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Abstract

This paper presents explicit formulas and algorithms to compute the eigenvalues
and eigenvectors of order-one-quasiseparable matrices. Various recursive relations
for characteristic polynomials of their principal submatrices are derived. The cost
of evaluating the characteristic polynomial of an N × N matrix and its derivative
is only O(N). This leads immediately to several versions of a fast quasiseparable
Newton iteration algorithm. In the Hermitian case we extend the Sturm property
to the characteristic polynomials of order-one-quasiseparable matrices which yields
to several versions of a fast quasiseparable bisection algorithm.

Conditions guaranteeing that an eigenvalue of a order-one-quasiseparable matrix
is simple are obtained, and an explicit formula for the corresponding eigenvector is
derived. The method is further extended to the case when these conditions are not
fulfilled. Several particular examples with tridiagonal, (almost) unitary Hessenberg,
and Toeplitz matrices are considered.

The algorithms are based on new three-term and two-term recurrence relations for
the characteristic polynomials of principal submatrices of order-one-quasiseparable
matrices R. It turns out that the latter new class of polynomials generalizes and in-
cludes two classical families: (i) polynomials orthogonal on the real line (that play a
crucial role in a number of classical algorithms in numerical linear algebra), and (ii)
the Szegö polynomials (that play a significant role in signal processing). Moreover,
new formulas can be seen as generalizations of the classical three-term recurrence re-
lations for the real orthogonal polynomials and of the two-term recurrence relations
for the Szegö polynomials.
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1 Introduction

1.1. Quasiseparable and diagonal-plus-semiseparable matrices. Fol-
lowing [8] we refer to R as an order-(rL, rU)-quasiseparable matrix if

rL = max rankR21, rU = max rankR12, (1.1)

where the maximum is taken over all symmetric partitions of the form R =⎡⎢⎣ ∗ R12

R21 ∗

⎤⎥⎦ . In case rU = rL = r one refers to R as an order-r-quasiseparable

matrix. Quasiseparable matrices generalize diagonal-plus-semiseparable matri-
ces [17], i.e., those of the form

R = diag(d) + tril(RL) + triu(RU), where rankRL = rL, rankRU = rU .
(1.2)

with some vector d , and with some matrices RL, RU . Here tril(R) and triu(R)
are the standard MATLAB notations standing for the strictly lower and
strictly upper triangular parts of R, resp. Clearly, diagonal-plus-semiseparable
matrices are quasiseparable, but not vice versa, e.g., the tridiagonal matrix
in (1.5) is not diagonal-plus-semiseparable. Quasiseparable matrices are also
known under different names such as matrices with a low Hankel rank [6], low
mosaic rank matrices or weakly semiseparable matrices [22]. In the context
of some applications, e.g., to integral equations, electromagnetics, boundary
value problems, the less general diagonal-plus-semiseparable matrices occur
more often. Moreover, the orders higher than (1, 1) have attracted more at-
tention perhaps since they exhibit somewhat more computational challenges.

The next section suggests that even in the simplest case of the order (1, 1)
the more general quasiseparable matrices are by no means less interesting.
Moreover, their connection to the theories of orthogonal polynomials on the
line and on the unit circle (the Szegö polynomials) makes them a useful tool
for solving several problems in numerical analysis which is a topic of this and
the forthcoming publications.

Email addresses: eideyu@post.tau.ac.il (Y. Eidelman),
gohberg@post.tau.ac.il ( I. Gohberg), olshevsky@math.uconn.edu (Vadim
Olshevsky).
1 Supported by the NSF grant 0242518.
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1.2. Order one matrices. Two motivating examples.

