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Abstract

In this paper we carry over the &jck-Pereyra algorithm for solving Vandermonde linear
systems to what we suggest to call Sz&@ndermonde systemé (x), i.e., polynomial-
Vandermonde systems where the corresponding polynomial sysisrihe Sze@ polyno-

mials The properties of the correspondiagitary Hessenbergatrix allow us to derive a
fastO(n?) computational procedure. We present numerical experiments that indicate that
for ill-conditioned matrices the new algorithm yields better forward accuracy than Gaussian
elimination.
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1 Introduction

Vandermonde matrices of the form

1oy 22 2!
1ag a2yt

V) =| 77 (1.2)
1x, 22 -+ gt

are classical, and explicit expressions for their determinants and inverses are well known. The
structure in (1.1) can be exploited to speed-up computations involingallowing one to design

fast algorithmsi.e., algorithms whose complexity is at least an order of magnitude less than that
of standard (structure-ignoring) methods.

For example, solving a Vandermonde linear system using methods that ignore this special structure
requiresO(n?) operations, whereas the now well knowrbRjk-Pereyra algorithm (see [BP70],
[GVL96], [003]) solves the system if?(n?) operations. Moreover, it was shown that thémBk-
Pereyra algorithm is not only faster but it is often more accurate than the standard methods, see,
e.g. [H87] for the forward stability and [BKO99] for the backward stability analyses.

Classical Vandermonde matrices (1.1) appear in polynomial computations exploiting the monomial
basis{1,z,2?%, ..., 2" '}. A slightly more general class of matrices arise by following the same
essential structure in (1.1), but permitting polynomials in place of the monomials. Such matrices
are polynomial-Vandermonde matrices of the form

ro(wy) ri(x1) - Taoa (1)
Vi) = 7”0(.372) 7"1(.952) 7”nfl.(%) 7 (1.2)
_T’o(l’n) Tl(l‘n) e Tn—l(xn)_
whereR = {ro(z),r(x),...,r—1(x)} is a given system of polynomials. The@¢k-Pereyra al-

gorithm for solving linear systems as well as the Traub algorithm for inversion have been extended
to polynomial-Vandermonde matrices in several notable special cases of the polynomial Bystem
The resulting fast algorithms along with corresponding references are listed in Table 1.
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Coefficient matrix Inversion algorithm Algorithm solving linear system
Parker-Forney-Traub Bjorck-Pereyra
Vandermonde algorithm [P64], [F66], [T66] algorithm [BP70]
Gohberg-Olshevsky Reichel-Opfer
Chebyshev-Vandermonde algorithm [GO94] algorithm [RO91]
Calvetti-Reichel Higham
three-term Vandermonde algorithm [CR93] algorithm [H90]
Olshevsky
Sze@-Vandermonde algorithm [O01] ?2?77?

Table 1. FasO(n?) algorithms for three-term Vandermonde matrices.

However, many problems involve computations with the $zgglynomials® = {(pk#(x)}; that
is, polynomials orthonormal on the unit circle with respect to a suitable inner product,

< p(e),a(e) >= o= [~ p(e) - [a(e)) uw?(6)db (13)
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It is well known that the Szdgpolynomials are completely described by the two-term recurrence
relations

Po(x) :i 1 ’ Pr1() _ 1 L —pia | [ 10] | ox() ’ (1.4)
Qﬁ(x) Ho |1 ¢k#+1($) Heti ) —ppiy 1 0x ¢k#($)

see [GS58], [G48]. The parametefso, p1, ..., pn} (With py := —1), are calledreflection co-
efficients(the namegarcor coefficientsand Schur parametergre also in use). The numbers

e = /1 —|pk|? are called theeomplementary paramete(gs, := 1 if |px| = 1), and¢i(z) =
z*[o* ()]

We use the notatio&zsk#(x) for the Sze@ polynomials following [098], [O01] and the engineering
references therein whevg (=) are calledbackward predictor polynomialgnd the Sz&gpolyno-
mials ¢} () are obtained from them.

