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Abstract

The classical Schur-Cohn criterion for checking the discrete-time stability of agiven scalar polynomia f(z)
requires O(n?) arithmetic operations where n = deg f(z). Recall that the discrete-time stability means that all
theroots of f(z) liein theinterior of the unit circle. Though the importance of the Schur-Cohn test is difficult
to overestimate, it applies only to scalar polynomials, i.e., its area of applicationsis limited to SISO (single-
input-single-output) systems. In this paper we study the stability for the more general matrix polynomials of
theform L(z) = 2" + 2" 1A, 1 +...+ zA; + A that occur in MIMO (multi-input-multi-output) systems.
Here the coefficients A, are m x m matrices. In this case instead of the roots one usually considers the
eigenvalues of L(z) which are defined as complex numbers {z;} for which the m x m matrix L(z) is not
invertible. Unfortunately, there are no known efficient (fast or superfast) procedures to check if L(z) is stable.
In this extended abstract we present afirst superfast O(mn log? n) agorithm to check the discrete-type stability
for a given matrix polynomial. Thus, even in the simplest scalar case our algorithm outperforms the classical
Schur-Cohn procedure. The derivation of our method is based on a nontrivial reduction of computations on
matrix polynomials to computations with dense block-structured matrices, and then using the concept of block-
displacement structure to design a superfast procedure. Recently the method of dispacement was used to design
afast method for list decoding of algebraic geometric codes. Here we apply it to solve an important problemin
control. We expect that our method will be useful in several application in digital filtering.

0 Introduction

0.1 Somehistory
0.1.1 Continuous-time stability

The classical Lyapunov theorem [L1892] reduces the stability of the equilibrium of a continuos-time dynamical
system to the condition that the characteristic polynomial of the linearized system has al its roots in the | eft-hal f
plane II~. Therefore polynomials with all rootsin II~ are called stable in the continuous-time sense.

The importance of checking the root localization with respect to I1- was made clear before [L1892] in the
work of engineers and scientists in the middle of the XIX century. At that time many attempts to build more
powerful steam engines faced a problem: unfortunately faster machines showed a clear tendency to vibrate and
hence to work unstably. Attempting to overcome the difficulty a famous physicist JMaxwell [M1868] and a
Russian engineer |.Vyshnegradsky [V 1876] produced stability conditions for polynomials of degree at most three.
This partial progress motivated Maxwell to propose, at a meeting of the London Mathematical Society in 1868, a
problem of finding general stability conditions for a polynomial of arbitrary degree. Interestingly, Maxwell was



not aware of the fact that even amore general problem has already been completely solved by Hermitein [H1856].
Unfortunately, the Hermite's results were not formulated in terms of efficient algorithms or compact formulas, so
they remained unknown to engineers. Hence the solution to the Maxwell’s challenge obtained by Routh [R1877]
was totally independent of the Hermite's work. Further, it was Hurwitz who adapted in [H1895] the Hermite's
work to the form suitable for numerical computations, and the resulting conditions as well as the corresponding
agorithm are now called Routh-Hurwitz conditiong/algorithm that can be found in many engineering textbooks,
see, eg., [KH97].

0.1.2 Discrete-time stability

Thedual problem of zero-location with respect to the unit circle has received much less attention, no doubt because
of thelate interest (since 1950s) in discrete-time systems. Similarly to the continuous-time case, the engineerswere
anticipated by mathematicians. The problem was solved by Cohn [C22] who adapted a previous algorithm of Schur
[S17] to check the discrete-time stability. Because of its importance in applications the Schur-Cohn algorithm is
typically included into modern texts on digital signal processing, see, e.g., [P97]. It is elegant and concise enough
to be briefly formulated in the introduction.

