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Abstract. In this paper we study Jordan-structure-preserving perturbations of matrices selfadjoint in the
indefinite inner product. The main result of the paper is Lipschitz stability of the corresponding similitude
matrices. The result can be reformulated as Lipschitz stability, under small perturbations, of canonical
Jordan bases (i.e., eigenvectors and generalized eigenvectors enjoying a certain flipped orthonormality
relation) of matrices selfadjoint in the indefinite inner product. The proof relies upon the analysis of small
perturbations of invariant subspaces, where the size of a permutation of an invariant subspace is measured
using the concepts of a gap and of a semigap.

1. Introduction. Part I. Preliminaries

1.1. Motivation and main result

Perturbation problems for matrices have been studied by many authors in different contexts, see, e.g., the
monographs [GLR86, SS90, B97, KGMP03] among others, as well as the references therein. To motivate the
problem considered in this paper we briefly recall several relevant results captured by the four cells (i) - (iv)
of the following table.

Table 1. A selection of motivating results on the perturbation of Jordan structure.

General perturbations (possibly Perturbations preserving
changing Jordan structure) Jordan structure
6 @

General matrices [GKT78, MP80, DBT80, MO96] [GR86, 0O89]

Matrices selfadjoint in | (iii) (iv)

indefinite inner product [091] [GLR83, R06], this paper

Again, there is a vast literature on the subject, and the selection in the above table is clearly far from
being comprehensive. It includes several references that directly motivate the problem considered.

(). General matrices. General perturbations. It is well-known that even small perturbations of a given
matrix Ay can destroy its Jordan structure. For instance, for a nearby matrix A, not only the eigenvalues
of A but also the sizes of its corresponding Jordan blocks can be different from those of Ag. For a fixed
Ap, the full description of all possible Jordan structures of nearby matrices A was conjectured by
Gohberg and Kaashoek in [GK78]. It was proven independently in [MP80, DBT80]. Two more proofs
of the Gohberg-Kaashoek conjecture can be found in [MO96]. We do not discuss their general results
in detail since in this paper we limit our focus to the special cases considered next.

(ii). General matrices. Perturbations preserving Jordan structure. In [GR86] (see also [GLR86]) the authors
considered special perturbations A that preserve the Jordan structure of Ag. We start with the following
simplified version of their result.
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Proposition 1.1 (Lipschitz stability of similarity matrices). Let Ay € C"*™ be a fized matriz. There
is a constant K > 0 (depending on Ao only) such that for any A that is similar to Ay there exists a
similarity matriz S, i.e., ST'AgS = A, such that

11 =S|l < K[[A— Ao]- (1.1)

In words, if a small perturbation A of A is similar to Ap, then a (highly nonunique) similarity
matrix S can be chosen to be a small perturbation of the identity matrix, and a Lipschitz—type bound
(1.1) holds.

In fact, Gohberg and Rodman considered more general perturbations A that are not similar to
Ag but have the same Jordan structure. Since the latter concept plays a key role in what follows we
give two relevant definitions next.

Definition 1.2.

e (Same Jordan structure). Denote by o(Ay) and o(A) the sets of all eigenvalues of Ay and A,
respectively. Matrices Ay and A are said to have the same Jordan structure if there is a bijection
fi:o(Ag) — o(A) such that if = f(N), then A and p have the same Jordan block sizes.

o (Same Jordan bases). Matrices Ay and A that have the same Jordan structure are said to addition-
ally have the same Jordan bases if the following statement is true. If p = f(X), then every Jordan
chain of Ay corresponding to X is also a Jordan chain of A corresponding to u (and automatically
vice versa,).

Remark 1.3 (Same Jordan bases). Two matrices Ay, A € C"*™ have the same Jordan bases if the
following statement holds. If, for an invertible T, the matriz T~ 1AqT is in a canonical Jordan form,
then T~YAT is also in a canonical Jordan form.

In order to generalize Proposition 1.1 to perturbations A having the same Jordan structure as Ag we
need to extend the concept of a similarity matrix S. The following obvious result is an enabling tool
for doing this.

Lemma 1.4 (Similitude matrix). Two matrices Ag, A € C"*™ have the same Jordan structure if and
only if there is an invertible matriz S such that Ay and S™'AS have the same Jordan bases.

We suggest to refer to the matrix S in Lemma 1.4 as a similitude matriz since it generalizes the
similarity matrix to the situation when Ay and A might not be similar but have the same Jordan
structure. Observe that a similitude matrix is highly nonunique (just as its special case, a similarity
matrix). We are now ready to present the following generalization of Proposition 1.1 that is implicit in
[GR86, GLRS6].

Proposition 1.5 (Lipschitz stability of similitude matrices). Let Ay € C"*™ be a fivred matriz. There is
a constant K > 0 (depending on Ay only) such that for any A having the same Jordan structure as
Ag there exists a similitude matriz S (i.e., matrices Ag and ST'AS have the same Jordan bases), such
that

11— S|l < K[|A = Ao (1.2)

H-selfadjoint matrices. General perturbations. Matrices and their perturbations considered in the items
(i) and (ii) above were general. It is of interest to study situations when both matrices Ag and A have
some special structure. Hermitian structure is of little interest in the context of perturbations of Jordan
structure since Hermitian (or selfadjoint) matrices are diagonalizable and they cannot have Jordan
blocks. Matrices that are selfadjoint with respect to an indefinite inner product appear in a number of
applications [GLRO5], and they can have nontrivial Jordan blocks, so perturbation problems for their
Jordan structure are of interest.

We refer to [GLRO5] for a comprehensive introduction to the subject, and only recall here that
for a Hermitian, invertible (not necessarily positive definite) matrix H, one defines the indefinite inner
product by

[x,y]lg = (Hx,y) =y*"Hz, where (z,y) = y*x is the standard Euclidean inner product. (1.3)
Further, a matrix is H-selfadjoint (or selfadjoint with respect to H) if
[Az,y]lg = [z, Aylg (for all z,y € C"), or, equivalently, HA = A*H. (1.4)
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Note that setting H = I in (1.3) and (1.4), one obtains the standard Euclidean inner product (-,-), and
standard selfadjoint (or Hermitian) matrices A.

The monograph [GLR83] contains a number of results on the perturbation of eigenvalues of

H-selfadjoint matrices. The variation of the Jordan structure of H-selfadjoint matrices under small
perturbations was studied in [O91] where one can find certain restrictions additional to those of
[GKT78, MP80, DBT80, MO96] mentioned in the item (i) above. The techniques used in [091] allow us
to obtain an analog of Proposition 1.5 for H-selfadjoint matrices, which is described next.
Main result. H-selfadjoint matrices. Perturbations preserving Jordan structure. Let Hy be a fixed in-
vertible Hermitian matrix, and let Ay be a fixed Hy-selfadjoint matrix. We consider their perturbations
A and H where A is H-selfadjoint (in particular, H is invertible and Hermitian). This case was consid-
ered in [GLR83, R06] where a number of results were obtained (we use some of them below). However,
it seems the question of finding an analog of Proposition 1.5 has not been addressed in the literature
yet. In order to obtain such an analog below one needs to carry over the concept of a similitude matrix
S (appearing in the Lipschitz—type bound (1.2)) to perturbations of matrices selfadjoint with respect
to an indefinite inner product. The problem is that for an H-selfadjoint matrix A, a similar matrix
S~1AS is not necessarily H-selfadjoint. This suggests that (in order to preserve the property of A
of being selfadjoint with respect to indefinite inner product) the matrix H should also be modified
appropriately. Here is the recipe.

Definition 1.6 (Similarity-for-pairs relation). Let Ay be Hy-selfadjoint and A be H-selfadjoint.
o We will use the notations

(A, H) 25 (Ao, Hy) to mean that S~*AS = Ay and S*HS = H,. (1.5)
e The relation “(-,-) 5, (+,+)” will be called the similarity-for-pairs relation of matrices (A, H),
where A is H-selfadjoint.

Two remarks are due.
e A simple calculation shows that this notation makes sense; i.e., if A is H-selfadjoint and (A, H) 5,
(B, Q), then B is G-selfadjoint.
e It is easy to see that similarity-for-pairs is an equivalence relation.
In the above definition the matrices Ag and A are similar, so the corresponding S was indeed a similarity
matrix. In the following definition we consider the case when Ag and A only have the same Jordan
structure, and specify the concept of the similitude matrix for the indefinite inner product frameworks.

Definition 1.7 (Weak similitude matrix). Let Ay be Hy-selfadjoint and A be H-selfadjoint.
o A matriz S is called a (weak) similitude matrix of the quadruple (Ao, Ho, A, H) if
(A, H) > (A1, Hy),

where matrices Ag and A1 have the same Jordan bases.
o In this case the pairs (Ao, Hy) and (A, H) are called (weakly) similitude.

With this background we can introduce the main result proved in the paper.

Theorem 1.8 (Main result. Lipschitz stability of similitude matrices). Let Ag € C"*" be a fized Hy-
selfadjoint matrix. There exist constants K,0 > 0 (depending on Ay and Hy only) such that the following
assertion holds. For any H-selfadjoint matrixz A such that A has the same Jordan structure as Ag and

1A= Aol + [[H — Hol| <, (1.6)
the pairs (Ao, Hy) and (A, H) are similitude, and there exists a similitude matriz S such that
11 =S|l < K (][A = Aol + [|H — Holl). (1.7)

In words, if (a) a small perturbation A of Ay has the same Jordan structure as Ag; (b) H is a
small perturbation of Hy; (¢) Ag is Ho-selfadjoint and A is H-selfadjoint, then (i) a similitude matrix S
exists, and (ii) it can be chosen to be a small perturbation of the identity matrix, and a Lipschitz—type
bound (1.7) holds.
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Remark 1.9. There is a certain (deliberate) controversy here: while Definition 1.7 introduced a weak
similitude matriz, the Theorem 1.8 asserts the existence of a (strong) similitude matriz to be formally
introduced only in Definition 8.5 of Section 8. The controversy is only virtual since as we will see in
Section 8, the weak similitude matriz S constructed in the course of proof of Theorem 1.8 will enjoy
several additional nice properties. Hence the (strong) similitude matriz will be defined as a weak simil-
itude matriz having those additional properties. For this reason, in Sections 2-7 the term “similitude”
will be tentatively understood in the weak sense. In Section 8 it will be justified that all the results of the
paper including Theorem 1.8 remain valid if the term “similitude” is understood in the strong sense.
Therefore we will just use the nomenclature “similitude” without specifying whether it is weak or strong.
We preferred to formulate Theorem 1.8 before Definition 8.5 since the latter requires introducing
a number of (unnecessary at the moment) technical details that will be dealt with in Sections 2 and 8.
Comparing Proposition 1.5 and Theorem 1.8, we see that the latter uses the assumption (1.6)
not appearing in the former. We conclude this subsection with a simple example indicating that the
condition (1.6) is essential, and it cannot simply be omitted.
Example 1.10 (Similitude matrix may not exist for large perturbations). Let us consider 1 x 1 case:

Aop=[1], Hy=[1], A=[1], H=[-1].

In this case the desired similitude matrix S does not exist, since it must satisfy S*-1-5 = —1. Clearly,
1 x 1 matrices Ay and A always have the same Jordan structure. However, Hy and H are not close
enough to ensure that (1.6) yields (1.7). In Section 2.1 we will recall another explanation [GLRO05] of
the fact that S does not exist here, it will be based on the concept of the so-called sign characteristic
whose definition is recalled in Section 2.

1.2. Structure of the paper

The next section continues the introduction with three interpretations of Theorem 1.8, one of which is the
second main result of the paper, Theorem 2.6. The section concludes with a graphical representation of the
flow of the proofs of the paper. Section 3 presents a theorem showing it is sufficient for the proof of Theorem
1.8 to obtain the result for all pairs (Ag, Hp) in the canonical form. In Section 4, Theorem 1.8 is proved in
the case where Ag consists of a single Jordan block corresponding to a real eigenvalue, or a pair of Jordan
blocks corresponding to a single nonreal eigenvalue. Following this, Section 5 presents a decoupling result
that allows the process of Section 4 to apply inductively. The proof of this result requires some auxiliary
results on semigaps and gaps between subspaces which are given in Section 6. These results are then used
to prove the results of Section 5 in Section 7. In Section 8, the second main result of the paper, Theorem
2.6 is proved, and the details of the distinction between weak and strong similitude introduced in Definition
1.7 and Remark 1.9 are explained in detail. Finally, in Section 9, the results of Theorems 1.8 and 2.6 are
extended to the case of perturbations that partially preserve Jordan structure; that is, the sizes of Jordan
blocks corresponding to some subset of the eigenvalues are unchanged.