In this paper we present a@ck-Pereyra-type algorithm to solve linear systems where the coef-

ficient matrix is a polynomial-Vandermonde matrix whose corresponding system of polynomials
are Sze( polynomials. We call such a matrix a Spegandermonde matrix. This algorithm will




be based on the Hessenberg matrix

Y Y TSIy R SR TSIV S TRy
pi o —p2p1 —P3M2P] tt —Pn—ifn—2--- 1201 —Pnhn—1.--H2p]
H— 0 M2 —pP3p3 = Pn-1fin—2---13P5 —Prpn—1---H303 (1.5)
H3
—Pn—1Pp—2 —Prbn—1Pp_2
0 0 [hn—1 —pnpl

that was used in many areas, see, e.g, [G82], [BC92], [R95], and the references therein. This matrix
has many nice properties. For instance, it is well known thatiffers from a unitary matrix only
in the last column. Additionally, it can be seen thatiif is the leading principat x & submatrix
of H, then
L%

det(zI — Hy,) o o1 () (1.6)
see, for instance, [G82].
Such almost-unitary Hessenberg matrices have been studied in many contexts, notably in the fields
of numerical linear algebra, operator theory, and signal processing. In numerical linear algebra, ma-
trices H are related to Gaussian quadrature on the unit circle, as well as direct and inverse unitary
eigenvalue problems, and efficient algorithms for several problems can be found in [G82], [G86],
[GR90], [AGR93], [ACR96], among others. In operator theory literature the structure in (1.5) is
associated with thBlaimark dilation see, e.g., [C84], Sec. 2.4 in [BC92], and Sec. 6.7 in [FF89].
Sze@ polynomials can often be found in signal processing literature, because they describe the
state-space structure for lattice digital filters, see, e.g., [R95], [ML80], [KP83], [TKH83], [K85].

The paper is structured as follows. In the next section we recall the classiakBjereyra al-
gorithm for solving a classical Vandermonde linear system. In Section 3, after a brief bit of back-
ground the main resultis presented, a recursive factorization of the inverse ofta\&zedermonde
matrix, and formulas for the resulting fast algorithm for solving the corresponding linear system.
In Section 4 several interesting numerical experiments are performed, as the proposed algorithm
yields good forward error results while solving ill-conditioned systems.

Acknowledgement.The authors would like to sincerely thank the anonymous referee for very
carefully reading the paper, and for a number of suggestions that allowed us to improve the pre-
sentation.

2 The classical Bprck-Pereyra algorithm

Recall that in [BP70], the authors derive a representation for the indéfsg ! of ann x n
Vandermonde matrix (1.1) as the product of bidiagonal matrices, that is,

V(:B)_l = Ul e Un—l : f/n—l e Ll (21)



and used this result to solve the linear systém)a = f by computing the solution vector
a=Uy - Upy Ly Lof (2.2)

which solves the linear system §m2 operations. This is an order of magnitude improvement over
Gaussian elimination, which is well known to requipén?®) operations in general. This favorable
complexity results from the fact that the matridésand L, are sparse. More specifically,Wif(z)

is given by (1.1), the factors, and L, are given by

I

1 —xy

.

Iy,

ik — Th41—L1 . . 11 . (24)

1
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In the next section we will present our algorithm for solving Se&andermonde systems by
obtaining a counterpart of the above factorization.

3 Factorization formula

In order to derive an analog of the@gk-Pereyra algorithm for the Szegase, we will use the
concept of associated polynomials, defined next.

3.1 Associated (generalized Horner) polynomials

Following [KO97] define theassociated polynomialB = {7y(x), ..., 7,(z)} for a given system

of polynomialsk = {r¢(z),...,r,(x)} via the relation
Tr—1(Y)
Tr—2(Y)
r”(lziign(y> = | ro(z) ri(z) ro(z) - ru_i(z) | - : . (3.1)
F1(y)
| To(y) |




with additionally7, (z) = r,(x).

However, before proceeding we first clarify the existence of such polynomials. Firstly, the poly-
nomials associated with the monomials exist. Indeed; i the system of. + 1 polynomials
P={l,z,2% .., 2" r,(x)}, then

167%1(9)
( ) ( ) ﬁn—Q(Z/) o1
Tu(x) —ra(y) ) 1 : B L
o, - lea? -z : = g T Pro1-i(y), (3.2)
p1(y)
i Po(y) |

and in this case the associated polynomfalsan be seen to be the classical Horner polynomials
(see, e.g., [KO97, Section 3.]).