Example 1.1 Tridiagonal matrices and real orthogonal polynomials

• It is well known that the polynomials {γ̃k(x)} orthogonal with respect to the
inner product of the form

< p(x), q(x) >=
∫ b

a
p(x)q(x)w2(x)dx

satisfy three-term recurrence relations:

γ̃k(x) = (αk · x − βk) · γ̃k−1(x) − γk · γ̃k−2(x), (1.3)

where αk, βk, γk depend on the weight function w2(x).
• The relations (1.3) translate into the matrix form

γ̃k(x) = (α0 · . . . · αk) · det(xI − Rk×k) (1 ≤ k ≤ N) (1.4)

where

R =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

β1

α1

γ2

α2
0 · · · 0 0

1
α1

β2

α2

γ3

α3

. . .
... 0

0 1
α2

β3

α3

. . . 0
...

... 0 1
α3

. . . γn−1

αn−1
0

...
...

. . . . . . βn−1

αn−1

γn

αn

0 0 · · · 0 1
αn−1

βn

αn

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(1.5)

Example 1.2 (Almost) unitary Hessenberg matrices and polynomi-
als orthogonal on the unit circle (Szegö polynomials)

• It is well known that the polynomials {γ̃k(x)} orthogonal with respect to the
inner product of the form

< p(eiz), q(eiz) >=
1

2π

∫ π

−π
p(eiz) · [q(eiz)]∗w2(z)dz (1.6)

satisfy two-term recurrence relations (involving also another set of polyno-
mials {Gk(x)}):⎡⎢⎣G0(x)

γ̃0(x)

⎤⎥⎦ =
1

µ0

⎡⎢⎣ 1

1

⎤⎥⎦ ,

⎡⎢⎣Gk+1(x)

γ̃k+1(x)

⎤⎥⎦ =
1

µk+1

⎡⎢⎣ 1 −ρ∗
k+1

−ρk+1 1

⎤⎥⎦
⎡⎢⎣ 1 0

0 x

⎤⎥⎦
⎡⎢⎣Gk(x)

γ̃k(x)

⎤⎥⎦ .

(1.7)

where µk =
√

1 − |ρk|2 with (µk := 1 if ρk = 1, ρ0 = −1). Polynomials

{γ̃k(x)} are defined by N parameters {ρk} that are called the reflection co-
efficients and that are determined by the weight function w2(x).
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• The relations (1.7) translate into the matrix form

γ̃k(x) =
det(xI − Rk×k)

µ0 · . . . · µk

(1 ≤ k ≤ N) (1.8)

where

R =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−ρ1ρ
∗
0 −ρ2µ1ρ

∗
0 −ρ3µ2µ1ρ

∗
0 · · · −ρn−1µn−2...µ1ρ

∗
0 −ρnµn−1...µ1ρ

∗
0

µ1 −ρ2ρ
∗
1 −ρ3µ2ρ

∗
1 · · · −ρn−1µn−2...µ2ρ

∗
1 −ρnµn−1...µ2ρ

∗
1

0 µ2 −ρ3ρ
∗
2 · · · −ρn−1µn−2...µ3ρ

∗
2 −ρnµn−1...µ3ρ

∗
2

...
. . . µ3

...
...

...
. . . . . . −ρn−1ρ

∗
n−2 −ρnµn−1ρ

∗
n−2

0 · · · · · · 0 µn−1 −ρnρ∗n−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(1.9)

It is known that R · diag(1, . . . , 1, 1
ρn

) is unitary.

• Along with the two-term recurrence relations (1.8) translates into three-term
recurrence relations

γ̃0(x) =
1

µ0

, γ̃1(x) =
1

µ1

(x · γ̃0(x) + ρ1ρ
∗
0 · γ̃0(x)),

γ̃k(x) = [
1

µk

· x +
ρk

ρk−1

1

µk

] · γ̃k−1(x) − ρk

ρk−1

µk−1

µk

· x · γ̃k−2(x). (1.10)

Observation. A closer look at the submatrices R12 of the two matrices R in
(1.5) and (1.9),

⎡⎢⎢⎢⎢⎢⎣
0 0 · · · 0 0

0 0 · · · 0 0

γ4

α4
0 · · · 0 0

⎤⎥⎥⎥⎥⎥⎦
︸ ︷︷ ︸
R12 for (1.5)

