”n)
Hankel-like O(nlogn) | O(nlog”n)
Vandermonde-likg O(nlog®n) | O(nlog® n)
Cauchy-like O(nlog®n) | O(nlog® n)

We finally note that for Cauchy-like and Vandermonde-
like matrices with special nodes, such as roots of unity, or

Chebyshev points, the algorithm admits further acceleration

by using FFT or FCT/FST.

4.4. Interpolation interpretation and a solution for
the boundary tangential Nevanlinna-Pick problem.

The algorithm D&C-Factor was discussed so far in
purely matrix framework, but let us return to the interplay

1. A minimal factorization
Wi(z) = Wai(2)Wa e,
. The inverse
W' (2) =1+ C¢(21 — A¢) 'RB;.

Steps 1. Write down the first factor

s () = Iy CLU ey~ AL L)

. Apply the algorithm D&C-Factor td7,; (2) to
obtain its inversaV, | (z).

. Compute the factof? »(z) via (16), as sug-
gested by Theorem 3.2. and Lemma 3.1.

. Apply the algorithm D&C-Factor téV> »(z) to
obtain its inverséV;, (z).

. Multiply the factors in
Wit (2) = Wy3(2) - Wy i (2).

Finally we observe, that we presented a general ver-
sion of the divide-and-conqure factorization algorithm that
admits further computational improvements for impor-
tant cases. For example, for the boundary tangential
Nevanlinna-Pick problem, the genaralized Pick matrix (3)
is Hermitian. By exploiting its symmetry we are able to

between Lemma 3.1 and Theorem 3.2. Now we are able tofurther reduce the amount of computations by the factor 2.

present the results of the analysis that shows that the D&C-

Factor algorithm in fact computes a minimal factorization

Wi(z) = Wa1(2)Wa2(2),

30nce again, such fast multiplicatid® - b should avoid operations on
the entries ofR and it should use its generator.

If we have special interpolation points, e.g., roots of
unity or Chebychev points, then the algorithm can be fur-
ther accelerated via FFT, FCT or FST. Moreover, the nu-
merical properties of the suggested algorithm require fur-
ther investigation,and they depend on the configuration of
the interpolation points.



5. Matrix Nehari problem

The new D&C-Factor algorithm can be applied to fac-
torize any rational matrix function of thggobal state-space
form (9). Recently such global state-space solutions have
been obtained for a number of interpolation problems and

[1]

engineering problems, e.g., mentioned in Sec. 1.6. We shall [2]

provide more details on these problems in the full paper,
and here only briefly indicate how the D&C algorithm im-
proves the earlier estimaté(n?) operations obtained for
Problem 4 in [20], [21]. This follows from the following
formulas that should be used as an input for our D&C algo-
rithm. The solutionF'(z) = K(z) — R(z) for Problem 4
was parametrized in [8] by the same formula (11) with an
arbitrary parametefi(z) satisfying(i) G(z) has no poles

in I~ U iR, (i) Sup__R. IG(2)|] < 1; and withW (z) of

the form (9) now im?olving the following matricesd, =

diag (21, . .., 2ny =25, oy —22), J = { I _?M }
lm - 0 ... 0 o
=10 ... 0 wi ... w;]’ Be=0Cx-,

where partially reconstructibl® in 4) satisfies

AR+ RA: = C2JC,.

6. Some concluding remarks

We present a new divide-and-conquer algorithm for fac-
The arithmetic
complexity of the algorithm i)(nlog®n) or less [e.g.,
O(nlog® n) in some cases] which compares favorably with
the much higher complexit® (n?) of earlier schemes. The
input of our algorithm is a transfer function in the global
state-space form. Since many classical rational interpo-
lation problems and actual engineering problems were re-
cently reduced to explicit state-space formulas, the new
algorithm solves a variety of mathematical and important

torization of rational matrix functions.

(3]

[4]

[5]

[6]

[7]

(8]

[9]

practical problems. Here we described an application of the [10]

algorithm to the boundary tangential Nevanlinna-Pick inter-
polation problem and the matrix Nehari problem. The de-
tails for other similar problems will appear in the full paper.
We specified the algorithm for “continuous-time” inter-
polation problems [i.e., with respect to the half-plane]. The
corresponding “discrete-time” problems [i.e., with respect
to the unit disk] can be solved similarly, see, e.g., [21], [27]
for the corresponding transformation formulas and tech-

nigues.

The algorithm can be used for inversion and triangu-
lar factorization of matrices with displacement structure,
including important classes of Toeplitz-like, Hankel-like,

Vandermonde-like and Cauchy-like matrices.

(11]

(12]

(13]
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