2. Introduction. Part II. Three interpretations of Theorem 1.8

The second part of the introduction is somewhat more technical. In Sections 2.2 and 2.3 below we provide
three useful interpretations of our main result. They will use two key concepts defined next.

2.1. Key definitions. Sign characteristic and canonical Jordan bases

We begin with quoting a fundamental theorem of [W68, M63, GLRO05] which plays a central role in all
arguments below. As usual, J(\) denotes a single Jordan block of the form

A1 0O --- 0 0 --- --- 0 1
0 A 1 : J(A) AER : 0 1 0
TN 0]
: . .1 0 J(N) 0 :
0 -+ - 0 X\ 1 0 - --- 0
(2.1)

The matrix I was called the sip (standard involuntary permutation) matrix in [GLR86].
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Theorem 2.1 ([GLRO05], Theorem 5.1.1). (Canonical form of matrices selfadjoint with respect to indefinite
inner product). Let A € C"*™ be a fizred H-selfadjoint matriz for some invertible, selfadjoint matriz H.
Then there exists an invertible matriz T such that

(A, H) = (J, P) (2.2)
where B B
JZJ()\l)@"'@J(AQ)@J()\QJrl)@"'@J()\g) (2.3)
is a Jordan normal form of A for real eigenvalues A1, ..., Ao and nonreal eigenvalues Aoy1, ..., Ag from the
upper half-plane, and
P=P& - ®P,®FPoy1® @ Fp (2.4)
where Py is a signed sip matrix enl of the same size as J(A\) (for k=1,...,a), and a sip matriz I of the
same size as J(A\g) (fork=a+1,...,0), and e, = £1 for k=1,...,a. The set
e={e1,..., €4} (2.5)

is determined by the pair (A, H) uniquely, up to a permutation of the signs € corresponding to Jordan blocks
of the same size and of the same eigenvalue.

Remark 2.2 (Symmetry of eigenvalues). In particular, nonreal eigenvalues of an H-selfadjoint matriz A come
in complex conjugate pairs. Furthermore, for each nonreal conjugate pair of eigenvalues the sizes of their
Jordan blocks are identical.

Definition 2.3 (Canonical form and sign characteristic, [GLR83]). The pair (J, P) in (2.3) and (2.4) is called
a canonical form of (A, H). The set of signs in (2.5) is called the sign characteristic of the pair (A, H).

Recall that “similarity for pairs” is an equivalence relation, and hence pairs that have different canonical
forms (up to an appropriate rearrangement of Jordan blocks of A and corresponding blocks of H) cannot
be similar. This is exactly what happened in Example 1.10. Indeed, it is immediate to see that the pairs
(Ao, Hy) and (A, H) are in the canonical form, from which we can see they have different sign characteristics,
and therefore they can not be similar.

The first equation (2.2) implies T-!AT = J, which means that the columns of the matrix 7' form a
Jordan basis of A. However, not all such matrices T satisfy the second equation T*HT = P, also implied
by (2.2), with P of (2.4). We coin a special name for the columns of those matrices T' that satisfy both
equations implied by (2.2).

Definition 2.4 (Canonical Jordan basis of an H-selfadjoint matrix). Let A be an H-selfadjoint matriz, and
let T be a similarity matriz that brings (A, H) to its canonical form (J, P). The columns of T form a Jordan
basis of A that will be called a canonical Jordan basis of (A, H).

The following example makes the property of “flipped orthonormality” of the vectors of a canonical
basis more transparent.
Example 2.5 (Flipped orthonormality). Let

01 0/0 0 0 01 0 0
0 0 1/0 0 010 0 O
J=|10 0 0|0 O, P=]100] 0 O
0 0 0|0 1 00 0 0 -1
0 0 0/0 O 0 0 0|-1 0

be a canonical pair. The canonical Jordan basis {{e1, €2, e3}, {es, e5}} of (J, P) consists of two Jordan chains
0« e « ey «— €3, 0« eq —e5.

It is easy to see that the canonical structure of P yields that vectors belonging to different chains of this
canonical basis are P-orthogonal, i.e.,

lejex]lp =0,  (j=1,2,3;k=4,5).
Further, for the same reason the vectors within one chain have what might be called “flipped orthonormality,”:
lej,erlp = 0541 (J,k=1,2,3), lej,erlp = 0j_33-(k—3) (J,k=4,5).

It is the above “flipped orthonormality property” that distinguishes canonical Jordan basis from the other
ones.
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With this background we are now ready to present a first interpretation of Theorem 1.8.

2.2. First interpretation of the main result. Lipschitz stability of canonical Jordan bases of H-selfadjoint
matrices under small perturbations preserving Jordan structure

Let {A1,..., A3} be a set of all eigenvalues of Ag. Denote
my(Ap, As) := the length of the k-th Jordan chain {fr(,k’s)}:ﬁéA”’/\S)_l}

of the matrix Ay corresponding to its eigenvalue As;. Throughout the paper we assume that {my (Ao, As)}
are ordered in nonascending order. Let A have the same Jordan structure as Ay, which means that the
eigenvalues {{1,. .., ug} of A can be ordered such that

mk(AOa )\s) = mk(Aa ,Us)

With these notations Theorem 1.8 implies the following result on stability of eigenvectors and general-
ized eigenvectors.

Theorem 2.6 (Lipschitz stability of canonical Jordan bases). Let Ay € C"*™ be a fized Hy-selfadjoint matriz.
Let

s) 1Mk (Ao, As)—1ys=8,k=dim Ker(Ao—AsI
Al e o i (2:6)

be a fized canonical Jordan basis of Ag. There exist constants K,6 > 0 (depending on Ay and Hy only) such
that the following assertion holds. For any H -selfadjoint matriz A such that A has the same Jordan structure
as Ag and

[ A= Aol + [[H — Hol| <, (2.7)
there exists a canonical Jordan basis

y (AXe)—1y s=08,k=dim Ker(A—\.I
{{ggk’g)}:l:k(g ) }zzlﬁkzllm et )

of A such that
g™ = £ < K (| A = Aol| + |[H — Ho)) (2.8)

for all k, s, r within their ranges.

In words, let { fﬁk’s)} be a fixed canonical Jordan basis of a fixed Hy-selfadjoint matrix Ap, and let
(A, H) be a small perturbation of (Ao, Hy) where A is H-selfadjoint. If A has the same Jordan structure
as Ap, then a (highly nonunique) canonical Jordan basis {gﬁk’s)} of (A, H) can be chosen to be a small
perturbation of the given canonical Jordan basis of (Ag, Hy), and the Lipschitz—type bound (2.8) holds.
The proof of the above result will be given later in Section 8.1.

2.3. Second interpretation of the main result. Similitude matrix is (Hy, H)-unitary for small pertutbations

Let us specify Theorem 1.8 to the case when Hy = H = I. It is easy to see from the definition in (1.4) that
in this case both matrices Ap and A are Hermitian. Secondly, in this case (1.5) implies S*S =1, i.e., S is a
unitary matrix. To sum up, Theorem 1.8 specifies to the following result.

Theorem 2.7. Let Aqg be a fized Hermitian matriz. Then there exists a constant K > 0 such that for any Her-
mitian matriz A there exists a unitary similitude matriz S (i.e., such that Ag and S~'AS are simultaneously
diagonalizable) such that

11 =S|l < K[[A = Ao]- (2.9)

In words, if Ay and A are both Hermitian, then the similitude matrix .S can be chosen to be unitary
and satisfying the bound (2.9). The latter result (Lipschitz stability of eigenvectors of Hermitian matrices)
is known (e.g., it is an obvious consequence of [RP87]), but it leads to an interesting interpretation (cf. with
[R0O6]) of the main result of the paper, Theorem 1.8.

In this context, the meaning of Theorem 1.8 is that extending to the case of indefinite inner products,
under the stated conditions the similitude matrix S can be chosen to be (Hp, H)-unitary (i.e., S*HS = Hy)
and satisfying the Lipschitz—type bound (1.7).
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2.4. Third interpretation of the main result. Lipschitz stability of congruency matrices

In Section 2.3 we considered a special case when the matrix H in (A, H) was the identity matrix, i.e.,
Hy = H = I. Here we consider another special case and set Ag = A = I. Clearly, I is H-selfadjoint for any
invertible Hermitian H. Here is a specialization of our main result, Theorem 1.8, in this case.

Theorem 2.8 (Lipschitz stability of congruency matrices). Let Hy be a fized invertible Hermitian matriz.
There exist constants K,0 > 0 (depending on Hy only) such that the following assertion holds. For any
Hermitian matric H such that

| — o < 6, (2.10)
there exists a congruency matriz S, i.e., S*HS = Hy, such that
11 =S|l < K|[H — Hol|. (2.11)

Note that in view of (2.10) and (2.11) both H and S are invertible, and ||S|| and hence ||S™!| are
bounded. Hence

1 =S =151 S = DI < ISTH - I = S| = K1 | H — Ho.

with some Kj. This is a local version of the main result of [RP87] who proved the bound |[I — S| <
K1||H — Hy|| without the restriction® (2.10), but requiring instead that Hy and H remain congruent.

2.5. The flow of the results

The main results of the paper are Theorems 1.8 and 2.6. The following diagram presents the flow of the
proofs.

Theorem 9.5
Lipschitz stability
in the case when only
a part of the Jordan
structure is preserved
1)
Theorem 3.1 "Theorem 1.5 [Theorem 2.6
Reduction to = Lipschitz stability of = Linschit stabilit of
canonical form similitude matrices DSCILZ Y
canonical Jordan bases
1)
Lerstlr;ls ;f Se;. 6 Theorem 5.1 Lemma 5.2,
&ap; gap = Lipschitz stability in — Proof in Sec. 7
Perturbation . .
the multiblock case Decoupling
of subspaces
1)
Theorem 4.1
Lipschitz stability in
the single block case

The proof of Theorem 5.1 is the central point in establishing the main results, Theorems 1.8 and 2.6.
As one can see in the diagram above, the proof of Theorem 5.1 is based on the results of Sections 4, 6, 7.

INote that examples indicate that without restriction (2.10) the bound (2.11) does not hold.
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3. Reduction to the canonical form

We will find it useful throughout the paper to assume that the matrices Ag and Hy of Theorem 1.8 are in
the canonical form. There is no loss of generality with this assumption, as the next theorem demonstrates.

Theorem 3.1 (Reduction to the canonical form). Suppose the result of Theorem 1.8 is true for each pair
(Ao, Hy) in the canonical form as defined in the Definition 2.3. Then the result of Theorem 1.8 is true for
all pairs (Bo, Go), where By is G-selfadjoint.

Proof. Suppose the pair (By, Go) is not in the canonical form. By Theorem 2.1, there exists a matrix T' such
that

(Bo, Go) = (Ao, Hy)
for some pair (Ag, Hp) in the canonical form. Then we have

(AvH) L’ (AlvHO)

TT TT (3.1)

R=TST!
_—

(B7 G) (B17 GO)
The above diagram implies that the bound for a general (By, Gy),
I1 = Rl < Kpy.co (I1B = Boll + 1G = Goll), (3.2)

can be deduced from the bound for a canonical pair (Ao, Hp),
1 =S| < Kag.m, (|1A = Aol + [ H — Hol|).

Indeed, using the standard notation x(7) = ||T|| - [|T~*| and the formulas captured by the diagram (3.1) we
compute

IT=Rl| = |I=TST™ " <&(T)I -S| <K(T)Kao.1, (|A— Aol + [|H — Hol|)
< k(D) Kagm, (|T7'BT — T 'BoT|| + |T*GT — T*GoT))
= K(T)Ka,,m, (K(T)||B = Boll + ITII°IG — Goll)
< Kaya, (1B = Bol| + |G = Goll) -

O

Hence it suffices to consider in what follows only the cases where (Ag, Hp) are in the canonical form.

4. Perturbations of a single real Jordan block or of a pair of complex conjugate Jordan
blocks

In this section we present the first step of the proof of Theorem 1.8 for the special case where

Ag=J(N\),  Hy=el, (withe==1), (4.1)
where the sip matrix I and Jordan block J()\) were defined in (2.1). Recall that for a real A the matrix J(\)

is a single Jordan block, and for a nonreal A we have ¢ = 1 and the matrix J()) is a direct sum of two Jordan
blocks. In both cases it is easy to see that Ag is Hy-selfadjoint.