,

⎡⎢⎢⎢⎢⎢⎣
−ρ4µ3µ2µ1ρ

∗
0 · · · −ρn−1µn−2...µ1ρ

∗
0 −ρnµn−1...µ1ρ

∗
0

−ρ4µ3µ2ρ
∗
1 · · · −ρn−1µn−2...µ2ρ

∗
1 −ρnµn−1...µ2ρ

∗
1

−ρ4µ3ρ
∗
2 · · · −ρn−1µn−2...µ3ρ

∗
2 −ρnµn−1...µ3ρ

∗
2

⎤⎥⎥⎥⎥⎥⎦
︸ ︷︷ ︸

R12 for (1.9)

reveals that these R12 are both rank-one, so that in both examples R is an
order-one-quasiseparable matrix.

1.3. A new class of polynomials and recurrence relations correspond-
ing to general order-one-quasiseparable matrices. A computationally
important property of N × N quasiseparable matrices R is that they can be
represented by only O((rL + rU)N) parameters via
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R =

�
�

�
�

�
��

�
�

�
�

�
��d1
. . .

. . .
dN

pia
×
ijqj

gib
×
ijhj

(1.11)

where a×
ij = ai−1 ·. . .·aj+1, b×ij = bi+1 ·. . .·bj−1 with ai,i+1 = bi,i+1 = 1.

We limit ourselves to the simplest case of the order one, in which all the pa-
rameters {dk, pk, qk, gk, hh, ak, bk}N

k=1 are just numbers. (For the higher orders
k they are either vectors or matrices of the size k.)

One of the central results of this paper is the recurrence relations for the
polynomials {γ̃k(x)} = det(xI −Rk×k) for a general order-one-quasiseparable
matrix R in (1.11). The polynomials {γ̃k(x)} form a rather narrow class though
wide enough to include as special cases both families of polynomials orthogonal
on the real line and on the unit circle. As could be expected, these new poly-
nomials satisfy various recurrence relations. We have three-term recurrence
relations

γ̃k(x) = −ψk(x)γ̃k−1(x) − ϕk(x)γ̃k−2(x) (1.12)

with

⎡⎢⎣ γ̃1(x)

γ̃2(λ)

⎤⎥⎦ =

⎡⎢⎣ d1 − x

−[(d2 − x)(d1 − x) − p2q1g1h2]

⎤⎥⎦ ,

where ψk(x) and ϕk(x) are given by (3.16) below, and two-term recurrence
relations⎡⎢⎣ f̃1(x)

γ̃1(x)

⎤⎥⎦ =

⎡⎢⎣ q1g1

d1 − x

⎤⎥⎦ ;

⎡⎢⎣ f̃k(x)

γ̃k(x)

⎤⎥⎦ = −
⎡⎢⎣ ck − akbxx qkgk

−pkhk dk − x

⎤⎥⎦
⎡⎢⎣ f̃k−1(x)

γ̃k−1(x)

⎤⎥⎦ .

(1.13)

1.4. Recurrence relations. Known and new algorithms. The classical
three-term recurrence relations (1.3) lie in the heart of a number of algorithms,
including, e.g., the Euclid and the Routh-Hurwitz algorithms. Moreover, sev-
eral general eigenvalue algorithms first reduce a matrix to the tridiagonal form
(1.5) and then find the eigenvalues of the latter. The list of related algorithms
includes the tridiagonal Newton iteration, the tridiagonal Sturm sequences
method, the Lanczos algorithm, and the tridiagonal QR algorithm. Hence the
new generalized three-term recurrence relations (1.12) may suggest possible
extensions of these methods from tridiagonal to quasiseparable matrices. This
paper is more of a theoretical nature and we specify here only the quasisepa-
rable Newton iteration and the quasiseparable Sturm sequences method. The
forthcoming paper will have more computational focus, e.g., [11] discusses the
numerical aspects of using the formulas of [10] to run the quasiseparable QR
iteration algorithm.
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Similarly, the classical unit circle recurrence relations (1.7) and (1.10) lie in the
heart of a number of well-known signal processing algorithms. The algorithms
of Levinson, Schur and Schur-Cohn are all based on the two-term (1.7). The
split-Levinson is based on (1.10). For example, the classical Schur-Cohn algo-
rithm for checking if a given polynomial γ̃N(x) is discrete-time-stable (i.e., has
all of its roots inside the unit circle) is based on setting GN(x) = xn[γ̃N( 1

x∗ )]
∗

and then running (1.7) backwards with wisely chosen ρk. Therefore, the new
generalized three-term recurrence relations (1.13) can be seen as a direct gen-
eralization of the Schur-Cohn recursions.