Secondly, given a system of polynomidts= {rq(z),r(x),...,r,—1(x),r,(z)}, there is a cor-
responding system of polynomials = {7y(z), 71 (z), ..., fn_1(x), Fx(z)} (With 7,(z) = r,(2))
satisfying (3.1). One can see that, given a polynomial sygtemith deg(r,) = k, the polynomials

in R can be obtained from the monomial basis by

S:

2
lxxz® - 2y

ro(z) ri(x) ro(w) < o () (3.3)

whereS is ann x n upper triangular invertible matrix capturing the recurrence relations of the
polynomial systemR. InsertingSS—! into (3.2) between the row and column vectors and using
(3.3), we see that the polynomials associated \kitre

Pn-1(y) Pn-1(y)
Tn-2(y) Pn—2(y)
; =51 : (3.4)
"1(y) P1(y)
| To(y) | | Po(y)
whereP = {py(z), ..., pn1(2)} are the classical Horner polynomials afids from (3.3).

3.2 Factorization formula

In this and subsequent sections we consider the®gelynomialsd = {gbk#(:v)}, i.e. the polyno-
mials orthogonal on the unit circle satisfying the two-term recurrence relations (1.4). The following
lemma will be useful in finding the factorization formula below.

Lemmal Let ® = {¢f(x)}"-; be a system of Szegolynomials corresponding to the re-
flection coefficientd p,}7_, as defined in Section 1. For = 1,2,...,n — 1 denote byd®)



1 —x — pap} —p3hi2p] —Pn—1Hn—2 1207 by (@) - <5§-j—)1(w) o) ()

the system of polynomials® = {4 (z),...,d") (z)} associated with the truncated system
{08 (x), ..., (x)}. Then

- R i 4 -1 M1 =T — p2p] —P3M2P] 0 —Pn—1fn—2 " H2P]
1 2 n—1

3 (@) 67 () - 015" @) et e o e

2(2 2 (n—1 2 —& = P3P T Pn—1Hn—2" " H3P3

o (@) -+ B0 (@) _ |

: . = 3 E : (3.5)
2(n—1 R Pr—1Py_2
i 68 V(@) |
MUn—1

Proof. It was shown in [098, eq. (4.8)] that theterm recurrence relations for the truncated
associated polynomiaf” are

~ ~(k . ~(k . ~(k
1P (@) = 2 - 681 (€) + i1 - P () F Phms 2t 1P Do

oot PRkt 1P ds(()k) (z), (3.6)
form=1,...,k—1,and also
Mkﬁgt()k) =1 (3.7)

Now consider the product

R C Rl €)

i —T — Pit1P} —Pit2Mit1P} —Pn—1ln—2° " Mi+10} e : )

'@ AV
- 3@

T (3.8)

where the(i, j) entry of this product defined by the highlighted row and column can be seen as

(3.6) withk = j,m = j —iif i # j and (3.7) withk = 7 if ¢ = j. Thus this product is the identity,

implying (3.5). O

Our algorithm involves a recursive factorization of the inverse matikz)~'. In the following

we use the notatiom,.,, = (z1,...,x,), etc.

Lemma 2 Let® = {¢ (z)}7=} be a system of Szigolynomials corresponding to the reflection

coefficients{ p; }7_, and complementary parametefg, };_, as defined in Section 1, and let,,,
ben distinct points. Then the inverse 6k (z;.,) admits a decomposition

VR(:clm)*l = U1 . Ll, (39)



with )

1

w T P1Py  —P2M1Py  c t —Pa—ifn—2 " H1Pg
;11 —T1 = papy o —Pn—1fn—2 " H20]
1 D1l 11305
U - = o Pr—1 .2 H3pP2 7 (3.10)
h —T1 = Pp-1p),
Hn—2 n n—2
1
L Hn—1 R
_1 - X -
1 —-11
L, = 2 _ . (3.11)
! -1 1
L In—2x1 4 L u
Proof. Performing one step of Gaussian eliminationigniz;.,,) yields
_1 } _1 -
11 Ty — X1
VR(xlzn) - :
i 1 1 1L Ty — T |
#
Lo et o @) - o) | (3.12)
0R 0 ‘ 1

