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Abstract

The methods for solving optimal filtering problemsin the case of the classical stationary processes
arewell-known since the late forties. Practice often givesriseto what isnot aclassical stationary process
but a generalized one, and white noise is one simplest example. Hence it is of interest to describe
the system action on the generalized stationary processes, and then to carry over filtering methods to
them. For the arbitrary generalized stochastic processes this seems to be a challenging problem. In this
correspondence we identify a rather general class of .S j-generalized stationary processes for which the
desired extension can be done for matched filters. This class can be considered as a model of colored
noise, and it is wide enough to include white noise, positive frequencies white noise, as well as certain
generalized processes occurring in practice, namely when the smoothing effect gives rise the situation
in which the distribution of probabilities may not exist at some time instances. One advantage of the
suggested model isthat it connects optimal filter design with inverting of integral operators; the methods

for the latter can be found in the extensive literature.

I. MOTIVATION

1.1. Classical Stationary Processes. A complex-valued stochastic process x(t) is caled

stationary in the wide sense (see, e.9., [D53)), if its mean is a constant,

E[z(t)] = const, —00 <t <00

and the autocorrel ation depends only on the difference (t — s), i.e., E[z(t)z(s)] = k.(t — s). We
assumethat E[|z(t)|?] < oo.
Let us consider a system with the memory depth of w that maps the input stochastic process

x(t) into the output stochastic process y(t) in accordance with the following rule:

y(t) = /: w($)h(t —s)ds,  h(t) € L(0,w). (1)

Wiener's seminal monograph [W49] described the construction of the optimal filter in the case
w = oo. Hisresults were extended to the case w < oo in[ZR50]. Here w is called the memory
depth.

1.2. Wiener filters and matched filters. Let the system receive a signal a(t) corrupted by
noise x(t), which we assume, for a moment, to be a zero-mean stochastic process stationary in
the wide sense (the more natural generalized stationary case is discussed below). In accordance

with (1) the system output is
T
aolt) + y(t) = / h(r)lalt - 7) + x(t — 7))dr, @)
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as shown in the following picture

alt) + () Tl + o0

>
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I

Figure 1. Classical Optimal Filter.

The objectiveisto find the form of A(¢) that makes the system optimal in the sense of a certain
criterion. Two particular criteria are recalled next.

Wiener filter. In the case of random signals the typical criterion is to minimize the mean-
square value of the difference between the system output a,(t) + y(¢) and the actua value a(t)
being observed. In this case i(t) is called the Wiener filter [HOO].

Matched filter. Here we consider a different approach mostly used when the signal is deter-
ministic. In this case the standard criterion is to maximize, at the time moment ¢, the signal-to-

noise ratio

S/N = o) hee  o? = Elly(t)[.

0-2

Such filters are referred to as matched filters, and the formulas for them were first derived in
the classified reports [N43], [VVM44]. Matched filters are heavily used, e.g., in radar systems
[LMO4] and communications [HOO]. Radar systems operate by periodically transmitting very
short bursts of radio-frequency energy. The received signal is simply one or more replicas of
the transmitted signal that are created by being reflected from any objects that the transmitted
signal illuminates. Thus, the form of the received signals is known exactly. The things that
are not known about received signals are the number of reflections, the time delay between the
transmitted and received signals, the amplitude, and even whether there is a received signal or
not. It can be shown that the probability of detecting aweak radar signal in the presence of noise
Is greatest when the signal-to-noise ratio is the greatest, see, e.g., [LU48], [K47].

A similar situation arisesin digital communication systems [HOQ]. In such a system the mes-
sage to be transmitted is converted to a sequence of binary signals, say 0 and 1. Each of them
IS represented as a time function having a specified form. For example, a negative rectangular
pulse can represent 0 while a positive rectangular pulse can represent 1. Again, in the presence
of noise the probability to recognize the right pulse at the receiver is greatest when the signal-to-
noise ratio is greatest, see, e.g., Chapter 4 of [HOQ].