Finally, the eigenvalue problem for semiseparable matrices is a hot topic of the
concurrent research, and a number of methods are being suggested in [10,2–
4,13,19,20,23,5,11]. The results presented here differ from their substantially.
This paper is written as a formal mathematical paper. Numerical aspects
based on the results of this paper will be discussed separately elsewhere.

1.5. The structure of the paper. The paper contains four sections. Sec-
tion 1 is the introduction. In the next section 2 we define the class of order-
one-quasiseparable matrices and formulate the basic properties of this class
obtained in [9]. In Section 3 we derive recursive relations for characteristic
polynomials of principal submatrices of quasiseparable matrices. In Section 4
we obtain the conditions in which an eigenvalue of a quasiseparable matrix is
simple and methods of computation of the eigenvectors when these conditions
are valid and non-valid.

2 Definitions and basic properties of quasiseparable matrices

2.1 Definitions

Let {ak}, k = 1, . . . , N be a set of numbers. For positive integers i, j define
the operation a×

ij as follows: a×
ij = ai−1 · · · aj+1 for N ≥ i > j + 1 ≥ 2,

a×
ij = ai+1 · · · aj−1 for N ≥ j > i+1 ≥ 2, a×

k+1,k = a×
k,k+1 = 1 for 1 ≤ k ≤ N−1.

We consider a class of matrices R for which lower triangular and upper trian-
gular parts have a special structure. Let R be a square matrix of size N × N
with entries in the lower triangular part of the form

Rij = pia
×
ijqj, 1 ≤ j < i ≤ N,

where pi, qj, ak are given numbers. Then the matrix R is called lower order-
one-quasiseparable and the numbers pi (i = 2, . . . , N), qj (j = 1, . . . , N −
1), ak (k = 2, . . . , N − 1) are called lower generators of the matrix R.
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Let R be a square matrix of size N × N with entries in the upper triangular
part of the form

Rij = gib
×
ijhj, 1 ≤ i < j ≤ N,

where gi, hj, bk are given numbers. Then the matrix R is called upper
order-one-quasiseparable, and the numbers gi (i = 1, . . . , N − 1), hj (j =
2, . . . , N), bk (k = 2, . . . , N − 1) are called upper generators of the matrix R.

If a matrix R of size N × N is lower order-one-quasiseparable and upper
order-one-quasiseparable then it is called an order-one-quasiseparable. More
precisely, an order-one-quasiseparable matrix is a matrix of the form

Rij =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
pia

×
ijqj, 1 ≤ j < i ≤ N,

di, 1 ≤ i = j ≤ N,

gib
×
ijhj, 1 ≤ i < j ≤ N.

(2.1)

The elements pi (i = 2, . . . , N), qj (j = 1, . . . , N − 1), ak (k = 2, . . . , N −
1); gi (i = 1, . . . , N − 1), hj (j = 2, . . . , N), bk (k = 2, . . . , N − 1); dk (k =
1, . . . , N) are called generators of the matrix R.

The class of order-one-quasiseparable matrices is a generalization of two well-
known classes of structured matrices: tridiagonal matrices and diagonal plus
semiseparable of order one matrices. If ak = bk = 1, 2 ≤ k ≤ N − 1 then the
matrix R is diagonal plus semiseparable of order one. If ak = bk = 0, 2 ≤ k ≤
N − 1 then R is tridiagonal.