Theorem 4.1 (Lipschitz stability of similitude matrices in the single block case). Let Ag € C**™ be a fized
Hy-selfadjoint matriz as given in (4.1). There exist constants K,§ > 0 (depending on Ay and Hy only) such
that the following assertion holds. For any H -selfadjoint matriz A such that A has the same Jordan structure
as Ay and

A= Aol + [[H — Hol| <, (4.2)
there exists a similitude matriz S such that

11 =S|l < K (|[[A = Aol + [[H — Holl). (4.3)

Theorem 4.1 will be proved in Section 4.2, and an extension of it to the case of a single complex
eigenvalue will be discussed in Section 4.3. Before doing so, we illustrate three of the steps by which the
proof will proceed with the following simple example.
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4.1. Single-Jordan-block model example (for Theorem 4.1)
We begin this section with a simple example involving a matrix Ay in Jordan form. For the pair

0 1 0 1
AO = 0 1 and HO = 1 0 5
0 1 0 0
consider the matrices
0 1 20 1
A= 0 1 and H = 1 =26
0 1 —26 1)

for some small positive §. The pair (A, H) is then a small perturbation of the pair (Ao, Hy), and it is
straightforward to verify that Ag is Hyg-selfadjoint and A is H-selfadjoint. We wish to produce a matrix S
satisfying?
(i) (A, H) = (Ao, Ho)
(i) I =Sl < K([|A = Aoll + [[H — Hol|).
We will design this matrix S in three steps, the first will produce a matrix Sy, the second will produce a
matrix S, and the third step will combine these as S = 5152, and check that it satisfies the desired bound.

4.1.1. First step. Mapping A — A;. Constructing S;. Notice that the Jordan chain of A corresponding to
A=0is
0« e «— e+ (25)61 — e3,
where «— denotes application of the matrix A. This chain is a small perturbation of that of Ay corresponding
to A = 0, which is simply
0« e «— e3 < e3.

The matrix that maps these basis vectors (those of Ag into those of A) is given by

1 26 0]
Si;=10 1 0
0 0 1|

Then we have

S;1AS, = Ay, and S;iHS, = : Hy (4.4)

SO
I

1
10

so that
S1
(A,H) — (Ao,Hl).

This illustrates the need for the second step below, as we need to generate an .S such that (A, H) 5, (Ao, Hop)
and HQ 7é Hl-

4.1.2. Second step. Zeroing sub—antidiagonal entries of H;. Constructing S>. The next step is to choose a

matrix Sy so that (Ag, Hy) N (Ao, Hp), that is, a matrix that repairs the problem below the anti-diagonal
in H; of (4.4) to produce Hy without modifying the fact that Sy 1 AS, already produced Ay. The existence
of such a matrix Sy in general will be proven in the coming sections, but for now, notice that the matrix

1 0 —=§
So=101 0

0 0 1
satisfies the required conditions; that is

1
S3H Sy = 0 | =Hy, and S;'40Ss = S5"'5240 = Ao,
0

1
1 0

2Note that in this example, A and Ag are similar (not the less restrictive condition of having the same Jordan structure), and
hence A1 = J3(0) = Aop.
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so that
(Ao, Hy) , (Ao, Hp).

4.1.3. Third step. Combining S; and S;. Set S = 51.55. We have demonstrated in the previous two steps
that

(A, H) 25 (Ao, Hy) 2 (Ao, Hy)  and hence (A, H) > (Ao, Ho),

which implies condition (i). Furthermore, computing S explicitly yields

1 26 =9
S=55%=|0 1 0
0 0 1

Hence all three differences A — Ay, H — Hy, and I — S are of the same small order of 4, and so condition (ii)
is satisfied.

4.2. Proof of Theorem 4.1 in the case of a real single Jordan block.
In this section we illustrate that the approach demonstrated in the above example can yield the proof of

Theorem 4.1. The presentation follows that of the example in the previous section and is organized into
three sections.

4.2.1. First step. Mapping A — A;. Congtructing 51. In this section we prove the following proposition,
which asserts the existence of a matrix S; as in the first step in the above example earlier. (Note: The
tilde indicates that this is not exactly the matrix S; mentioned in the example above, but this difference is
explained and handled in Section 4.2.2.)

Proposition 4.2 (Constructing §1) Let Ag € C™ ™ be a fized Hy-selfadjoint matriz as given in (4.1). There
exists a constant K > 0 (depending on Ay and Hy only) such that the following assertion holds. For any

H-selfadjoint matriz A that is similar to Ay = J,(p) for some p there exists a similitude matriz Si such
that

0 0 =
(A, H) S, (Aq, ﬁl) for some lower anti-triangular Hankel matriz® H, of the form ¥

0 =*

x ok *

satisfying
1T = 51l < K[ A = 4ol

The proposition will be proved by the following lemma.

Lemma 4.3 (Bounds for the perturbed Jordan chains). Let Ag € C"*™ have only one eigenvalue \. Let
{fk};’:ol be the longest Jordan chain corresponding to the eigenvalue A of Ag. There are constants K,§ > 0
(depending on Ay only) such that for any A € C"*™ having only one eigenvalue pu and satisfying

A= Aol <6

we have the following. If the maximal length of the corresponding Jordan chain of A is also m, then there
evists a Jordan chain {gi}}'=)' of A such that

||fk_gk||<K”A_A0H’ k=0,....m—1

This lemma is actually a specification of its more general version, Lemma 6.14, which will be proved
later without using any intermediate results.
We are now ready to provide the proof of Proposition 4.2.

3By lower anti-triangular Hankel matrix we mean a matrix whose entries above the anti-diagonal are zeros.
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Proof of Proposition 4.2. Using the notations of Lemma 4.3, choose the matrix Sy such that Slfz = g, for
1=0,...,n— 1. We denote the result of applying the matrix Sito H by H1, SO

(4, H) L (Ay, Hy).

We next show that H 1 is lower anti-triangular Hankel. Writing A; = pul + Z7 where Z denotes the lower
shift matrix, and from the fact that A; is H;-selfadjoint we have that

Hy(ul + Z7) = (uI + Z)H,
and hence N ~
H,Z" = ZH,,
from which it immediately follows that H 1 is lower anti-triangular Hankel.
Next, for any x € C™ with ||z|| = 1, write z = Z;L:_(Jl a;fi;. Then y = S1z = Z?:_ol a;g;, and

n—1

I = S)a] = llz =yl < D lailllfi = gill < el - [1fi = gill-

‘ 0< <
=0

Next, denoting by [z]r = (a;—1) the coordinates of x with respect to the fixed basis {f;} and FEE the
change of basis matrix from the standard basis {e;} to {f;}, we have

P
Z\O@Iz—ll el <l P2e |-zl = | Em .

max |a;| <
oi<n—1

Using Lemma 4.3 we have that

I = Sy)zl| < | e |- W1fi = gill < K[|A— Aol
for any « € C™ with ||z|| = 1. Hence
17— S| < K[ A= A (4.5)
as desired. (]
4.2.2. Modified first step. Forcing unit antidiagonal of H;. Constructing S;. The matrix Si constructed in
Section 4.2.1 was such that (A, H) L, (A1, Hy) with Hy a lower anti-triangular Hankel matrix of the form

0 - 0 a
Ho=e | — %7 with €= +1. (4.6)
a k- %

In the next proposition we construct a different matrix Sy such that mapping (A, H ) % (Ay, Hy) produces
a better matrix H; of the form

0 0 1
S B .

Hy=¢- with €= =£L. (4.7
1 % oo %

(Recall that in the model example of this section the matrix Hy of (4.4) indeed had the form (4.7)).

Proposition 4.4 (Modified Proposition 4.2. Constructing S1). Let Ay € C"*™ be a fized Hy-selfadjoint matrix
as given in (4.1). There exist constants K,0 > 0 (depending on Ay and Hy only) such that the following
assertion holds. For any H-selfadjoint matriz A that is similar to Ay = J, () for some p and

A — Aol + |[H — Hol| <9,
there exists a similitude matriz S, such that

(4, H) 5 (Aq, Hy) for some lower anti-triangular Hankel matriz Hy of the form (4.7)
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satisfying
11— 81l < K ([[A— Aol + |[H — Holl).-

Let S; be the matrix guaranteed by Proposition 4.2, and a the antidiagonal entry of the resulting
matrix H; as in (4.6). We will demonstrate that the matrix
Sl = a_1/2§1

is the desired matrix. Indeed, it is easy to see that 5;1A51 = A; and STHS, = H; for Hy of the form (4.7).

The next lemma demonstrates that the bound on || —S; || given by Proposition 4.2 implies the corresponding
bound for ||[I — Sy

Lemma 4.5 (Forcing unit antidiagonal of G). Let Ay € C™*™ be an Hy-selfadjoint matriz. There exist positive
constants K1, K2,8 > 0 (all depending on Ay and Hy only) such that the following assertion holds. For any
H -selfadjoint matrix A satisfying

A = Aol + | H — Holl < 4, (4.8)
and any invertible matriz T satisfying

11 =T < Ki([[A = Aol + [ H — Hol|) (4.9)
and such that the matriz B in (A, H) z, (B, G) is a single Jordan block we have
| - a=Y/2T )| < Ka(|1A — Aol + | H — Hol)), (4.10)
where a is the (n,1)-entry of the matriz G.

Proof. The proof consists of two parts. In part (i) we prove that there is K3 > 0 (depending on Ay and H
only) such that
|G — Holl < K3(|[A = Aol + |H — Holl) ~ with Kz = ((1+ K18)* + (2 + K16)[| Ho|)- (4.11)
Then we prove in part (ii) that the desired bound (4.10) is valid.
(i). (Proving (4.11)) We have

|G —Hy|| = |[T"HT — Ho|| =|T*"HT —T*HoT +T"HoT —T*"Ho+T"Hy — Ho||
< TP I1H = Holl + (1 + I T ([ Holl - |17 = 1])). (4.12)
From conditions (4.8) and (4.9), we have
1T <1+ Ky ([[A = Aol + [|1H — Holl) S 14+ K16 = M (4.13)

and substituting this estimate in (4.12) yields
IG' = Holl < [M? + (1+ M)||Hol]] (14 = Aol + || H — Hol)),
which yields (4.11).
(ii). (Proving (4.10)) We first show that

~ 1
=11 < Ra(ll4 — Aol + | H — Holl), and a> 2, (4.14)

for some constant I~{2. Using the relations
€= el Hye and e-a=elGe
with e; the k-th unit vector, and the fact that ¢ = +1, we have that
la—1]=le-a—¢l = |leg (G — Ho)er|| < |G — Holl

and the bound for |a — 1| follows from (4.11). Next, since ¢ is at our disposal, we can always assume
that it is small enough to guarantee that

0 < (2-[?2)_17
so the condition (4.8) implies that
. -1
la = 1] < K2([|A = Aof| + [ — Holl) < K20 < 5,

and hence a > 1/2, so both statements of (4.14) follow by perhaps considering a smaller neighborhood
0 of the pair (A, Hyp).
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Next,

1

=l =lr-rer-Gar] <wm P im.
f

and using (4.14), we have that

-

a—1

a—1
a

< 2la — 1.

Thus, we have that
1
I1—-—=T
o

< =Tl +2]a = 1] ||T|
and using the bounds for ||T'|| in (4.13) and |a — 1] in (4.14), we arrive at
[r—am127| < (K + 24 + (1 4+ M) | Hol] (14 — Aol + |1H — Hol)
which establishes desired (4.10). O
We next return to and prove Proposition 4.4.

Proof of Proposition 4.4. For the given pair (A, Ho), Proposition 4.2 gives a constant K; such that for any

applicable pair (A, H) there exists a matrix S, satisfying (A, H ) L, (Ay, Hy) for some lower anti-triangular
Hankel matrix Hy, and ||[I — S| < Ki[|A — Agl|. Applying Lemma 4.5 with T' = Si and G = Hy, we have
that the matrix S; = a=1/25;, with a = (Hl)n 1 satisfies the desired bound. Furthermore,

STYAS) = (6287 D A(a"28,) = Ay

and
STHS, = (a 28 H(a"V28,) = a "H, = H,
or
(4, H) = (A1, Hy)
by Proposition 4.2, where H; is then of the form (4.7) as desired. O

4.2.3. Second step. Zeroing sub—antidiagonal entries of H;. Constructing S;. With the modified first step,
we are now in the same position as before the second step in the model example of this section. The next
proposition implements the second step of the model example.