1.3. Generalized stationary processes. Motivation. Since the early 1950’s, when Schwartz
published his theory of distributions, generalized functions have found numerous applications

in various fields of science and engineering. An (ordinary) function is afunction f(t) of areal
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number ¢. A generalized function isafunctional f assigning atest function ¢ the number f(y),
see, e.g., [V02] for the detailed elaboration and exposition. For example, the Dirac deltafunction

0 can beintroduced as linear functional of ¢ by the relation

5(¢) = 0(0) = / () p(t)dt, 3

and thus 0 isageneralized function. One of the most useful aspects of this theory in applications
Is that discontinuous functions can be handled as easily as continuous or differentiable func-
tions. In particular, the derivatives of (ordinary) continuous functions (while generally may not
exist as ordinary functions) can be thought as generalized functions. This provided an extremely
powerful tool in formulating and then solving many problems, e.g., of mathematical physics.
Following this success story, Gelfand and Vilenkin introduced in [GV61] the concept of gener-
alized stochastic processes. An (ordinary) stochastic processisafunction X (¢) of ¢ such that for
each ¢, X (t) isarandom variable. A generalized stochastic process is a functional X assigning
atest function ¢ arandom variable X ().

One of the advantages of this approach is that the derivatives of classical stochastic processes
(while generally may not exist in the usual sense) can be thought as generalized functions. For
example, white noise X (¢) (having equal intensity at all frequencies within a broad band) is not
astochastic processin the classical sense. In fact, white noise can be thought of as the derivative
of a Brownian motion, which is a continuous stationary stochastic process W (¢). It can be shown

that 1V (t) is nowhere differentiable, a fact explaining the highly irregular motions that Robert

AW (t)

Brown observed. This means that white noise o

does not exist in the ordinary sense. In fact,
white noise is a generalized stochastic process.
Generally, any receiving device hasacertain “inertia” and hence instead of actually measuring

the classical stochastic process£(t) it measures its averaged value (for motivation cf. with (3))

B(p) = / S(DEWL, (4

where p(t) isacertain function characterizing the device. Small changesin ¢ yield small changes
in ®(¢) (small changesin the receiving devices yield closer measurements), hence ¢ isacontin-
uous linear functiondl, i.e., ageneralized stochastic process[GV61]. Henceit isvery natural and
important to solve the optimal filtering problem in the case of generalized stochastic processes.
1.4. The main result. Solving filtering problems for arbitrary generalized stochastic pro-

cesses seems to be a challenging problem, and there was no progress since their introduction
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in [GV61]. In this correspondence we identify a rather general new class of S;-generalized
processes, for which the matched filtering problem can be solved by methods based on inte-
gral equations [M77], [S97]. The process ® is called S;-generalized if for ¢(t), ¢(t) vanishing
outside J = [a, b] we have

b

E[®(p)®(¥)] = (Syp,1)r2, Where S;p = % o(u)s(t —u)du € L*(a,b).  (5)

We provide, for the first time, formulas that completely solve the problem of designing S;-
generalized matched filters. We show that if the equation S fo(u) = a(ty — t) is solvable then

the S;-matched filter is given by h,,; = (gofcﬁ Here ¢, is the time moment for which signal-
o)

to-noise-ratio is to be maximized. In particular, if S; isinvertible then the formula simplifies to
S a(to—t)

(90,57 "alto—t)) ;2"

1.5. Examples. A new model of colored noise. PF-white noise. We have just showed that

hopt -

solving the S ;-generalized matched filtering problem is reduced to solving integral equations or
inverting integral operators. There is an extensive literature on this subject [M77], [S97] whose
methods can be now employed to solve a number of specific filtering problems. We show how

the approach works in three cases.

« Inexamples 1, 2 we indicate that white noise corresponds to the trivial case in which S is
just the identity operator. The kernel s(¢) of such S; = I in (5) is the delta function which
isthe Fourier transform of f,(z) = 1 (i.e. equd intensity at all frequencies).

« We provide two more involved examples. In example 3 we consider anew model of colored
noise, i.e., when the latter is approximated by f..(z) = Zﬁzl vmm,ozm > 0,7, > 0.