All statements below concern an order-one-quasiseparable matrix R with gen-
erators denoted by pi (i = 2, . . . , N), qj (j = 1, . . . , N−1), ak (k = 2, . . . , N−
1); gi (i = 1, . . . , N − 1), hj (j = 2, . . . , N), bk (k = 2, . . . , N − 1); dk (k =
1, . . . , N). This means that the entries of the matrix R have the form (2.1),
where

a×
ij = ai−1 · · · aj+1, N ≥ i > j + 1 ≥ 2, a×

j+1,j = 1, j = 1, . . . , N − 1,

b×ij = bi+1 · · · bj−1, N ≥ j > i + 1 ≥ 2, b×i,i+1 = 1, i = 1, . . . , N − 1.

By the generators of the matrix R we define the vectors

Pk = col(pia
×
i,k−1)

N
i=k, Hk = row(b×k−1,ihi)

N
i=k, k = 2, . . . , N ; (2.2)

Qk = row(a×
k+1,iqi)

k
i=1, Gk = col(gib

×
i,k+1)

k
i=1, k = 1, . . . , N − 1. (2.3)

which are used frequently in the paper.

Notice that for a given quasiseparable matrix generators are not unique. The
appropriate choice of generators could be important in particular applications
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since it determines the numerical behavior of the corresponding algorithms.
Examples of making good numerical choices for generators can be found in
[7,9] and in [24,23]. The analysis of all possible choices of generators for a
given quasiseparable matrix will be performed in our subsequent publication.

2.2 The basic properties of order-one-quasiseparable matrices

We present here some results obtained in [9] for order-one-quasiseparable ma-
trices. These results are used essentially in this paper.

Theorem 2.1 Let R be a quasiseparable of order one matrix R with genera-
tors pi (i = 2, . . . , N), qj (j = 1, . . . , N − 1), ak (k = 2, . . . , N − 1); gi (i =
1, . . . , N − 1), hj (j = 2, . . . , N), bk (k = 2, . . . , N − 1); dk (k = 1, . . . , N).
The matrix R admits the partitions

R =

⎛⎜⎝ Ak GkHk+1

Pk+1Qk Bk+1

⎞⎟⎠ , k = 1, . . . , N − 1, (2.4)

where

Ak = R(1 : k, 1 : k), Bk = R(k : N, k : N), k = 1, . . . , N

and the elements Pk, Qk, Gk, Hk are defined by (2.2), (2.3).

Next we consider some relations that follow directly from (2.4). Setting k =
N − 1 in (2.4) we obtain

R =

⎛⎜⎝ AN−1 GN−1hN

pNQN−1 dN

⎞⎟⎠ . (2.5)

Applying this formula to the matrix Ak we get

Ak =

⎛⎜⎝ Ak−1 Gk−1hk

pkQk−1 dk

⎞⎟⎠ , k = 1, . . . , N − 1. (2.6)

Similarly setting in (2.4) k = 1 we obtain

R =

⎛⎜⎝ d1 g1H2

P2q1 B2

⎞⎟⎠ . (2.7)
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Applying this formula to the matrix Bk we get

Bk =

⎛⎜⎝ dk gkHk+1

Pk+1qk Bk+1

⎞⎟⎠ , k = 1, . . . , N − 1. (2.8)

Substituting (2.6) in (2.4) and using the relations

Qk =
(

akQk−1 qk

)
, Gk =

⎛⎜⎝Gk−1bk

gk

⎞⎟⎠ , k = 2, . . . , N − 1

we obtain the representations

R =

⎛⎜⎜⎜⎜⎜⎝
Ak−1 Gk−1hk Gk−1bkHk+1

pkQk−1 dk gkHk+1

Pk+1akQk−1 Pk+1qk Bk+1

⎞⎟⎟⎟⎟⎟⎠ , k = 2, . . . , N − 1. (2.9)

Theorem 2.2 Let Ak = R(1 : k, 1 : k), Bk = R(k : N, k : N), k = 1, . . . , N
be principal submatrices of the matrix R and let

γk = detAk, θk = detBk, k = 1, . . . , N

and

fk = Qk(adjAk)Gk, k = 1, . . . , N − 1; zk = Hk(adjBk)Pk, k = N, . . . , 2,
(2.10)

where the elements Qk, Gk, Pk, Hk are defined by (2.2), (2.3).