_ # o )t . - : . .
where the matrixk = [d’j(m“‘z’l(‘“)} consists of divided differences. By the discussion above,

Ti41—T1
associated with the systefiis the systemb = {¢(z)}. Following the notation of Lemma 1,
denote byd® = {q@é’“)(x), e ,(f)(:p)} the system of polynomials associated with the trun-

cated system{¢y(z), ..., ox(x)}. By the definition of the associated polynomials we have for
k=1,2,...,n—1

A1 (y)
o) — ot e IS
pr— = | ¢if (x) o7 (x) ¢ (x) -+~ ¢ 1 (2) | - : = ;)ﬁ(x)' ).
5 (y)
% (y)

Finally, denoting byd®) = {éé’“) (x),... ,gz@,(f)(x)} the system of polynomials associated with the



truncated systerigy (), ..., ¢ ()} we can further factorz as

60 (@) P (@) - 4 () |
2(2) . 2(n-1)
B Vie(am) - o (71) ¢n—3. (1) (3.13)
_ 60 (a1)

The last matrix on the right-hand side of (3.13) can be inverted by Lemma 1. Therefore, inverting
(3.12) and substituting (3.5) results in (3.9). O

3.3 New Bprck-Pereyra type algorithm

Like the classical Bjrk-Pereyra algorithm, the recursive nature of the formula (3.9) allows a de-
composition

Va(@in) ' =Ur .. - Upy - Ly ... - Ly, (3.14)
with the upper and lower triangular factors given via recursively applying Lemma 2, arriving at
Iyt
% —Tp = P1Py —P2Py cc t —Pa—kfn—k—1" " H10)
i —Tp = P2p] o —Pa—kbn—k—1" " [2p]
11| 0 ) _
T 0. 12 - _pn—k,un—k.:—l s |
T Tk~ PukProk1
1
L Hn—k a
) o ) (3.15)
Ik—l Ik—l
1 1
Ly = L —-11 . (3.16)
T+4+1— Tk
L —1 1
Tn—Tk |

Remark 1 It is worth noti_ng that there is a differenc_e between the fécmmn (3.16) and the
factors L, in (2.4). From the uniqueness of tliefactor in the LU-factorization, the formula is
valid with either choice.

The associated linear system can be solved by multiplying (3.14) by the right-hand sidefvector

in the linear systenvz(z;.,)z = f. However, unlike the classical &jck-Pereyra algorithm, the
matricesU,, involved in the proposed algorithm are not sparse. The sparseness of these factors in
the classical Vandermonde case (in fact they are even bidiagonal, see (2.3)) is exactly what reduces



the complexity by an order of magnitude @n?). In fact, for a general polynomial systef a
similar derivation of an algorithm is possible, however the overall cost is @g@in).

Although the matrice$/,, are not sparse, a method of fast multiplicationl@fby a vector will
allow the desired reduction in complexity. Denote By the k x k leading submatrix off given
in (1.5) as in Section 1, and further denote

that is, Hy(z) is the leadingk x & submatrix ofH with entries on the main diagonal shifted by

x. With this notation, by comparing (3.15) and (1.5), we make the observation that the batrix
given in (3.15) can be written as

L i
Ho
1 H )
I 110 - n—k(ZTk
PR el B U, = | . (3.18)
0 |Ug
0
0l0-..0 -t
L Hn—k J

This observation reduces the problem of fast multiplicatiofvpby a vector to that of fast multi-
plication of H;, by a vector. Fast multiplication aff, by a vector is easily achieved by using the
well known decomposition off;, as

Hy, = Gk(pl) : Gk(ﬂz) Tt Gk(pkfl) : Gk(pk’)a (3.19)
where
) Pi Hj )
Gk(pj) = dla’g{‘[j—lu 7Ik—j—1}7 J = ]-7 27 ) k—1 (320)
i —p;
and
Gr(pr) = diag{I—1, pi} (3.21)

see, for instance, [G82], [BC92], or [R95].