The classical Schur-Cohn algorithm
Input: The coefficients of

fn(2) = 202" 4+ 212"V 212+ T (0.2)

Output: The reflection coefficients { py } 1.
Criterion: f,(z) isstableif andonly if |p;| < 1foral k =1,2,...,n
1). Compute thefirst reflection coefficient by p; = i—z

2). Perform thefirst step of the recursive Schur-Cohn procedure:

1 fu(2) _Pl[fn(zl*)]*
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3). Proceed with f,,_1(z) recursively.

In order to figure out the cost of the Schur-Cohn procedure we need to explain why it terminates after at most
n steps. Observing that [f, (£ )]* = 22" + 7,1 2" 1 + ... + 2}z + 2, weredlize that the recursion (0.2) reduces
to

1 (w0 — %x:)z" + (21 — ﬁ—gfvfl_l)z”_l +.ooot+ (Tpo1 — i—gm’f)z +0

@)= 1R :

Hence deg f,,—1(z) = n — 1, and the Schur-Cohn recursion (0.2) has the degree-reduction property. Therefore it
terminates after at most n steps (one can stop earlier if a negative py. is obtained). Thus the cost of the standard
Schur-Cohn test is O(n?) arithmetic operations. We next address the issue of speeding up the root localiziation
procedure.

0.1.3 Main problem

In this extended abstract we consider the more general case of matrix polynomials of the form

L(z) =2"I+ 2 AL 4+ 2A + Ay,
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where the coefficients A, are m x m matrices. Such polynomials appear in MIMO systems, see, e.g. [K80].
Thereis aso adeep mathematical theory of matrix polynomials, see, e.g., [GLR82]. Instead of roots one needs to
consider the eigenvalues of L(z) which are defined as complex numbers { z;, } for which the evaluated polynomial
L(z) turnsinto asingular matrix. There are n x m eigenvalues, counting with multiplicities. Clearly, in the sim-
plest scalar case'm = 1 the eigenvalues are just the roots. In this paper we propose the first superfast O (m?n log™)
algorithm to check if all the eigenvalues of L(z) liein the interior of the unit circle. In fact, we can do more: our
agorithm computes the number of the eigenvalues inside and outside the unit circle, assuming that there are no
eigenvalues symmetric with respect to the unit crcle, like z; 2, = 1 (which is of course trueif they are al inside).

0.1.4 Structureof the paper

In the next section we reduce the problem of stability checking to the problem of superfast block factorization
of a certain structured matrix. To this end we need to recall several deep results in operator and matrix theory
associated with the work of M.G.Krein.

1 Thescalar case: stability, Toeplitz matrices, and Gohberg-Semencul formula.

1.1 Inner product on theunit circle, orthogonal polynomialsand their Toeplitz matrices

Discrete-time stable polynomials is the main focus of this paper. In this subsection we recall a characterization
of these polynomials as of being orthogonal polynomials (we even present more generalized results, since our
agorithm will apply to more general polynomials). The main technical result of this subsection is that polynomial
stability isrelated to the inertia of the inverse of a certain Toeplitz matrix. Thiswill be the basis for our superfast
agorithm.

A nonnegative measure 1V (z)dz on the unit circle generates an inner product by the formula

1 /7 . .
<pa>=o [ o) la@) W) 13
For polynomials p(2) = po+p1z + ... + pp2", q(z) =q +qz+ ... + 2", it iseasy to
express the inner product (1.3) in terms of finite matrices with Toeplitz structure. Indeed,
<Pa>= Y PmQtm—; (14)
m,j=0

where the numbers ~ -
ty — / ST (0)d0 — / FIOTY(6)df

are called the the moments. The formula (1.4) can be finally rewritten as

Po
p1
<p,q>=[q6 aq qﬂ-Tn- |- (1.5)
Pn
where
has the Toeplitz structure (i.e., it has constant values along each diagonal, e.g., to 1 = t3 92 = t4_3 = ...), and the

Hermitian structure (¢,,,—; = t3_,,). The Toeplitz matrix in (1.6) will be the focus of the discussion in this section:
its inertia contains the information about the zero location we are interested in.