Then the following recursive relations hold:

γ1 = d1, f1 = q1g1;

ck = dkakbk − qkpkbk − akhkgk,

fk = ckfk−1 + qkgkγk−1, γk = dkγk−1 − pkhkfk−1, k = 2, . . . , N − 1;

γN = dNγN−1 − pNhNfN−1

(2.11)
and

θN = dN , zN = hNpN ,

zk = ckzk+1 + θk+1hkpk, θk = dkθk+1 − gkqkzk+1, k = N − 1, . . . , 2;

θ1 = d1θ2 − q1g1z2.
(2.12)

In the sequel we use also the vector VN−1 = (adjAN−1)GN−1, where AN−1 =
R(1 : N − 1, 1 : N − 1) and GN−1 is defined in (2.3). This vector may be
expressed explicitly via the numbers γk, fk.

9



Theorem 2.3 The vector VN−1 = (adjAN−1)GN−1 is given by the formula

VN−1 = col(viδ
×
i,N)N−1

i=1 , (2.13)

where

v1 = g1, vi = giγi−1 − pifi−1bi, δi = dibi − gihi, i = 2, . . . , N − 1. (2.14)

The proof may be found in the proof of Theorem 4.1 of [9].

3 The characteristic polynomial

3.1 Recursive relations

In this section we derive recursive relations for characteristic polynomials
γk(λ) = det(R(1 : k, 1 : k) − λI), θk(λ) = det(R(k : N, k : N) − λI) (k =
1, . . . , N) of principal submatrices of a quasiseparable of order one matrix.

Theorem 3.1 Let γk(λ) = det(R(1 : k, 1 : k) − λI), θk(λ) = det(R(k :
N, k : N) − λI) (k = 1, . . . , N) be characteristic polynomials of the principal
submatrices of the matrix R.

Then the following recursive relations hold:

γ1(λ) = d1 − λ, f1(λ) = q1g1; (3.1)

γk(λ) = (dk − λ)γk−1(λ) − pkhkfk−1(λ), (3.2)

ck = dkakbk − qkpkbk − akhkgk, (3.3)

fk(λ) = (ck − akbkλ)fk−1(λ) + qkgkγk−1(λ), k = 2, . . . , N − 1; (3.4)

γN(λ) = (dN − λ)γN−1(λ) − pNhNfN−1(λ) (3.5)

and
θN(λ) = dN − λ, zN(λ) = hNpN , (3.6)

θk(λ) = (dk − λ)θk+1(λ) − gkqkzk+1(λ), (3.7)

zk(λ) = (ck − akbkλ)zk+1(λ) + θk+1(λ)hkpk, k = N − 1, . . . , 2; (3.8)

θ1(λ) = (d1 − λ)θ2(λ) − q1g1z2(λ). (3.9)

Here fk(λ), zk(λ) are auxiliary polynomials.

Proof. The matrix R−λI is order-one-quasiseparable with the same generators
pi, qj, ak; gi, hj, bk as the matrix R and diagonal entries dk −λ. Substituting in
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(2.11) dk − λ instead of dk we obtain (3.1)-(3.5). Similarly (3.6)-(3.9) follow
from (2.12). �

From the relations (3.1)-(3.5) one can derive easily the recursions for the
derivatives of the corresponding polynomials.