N mim p—amlt] to define

m=1 o,

We useits Fourier transform £(¢) = >

S = fla)u+ / " F (ke — t)dt.

For this case we obtain the algorithm to compute S, and thus constructively solve the

S s-generalized matched filtering problem.
1 >0
« In example 4 we consider fpy (z) = °= representing the equal intensity at
0 z <0

al positive frequencies and the zero intensity at the negative frequencies (hence the name

PF-white noise). Then

f(z) = frw(2) + (D — 1) fw(2), D>1 (6)
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represents amix of white and PF-white noises. Let us now use the Fourier transform s(t) of
f(2) in (6) as akernel to define the operator S; by (5). Again, we obtain the algorithm to

compute S ', and thus constructively solve the S ;-generalized matched filtering problem.

1. GENERALIZED STATIONARY PROCESSES

Let K be the set of al infinitely differentiable finite functions. A stochastic functional ®
assigns to any ¢(t) € K astochastic value ®(p). A stochastic functional ¢ is called linear if
O(ap + 1Y) = a®(p) + fP(¢). Let us now assume that all the stochastic values ®(y) have
expectations m () that depend continuously on ¢ as

m(p) = E[®(p)] = /00 xdF(z), where F(x)= P[®(p) <zl

o0

The functional m(y) islinear in the space K. The bilinear functional

B(p, ) = E[0(p)2(y)] (")

is a correlation functional of a stochastic process. It is supposed that B(yp, ) is continuously
dependent on each of the arguments.
The stochastic process @ is called generalized stationary in the wide sense [GV61], [S97] if

for any functions (t) and «(t) from C and for any number % the equalities

mlp(t)] = mlp(t + h)], Blo(t), v(8)] = Blp(t + h), ¢t + h)] (8)

hold true.
Let us denote by K, the set of the functions from /C such that ¢(¢t) = O whent ¢ J = [a, b].
The correlation functional B (i, ) iscalled a segment of the correlation functional B(y, v) if

BJ(SO,¢) = B(¢7¢)7 %w € ICJ' (9)

In what follows we consider the generalized stationary processes of the form

BJ((')O7w) = (SJ¢7¢)L2> (10)

where (-, -) 2 istheinner product in the space L?(a, b), and S isabounded nonnegative operator

actingin L?(a, b) and having the form

d b
Syp=—

o o(u)s(t — u)du. (12)
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Definition 1: Generalized stationary processes satisfying (10) and (11) arecalled S ;-generalized
processes.
Example 1. White noise. It is well-known [L68] that the correlation functional for the

Wiener stochastic process T (Brownian motion) is given by

B(p,v) :/0 [B(t) — B(o0)][(t) — (o0)]dt,
where t t
o(t) = t)dt b(t) = t)dt.
OB RO TOR R0
White noise W (which isthe derivative of T) isnot a continuous stochastic process. In fact, it is

ageneralized stationary process whose correlation functional is known [L68] to be

B = [ [ st sewiGs
Thus, in this case we have B'(p,¢) = (p, ), and hence (10) implies that white noise ¢ isa

very special S;-generalized stationary process with

Sy =1 (12)

II1. SYSTEM ACTION ON THE GENERALIZED STATIONARY PROCESSES

Let the system receive the generalized stationary signal ¢ and the deterministic signal a(t).
We assume that ¢ is zero-mean and the correlation functional B(y, 1) is known. At the output

we obtain the generalized process of the form
a,(t) + U, (13)

where (cf. with (1) and (2)) .
a,(t) = / h(T)a(t — 7)dr. (14)
0
The problem is how to describe the system action for the generalized stationary processes

shown in the Figure 2.

o(¢) h(t) v(t)

>
P

>
P

Figure 2. Generalized stationary processes

Here we answer the latter question and define it as follows
T
W) =0l [ hr)elt+ T)ir, (15)
0
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so that the overall system is described in Figure 3.

alt) +0(t) ]l + ¥ ()

>
I

>
I

Figure 3. Generalized Matched Filter.