Therefore, the factorization (3.19) reduces multiplicatiotipfby a vector tak — 1 circular rota-
tions, thus suggesting an efficief{n?) implementation for our Rjrck-Pereyra like algorithm for
Sze@-Vandermonde matrices.

4  Numerical lllustrations

To check the numerical performance of the proposed algorithm, the following numerical experi-
ments were performed. All algorithms have been implemented in MATLAB v6 in double preci-
sion. These results were compared with exact solutions calculated in Maple v7 using software-
implemented 40 digits of precision (or more as needed as detailed below).

10



Herein matrices of siz80 x 30 were used. In the tables, BP-SV denotes the proposerctiBj
Pereyra like algorithm for Szégvandermonde systems implemented using of the previous Sec-
tion. The factord.;, from (3.16) were used. GE2t and GE3t indicate MATLAB’s Gaussian elimina-
tion, performed on the Szégvandermonde matrix generated using the two-term and three*term
recurrence relations, respectively. Finally, cOvigldenotes the condition number of the matix
computed via the MATLAB commancond() .

It is known (see [RO91], [H90]) that reordering the nodes for polynomial Vandermonde matrices,
which corresponds to a permutation of the rows, can affect the accuracy of related algorithms. In
particular, ordering the nodes according to ttlega ordering

k—1 k—1
|a:1|:1r£11a<}%|xi|, H|$k—$j’:g£1?<}%]:[|ti_tj|a k=2,....n—1 (4.1)
= j=1 =

(see [RO91], [H90], [O03]) improves the performance of many similar algorithms. As the perfor-
mance of the suggested BP-SV algorithm is improved by this ordering, we include only experi-
ments where Leja ordering is used. A counterpart of this ordering is known for Cauchy matrices,
see [BKOO2].

In all experiments, we compare the forward accuracy of the algorithm, defined by

Nl =2l

2]l

(4.2)

wherez is the solution computed by each algorithm in MATLAB in double precision, amnsl
what is taken as the exact solution. This exact solution is the result of solving the system in Maple
using 40 digits (or more) of software-implemented precision.

The results are arranged as follows. In the first four experiments, we compare the forward accu-
racy of the algorithms with that of Gaussian elimination under varying conditions. We present the
interesting relationship between the accuracy of the algorithms and the condition numbers of the
matrices involved. This relationship is shown in Figure 1. The dependence of the algorithm on the
direction of the right-hand side vector is investigated in Experiment 5. Finally, to address the case
where the accuracy is not as good as Gaussian elimination, we present a first step in the direction
of better results under these conditions using one step of iterative refinement.

Experiment 1. In the first experiment (Table 2), the values fgr,k = 1,...,n were chosen
randomly (complex) in the unit disc, similarly for the nodesk = 1, ..., n, and the entries of the
right hand side vectads,, £k = 1,...,n. Choosing such parameters, the condition of the matrices

is large, however, the BP-SV algorithm still produces excellent forward accuracy. Ten trial results
are listed in Table 2.

2 For the three-term recurrence relations for the 8zsgynomials see for instance [098] and references
therein.
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# || condV) | BP-SV | GE2t | GE3t
1 7e+14 | 5e-15 | 8e-06| 1le-05
2 le+15 | 2e-15 | 5e-05| 8e-05
3 3e+15 | 3e-15 | 6e-04| 2e-04
4 le+18 | 2e-15 | 1e-01| 7e-01
5 2e+15 | 4e-15 | 4e-04| 4e-04
6 5e+1l7 | le-14 | 5e-02| 3e-02
7 le+16 | 4e-15 | 2e-05| 4e-05
8 le+18 | 1le-15 | 2e-02| 1e-02
9 le+18 | 2e-15 | 1e-00| 1e-00
10 || 9e+18 | 6e-16 | 5e-01| 7e-01

Table 2. Randomp }, {zx}, {bx} on the unit disc.

Experiment 2. In the second experiment (Table 3), the valuesdpandb, were chosen in the
same manner, but the reflection coefficients are chosen randomly within the unit disc subject to
999 < |px| < 1; that is, close to the unit circle. This has the effect of producing even more ill-
conditioned matrices. Due to this increase in condition nhumbers, in order to maintain accuracy,
this experiment was compared with solutions computed using 80 digits of software-implemented
precision. The proposed algorithm still produces very good forward accuracy, as seen in Table 3.