Corollary 3.2 In the conditions of Theorem 3.1 the derivatives of the poly-
nomials γk(λ), fk(λ) satisfy the recursive relations

γ′
1(λ) = −1, f ′

1(λ) = 0; (3.10)

γ′
k(λ) = (dk − λ)γ′

k−1(λ) − γk−1(λ) − pkhkf
′
k−1(λ), (3.11)

f ′
k(λ) = (ck − akbkλ)f ′

k−1(λ) − akbkfk−1(λ) + qkgkγ
′
k−1(λ), k = 2, . . . , N − 1;

(3.12)

γ′
N(λ) = −γN−1(λ) − (dN − λ)γ′

N−1(λ) − pNhNf ′
N−1(λ). (3.13)

The relations (3.1)-(3.5) and (3.10)-(3.13) yield a O(N) algorithm for evalua-
tion of characteristic polynomials of the principal submatrices of a quasisep-
arable matrix and their derivatives. This algorithm may be used for a fast
realization of the Newton iteration method (for the Newton method see, for
instance, [21]).

Using the recursions (3.1)-(3.5) one can derive easily a O(N2) algorithm for
the computation of the coefficients of the characteristic polynomial of the
matrix R. This generalizes the corresponding algorithm for the simplest case
of tridiagonal matrices.

In assumption that some generators of the matrix R are zeros or non-zeros
the recursive relations (3.1)-(3.5) may be given in a form more convenient for
our next purposes.

In the sequel to simplify the exposition we use the auxiliary expressions linear
in λ

dk(λ) = dk − λ, k = 1, . . . , N ;

ck(λ) = (dk − λ)akbk − qkpkbk − hkgkak,

lk(λ) = (dk − λ)ak − qkpk, δk(λ) = (dk − λ)bk − hkgk, k = 2, . . . , N − 1.

The expressions lk(λ), δk(λ) play an essential role in the main theorem below.
One can check easily that

dk(λ)ck(λ) = lk(λ)δk(λ) − qkpkhkgk. (3.14)
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Theorem 3.3 Let for some k ∈ {3, . . . , N − 1} the inequality pk−1hk−1 �= 0
hold. Then the polynomials γj(λ) = det(R(1 : j, 1 : j)− λI) j = k − 2, k − 1, k
satisfy the three-term recurrence relation:

γk(λ) = ψk(λ)γk−1(λ) − ϕk(λ)γk−2(λ), (3.15)

where

ψk(λ) = dk − λ +
pkhk

pk−1hk−1

ck−1(λ),

ϕk(λ) =
pkhk

pk−1hk−1

lk−1(λ)δk−1(λ). (3.16)

Proof. Substituting k − 1 instead of k in (3.4) and (3.2) we obtain

fk−1(λ) = ck−1(λ)fk−2(λ) + qk−1gk−1γk−2(λ), (3.17)

γk−1(λ) = dk−1(λ)γk−2(λ) − pk−1hk−1fk−2(λ). (3.18)

The relation (3.18) implies

fk−2(λ) =
1

pk−1hk−1

[dk−1(λ)γk−2(λ) − γk−1(λ)]. (3.19)

Substituting (3.19) in (3.17) and taking into account (3.14) we obtain

fk−1(λ) =
ck−1(λ)

pk−1hk−1

[dk−1(λ)γk−2(λ) − γk−1(λ)]qk−1gk−1γk−2(λ)

= − ck−1(λ)

pk−1hk−1

γk−1(λ) +
[

ck−1(λ)

pk−1hk−1

dk−1(λ) + gk−1hk−1

]
γk−2(λ)

= − ck−1(λ)

pk−1hk−1

γk−1(λ) +
1

pk−1hk−1

lk−1(λ)δk−1(λ)γk−2(λ).

Substitution of the last expression in (3.2) yields (3.15). �

Corollary 3.4 Let pihi �= 0 (i = 2, . . . , N −1). Then the polynomials γk(λ) =
det(R(1 : k, 1 : k) − λI) (k = 1, . . . , N) satisfy the three-term recurrence
relations:

γ1(λ) = d1 − λ, γ2(λ) = (d2 − λ)(d1 − λ) − p2q1g1h2; (3.20)

γk(λ) = ψk(λ)γk−1(λ) − ϕk(λ)γk−2(λ), k = 3, . . . , N, (3.21)

where

ψk(λ) = dk − λ +
pkhk

pk−1hk−1

ck−1(λ), ϕk(λ) =
pkhk

pk−1hk−1

lk−1(λ)δk−1(λ).