Proposition 1: Let x(¢) and y(t) be the classical stationary processes. Then the formula
(15) isequivalent to the relation

T

y(t) = / x(t — 7)h(T)dT. (16)

Remark 1: The proposition 1 has theofollowi ng meaning. The formula (16) describes the

behavior of aaclassical system, cf. with (1) and (2). It follows that the formula (15) suggested

here indeed generalizes (16). In the case of the classical stationary processes our definition
coincides with the standard one.

Proof of the proposition 1. The functionals

B(p) = / Taeldt, () = / T yt)e(t)dt (17)

are associated with the processes x(¢) and y(¢). It follows from (16), (17) that

U(p) = / Z /0 Tm(t—T)h(T)chp(t)dt: / e /0 Th(T)go(t+T)d7dt. (18)

Hence (16) implies (15). In the same way we can prove the converse.
|

V. GENERALIZED MATCHED FILTERS

The objective is to choose the function (1) so that it characterizes the detected signal in an
optimal way. If we consider the case of the classical stationary processes x(t) then the criterium

of the system quality is maximizing, at the time moment ¢, the signal-to-noise ratio defined by

the formula )
S/N = ‘LO(SO) (19)
where -
o? = Elly(t)]*] = /0 /o h(u)B(u — v)h(v)dvdu (20)

Here B(u) isthe correlation function of the process z(t).

Problem 1: Let us now replace the formula (20) by
o? = B(h, h), h € Ly(0,T). (21)
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using correlation functional B(¢y, v) defined by (7), i.e., the one corresponding to a generalized
stationary process. Then the formula (19) makes sense in the case of the generalized stationary
process as well.

Find h(t) € L*(0,T) such that the signal-to-noise ratio S/N at the time moment ¢, has the
greatest value.

V. S;-GENERALIZED MATCHED FILTERS

We solve the problem for the case of S ;-generalized processes where J = [0, T]. In this case
the equality
o? = (Ssh, h) (22)

isvalid. If h() isasolution to the problem 1 then ch(t) isasolution as well. Hence, without any

loss of generality, we may assume that

T
/ h(t)alty — t)dt = 1. (23)
0
Problem 1 is equivalent to the following problem.
Problem 2: Find the minimum of the form(S;h, k) under the constraint (23)
By solving the problem 2 we assume that there exists a function fy(¢) which belongs to
L*(0,T) and satisfies the relation
SJfO = 4o, where 90 (t) = a(to — t) (24)
Remark 2: If the operator S; isinvertible then f; exists, and

fo=157"90. (25)
Taking into account the equality (24) we can rewrite the condition (23) in the following form

(h,Syfo)re = (V/Ssho /Sy fo)r2 = 1. (26)

The latter and the Schwarz inequality imply 1 < (Syh, h)2(S fo, fo)rz2, 1.€.,

1 1
h, h = = Upin-
<SJ ’ ) = (SJanfO)LZ (907f0)L2 Vmin

Equality in (27) takes place if and only if

V'Sih = Bv/Ss fo. (29)

DRAFT
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Hence we obtain the minimal value

1

Vmin = m (29)
when
h = Bfo. (30)
Now, in view of the condition (23) we have
1
Thus, the solution to the problem 1 has the form
hopt = L’ ftmaz = S/N = (o, fo) 2 (32)
(907 J 0)L2

where g, and f, are defined by the formulas (24) and (25), respectively.
Theorem 1: If the operator S isinvertible then there always exist a unique solution of the
form (32) with fo = S; o, i.€,

5! )
553j§L%§527’ ez = SN = (g0, 55" 90) 12 (33)
) J 2

Proposition 2: If (S;h,h) > 0 when h # 0 then the problem 1 has at most one solution.

hopt -

Example 2: Whitenoise. Recall that in white noise (12) case S; = I and hence the solution

_ a(to — t)
Ji la(to — t)[2dt’

hopt

T
fmaz = S/N = / la(ty — t)|*dt
0

IS unique.
Problem 3: In this paper we solve the matched filtering problem for generalized stationary
processes. We would like to conclude this section with the interesting open problem of extending

the Kalman filtering method to generalized stationary processes.