Proposition 4.6 (Zeroing sub—antidiagonal entries of H). Let Ay be a fixzed Hy-selfadjoint matriz as given
in (4.1). Then there exist constants K,§ > 0 (depending on Ay and Hy only) such that for any Ay = Jp, (1)
for some u, and Hy of the form shown in (4.7) satisfying

[|A1 — Aol| + ||H1 — Hol| <6
there exists a similitude matriz So such that
s
(Ala Hl) _2) (Ala HO)

satisfying
1 — Sall < K (|[A1 — Aol + [[H1 — Hol]) -

The previous proposition guarantees the existence of a matrix Sy that satisfies the following two prop-

erties:

(1) SglAlsg = Al, and

(2) S3H1S2 = Hy
That is, it must not affect the matrix Ay, and it must zero out the sub—antidiagonal elements of the matrix
H;. The former can be accomplished by choosing S5 to be upper triangular Toeplitz, as since A; is also
upper triangular Toeplitz, they will commute. For the latter, this is essentially accomplished by choosing a
matrix that is the matrix square root of the inverse of the given Hankel matrix H;. The next lemma shows
that this matrix has the desired properties.
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Lemma 4.7. Let R € R™ "™ be a lower anti—triangular Hankel matriz with ones on the main antidiagonal.
There is a constant K > 0 (depending on R only) such that the following statement holds. Denote by T the
lower triangular Toeplitz matriz T = RI. Write T = I + E and suppose |E|| < M for some bound M > 1.
Define S = (f(E))*, where

Then

@) I -S| < K|E],
(ii) S is upper triangular Toeplitz,

(ili) S*RS =

Proof. To prove (i) note that it follows from the definitions that E is nilpotent with index of nilpotence at

most n. Thus we have E™ = 0, and using the power series expansion for /37— + we see that
n—1 k 1— 2]
s—rw -5 (52 ) e
=0 \j=1 </
and so
n—1 n—1
1= S| <> Bk < <Z M’”) IE]] < (n—1)M" 2| B]].
k=1 k=1

To prove (ii) note that from (i) S is defined as a transpose of a finite linear combination of powers of
a lower triangular Toeplitz matrix F, so S is an upper triangular Toeplitz matrix.
(iii) From the definition of S, I = S*S*T, and since S* and T are both lower triangular Toeplitz
matrices, S* and T' commute hence B
I=S5"TS*=S*RIS".
Postmultiplying both side with I gives that
I = S*RIS*I = S*RS,
completing the proof. O
We are now ready to return to the proof of Proposition 4.6.
Proof of Proposition 4.6. Letting R = eH; where € is the sign characteristic of the pair (Ao, Hp) and applying
Lemma 4.7 (the fact that | E| < M for some M follows from (4.11), proved in the proof of Lemma 4.5) gives
a matrix So such that S3(eH;)S2 = I, and hence S5 H,S; = Hp. Since Sy is an upper triangular Toeplitz

matrix, it commutes with A; which is also an upper triangular Toeplitz matrix, and so S2_1A1S2 = A;.
These two facts together yield

S
(A1, Hi) =% (Ar, Ho).
To prove the bound on |[I — Ss|, note that with R = eH and the notations of Lemma 4.7, we have
that eHyI = I + E which implies E = eH,1 — I. On using the fact that ||eI|| = 1 we have that

IE| = leBI]| = ||Hy — Holl < K(IA — Aol| + | H — Hol|
from (4.11) of the proof of Lemma 4.5. O

4.2.4. Third step. Combining similitude matrices S; and S3. We have seen in step 3 of the model example
of Section 4.1 that we can combine the similitude matrices S7 and Ss produced by the previous steps to
obtain the desired matrix. That is, we already have that

Sa
(4, H) = (A1, Hy) = (A1, Hy)
and hence the matrix S = 57.55 is such that
(A, H) -5 (A1, H).

Moreover, individual Lipschitz—type bounds for S; and S yielded an overall bound of the same form for
S. In order to accomplish this in general and combine the matrices S; and Sy of Propositions 4.4 and 4.6,
respectively, we will need the following auxiliary result.
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Lemma 4.8 (Near-identity similitude matrix yields small perturbations). Let Ag € C"*" be an Hy-selfadjoint
matriz, and A be an H-selfadjoint matriz that has the same Jordan structure as Ag, and T be an invertible

matriz satisfying (A, H) N (B, Q) for some G-selfadjoint matriz B. Suppose that there exist constants
K, 6§ > 0 such that

11 =T < K(||A = Aol + [ H — Hol|)

and
|A— Aol + || H — Hol| < 9.
Then
|G — Holl < Ki(IA— Aol + ||H — Hol)  with Ky = (1+ K8)* + (2 + K6) | Hol.,
and

1B — Aoll < Ka(|A = Aoll + |[H = Holl)  with Ky =2K(1+ Kd) + 4K][Ao||

Proof. The bound for |G — Hy|| is the same as the bound (4.11), and was established in the first part of the
proof of Lemma 4.5. To prove the second bound, we have (similar to the proof for |G — Hp||) that

1B = Aoll < 77| - 17 - A = Aol + 2[| Aol - |7 - |1 — 7|

by using the obvious identity ||[I — T~ < [T - |I — T||. Next, by perhaps considering a smaller J, we
can assume that ¢ is small enough so that [|[I — T'|| < 3. Then

1
IT=H =1 < =T < T - = T < ST
2

which leads to

1T <2
Using this bound for ||77!| in combination with the bound for |T|| < M of (4.13) in Lemma 4.5, we have
1B — Aol < [2KM + 4K Ao|[](IlA — Aol + [ H — Hol))- 0

Theorem 4.9 (Combining similitude matrices S; and S3). Let Ag € C"*" be a fized Hy-selfadjoint matriz.
There exist positive constants K, 0 (all depending on Ag and Hy only) such that for any H -selfadjoint matrix
A satisfying
|A— Aol + || H — Ho| <6, (4.15)
the following statement is true. If we consider mappings
(4,H) 2 (B,G) 2 (C,F)

with any S1, Sy satisfying

11 =S| < K(J[A— Aol + [|[H — Holl), I =Sl <K(I|B— Aol +I[|G— Hol) (4.16)
then S = 5155 satisfies (A, H) 5, (C,F) and

11 =S|l < (2K + K28)(| A — Ao|| + [[H — Hol).
Proof. We compute
S™1AS = 5,187 AS,18, = S, ' BS, = C
and
S*HS = S387HS152, = 595GSy =F

using (A, H) S, (B, G) and then (B, G) 22, (C, F) in each computation. This establishes (A, H) 5, (C,F).
From (4.16) and (4.15),
|IS:]] <1+ K¢, i=1,2.
Therefore, the matrix S = 5155 satisfies
11 =58 < =Sl + 1Sl - 1 = Sell < [T = Sl + (1 + Kd) - [T — Sa|
< (2K + K28)(|A = Aol + [|1H — Ho)

as claimed. O
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Proof of Theorem 4.1 in the case of a real single Jordan block. From Lemma 4.8 we have the individual bounds
1= Sill < Ki([|A— Aol + [[H — Hol]), i=1,2

Hence applying Theorem 4.9 yields exactly (4.3), completing the justification of Theorem 4.1 in the case of
(Ao, Hp) in the real single Jordan block case. |

In the next section, this result is expanded to the single complex eigenvalue case.

4.3. Sketch of the proof of Theorem 4.1 in the case of two complex conjugate Jordan blocks

In Section 4.2, Theorem 4.1 was completely proved for the single real Jordan block case. The results need
to be modified slightly to complete the proof of Theorem 4.1 and to prove it for the case of a single complex
eigenvalue pair*. Specifically, we now consider the case where
_|J) 0 _ 7
Ay = { 0 J(X) ] , Hy =1, (4.17)

where we use the notations of (2.1).

For some pair (A, H) with the same Jordan structure as (Ag, Hyp) (that is, A has Jordan form 4; =
Ji(p) & Ji(iz) for some complex p), suppose that a matrix S; is found as in Section 4.2.1 such that

(A, H) 2% (Ay, Hy).

We demonstrate that the matrix H; must have the form

0 0 Gn+1
0 G* : ST g
H = . G=(giyy) = ezl (4.18)
G 0 ) .
0 . . .
In+1  Gn42 - 92n

Indeed, from [GLRO5, Corollary 4.2.5], it follows that the upper-left and lower-right blocks of Hy are all
zeros as claimed. Further, A; is Hi-selfadjoint, and so Hy A; must be selfadjoint and
0 G J(p

H1A1: |: GJ(,U) 0 )

hence
GJ(u) = (G"J ()"
and denoting by Z the lower shift matrix of appropriate size,
Gz" =2G
and so G is a Hankel matrix as claimed. From this point, Proposition 4.6 can be suitably modified to produce
a matrix S such that
(A, H) 25 (Ao, Hy) 2 (Ao, Ho)

and hence the matrix S = 5155 is as desired.
Theorem 4.1 is now completely proved.

5. Proof of Theorem 1.8 for the multiple Jordan block case

In Section 4 the main result, Theorem 1.8, was proved for the case where (Ag, Hp) are in the canonical form
of Theorem 2.1 and Ay was either a single real Jordan block or a direct sum of two conjugate nonreal Jordan
blocks. The following theorem generalizes this result to the case where Ag is an arbitrary Jordan canonical
form matrix. In accordance with the Theorem 3.1, this will completely prove the desired Theorem 1.8.

4Recall that the eigenvalues of H-selfadjoint matrices are either real or occur in complex conjugate pairs having identical Jordan
structure, see, e.g., Theorem 2.1.
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Theorem 5.1 (Extension of Theorem 4.1. Lipschitz stability of similitude matrices in the multiblock case).
Let Ag € C™ ™ be a fized Hy-selfadjoint matriz, both Ag and Hy in the canonical form described in Theorem
2.1. Then there exist constants K, > 0 (depending on Ag and Hy only) such that the following assertion
holds. For any H -selfadjoint matriz A such that A has the same Jordan structure as Ay and

1A= Aoll + [[H — Hol <,
the pairs (Ao, Ho) and (A, H) are similitude, and there exists a similitude matriz S such that

1 =S| <K ([|A— Aol + [[H — Holl).- (5.1)
This theorem will be proved by induction on the number of the Jordan blocks of Ag. Theorem 4.1 of

Section 4 establishes the result for the case when Aj has a single block J(A). Now, to make the inductive
step we will need the following result that allows us to “decouple” such individual blocks from the rest.

Lemma 5.2 (Decoupling). Let Ag € C™*" be a fized Hy-selfadjoint matriz, both Ay and Hy in the canonical
form described in Theorem 2.1, and denote

J) 0

Al — Y 5.2
0 0 A (5.2)

and Hy = [ abi 0 } ;

0 Hy
i.e. consider the partition that singles out a block J(A\1) of the form defined in (2.1). We assume that J(\1)
18 the biggest block of Ay corresponding to the eigenvalue Ay. Then there are positive constants K and 0
(depending on Ag and Hy only) such that for any H-selfadjoint matriz A with the same Jordan structure as
Ay satisfying

1A= Aoll + [[H — Hol <,
the following statements hold.

(i). A has an eigenvalue py satisfying

A — gl < KA = A, (53)
(ii). There exists a similitude matriz S, i.e., (A, H) 3, (Az2, Hy) such that the matrices Ay and Hs have
the form
Ay = J(g“) }31 and  Hy— [ 61531 1% ] (5.4)
with some Ay, Hy and S satisfies the bound
11 =S|l < K(|A = Aol + [[H — Hol))- (5.5)

The proof of this lemma is postponed to Section 7. Lemma 5.2 allows us to make an inductive step and
to prove Theorem 5.1.

Proof of Theorem 5.1. Applying Lemma 5.2 to the pair (A, H), as in
(A, H) = (Ay, H),
results in a pair (A1, Hy) of the form shown in (5.4) with
11 = S1ll < K1 ([[A = Aol + [[H — Hol)). (5.6)

Since the lower right block Zl of A; has less Jordan blocks than Ag, we can use the inductive assumption
and apply Theorem 5.1 to the pair (Ay, Hy), as in

(A1, Hy) 2 (4, Ho),
with _ L o
[T = Sa| < Ka([[Ar — Aol + [|[Hy — Hol))- (5.7)
From this follows
|1 — So| < K5(||A2 — Aol + || H2 — Hol)) (5.8)

I 0
s 2]

with



18 T. Bella*, V. Olshevsky* and U. Prasad*

Indeed, the transition from (5.7) to (5.8) involves only adding the (1, 1) blocks into consideration, and from
(5.2) and (5.4), we see that the only nontrivial addition is from ||J(px1) — J(A1)||. In view of Lemma 6.14
(which is proved independently of results of this theorem), this serves only to modify the constant, and (5.8)
is established. Observe, that from (6.33) and (5.7) it follows that K} = max{1, K5} depends on Ay and Hy
only.

Finally, Theorem 4.9 allows us to combine the bounds (5.6) and (5.8), and it implies the desired bound
(55) for S = 5'15’2. O

In order to complete the proof of Theorem 5.1 (and thus, of the main result, Theorem 1.8), it remains
only to prove Lemma 5.2. It will be done in Section 7 after we obtain in the next auxiliary section several
necessary results on the perturbation of subspaces.