# || condV) | BP-SV | GE2t | GE3t
1 le+47 | 5e-14 | 9e-02| 1e-01
2 4e+51 | 2e-15 | 1e-00| 1e-00
3 5e+48 | 3e-15 | 2e-02| 1e-02
4 le+50 | 6e-15 | 9e-02| 9e-02
5 le+48 | 3e-15 | 2e-04| 3e-04
6 5e+51 | 3e-15 | 3e-01| 6e-02
7 8e+48 | le-14 | 6e-03| 7e-03
8 9e+52 | 3e-15 | 6e-01| 7e-01
9 3e+51 | 4e-15 | 1e-00| 1e-00
10 || 8e+50 | 1le-15 | 9e-01| 9e-01

12



Table 3. Randorpi. }, {z«}, {bx} on the unit disc, with999 < |px| < 1.

Experiment 3. The third experiment consisted of selection of random values within the unit disc
for p, andb,, as in the first experiment, and then selecting the nagess the roots of the polyno-
mial ¢,,(x) defined by the reflection coefficienfs; };_,. Choosing the parameters in this manner
results in a more well-conditioned matrix than the previous experiments. The BP-SV algorithm
does not perform well compared with GE in this case. See Table 4.

# || condV) | BP-SV | GE2t | GE3t
1 4e+08 | 3e-11 | le-12| 3e-12
2 2e+07 | 8e-11 | 2e-14| 5e-14
3 9e+05 | 1e-09 | 9e-15| 3e-14
4 3e+08 | 3e-11 | 2e-13| 2e-13
5 6e+09 | 2e-09 | 1e-13| 3e-13
6 le+09 | 3e-11 | 3e-14| 8e-15
7 5e+05 | 3e-11 | 1e-14| 3e-14
8 3e+06 | 7e-11 | 1le-13| 7e-14
9 7e+05 | 1e-08 | 2e-14| 6e-14
10| 2e+06 | 1e-10 | 1le-13| 1e-13

Table 4. Randord o, }, {bx} on the unit disc{z;} chosen as roots af,,(x) corresponding to
{ox}.

Experiment 4. Further investigation of the behavior of the algorithms on the well-conditioned
matrices in the previous experiment were done by fixing the vajpgs and {z,}, and slowly
perturbing ther;, by increasing amounts such that the condition number of the involved matrix
grows. Some results for the condition number of the resulting matrix and how the algorithms
performed are given in Table 5.

Experiments 1-4 are essentially summarized by Figure 1. As opposed to the expectation that poorly
conditioned matrices will result in less accuracy as with Gaussian elimination, this is not the case
with this algorithm. The algorithm performs well for ill-conditioned matrices, and poorly for better
conditioned matrices.

13



# || condV) | BP-SV | GE2t | GE3t
1 le+06 | 6e-10 | 6e-15| le-14
2 6e+06 | 4e-10 | 6e-14| 7e-14
3 9e+07 | 7e-11 | 3e-13| 1le-13
4 le+09 | 1e-10 | 2e-12| 2e-12
5 3e+09 | 3e-10 | 3e-12| 7e-12
6 6e+09 | 8e-12 | 2e-13| 4e-13
7 7e+11l | 8e-12 | 8e-10| 2e-10
8 3e+12 | 5e-12 | 2e-10| 2e-10
9 9e+11 | 2e-12 | 4e-11| 6e-11
10 || 2e+12 | 8e-12 | 1le-11| 2e-10
11| le+l1l2 | 2e-12 | 1le-11| 1le-11
12 | 3e+13 | 2e-12 | 2e-09| 1e-09
13| 6e+13 | 9e-13 | 2e-10| 8e-11
14 || 2e+13 | 2e-12 | 4e-11| 9e-11
15| 3e+16 | 2e-13 | 3e-07| 2e-07
16 | 7e+15 | le-13 | 8e-07| 2e-06
17 || 5e+16 | 3e-13 | 7e-07| 6e-07
18 || 6e+16 | l1le-13 | 1e-07| 1le-07
19| 3e+1l6 | 1le-13 | 1e-08| 1e-08
20| 1e+18 | le-14 | 2e-05| 1e-05

Table 5. Randomly chosen (fixed throughout all 20 trid}s)}, {6} on the unit disc{z}
chosen as roots af,, () corresponding tdpy }, then the root§z; } are slowly perturbed.