1.2 Inertiaof Toeplitz matricesand the zero location of the Szego polynomials

The classical Szego case is when the measure W (z) is positive on the unit circle, so that (1.3) is a true definite
inner product: < p,p >> 0. Inthiscase T, in (1.5) must be positive definite as well. Hence by applying the
standard Gram-Schmidt processto {z*} one obtainsthe orthogonal polynomials < fi(2), fm(z) >= 0for k # m.
Polynomials { f;.} are called the Szego polynomials, and the coefficients of f,,(z) = 292" + 212" ' + ... + 2,
can be determined by the Yule-Walker equations

o 1

I 0
Tn : . =

T 0

The classical result of Szego claims that all the zeros of f,, lie inside the unit circle, i.e., they are discrete-time
stable polynomials. The converse statement is also true: any discrete-time stable polynomial can be seen as the
Szego polynomial (amore general result appearsin theorem 1.2 below).

The above classical results concern a positive measure. 1n [K66] M.G.Krein considered the case of indefinite
measure W (z)dz (inthiscase T), in (1.5) is no longer positive definite), and obtained the following two theorems.

Theorem 1.1 Lett_,,...t_1,to,t1,..., t, be complex numbers such that the matrices 7, = [tp_q]’;’qzo (k =
0,1,...,n) are Hermitian and nonsingular, and let 3 ( respectively, v ) stand for the number of constances (
respectively, alternations) of sign in the sequence

1,D1,D2,....Dp—1 (Dk = detTk). @7

Let f,.(2) = 02" + 212" + ... + x,, be a polynomial whose coefficients are found from the equation

i) 1
I 0

T.-| " |=1].1. (1.8)
Tn, 0

If D, - D,_1 > 0 (respectively, d,, - d,_1 < 0), then polynomial f,, has & ( respectively, ) eigenvaluesinside
the unit circle and ~ ( respectively, 3)eigenvalues outside the unit circle ( the zeros are counted with multiplicities

)

Clearly, if there are no sign alternations (so that T;, is positive definite) then al the zeros of f,, liein theinterior
of the unit circle.

Theorem 1.1 gives a hope to exploit the properties of T, to design superfast algorithms for f,,. However, in
our application we are given a polynomial f,,, and we are not given a Toeplitz matrix T;,. The next theorem tells
us that under mild conditions (that always hold in our application) such T,, always exists.

Theorem 1.2 For a polynomial f,,(z) = wgz" + 212"~ ! + ... + z,, there exists a Hermitian invertible (and
strongly nonsingular, i.e., all dj, # 0) Toeplitzmatrix T,, = [tp,q]’;qzo such that (0.1) holds true if and only if xq
isreal and f,, has no zeros on the unit circle and no pair of zeros that are symmetric with respect to the unit circle.

Clearly if T,, isinvertible, that T, and itsinverse T);! have the same number of eigenval ues inside and outside
the unit circle. This simple observation has important algorithmic consequences, because as we shall seein a
moment, 7, ! is given directly in terms of the coefficients of £,.



1.3 Gohberg-Semencul inversion formula
The following result was obtained in [GS72] (see also [GF74]).

Theorem 1.3 [ Gohberg-Semencul formula] Let T, = [ tp—q }n be a Hermitian nonsingular matrix with

p,q=0
nonsingular leading submatrix 7;, . Let
o 1
I 0
T, - ) =1 1. (1.9
Ty 0
Then ¢ # 0 and
r 170 = T
2 0 - 0 T xo* 8 8 . O”
n
1 S : : .
T = —. 10 _
Zo : . 0 . . . .
i (1.20)
o 0 0 xp Ty 4 zy, 0 01 [ x1
_ 1 : 0 : ; 0
T=— . - .
0 0 ; 0
xn*l ... e xo O ... 0 xzk] xi‘ .. e '/'C;’kl ] O .. 0 a;‘n

(111)