6. Auxiliary lemmas on semigaps, gaps and perturbations of subspaces

In order to provide the proof of Lemma 5.2 in Section 7 one needs to use a number of results on small
perturbations of certain invariant subspaces. We have gathered all these auxiliary results in this section.
In order to obtain specific bounds for such perturbations, we need to deal with the distance between two
subspaces. One standard way to define such a distance is based on the concept of a gap. Our approach below
is slightly different, it is based on the concept of a semigap for which it is often easier to obtain the desired
bounds. The key result of this section is Lemma 6.6 that says that when two subspaces have equal dimensions
the gap between them is equal to the semigap. Many of the auxiliary results in this section are known. For
somewhat less know results, e.g., about semigaps, we provide references and in some cases new proofs.

6.1. Gap between subspaces
Before defining the concept of a gap, let us recall that

e A matrix Py, is called a projector onto a subspace M C C" if (a) Im Py = M; (b) P3; = Pum.
e Further, Py is called an orthogonal projector onto M if additionally we have (¢) Py, = Pu.

Here is the key definition.

Definition 6.1 (Gap. First definition). The gap 6(M,N) between two subspaces M, N C C™ can be introduced
via

OM,N) = |[Pr— Pyl (6.1)

where Pyg denotes the orthogonal projector onto M.

It is well-known, see, e.g., [GLR86], that gap is a metric in the set of all subspaces of C".

The definition in (6.1) has been found to useful in many instances. However, in Theorem 2.6 and Lemma
4.3 above we did not deal with entire subspaces, but rather with particular vectors spanning them. Therefore,
in our context, it is often more convenient to use the next definition that is well-known to be equivalent to
the first one.

Definition 6.2 (Gap. Second definition). The gap (M, N) between two subspaces M, N C C™ can be intro-
duced via

O(M,N)=max< sup inf ||z —yll, sup inf [[y—z| ;. 6.2
(M) o e ol el (6:2)
z||=1 y||l=1

Theorem 2.6 and Lemma 4.3 have just been used as a motivation for (6.2), but in these state-
ments the vectors {f;} were fixed, while the vectors {gi} were their perturbations. One might expect
that in some instances it might be easier to rely on the properties of fixed vectors {fx}, but the quan-
tity O(span{fx},span{gx}) is clearly symmetric, so it does not give {fi}’s any “advantage.” In order to
better capture the difference between {f}’s and {gr}’s we now introduce a different one-sided quantity.
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6.2. Semigap between subspaces

Following [091] we give the following definition.
Definition 6.3 (Semigap). Let M, N C C" be two subspaces. The quantity
Oo(M,N) = inf ||z —
o )= sup inf o -y
[lz][=1
is called the semigap (or one-sided gap) from M to N.
Clearly, in light of Definition 6.2,
O(M, N) = max{fy(M,N),0y(N, M)}.

Lemma 6.4 (Some immediate properties of semigaps). For any two subspaces M, N C C™ we have

Oo(M,N) = sup ||z — Prz|, (6.3a)
et
If./\/l C ./\/2, then 90(/\/1,./\/2) < 90(M,N1), 90(./\/17./\/1) < 90(./\/2,/\/() (6.3b)
GO(M,N) < 1, (63(3)
If dim M > dim N, then 6o(M,N) = 1. (6.3d)

Proof. Properties (6.3a) and (6.3b) are obvious.
To verify (6.3c) observe that since (I — Pys) is an orthogonal projector we have

bo(M,N) = sup [l — Pyl = sup [|( = Px)z| <[[(I - Pyl =L

reEM reEM
llzll=1 llzll=1

Finally, in order to prove (6.3d), we first observe that M N N is nontrivial (indeed, otherwise the
dimension of M + N+ would exceed the dimension of C"). Hence choosing a unit vector x € M NN+ we
obtain || — Pyz|| = ||z|| = 1 which implies (6.3d). O

The next example shows that generally the two quantities 8o(M,N) and 6y(N, M) need not coincide.
Example 6.5 (Semigaps can be nonsymmetric). Let N’ = C? and M = span{e; }. Since in this case M C N/
hence

Oo(M,N) = 0.
However, the vector es € A is orthogonal to M and hence
Oo(N, M) = 1.

In the above example the dimensions of M and A were different. The next statement shows that when
the dimensions of M and N are the same then the two associated semigaps are always equal.

Lemma 6.6 (Semigaps for subspaces of the same dimension). Let M, N C C" be two arbitrary subspaces. If
dim M = dim N, then
Oo(M,N) = 0N, M) (= 0(M,N)). (6.4)

Proof. In order to prove (6.4) we need to consider three cases.

Case 1. dim M = dim N = 1: If M = N there is nothing to prove, so we assume M # N
e Defining an appropriate (complex) Householder reflection. Let us choose x € N and y € M such
that ||z|| = ||y|]| = 1. By an appropriate unimodular rescaling of y one can guarantee that z*y € R.
Further, let us define

_ 1

[Eall
It is well-known (and can be easily checked) that the Householder reflection U is Hermitian and
unitary. In particular,

U=1-2ww", where w (x —y).

U?=1. (6.5)
Secondly, it can be easily checked that
Urz=y, Uy=nzx. (6.6)
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Indeed,
Up— g oW =Dy —2)"  (z—y)ay—1) _y
(y —2)*(y — =) yrr—1
The second equation in (6.6) follows from the first one and (6.5).
Finally, observe
UP\NU = Py (6.7)

e Proving 0o(M,N) = 6o(N, M). From (6.6) and (6.7) and from the fact that U is unitary it
follows that
|z = Pyal| = Uy — UUPNUy[| = [U(y — Prmy)ll = lly — Prmyll-
This and the property (6.3a) imply the desired (6.4).
Case 2. dimM = dim N = k > 1 and 6o(M,N') = 1: First we observe that
Oo(M,N) =1 = MNN* # {0} (6.8)
and
Oo(N M) =1 = NnM* #{0} (6.9)

and our task is to show that (6.8) implies (6.9).

Denote by M the orthogonal complement to M N A+ in M and define N = Py M. In view
of (6.8) we have dimM; < dim M and hence dimN; < dim N. Therefore there exist y € A that is
orthogonal to Nj. Clearly, this y is orthogonal to M implying (6.9).

Case 3. dimM = dim N = k > 1 and 6o(M,N') < 1: In order to prove (6.4) we first observe that

PuN =M, and PyM = N. (6.10)

Indeed, the result proved in case 2 above implies that if 8q(M, N') < 1 we must also have 0y(N, M) < 1.
Therefore none of M, N contains vectors orthogonal to each other and (6.10) follows.
Now, since the unit circle in M is compact hence the supremum in (6.3a) is attained, i.e, there
exists © € M such that ||z|| = 1, we have that
0o (M, N) = ||z = Pyz|.

Denoting M, = span{z} we have

Oo(My, N) = (M, N). (6.11)
Now, in view of (6.10) there is a subspace N, C N such that
M, = PuN,.
Due to this particular choice of N, we have
0o (N, M) = 0g(N, M). (6.12)
Since both M, and N, are one-dimensional, we have
0o (M, Nip) = Oo(No, M) (6.13)

Gathering all the above we have

(6.3b) . (6.3b)
oM, N) 2V 0o Mo N) < B My N 2 B (N, M) 22 0g(NL, M) < Bo(N, M)

We have proved that 6y(M,N) < 0y(N, M) without making any assumptions on M and N. Hence
the desired result (6.4) follows by symmetry.

The proof is complete. O

Corollary 6.7. If dim M = dim N\ then
O(M,N) = sup ||z — Pyz| = sup inf ||z —y].
cem YEN

reM
llfl=1 llzll=1

In [091] the above lemma and corollary were found to be useful to study the change of Jordan structure
of H-selfadjoint matrices under small perturbations.
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Lemma 6.8. Let M = span{f;}7";" where vectors {f;} are linearly independent. There evists a constant
K > 0 (depending on {f;} only) such that for any set of vectors {gi};i?)l satisfying

we have
bo(M,A) < K|| 75 |, (6.14)

P
where N' = span{g;}, and F—E denotes the change—of-coordinates matriz from the standard basis E = {e;}

to F = {fz}
Proof. Let x € M and ||z|| = 1. For the decomposition of x with respect to the fixed basis F{f;}:

r=aofo+ .. -+ m-1fm-1-
let us consider

Yy=oogo+ ...+ 0m-19m—1-
Clearly, y € N and

[z =yl < aollfo—goll +-.. +am-illfrn-1 — gm-1]| < max |ag| -mK. (6.15)
0<k<m—1

In order to complete the proof we need to find a bound on maxogr<m—1 || To this end let us consider two
decompositions of x with respect to the fixed basis F' = {f;} and the standard (also fixed) basis E = {e;},
respectively:

r=a1f1+...+anfn=z161+ ...+ Tpen,

ie.,

T aq

To Q2

xr = [[L‘]E = . s [x}F = : ,

Tn Qg

Now,
5 5 P P
o o] < V0ol + .+ lama? = flalr ] < | pepfals] < || rep | (6.16)

and we see that (6.16) and (6.15) imply (6.14). O

6.3. Bounds for the perturbations of H-orthogonal companions
The following definition [GLR83] introduces a counterpart M# (or simply M) of the usual orthogonal
complement M= for the spaces with indefinite inner product induced by H.

Definition 6.9 (H-orthogonal companion). Let H € C" be an invertible Hermitian matriz. For a subspace
M C C" its H-orthogonal companion is defined as

M ={z e C™: [z,ylm =0 Yy € M}.

In Section 7 we will need to develop an inductive decoupling process passing from a given subspace M
and its small perturbation A to their orthogonal companions M and N1, respectfully. The following
lemma will be key in this framework since it claims that in this case the subspace M+ is a small perturbation

of N,

Lemma 6.10 (Bounds for H-orthogonal companions). Let Hy be a fized invertible Hermitian matriz, and let
M C C" be a fized subspace. There is a constant 6 > 0 (depending on Hy and M only) such that for any
invertible Hermitian H satisfying
|H — Hol| <6,
and any subspace N satisfying
dim M = dim N, Oo(M,N) < L (6.17)

(with certain L) we have

O, W) < (s(Ho) + 21| Hol) - (L + || — Hol). (618)
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Proof. First observe that H~'P,,. H is a projection onto subspace H ! M-, though not necessarily orthog-
onal. Second, it is well known [GLRO5] that for two (possibly not orthogonal) projectors Qg and Qar onto
M and N, respectively, we have

[Pam = Pall < 1Qm — Q-
Third, it is well-known [GLRO5] that

M = H P Mt N = g=IN+
From the above three facts it follows that
OMIH N = [Py = Py || < |[Hg ' Prgs Ho — H' Py H|. (6.19)

In order to bound the latter let us proceed with the right hand side of (6.19), and add and subtract the
quantity Hy ' Pyy Hy and Hy ' Pyro H:

(||[Hy ' Ppgr Ho — Hy ' Pyer Ho) + (Hy ' Pyer Ho — Hy ' Pyer H) + (Hy ' Py H — H ' Py H))|

< w(Ho)l[Pags = Poes |l + | Hy | - 1 H — Holl + || Hg || - [|H — Holl, (6.20)
where x(Hp) = ||Hol| - | Hy *||. Combining (6.19) and (6.20) we finally obtain
HMI N < w(Ho) - 9(ME NT) + 2| Hy Y| - || Ho — H]| (6.21)
Since
[Pre = Py = (I = Pra) = (I = Pyl = 1Py — Bu
hence
OMLE N = (M, N),
together with (6.21) and (6.17) imply the desired (6.18). O

6.4. Several useful bounds

Let A be an eigenvalue of Ay € C™*™. Recall that the root subspace R(Ag, A) is defined as a linear span

of all Jordan chains of Ay corresponding to A, see, e.g., [GLR86]. Alternatively, R(Ag, \) = Ker(4g — AI)™.

Clearly, the dimension of R(Ag, A) is equal to the total algebraic multiplicity of the eigenvalue A of Ap.
Further, let I be a simple (without self-intersections), closed, rectifiable contour with no eigenvalues of

Ap on it. Let {A1,..., A} be a set of all eigenvalues of A inside I'. Denote

R(Ap,T) = R(Ag, A1) + ... + R(Ap, \y).
With these notations the following bound holds.
Lemma 6.11 (Bound for the perturbation of root subspaces). Let Ag € C"*", and let T' be a simple, closed,
rectifiable contour such that Ag does mot have eigenvalues on I'. Then there are constants Kyoot,0 > 0
(depending on Ay and T only) such that any matriz A satisfying ||A — Aol < § and does not have any
eigenvalues on I", then

O(R(Ap,T), R(A,T)) < Kroot]| A — Aol (6.22)
In particular, the total multiplicity of all eigenvalues inside I is the same for Ay and A.

The proof for the latter lemma can be found, e.g., in [GLRO5], p. 334. We will also need the following
result (cf., e.g., with [O91]).