Remark 2 This behavior is analogous to that of the classicabBk-Pereyra algorithm, which

also performs well for ill-conditioned systems. Classical Vandermonde matrices with real nodes
are always ill-conditioned as shown in [T94]. As opposed to this casepSzmgdermonde matri-

ces can be better conditioned.

Experiment 5. In [CF88], [BKO99] it was shown that the behavior of BKO-type algorithms can
depend on the direction of the right hand side vector. We include a similar experiment here where
the outcome is consistent with observations in [BKO99]. This is illustrated in Figure 2, which
shows the results given a fixed set{gf,} and{z;} on the unit circle, and the results of applying
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Fig. 1. Effects of conditioning.

-10

BP-SV
- - - GE2t
L GES

10 15 20 25 30
Singular Vector

Fig. 2. Effects of different left singular vectors as right hand side.

the various algorithms to solve the system with each (left) singular vector as the right hand side.
The results suggest the dependence of the performance of the BP-SV algorithm to the direction
of the right hand side vector, as opposed to GE which is insensitive to this, as the accuracy of the
algorithm significantly improves when passing from the first to the last singular vectors.
Experiment 6. In the final experiment, we attempt to correct the problem of the algorithm not per-
forming well compared to Gaussian elimination for the better conditioned matrices. We implement
a single step of iterative refinement; that is, after solving the sy$tem = f using the algorithm,
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we then formulate and solve the systéip, = (f — Vezy) using the algorithm and take our
solution to the original problem to be the sum—+ z,. The results of this experiment are given in
Table 6, where BP-SV IR indicates that one step of iterative refinement has taken place.

The results are positive; although the above experiments indicate good accuracy for ill-conditioned
matrices but not as good results for well-conditioned matrices, this drawback can be fixed by one-
step of iterative refinement, as the results in Table 6 indicate.

# | condV) | BP-SV | BP-SV IR| GE2t | GE3t

le+07 | 2e-09 le-14 | 4e-13| 6e-13
3e+07 | 2e-10 4e-14 | 4e-14| 8e-14
1le+08 | 2e-10 4e-14 | 9e-13| 2e-13
6e+08 | 6e-11 3e-14 | 4e-13| 4e-13
le+07 | 3e-10 4e-15 | le-13| 2e-13
5e+05 | 5e-10 le-15 | 4e-14| 7e-14
3e+06 | 3e-10 le-15 | 2e-14| 2e-13
1le+08 | 7e-10 3e-15 | 4e-14| 3e-14
2e+07 | 8e-10 2e-15 | 1le-13| 9e-14
10| 3e+07 | 5e-10 3e-14 | 8e-14| 1le-13

Ol o N OO0 W |DN|PF

Table 6. Implementing one step of iterative refinement.

Conclusions.These initial numerical experiments indicate that the proposéccBjPereyra like
algorithm performs quite well for ill-conditioned systems, for which it showed behavior superior to
Gaussian elimination with partial pivoting (GEPP) not only in speed but also in accuracy. For better
conditioned system the new algorithm, while faster, may not give the same accuracy as GEPP. The
experiments suggest that in this case the use of one step of iterative refinement can provide the
same accuracy as that of GEPP. These observations are preliminary, and more practical experience
may be needed. Additionally, a round-off error analysis may provide more insights.

5 Conclusions

In this paper an analog of the well knowndg¢k-Pereyra algorithm was presented for Seeg
Vandermonde matrices. This algorithm was derived by exploiting the properties of the related
unitary Hessenberg matrix, which resulted in the small computational complexity) opera-

tions, as opposed to the usu@d(n?) of standard (structure-ignoring) methods. Initial numerical
experiments using this algorithm indicate good performance for ill-conditioned systems, in fact
better results than Gaussian elimination for the same systems.
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