1.4 Conclusion on how to design a superfast stability test

Let us now return to the problem of zero-location for agiven f,,. Theorem 1.2 tells us that under mild conditions
(we shall discuss these mild limitations in a moment) we can associate a Toeplitz matrix 7, with it. We could
run (we will not do it in our algorithm) the symmetric Gaussian elimination agorithm to compute the triangular
factorization

d 0 - 0
. 0 dy
T, = LTDTLT, where Dr = ] s (112)
o 0
0 - 0 d,

where d;, are exactly those discussed in theorem 1.1, and L is lower triangular. Denoting by I the reverse
permutation matrix (all-zero matrix with ones on the main anti-diagonal) and using the obvious property of Toeplitz
matrices IT1 = T (where bar denotes taking entriwise conjugates) we obtain

1
i 0 0
0 4+ .
T;'=L;D;L}, where D; = dn-1 : (1.13)
1
0 0 ar




(where L; isalower triangular matrix easily connected to L1 in (1.12), but the exact form of this connection is not
important to us). Now the properties of determinantsimply Dy, = d; - ... - di, (1.7). Hence any agorithm (slow or
fast or superfast) computing the factorization (1.13) can be used for checking the zero location of f,,. If al dj are
positive we conclude that f;, is discrete-time stable. If we have S strictly positive and ~ strictly negative d’s we
concludethat f,, has 3 zerosinside the unit circle and v zeros outside. If our factorization algorithm applied to the
matrix 7,1 given by the formula (1.10) does not run to completion we conclude that f,, either has a zero on the
unit circle or it has a pair of zeros symmetric with respect to the unit circle (recall the mild limitations in theorem
1.2). In any case, we are dways ableto say if f,, isdiscrete-time stable or not.

In the rest of the paper we design a superfast algorithm to check the stability, and then generalize it to matrix
polynomials.

2 Displacement structure and superfast algorithm

Many important problemsin pure and applied mathematics and engineering can be reduced to matrix computations.
Unfortunately, practical circumstances often impose limitations on the use of available standard matrix methods.
For example, in many applications the size of the associated matrices is prohibitively large, so the available meth-
ods often require an extremely large amount of time. Thisis one reason why one seeks in various applications to
identify special/characteristic structures that can be exploited in order to speed-up computations. Such additional
assumptions are often provided by particular physical properties leading to various structured matrices, such as
Toeplitz, Hankel, Vandermonde, Cauchy, Pick matrices, and others.

There is a nice approach to design fast algorithms for these matrices based on the concept of displacement.
The point is that many structured matrices R satisfy the displacement equation of the form

R - A7|— R Aﬂ— = - BC (21)

or adightly different equation AcR — RA, = —B:C; (used, e.g., in [OP98] in a different application). Here
the two matrices { A, A} are auxiliary and usually sparse (do not contain information R). The two rectangular
a x nandn x o matrices {Cr, B¢} are called agenerator of R.

If the displacement equation (2.1) (with given {C, Ax, A¢, B¢ }) hasthe unique solution R, then the entirein-
formation on n? entriesof R is conveniently compressed into only 2an entries of its generator {C,, B¢}. Avoiding
operations on matrix entries and operating directly on generator allows usto design fast and superfast algorithms.
We refer an interested reader, e.g., to [BP94] and to a more recent survey [097] (see also many referencestherein).
Here mention only afew recent publications not covered in [O97]. In [OP98] the displacement approach allowed
us to design afirst superfast algorithm for the classical Nevanlinna-Pick problem. In [OS99] we gesigned a su-
perfast algorithm to multiply a confluent Cauchy-like matrix with vectors (a generalization of several algorithms
including FFT, convolution and fast multipoint evaluation). This allowed to design a superfast algorithm for tan-
gential confluent rational interpolation problem. In [OS00] we used displacement to design afast algorithm for list
decoding of algebraic-geometric codes (solving a problem raised in [GS98]). There are other applications, e.g.,
to matrix-vector product [GO94], preconditiong [KO97] among others. In this section we apply the approach to



solve the root location problem. The key observation that the matrix S := 7,1 in (1.11) satisfy the equation:

Z0 xy,
T xr_ * XL gk
S—7.8.7% = .1 n. 1 ' [ 1 0 ‘| ) [ Zg xq Tp_1 ] — G(I)J[G(l)}*, (22)
: : 0 -1 Ty Tpel -+ X1
Tp—1 ]

where Z isthe lower shift matrix (the all-zero matrix with 1's on the main subdiagonal).
Here is the description of our recursive divide-and-conguer algorithm for factorization of matrix S = Tjgl of
(1.10) and (2.2). Theideaisto apply adivide-and conquer technique to the standard Schur complement formula

| S S | I 0 Sy 0 I S;'Sy e B
S = [ So1 S22 ] - [ Sy St T ] [ 0 S ] l 0 I , where Sy = So9—591511 S1a.
2.3)

and to proceed the factorization procedure for S1; and for the Schur complement S5. Then after n log n recursive
divide-and-conquer steps we shall obtain the diagonal factor in (1.13) and will be able to make a conclusion about
root distribution. If this procedure would be implemented in terms of computations with the entries of S then it
would be too expensive. Theideais to avoid computations with matrices and to work with their generators. Thus
we are given a generator of S in (2.3) and in order to proceed the recursion we need the generators of S7; and of
So. The generator of Sy, is easily obtained from the one of the entire S by just extraction of the first half of the
entries. The generator of S22 IS given by the formula

G® =Ga — ((I = Za2) - Rs1- Sii* — Zo1) - (I — Z11)™' - Ga, (24)

see, e.g., lemma4.2 in [KO97], and the references therein. In order to compute G2 we need a generator of S
This can be done if we have Sy, factored. For convenience we explain this fact not for S7; but for the entire S. If
we have S factored asin (2.3), then we just invert this factorized representation to obtain.

| T =SSy || St o I 0
S _lo I 0 Sy' || =SSyt I (25)

We next explain how to use the formula (2.5) in order to compute the generator of the inverse of S. Let S
satisfy (2.2). Then, in accordanceto Lemma 3.1 in [KO97]

AS + SA* = G4JGY, A=I+2)1-2)"1, Ga=V2I-2)taW, (2.6)

which implies
STIA+ A*S™H = (871G L) J(S7IGA), 2.7)
Let I denotes the reverse-identity-matrix. From the easily verified identity A = IA*I and (2.7) here we obtain
A(IST) + (ISTHA* = (IST'GA)J(IST'G )"
Finally, using Lemma 3.1 of [KO97] again we obtain

(IS7') — Z(IS™'1Z* = Giny G

muv?

where N o
Giny = (I = Z)(IST'D)I(1 — Z)7'GW. (2.8)

The formulas (2.4) and (2.8) are the basis for the following agorithm that performs all manipulations on on
the entries of .S but on the entries of its generator.



Procedure discrete-time D& C-Factor

Input: A generator GV of S'in (2.2).

Output: 1). A generator for the Schur complement Sy = Soo — 52151‘11512.
2). A generator for theinverse S—1.

Steps:  1). Consider a partition into four matrices of nearly equal sizes. Extract by inspection from (2.2) gener-
ators for submatrices S11, S12, So91.

2). Use a generator for S1; and apply the algorithm D& C-Factor to Sp; to obtain the generator for its
inverse S
3). Compute agenerator for the Schur complement using formulas

G® =Gy — (I — Zy) - Rsy - St = Zo1) - (I — Z11) ™ - Gy, (2.9

4). Use this generator and apply the algorithm D& C-Factor to S5 to obtain the generator for its inverse
Syt
5). Usegeneratorsfor Sﬁl, Sy 1 819, S91 and the formula (2.5) to compute the generator for S~ as

Gino = (I — 2)(IST' DI — 2)'GW.

It is clear that once we arrive at the level of 1 x 1 matrices, we essentialy have the required entries of the
middle factor D, of (1.13) at hand.