Lemma 6.12 (Bound for adjusting matrix S). Let the decomposition

C'=M; + My +...+ M, (6.23)
be given. For any decomposition
C"=M+MNo+ ...+ N, (6.24)
with
dimM; = dimN;,  j=1,2,... k (6.25)
there exists an invertible matriz S € C**™ (that we suggest to call the adjusting matrix) satisfying
SM]‘ = ./\[J (6.263)
k
12— SI < X5, 0My, ). (6.26b)

Proof. The proof is presented by considering two cases.



Lipschitz stability of canonical Jordan bases of H-selfadjoint matrices 23

Case 1. (M, N;) < 1,for j = 1,2,...,k: It is easy to verify that the matrix S defined as

k
S=1- (Pm; — Py), (6.27)
j=1
satisfy
Secondly, S is invertible. Indeed, for any nonzero x € C", let x = 21 + 23 + - - - + 2}, where z; € M, we
have

Sx = PNl-Tl —+ -+ P/\/‘kl‘k.
Since the §(M;,N;) < 1, hence M; and N are not orthogonal. Therefore, if z; # 0 then Py,zj # 0.
This implies ker S = {0} so that S is invertible. In view of (6.25), the invertibility of S and (6.28) imply
(6.26a). For S defined by (6.27) the relation (6.26b) is obvious:

k k
1T =S|I <Y 1Px; = Pagll = Y 0(M;, ;).

j=1 j=1
Case 2. (M, N;) = 1, for some j: In view of (6.23), (6.24) and (6.25) we can always choose an invert-
ible matrix T" such that TM; = N. Setting S = (||T|)~*T we have

I =Sl < I+ 151 < 2.
This and the fact that 1 < Z?Zl 6(M;, N;) imply the desired (6.26D). O

In order to obtain necessary bounds on the perturbation of the eigenvalues of matrices we will need the
following auxiliary result.

Lemma 6.13. Let Ag € C"™™, A € C, and a1,a2 € C" satisfy (Ao — M )as = ay. There is a constant
0 > 0 (depending on Ay, a1, and as only) such that for any A € C**", u € C, and by, by € C™ satisfying
(A — ,u[)bg = b1 and
[A=Aoll <0, [ = Al < KeiglA— Ao, [|b2 — azf] < Kuecl[A = Aol (6.29)
with some Keig, Kyee > 0 we have
161 — a1 | < Kneatl| A — Aol (6.30)
with
Kneat = [[Aoll + 0 + [laz[[(Keig + 1) + (Keigd + [A) Kyee (6.31)
Proof. Tt follows from the first two inequalities in (6.29) that
JAl < Aol +6, 1] < Keigd + [A].
Using this and all the bounds in (6.29) we have
||b1 — a1|| = ||(A — ,uI)b2 — (Ao — )\I)CLQH = HAbQ — Aag + A(Zz — Aoaz + )\(12 — Has + Hnaz — Mbg”
< |A[ - [1b2 = @zl + [laz|| - [A = Aol + [laz|l - [ = Al + 1] - [|b2 — a2|
< ([Aoll + 0 + llaz|[(Keig + 1) + (Keigd 4 [A)[Kvee) [ A — Ao,
and (6.30) follows. O

Finally, here is the second key lemma of this section to be used in the proof of Lemma 5.2 in Section 7.

Lemma 6.14 (Perturbations of the eigenvalues and of Jordan chains). Let I' be a simple, closed, rectifiable
contour such that Ay does not have eigenvalues on I'. Let 01(Ag) = {A1,..., A} be the set of all eigenvalues
of Ag € C™ " inside T'. There are constants K,6 > 0 (depending on Ay only) such that the following
statements holds. For any A € C"*" satisfying

14— Ao <5 (6.32)
we have the following.
(i). If A has exactly v eigenvalues inside I, there is a certain ordering {ji1, ..., py} of them such that
i — il SKJA= Ao, i=1,2,...,7. (6.33)
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(ii). Let {fr}y- ' be the longest Jordan chain corresponding to the eigenvalue \; € o1(Ag). If the mazimal

length of the Jordan chain corresponding to its eigenvalue py described in (6.33) is also m, then there
exists a Jordan chain {gk}’;jol of A corresponding to u; such that

Ife — gkl S K||A—Apl, k=0,...,m—1. (6.34)

Proof. Here is the proof of the two parts of the lemma.

(i). For i =1,2,...v let T'; denote a small circle that contains only one eigenvalue \; of Ay. In accordance

with Lemma 6.11 there is 6 > 0 such that any matrix A satisfying |4 — Ap|| < ¢ will have at least one
eigenvalue inside I'; (indeed, the total multiplicity of the eigenvalues inside each T'; is preserved). Since
A has exactly ~ eigenvalues hence it must have exactly one eigenvalue, say, p; inside each I';. Using
Lemma 6.11 again we see that there are constants K; > 0 (depending only on Ap) such that

O(R(Ao, Ai), R(A, 1)) < Kil|A— Ao, i=1,...,7. (6.35)
Denote
M; =R(Ao, Ni),  Ni=R(A, ), i=1,...,7,
and
Mypr =Ny = (Mg + ...+ M)
By Lemma 6.12 there is an S satisfying

and
v
17— 5 < Z R(Ao, M), R(A, i) (6.37)
Combining the latter two bounds (6.35) and (6.37) one obtains
[1 =S| < Kol|A— Aol (6.38)

with Ko = K1+ ...+ K,.
Now, let matrix R be such that

A9 o "
R'AgR = 0 '
: . Ago) *
0)
0 ... 0 A§+1

where AEO) has the only eigenvalue \; € 01(4p), and all the eigenvalues of A,(yoj_l are outside of T'.

Observe that R depends on Ay only, and it can be fixed in advance. The property (6.36) yields that R
diagonalizes A; = S~'AS as well, and moreover,

R 'AR = 0
L AP
0 - 0 ‘Av+1

with each Agl) having only one eigenvalue u;, and with A(vll having only the eigenvalues outside of I'.
Further, denoting the size of AEO) by r; we have
1 1|
s = il < ~Jtrace(4]”) — trace(A{V)] = ~ |37 ef (A — AP )er| < A — A
i i
<R AR — R ALR|| < K(R)||Ag — Ai|| = k(R)[| 4o — STTAS|| < K| 4 — A].
In the above chain of inequalities the latter one is deduced from (6.38) using the arguments identical
to those of the proof of Lemma 4.8. This concludes the proof of the part (i).
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(ii). Let us define
gm—1 = Pr(ayfm—1, ge—1=(A—pl)g, k=1,1,...,m—1
It follows from (6.35) that
Il fr—1 = gm—1ll = Ifm-1 = Prayfrm—1ll < [[fm—1ll - O(R(Ao, Xi), R(A, 1)) < Kyecel| A — Ao,
where Kyee = || frn—1]/ K. Lemma 6.13 implies that
[ frn—2 — gm—2ll < Kneatl|A — Aoll,

with K.t given by (6.31). It is easy to see from (6.31) that since K. depends on Ay and the choice of
the (fixed) chain {f} hence the constant K, .., while possibly bigger, has the same property. Applying
the same arguments recursively to f,,_2,gm_2, then to f,._3,9mnm_3, and so on, one obtains, after m
steps, the desired bound (6.34), in which the constant K is the maximum of the constants obtained in
each of these steps.

In order to complete the proof of (ii) we need to show that {gi};*' is indeed a Jordan chain. To
this end we need to show two things.

First, the vectors {gk}zzol have to be linearly independent. Since & > 0 is at our disposal we
may assume it to be small enough so that the bound (6.32), linear independence of {fx} and (6.34)
guarantee linear independence of { fx}.

Secondly, we need to show that (A— p;I)go = 0. This follows form our assumption that the longest
Jordan chain of A corresponding to p; has length m.

O

7. Proof of Lemma 5.2

In this section we prove Lemma 5.2 which completes the proof of Theorem 5.1 and thus of the main result,
Theorem 1.8. As before, we start with a clarifying example.

7.1. Multiple Block Model example
For some § > 0, consider the matrices Ay and H defined by

01 0|0 O 0 0 1|0 0
0 0 1|0 0 01 0|0 O
Ap=1]10 0 0|0 O and Hy=|1 0 0|0 0 |,
0 0 0|0 1 0 0 0|0 1
0 0 0[]0 0| 00 0|1 0|
and small perturbations of the above matrices A and H as,
01 250 ¢ 00 1]0 0]
00 100 01 0|0 ¢
A=1]10 0 0|0 O and H=|1 0 2|0 0
00 0|0 1 00 0|0 1
00 0]0 O | 06 01 0]
We seek a matrix S such that
s
(A,H) — (A1, H1), I =S| < K([|A— Aol + [[H — Hol|)
where A; and H; have the forms
01 0|0 O 0 0 1|0 0
0 0 1|0 0 01 0|0 O
Ai;=1]10 0 0|0 O and Hi=|1 0 0|0 0 |;
0 0 Ofx =x 0 0 Ofx =x
0 0 Of|x =x 0 0 Ofx =x
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that is, the matrix S decouples the first Jordan chain from the remaining ones. Such a process in general
enables us to proceed inductively on the later portions. As in Section 4.1 the matrix S is found in two steps,
the first is such that

(A, H) 25 (A, H])  and [T — S| < K(|A— Ao|| + | H — Hol)

where H{ has the form

0 0 1|10 O
01 |0 O
H{: 1 = %[0 O
0 0 0]=x*x =
0 0 0= =

Then, in the second step, we produce a matrix S5 such that
s
(A1, Hy) =5 (A1, Hi)  and [T = Sof| < K([|A — Aol + [[H — Hol).
Finally, we show that S = 5155 satisfies
s
(AH) S5 (A, H)  and [1- S| < K(|A— Aol + | H — Hol)
as desired.

7.1.1. First step. Mapping A — A;. Constructing S;. As a first attempt, we will try to proceed as in the
example in Section 4.1 and choose a similarity matrix S; that maps the first Jordan chain of Ay,
0« e < ey « e3,
to that of A,
0« e« ex+ (20)e; « es.
This attempt will fail, but it will indicate a difficulty and a way to resolve it. Denote these vectors by g,

g3 =e€3, ga=-ea+(20)er, g1 =e.

As before we choose an S7 such that Sy : e — gi for k = 1,2, 3, but this leaves a choice of where to map the
vectors in root subspaces corresponding to later Jordan chains, in this case e4 and e5. As a first attempt, let
us choose S to leave these unchanged. So we initially choose to map them as follows:

51161—>gl 1 26 0|0 O
S1:es — go 0O 1 00 O
Sliegﬂgg =4 S = 0O 0 1]0 O
51264—>€4 0 0 0|1 O
S1:e5 — es 0 0 0|0 1

This choice fails to satisfy our requirements, as

01 0|0 & 00 1/00
00 1|0 0 0 1 25|0 &
S;tAS; =10 0 0[0 0 and SfHS;=|1 25 250 0
00 0[0 1 0 0 00 1
00 0[0 O 06§ 0|10

have nonzero off diagonal blocks. The resolution is to choose S7 to map not only the vectors of the first chain
of Ag to that of A, but also map the other chains appropriately. Define

ga=[0 00 1 0], g=[0 —6 0 & 1

It is straightforward to check that [z,y]g = 0 for z € span{g1, 92,95} and y € span{g4,gs}; that is, the
first root subspace span{gi, g2, g3} is H-orthogonal to all other root subspaces, in this case span{g4, gs}.
Choosing the matrix S such that

1"

51261—>g1 1 26 0|0 0
S1:es — go 0 1 0|0 -6
51163—>g3 =4 S = 0 0 110 0
81264—>g4 0 0 01 62
51285—>g5 0 0 00 1
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results in
01 0[]0 0 0 0 1]/0 0
00 1[0 0 0 1 25/0 0
S;7tAS; =10 0 0[0 0 and  SfHS ;= |1 26 25[0 0 |,
00 0[0 1 0 0 0[]0 1
00 0[0 0 0 0 01 ¢
and so

(A, H) 55 (A, Hy),
and since all perturbations are of the order 4, it is easy to see the required bound is satisfied. Hence S is a
correct choice in that it decouples and allows us to proceed inductively.