V1. SOME PRACTICAL CONSEQUENCES. A CONNECTION TO THE TECHNIQUES AVAILABLE

IN THE INTEGRAL EQUATIONS LITERATURE

The main focus of the sections Il - V had mostly a theoretical nature. In this section we
indicate that theorem 1 offers a novel technique alowing one to work out practical problems.
Specifically:

« Filtering problems for classical stationary processes typically lead to non-invertible opera-

tors S, and to find the solution (32) one needs to solve (24).
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In the case of generalized stationary processes the operator .S is often invertible and hence
there are better formulas (33).

« Secondly, the operator S; in (10) and (11) can be seen as a new way of modelling colored
noise. This model is useful since the existing integral equations literature already describes
many particular examples on inverting S, either explicitly or numerically. Hence (33)
solves the corresponding filtering problem.

Before providing two such examples we shall rewrite the operator S; of (11),

Sif = [ fsta— . fa) € L0

in amore familiar form. Let J = [a, b] := [0, w], and let s(x) be afunction differentiable when
x # 0. Let
s'(z) = k(z) € L*(—w,w), s(4+0) — s(—0) = p.

Then S; has the more familiar form
Sif = @+ [ Foka =t (34)

The integral equations literature (see, e.g., [GS72], [S96]) contains results on the inversion of
the operator S; of the form (34). The following theorem is well-known.
Theorem 2: (Gohber g-Semencul) Let the operator S; hastheform (34) with k(x) € L(—w, w).

If there are two functions .. (x) € L(0, w) such that
Syv+(z) = k(z), Siy-(z) = k(z — w) (39)
then Sy .,y isinvertiblein L?(0, w) (p > 1) and
S = @)+ [ rentan (3)

where (z, t) isgiven by (37).

@—t— [ - (st r—t) —ye(w—s)y_(s+a—t)]ds x <t
(37)

The latter result leads to a number of special cases when the operator S; can be explicitly

V(x,t):{ i@ =)= [T ew— s (str—t) =y (w—s)y-(s+x—t)ds x>t

inverted and hence the formulas (33) solve the matching filter problem in these cases. We provide

two such examples next.
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Example 3: Colored noiseapproximated by rational functions. Theexponential kernel.
L et us consider colored noise approximated by acombination of rational functions with the fixed

poles {+ic,, },
al 1

Let us useits Fourier transform

N
E(x) =Y Bne ™ Ba=—m (38)
m=1

O

to define the operator S; via (34).

Solution to the filtering problem. The situation is exactly the one captured in theorem 2
where the operator (34) has the special kernel (38). A procedure to solve (35), and hence to find
the inverse of S; is obtained next.

Theorem 3: (Procedure) Let S; be given by (34) and its kernel k(x) have the special form
(38). Then S ! isgiven by the formula (36), (37), (35), where

7+(x) = —’Y(ZB, 0)7 ’7—(:17) - —’}/(IU - &, O) (39)
Here .
F
V(z,0) = G(z) ] B, (40)
Fy

whereal x 2N row G(z), N x 2N matrices Fy, F, anda2N x 1 column B are defined by

G(l’) — |: Y1t V2T .. olaNE i| , Fl — |: 1 i| ,
QitVk | 1<i<N,1<k<2N
_eVkWw
A N ]
iV, | 1<i<N,1<k<2N J R L
TV VvV
N N

The numbers {1, } are the roots (we assume them to be pairwise different) of the polynomial

N m N
Qz) =P(2) =2 6,y 22" o', (41)
m=1 s=1 k=1
where the numbers {4, } are the coefficients of the polynomial P(z) = S _ 4,,22" defined by
N
P(z) =[] (z* = ab). (42)
m=1
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Hence, in thisimportant case, the formulas (33) allow us to find the explicit solution A,,; and
Imae 10 the problem 1 via plugging in the formula (36), (37) together with (39) (40) that can be
found using the methods of the integral equations theory.