We finally address the issue of the computational cost of our algorithm. Let us denote by C'(n) the arithmetic
complexity of the above algorithm for n x n matrix .S and by M (n) complexity of multiplication by a vector for
aclass of structured matricesincluding .S, its submatrices, Schur complements and inverses. Then the analysis of
the algorithm D& C-Factor resultsin the operations count

n

C(n) = [QC(g) +8M(5

)+ 0(n)].
Therefore the arithmetic complexity of the D& C-Factor agorithm depends upon the estimate M (). 1t was shown
in [GO94] M (n) = O(nlogn), sothat C(n) = O(nlog®n).

3 Matrix polynomials

We have chosen above to explain our algorithm for the simplest scalar case. Even in this case our O(n log?)
agorithm is superfast, whereas the classical O(n?) Schur-Cohn test is just fast. However, al the results are valid
for the case of matrix polynomials, but the notations and formulas ook more cumbersome. Here we just highlight
the main ideas. All the results in Sec. 1 have been carried over to matrix polynomials. Moreover, there is a
collection of papers [G88] devoted to different approaches to theorems 1.1 and 1.2. The results can be used to
connect the root location of matrix polynomials to block-Toeplitz matrices. Further, there is a Gohberg-Heinig
formulafor inversion of block-Toeplitz matrices. This matrix has the block-displacement structure. Our superfast
algorithm can handle this matrix as well, and the corresponding cost is C'(n) = O(m?nlog? n) operations.



4 Somedifficultiesin extending thisto the matrix case

L et us consider the more general case of matrix polynomials of the form
L(z) =2"T+2""YA, | + ...+ zA; + A,

where the coefficients Ay, are m xm matrices. Instead of roots one needs to consider the eigenvalues of L(z) which
are defined as complex numbers { z;. } for which the evaluated polynomial L(z) turnsinto asingular matrix. There
aren x m eigenvalues, counting with multiplicities.

One problem that complicatesthe issue isthat it could be not easy to obtain the analog of matrix .S in (2.2). To
explain this point we mention that the the analogue of this matrix satisfies a similar equation

Aq By 1 0 Ay AT AR
_ . . * : . n— — (1) (1)*
vmas : : [o -1 B B - B, | ¢ JIGUTY, (410
Apn—1 B

where the polynomial
L#*(\) = 2"B, 4+ 2" 'B,_1 + ...+ 2B + By,

is obtained from
)LVFL(Y) = LFN)[LF (W), (IAl=1), (4.11)

such that the polynomials L()\) and L#(\) are relatively coprime. If the polynomial L()) is stable the relative
coprimeness means that L7 (\) is antistable, and the task is to find L#(\) from L()\) using (4.11). In the scalar
case it was an easy task:

5 Further work

The output of the classical Schur-Cohn algorithm are the reflection coefficients. These numbers are of practica
interest by itself in severa applications. They are called reflection coefficients in the context of wave propagation
though the layered media,a nd in the context of linear estimation they are called partial correlation coefficients.
Thereis acorresponding numerical analysis literature, where the task is to solve the so-called unitary Hessenberg
inverse elgenvalue problem. The problem is solved once we have computed { p. }. We refer to [AGR91] for afast
O(n?) agorithm, and to [AGR87] for an application to Pisarenko frequency estimation. Another area where one
needs {py } is digital filter design, we refer to [ML80] and [R95] where the computed reflection coefficients are
used to build lattice-filters. Such filters have becameincreasingly popular in signal modeling, spectrum estimation,
speech processing, adaptive filtering, and other applications. They have many favorable properties, including
inherent stability, low noise accumulation in the state vector loop, possibility to suppress quantization limit cycles
under simple arithmetic conventions, etc. In fact, our algorithm can be adapted to solve the above problems faster
that earlier methods (i.e., (nlog?) vs. O(n?)). We expect that our algorithm will be used as a building block in
many applicationsin digital filter design and digital signal processing. There are other potential areas of application
in mathematics/numerical analysis, e.g., moment problems and Gaussian quadrature.
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