7.1.2. Second step. Zeroing sub—antidiagonal entries of H;. Constructing S5. In the second step we produce
a matrix Sy that eliminates the 26 sub—antidiagonal elements of the upper left submatrix of H; to produce
the desired structure. Define

1 =6 352-6]0 0
0 1 —5 [0 0
Sy=10 0 1 00|,
0 0 0 10
[0 0 0 0 1
so that

01 0][0 0 00 1]0 0
00 1[0 0 01 0[0 0
S;1ST1AS 1S =10 0 0|0 0|, S;SfHS So=|1 0 0[{0 0
00 0[0 1 00 0[0 1
00 0[0 0 00 0|1 &

7.1.3. Third step. Combining similitude matrices S; and S;. Define the matrix S = 5155, and so
1 =5 25°-6]0 0

0 1 -6 0 -6
S=10 0 1 0 0
0 0 0 1 4
0 0 0 0 1

can easily be seen to satisfy the bound as all differences from identity are on the order of 4. The previous
steps have shown that

(A, H) =5 (Ay, H) =5 (A1, Hy)
and so
(A, H) = (Ar, )
of the desired form. With the first block decoupled, we can proceed inductively.

7.2. Proof of Lemma 5.2

Part (i) follows from Lemma 6.14. Let us prove part (ii). Following the structure of the above example we
prove Lemma 5.2 in three steps.

7.2.1. First Step. Mapping A — A;. Constructing S;. In this section we prove the following proposition.

Proposition 7.1 (First decoupling step). Let Ay € C"*™ be a fixed Hy-selfadjoint matriz, both Ag and Hy in
the canonical form described in Theorem 2.1, and assume that Ay has a real eigenvalue \i. Denote
J(A 0 P 0
o[ 40 3) e [ 5]

Hy = -
0 A and 0 [o Hy

i.e. consider the partition that singles out the largest, say, m x m, Jordan block J(\1) of Ag. Then there are
positive constants K and § (depending on Ag and Hy only) such that for any H-selfadjoint matriz A with
the same Jordan structure as Ag satisfying

A= Aoll + [[H — Hol| <9,

(7.1)

the following statements hold.
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(i). A has an eigenvalue puq satisfying

|\ — | < K[[A = Al. (7.2)
(ii). There exists a similitude matriz Sy, i.e., (A, H) S, (A1, Hy) such that matrices Ay and Hy have the
form
A = { J(g“) gl ] and  Hy = }31 f% ] : (7.3)
with some y, gl, }~%1, ﬁl, and Sy satisfies the bound
1T = Sl < K(IA = Aol| + | H — Hol). (7.4)

Proof.  (i). Since J(A1) is the largest Jordan block of Ay corresponding to A, part (i) follows from Lemma
6.14.
(ii). The proof of (ii) will be based on the following procedure.

Procedure to construct the matrix S of the Proposition 7.1

e Defining fi’s, F1 and F5. Since Ay of Proposition 7.1 has canonical Jordan form, we can set
fr = ex, the standard basis vectors. Further, set

flzspan{f17"'afm}7 *7:2:5pan{fm+1>"'afn},

where m is the size of the largest Jordan block J(X) of Ag in (7.1).
e Defining g’s, G1 and Gs. Let

G1 = spanf{g1,...,9m},

where {gi}1, are those described in Lemma 6.14 and satisfying (6.34). Now, in order to define
the rest of the vectors {gr}}_,,,. we need to make several observations.
— First, F1[L]g,Fa. This follows easily from the block-diagonal structure of Hy in (7.1) and
the definition of indefinite inner product.
— Second, by Lemma 6.8 and (6.34) we have 6(F1,G1) < Ko||A — Ao, where the constant
Ky > 0 depends on Ag only and can be fized in advance. Hence, if we define

Go = QHH7
then by Lemma 6.10 we will have
0(F2,G2) < K1(||A = Aol + [[H — Hol|).
Therefore, if for k=m+1,...,n we define g = Pg, fr then
1fi = gill < K(|A = Aoll + [[H — Holl). (7.5)

Again, the analysis shows that the constant K > 0 depends on Ag and Hy only and can be
fixed in advance.
e Defining S;. Let us define Sy : fr, — gr fork=1,...,n.

We are now ready to complete the proof of (ii). It is easy to see that the bounds (6.34) and (7.5) imply
the desired bound (7.4), the proof of it follows along the lines of the proof of Proposition 4.2, literally.
Hence it remains only to show that S; yields via (A, H) N (A1, Hy) matrices A; and H; having the

structure shown in (7.3).
First, recall that S; : F, — Gj. This fact and Hy = STHS allow us to deduce

Fi[L] e, Fa (7.6)

from Gi[L]gGs. Relation (7.6) means that in the standard basis {fi} the matrix H; has the block
diagonal form shown in (7.3).

Secondly, S7 : fr — g, means that S; maps the Jordan chain {f}7~, of Ay to a Jordan chain
{gp}7, of A1 = Sl_lAsl. Hence F; is Aj-invariant, and moreover, the first block column of A; must
have the form shown in (7.3). Finally, it is well-known that an H;-orthogonal complement F» of an
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Aj-invariant subspace F; must be also Aj-invariant, see, e.g., [GLRO05]. Hence, the second block column
of A; must have the form shown in (7.3), and the proposition is completely proved. ([l

Remark 7.2 (First step in the case when A, has only complex eigenvalues). In this case one has to consider
the partitioning
Ji(A) 0

AO:[ 0 Jk(/\)}’ Ho=1,

and the proof follows the same lines as above (as it was in Section 4.3).

7.2.2. Second Step. Zeroing sub—antidiagonal entries of H;. Constructing S5. In the first step above we have

constructed S; and mapped (4, H) S, (A1, Hy) shown in (7.3). Here we proceed with the upper left blocks

(J(1), Ry) of (A1, Hy) and construct Sy such that (J(u), Ry) 52, (J(u),eP1). Theorem 4.1 implies that such
S, exists and it must satisfy N N
1T = 5l < K|y — eyl
The latter relation yields
1 —Sa|| < K| Hy — Holl (7.7)
S2 0

where Sy = [ 0 T

] satisfy (A1, Hy) 2, (Ag, Hy).

7.2.3. Third Step. Combining the similitude matrices S; and S;. In the two previous steps we have con-
structed matrices S7 and Sy such that

(A, H) 25 (Ay, Hy) 22 (Ay, H).

Hence S = 5157 satisfies (A4, H) 5, (A2, Hy) and the desired bound (5.5) now follows from (7.4), (7.7), and
Theorem 4.9 .
This completes the proof of Lemma 5.2.

8. Proof of Theorem 2.6. Global stability of sign characteristic. Weak similitude matrix
vs strong similitude matrix

The last result to prove in the flow chart of Section 2.5 is Theorem 2.6. We will prove it in Section 8.1. As a

corollary, we will then deduce in Section 8.2 a classical result of [GLR83] on the stability of sign characteristic.

Both results will be needed in Section 8.3 to define the concept of strong similitude matrix.

8.1. Proof of Theorem 2.6

Proof of Theorem 2.6. First, by the definition of a canonical Jordan basis, the (fixed) vectors

k, (Ao, As)—1ys=B,k=dim Ker(Ao—AsI)
{{fr(’ S)};n:ko 0 }:=1,k=11m er(Ap

are the columns of a certain (fixed) similarity-for-pairs matrix F' (i.e., satisfying

(Ao, Ho) = (Jo, Py) (8.1)
where (Jo, Py) is canonical). Indeed, it follows from
F~YAGF = J,.

Secondly, A and Ay have the same Jordan structure and hence by Theorem 1.8 there exists .S satisfying (1.7)
and such that

(A, H) - (A, Hy) (8.2)
where the matrix
Ay =S87'AS
has the same Jordan bases as Ag. So,
(A1, Ho) == (1, Fo) (83)

where J; is Jordan. In particular, we have that
FYAF = 5.
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It follows that
F71S7YASF = J,.

Denoting by

A,ps) =1 5=8,k=dim Ker(A—p, I
{{gﬁk’s)}:ﬁé Hs) }:ka:11m er(A—psl)

the columns of the matrix

G:=SF (8.4)
we see that both bases { fﬁk’s)} and {gﬁk’s)} are canonical, and the desired (2.8) is, in fact, a reformulation
of (1.7). O

To introduce in Section 8.5 the concept of (strong) similitude matrix (as opposed to weak similitude
matrix of Definition 1.7) we will need the following observation.
Remark 8.1. Let S be a (weak) similitude matriz constructed in the process of the proof of Theorem 1.8. Then
we have the following two observations.

(i). Formula (8.4) implies the following useful property of S:
gk = 5 fk:s) for all k, s, r within their ranges. (8.5)

(ii). Using the above notations, let the chains {f,(-k’l)} correspond to the eigenvalue A1 of Ay, and let the

chains {gﬁk’l)} correspond to the eigenvalue uy of A. The flow chart for the proof of Theorem 1.8 in
Section 2.5 indicates that Lemma 5.2 was crucial in constucting S. Therefore, by inspecting (5.3) (and
also (7.2)) we see that the eigenvalue py of A had been chosen to be a small perturbation,

|\ — | < K[JA = Ao,
of the eigenvalue A1 of Ag.
The concept of stong similitude matrix will be introduced in Section 8.3 using two observations. One

of them is the above Remark 8.1, and the second one is one classical result [GLR83] on the stability of sign
characterstic recalled next.

8.2. Stability of sign characteristic as a consequnece of the stability of canonical bases

We begin this subsection with the following simple example.

Example 8.2 (Computing sign characteristic from a canonical Jordan basis). Let us return to the example
2.5 and examine one way of computing the sign characteristic of (J, P) from its canonical basis. In this case
{e1,ea,e3} and {es,eq} are the two Jordan chains of J, and it is easy to see that

€1 =1=ey,es]p, €2 = —1 = [eq, e5]p.

Theorem 2.1 and the argument similar to the one in the above example lead to the following obvious
statement.

Lemma 8.3 (Computing the sign characteristic). Let A € C"*™ be a fized H -selfadjoint matriz. Let

mg(A,Xs)—1s=0,k=dim Ker(A—XsT
RPN (8.6)

and let {\1,..., Ao} be all real eigenvalues of A be a fized canonical Jordan basis of (A, H). Then the sign
characteristic (2.5) satisfies

_ (k) (k)
=fo

€h.s ) r(nk(A,)\s)—l]H’ (k=1,...,dimKer(A — X\;I),s=1,...,q).
It is easy to see that Theorem 2.6, part (ii) of Remark 8.1 and Lemma 8.3 imply the following well-known

result [GLR83, GLR05, R06].

Theorem 8.4 (Global stability of the sign characteristic). Let Ay € C"*" be a fized Hy-selfadjoint matriz,
and let {\1,... Ao} denote all distinct real eigenvalues of Ag. Let v > 0 be such that every real eigenvalue
A of Ag is the only eigenvalue in the interval (A, — v, Ak + ). There exists a constant § > 0 (depending on
Ao, Hy and v only) such that the following assertion holds. For any H-selfadjoint matriz A such that A has
the same Jordan structure as Ay and

A = Aol + [ — Hol| <4,

matriz A has a unique eigenvalue, say, py in the interval (A, — v, \i +y) and the sign characteristics of Ay
and py, coincide (up to a rearrangement of the signs corresponding to the same block sizes).
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The above result is global, i.e., it assumes that the Jordan structure of Ay is preserved for all eigenvalues.
In Corollary 9.6 of Section 9 we will also obtain a local version of this stability result.

8.3. Similitude matrix revisited. Mapping canonical bases

Definition 1.7 introduced weakly similitude matrices S. Moreover, up until this point the term “similitude”
was understood in the weak sense. However, it had been just observed in Section 8.2 that the similitude
matrix S had been constructed in such a way that it has several additional properties. We therefore define
next the similitude matrix as weakly similitude matrix obeying those additional restrictions.

Definition 8.5 ((Strong) similitude-for-pairs matrix). Let Ay be Hy-selfadjoint and A be H-selfadjoint. A
matriz S is called a strong similitude matrix (or just a similitude matrix) of the quadruple (Ao, Ho, A, H) if

there exist two canonical Jordan bases {fr(k’s)} and {gﬁk’s)} of Ag and A, respectively, such that
e (8.5) holds.
e S in (8.5) maps Jordan chains {fr(k’s)} corresponding to real eigenvalues of Ay to Jordan chains {gﬁk’s)}
corresponding to real eigenvalues of A, and the same property holds for nonreal eigenvalues as well.
e The mapping S : {fﬁk’s)} — {g£k7s)} preserves the sign characteristic for each Jordan chain.

In this case pairs (Ao, Hy) and (A, H) are called (strongly) similitude.

Remark 8.6 (The difference between similitude relation and weak similitude relation). We start with three
obvious observations.

e Both weak similitude and strong similitude are equivalence relations.

o The equivalence class of all matrices that are stronly similitude to a given pair (A, H) is a subset of all
matrices that are weakly similitude to (A, H).

e Finally, each pair (A, H) is similitude to its canonical form (J, P) described in Theorem 2.1.

Hence it is of interest to describe both weak and strong similitude relations in term of canonical forms. The
comparison of Definitions 1.7 and 8.5 yields the following facts.