Example 4: Positive frequencies white noise (PF-white noise). Recall (cf with the exam-
ple 2) that the white noise case correspondsto S; = I. The kernel s(¢) of such S; = [ in (11)

is the delta function which is the Fourier transform of fy (z) = 1 (i.e. equal intensity at all

1 >0
frequencies). Similarly, frw (2) = °= represents the equal intensity at al positive
0 z<0

frequencies and the zero intensity at the negative frequencies (hence the name PF-white noise).
Then

f(z) = frw(2) + (D = 1) fw(z), D >1 (43)

represents amix of white and PF-white noises. Let us now use the Fourier transform s(t) of f(z)
in (43) as akernel to define the operator S; via (11) (cf. with (34)), i.e.,

. T
ij:fDJr%]é %dt, e L,0,T], (44)

where fOT isthe Cauchy Principal Valueintegral, and D > 1.

Solution to the filtering problem. In the case of a pure PF-white noise (i.e.,, when D = 1)
the operator S; (44) is noninvertible and (32) should be used. In the case D > 1 the operator
is invertible. Moreover, the following result is implicit in the literature. We provide a direct
transparent proof in the appendix.

Theorem4: (Explicit formula) If D > 1 then S} is positive definite and invertible with

. T
577 = )b - 62 f (oyei oI (45)
where
D 1
Pr=pmy i=p—1 (46)

and the number « is obtained from

cosh ar = D|sinh ar]|. (47)
Hence, in this important case, plugging the formula (45) in (33) allow us to find the solution

to the problem 1 explicitly.
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VI1l. APPENDIX. PROOF OF THEOREM 3
By comparing (34) and (36) we obtain
Y(x,t) + k(z,t) +/ k(z,u)y(u,t)du =0, (48)
0

andwhent =0
v(z,0) + k(x,0) + / k(x,u)y(u,0)du = 0. (49)
0

Let us now apply to both sides of (49) the operator P(D), where D is an operator of differentia-

tion with respect to z, and P(z) isapolynomial givenin (42). Asaresult we obtain

Q(D)’V(I7 0) =0, (50)

where the polynomia Q(z) isgiven by (41). Therelation (50) implies

¥(z,0) = Z Cme’™". (51

Now, (51) and (49) yield (40) Finally, using (40) we solve (35) and obtain (39).

VIIl. APPENDIX. PROOF OF THEOREM 4

It iswell-known [M77] that the operator

vi—? ! f(t)dt’

™)y v—1

isacontraction: ||V'|| < 1. Hencethe operator S in (44) isnonnegativeif D > 1. If D > 1 then
Sy isinvertible. A similar argument applied to the operator 7'y defined by the right hand side! of
(45) impliesthat if D > 1 thenT); isbounded, positive definite and invertible.

Let uscheck if S;7; = I. Tothisend let us compute

st =pouf+ 2 W plp [y e a6
0 ™ Jo - -

s T—1

ﬁ T( €z )—ia( t )ia 1 T f(u)
w2 )y T —ux T—t" z—t J, t—u
According to the Poincare-Bertran formula [M 77]

Loty f 8% = [ s f Gl e w

-t x—t), t—u -t (x—=t)(t —u)
(53)

du.

et us denote by T'; a candidate for the inverse defined by the right hand side of (45).

DRAFT



15

Denoting W (z) = e Iy %5 we see that it admits a representation

I 1
W) =145 [ Vo) - W () —do. (54)
where
— | ; _(__ 7 yia o = e
Wi(a)—TILIEOW(U—I—ZT)—(T_J) e o=0,a=n0. (55)
Now, the Sohotsky-Plemelj formulaand (54) imply
I ~W_ I : 1
W (s)—W_(s) = 24— ][ Wilo) =Wl9) g oy L 7 (T yiagera_g—ney L4
T Jo o—3s T Jo 1T —o o—s

From here we obtain
Tt e 1 mi coshma., w ., T
]{ <T— t) (x—t)(t —u) u— a:sinhﬂa[(T— u> B (T— :1:) ) (56)
Finally, comparing (52), (53) and (56), and using (46) and (47) we arrive at the desired identity

S;T;=1.
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