(i). Two pairs (A, H) and (B,G) (where A and B are H-selfadjoint and G-selfadjoint, respectively) are
weakly similitude if the matrices Ja and Jp (of their canonical forms (Ja, Py) and (Jg, Pg)) have
the same Jordan structure, i.e., there is a bijection f : {A1,..., 3} — {p1,...,ug} such that Jp
is obtained from Ja by replacing Ay’s by p’s. Here {A1,..., A5} and {u1,...,ug} are the sets of all
eigenvalues of A and B, respectively.

There is no restriction on the structure of sip matrices Py and Pg.

(ii). Two pairs (A, H) and (B,G) are strongly similitude if, in addition to the description of part (i), we
also have Py = Pg which means that not only A and B have same Jordan structure, but they also
share the same sign characteristic.

Recall that in Theorem 1.8 we proved the existence of weak similitude matriz S. It is now clear that it is the
stability of sign characteristic that allowed us to conclude that Theorem 1.8, in fact, claims the existense of
a strong similitude matrix S.

The “local” Definition 8.5 has, in certain circumstances, some advantages over the “global” Definition
1.7. For instance, in the next section it will be adapted to derive a variant of the main result for the case
when the Jordan structure is preserved only for a selection of the eigenvalues.

9. Perturbations partially preserving Jordan structure

9.1. Balanced partitions

In this section, we present an extension of the case considered thus far to the case of perturbations that
preserve the Jordan structure only for some selection of the eigenvalues. To be specific, let Ay be Hp-
selfadjoint, and let

O'(Ao) = O'1(A()) U 0'2(140) (With g1 (Ao) N O'Q(Ao) = @) (91)
be a partition of the set o(A4g) of all eigenvalues of Ag. Recall that in accordance with Remark 2.2, o(Ay)
is symmetric with respect to the real axis. In this section we consider only what we suggest to call balanced
partitions, i.e., those for which o1(A4p) is symmetric about the real axis as well (in fact, o9(Ap) will be
automatically symmetric as well in this case).
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In the rest of the paper we extend the results of Sections 2 — 8 to the situation where Jordan structure
is assumed to be preserved for the eigenvalues in o1(Ap) only.
9.2. Basic definitions. o;—partial Jordan structure. o;—partial similitude matrix
In this section we provide a number of counterparts for the basic definitions and facts of Sections 1 and 2.
Definition 9.1 ( A counterpart of Definition 1.2). .

e (Same o;—partial Jordan structure). Let (9.1) be a balanced partition of the set of all eigenvalues of
Ag. Matrices Ay and A are said to have the same oi—partial Jordan structure if there is a balanced

partition

o(A) =01(A)Uos(A) (9.2)
and a bijection f : 01(Ao) — 01(A) such that if p = f(X), then A and p have the same Jordan block
sizes.

e (Same o;—partial Jordan bases). In this case, matrices Ag and A are said to have the same o1—partial
Jordan bases if the following statement is true. If u = f(X), then every Jordan chain of Ay corresponding
to X\ is also a Jordan chain of A corresponding to p (and automatically vice versa).

The following statement is a counterpart of Remark 1.3
Remark 9.2 (Same o;—partial Jordan bases). Let (9.1) and (9.2) be balanced partitions of Ay and A, respec-
tively. The matrices Ag and A have the same Jordan o1—partial bases if the following statement holds. If,
for an invertible T, the matrix T~'AqT has the form

T4 = P * | with o(Jo) = 01(Ao), o(Mo) = oa(Ao),
0 M,
where Jy is in a canonical Jordan form, then T~ YAT has the form
T-1AT = { Sioox } L with 0(J1) = 01(A), o(M:) = 02(A),
0 M

where Jy is also in a canonical Jordan form.
The next definition is a counterpart of Definition 2.4.

Definition 9.3 (Canonical o1 —partial Jordan basis. o;—partial sign characteristic). Let Ay be an Hy-selfadjoint
matriz. Let 0(Ao) = {A1,...,Ag} be the set of all eigenvalues of Ay and let

s)1ymr(Ao,As)—17s=8,k=dim Ker(Ag—AsT
{{rihoyg o Ty TS e Ao mAD (0.3)

be its canonical Jordan basis. Let (9.1) be a balanced partition with o1(Ag) = {\;,,..., A, }.
e The subset )
[ gt T e (9.4)
of (9.3) is called a canonical oq—partial Jordan basis of Ag.
o A subset of signs in the sign characteristic of (Ao, Hy) corresponding to its canonical o1 —partial Jordan
basis is called o1—partial sign characteristic.

In words, a o;—partial Jordan basis of Ag is just a selection of its canonical Jordan chains corresponding
to the eigenvalues belonging to the subset o1(Ag), and the same is true for oy—partial sign characteristic.

We are now ready to formulate a counterpart of Definition 8.5 and to define a “local” version of a
similitude matrix.

Definition 9.4 (c;—partial similitude matrix). Let Ag be Hy-selfadjoint and A be H-selfadjoint. A matriz S
is called a o1—partial similitude matrix of the quadruple (Ao, Ho, A, H) if there exist two o1 —partial canonical
Jordan bases {fr(k’s)} and {gﬁk’s)} of Ag and A, respectfully, such that

e (8.5) holds.

e S in (8.5) maps Jordan chains {fr(k’s)} corresponding to real eigenvalues in o1(Ag) to Jordan chains

{gfnk’s)} corresponding to real eigenvalues in o1(A), and the same property holds for nonreal eigenvalues
in 01(Ap) and o1(Ap) as well.

e For each Jordan chain corresponding to real eigenvalues in o1(Ag) the mapping S : {f,gk’s)} — {gﬁk’s)}
preserves the sign characteristic.

In this case pairs (Ao, Hy) and (A, H) are called o1—partial similitude.
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9.3. Lipschitz stability of o;—partial similitude matrices
The main result of this section, an extension of Theorem 2.6 (and hence of Theorem 1.8), is stated next.

Theorem 9.5 (Lipschitz stability for o;—partial perturbations). Let Ay € C"*™ be a fized Hy-selfadjoint
matriz, and let (9.1) be a balanced partition for Ay with 01(Ag) = {A1,..., A} Let

(Ao, As)—1ys=v,k=dim Ker(A—XsI
P i et e

be a fixed o —partial canonical Jordan basis of Ag. Finally, let T' be a simple, closed rectifiable countour such
that Ag does not have eigenvalues on T' and o1(Ap) is the set of all eigenvalues of Ay inside T'.
There exist constants K,§ > 0 (depending on Ag and Hy only) such that for any H -selfadjoint matrix
A having the same o1—partial Jordan structure as Ay (where o1(A) is the set of all eigenvalues of A inside
T') and satisfying
1A~ Aol + | H — Holl <5,
the following assertion holds.
(i). (Lipschitz stability of o;—partial similitude matrices) The pairs (Ao, Hy) and (A, H) are o1—partially
similitude, and there exists a oq1—partial similitude matriz S satisfying
11— S|l < K (][4 = Aol + [|H — Holl).- (9.5)

(ii). (Lipschitz stability of o;—partial canonical Jordan bases) There exists a o1—partial canonical Jordan

basis {{gi"*) g MO TV T T T of A such that

g% — F89) < K (JA = Aol + | H — Hol) (66)

r

fork=1,....v and all k,r within their ranges.
Before proving the above theorem in Section 9.4 we formulate the following obvious corollary.

Corollary 9.6 (Stability of o;—partial sign characteristic). Let Ay € C"*™ be a fized Hy-selfadjoint matriz,
and let (9.1) be a balanced partition for Ay. There exist a constant § > 0 (depending on Ag and Hy only)
such that for any H-selfadjoint matriz A having the same o1—partial Jordan structure as Ag and satisfying

[A = Aol + [[H — Holl <4,
the o1 —partial sign characteristics of A and Agy coincide.

9.4. Proof of Theorem 9.5

Actually, the proof of Theorem 9.5 can be derived by just adapting all results of Sections 2 — 8 to the
o1—partial case. For example, here is a counterpart of the Theorem 3.1

Theorem 9.7 (Reduction to the canonical form). Suppose the result of Theorem 9.5 is true for each pair
(Ag, Hy) in the canonical form as defined in the Definition 2.3. Then the result of Theorem 9.5 is true for
all pairs (Bo, Go), where By is G-selfadjoint.

Sketch of the proof. The proof follows the lines of the proof of Theorem 3.1 with only minor modifications.
We therefore highlight only the major differences. Specifically, one has to modify the diagram (3.1) as follows.

(A H) —>— (ALH)

TT TT (9.7)

(B,G) E=I5T ., (By,Gy)
Thus to replace Hy and Gy of (3.1) by H; and Gy, respectfully. The point of this replacement is that if we
partition the canonical pair (Ag, Hy) as

A0 0 gO 0 0 0
Ag=| . Hy=| "} . with o(A) = 01(4), 0(AL) = a9(A),
0 0 AY 0 0 HY with 0(A4;7) = 01(Ao), 0(A437) = 02(Ao)
then the pair (A1, H1) should look like
AW 0 g 0 L )
A= | . Hy= | . with 0(AY) = 01(4), 0(AY) = 62(A),
1 0 Agm 1 0 H2(1) with o(477) = 01(A4), 0(43 ") = 02(4)
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where the pair (Agl),Hl(l)) is canonical, i.e., Agl) is Jordan and Hl(l) is sip. Considering matrices (A1, Hy)
that have canonical structure only in their leading blocks is exactly what is needed for proving the desired
result in the o;—partial case.

The rest of the arguments follow the lines of the proof of Theorem 3.1. O

Using the above result it is possible to complete the proof of Theorem 9.5 by adapting the rest of the
proof of Theorem 5.1. Indeed, we proved Theorem 5.1 recursively, i.e., by decoupling Jordan blocks one by
one. Adaptation of that proof to the oy—partial case simply means stopping the decoupling process earlier,
after processing all the eigenvalues in o;.

However, instead of asking the reader to inspect the proof of Theorem 5.1 in Sections 4, 5, and 7 (see,
e.g., the flow chart in Section 2.5) we prefer to give a short direct proof.

Proof of Theorem 9.5. The proof of (i) is the main part of the proof, the claim (ii) is just a corollary of (i).
(i). Let 01(Ao) = {A1,..., Ay}, and let the canonical pair (Ao, Hy) be partitioned as

JOMN) 0 0 P1(O) 0o .- 0
0 ;
AO = . ) HO = 0 ’ )
: JOM,) 0 o PO
(0) 0
0 e 0 AT 0 --- 0 H~(w21

where each pair (J()()\;), P-(O)) is in the canonical form, o(J(®();)) = {\;} and U(Agﬁl) C o2(Ap).

K3
Further, let {T';} be a set of small non-intersecting circles such that \; is the only eigenvalue of Ag

inside each circle I';. Since A has the same o;—partial Jordan structure as Ag there is 6 > 0 guaranteeing
that A has only one eigenvalue, say, p; inside each I';, i.e., 01(A) = {u1,..., 1y }. Denote

M; =R(Ao, Ni),  Ni=R(A, i), i=1...,7,
and
My =M+ F MO0 N = (N LN
Using Lemmas 6.10, 6.11, and 6.12 one can construct S; such that

SIM; =N, 1=1,...,7v+1 (9.8)
and
1= 81| < Ko (14 — Aol + [ — Hol) (9.9)
for some K; depending on Ay and Hy only. Define (A, Hy) by
(A, H) =5 (A, Hy).

Clearly, (9.8) and the fact that M; are Hy-orthogonal and N; are H-orthogonal imply that the matrices
in (A1, Hy) have the same block form

AD () 0 0 Hl(l) 0o .- 0
0 :
A1: . ) le O .
Ay o SRR
1
0 0 AN, 0O ... 0 H§+)1

as (A, H). Indeed, observe that at the moment the pairs (A™ (u;), Hi(l)) are not in the canonical form
yet. Using Theorem 5.1, one finds matrices S’i(Q) such that

(2)
(A (), HD) 25 (7O (), PV, i=1,2,... 7,



(ii).
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where the pairs (JM) (u;), Pl-(l)) are canonical. Defining

2
s 0 ..o
C
5P o
0 0 I
one sees that
JB() 0 e 0 Pl(o) 0o ... 0
0 g :
(Ay, 1) 52 1Y
: - JOM) (o) o PO
1 1
0 0 AN, o - o HY
and by (5.1) we have
[1 = Sal| < Ka([|[A1 — Aol| + [[H1 — Hol|). (9.10)

Clearly, S = 5151 is the desired o;—partial similitude matrix. Finally, combining (9.9) and (9.10)
and using Lemma 4.8 we obtain the bound (9.5).

The bound (9.5) and the relation SfiFe) = gﬁk’s) yields the desired bound (9.6).
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