Proof. The relations (3.20) directly follow from (3.1) and from (3.2) with k = 2.
For k = 3, . . . , N the relations (3.21) follow from Theorem 3.3. �
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The latter corollary deals with general quasi-separable matrices. It generalizes
two well-known results. First, in the simplest tridiagonal case the corollary
yields classical three-term recurrence relations, see, e.g., Example 2) of Sec
4.2 for details.

Secondly, in another interesting special case of matrices of the form R = D+S,
where D is a diagonal matrix and S is a matrix with a tridiagonal inverse, the
latter corollary (and also Theorem 3.1) yield recursions obtained recently in
[12]. These formulas correspond to (3.1)-(3.5) and (3.20)-(3.21) with particular
generators:

ak = bk = 1, pk = hk, qk = gk, dk = xk+qkpk, (all elements are real)

with some xk. Note however, that instead of the invertibility of S we deal here
with a weaker condition that S is a order-one-Green matrix. Furthermore, the
case xk = 0 is analyzed in detail below (Example 3 in Subsection 4.2).

Next we combine the cases pkhk = 0 and pkhk �= 0. We use here the following
auxiliary relations.

Lemma 3.5 For any 2 ≤ s ≤ k ≤ N − 1 the polynomials fk(λ) defined in
(3.1)-(3.4) satisfy the relations

fk(λ) = (ck+1,s−1(λ))×fs−1(λ) +
k∑

j=s

(ck+1,j(λ))×qjgjγj−1(λ). (3.22)

Proof. The proof is by induction on k. For k = s by virtue of (3.4) we have

fk(λ) = fs(λ) = cs(λ)fs−1(λ) + qsgsγs−1(λ) =

(cs+1,s−1(λ))×fs−1(λ) + (cs+1,j(λ))×qsgsγs−1(λ)

which implies (3.22). Assume that (3.22) is valid for some k ≥ s. By virtue of
(3.4) and the equality

ck+1(λ)(ck+1,s−1(λ))× = (ck+2,s−1(λ))×

we have

fk+1(λ) = ck+1(λ)fk(λ) + qk+1gk+1(λ)γk(λ)

= ck+1(λ)[(ck+1,s−1(λ))×fs−1(λ) +
k∑

j=s

(ck+1,j(λ))×qjgjγj−1(λ)] + qk+1gk+1γk(λ)

= (ck+2,s−1(λ))×fs−1(λ) +
k∑

j=s

(ck+2,j(λ))×qjgjγj−1(λ) + (ck+2,k+1(λ))×qk+1gk+1γk(λ)

= (ck+2,s−1(λ))×fs−1(λ) +
k+1∑
j=s

(ck+2,j(λ))×qjgjγj−1(λ)
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which completes the proof of the lemma. �

Theorem 3.6 Assume that for some 2 ≤ s < k − 1 ≤ N − 1, pshs �=
0, ps+1hs+1 = · · · = pk−1hk−1 = 0. Then

γk(λ) = ψk,s(λ)γs(λ) − ϕk,s(λ)γs−1(λ), (3.23)

where

ψk,s(λ) = (dk+1,s(λ))× +
pkhk

pshs

(ck,s−1(λ))× − pkhk

k−1∑
j=s+1

(ck,j(λ))×qjgj(dj,s(λ))×,

ϕk,s(λ) =
pkhk

pshs

(ck,s(λ))×ls(λ)δs(λ).

Proof. By virtue of Lemma 3.5 we have

fk(λ) = (ck,s−1(λ))×fs−1(λ)+
k−1∑

j=s+1

(ck,j(λ))×qjgjγj−1(λ)+(ck,s(λ))×qsgsγs−1(λ).

(3.24)
As a direct consequence of (3.2) we get that if for some 1 ≤ i < j ≤ N ,
pi+1hi+1 = · · · = pjhj = 0 then

γj(λ) = (dj − λ) · · · (di+1 − λ)γi(λ). (3.25)

Hence it follows that

γj−1(λ) = γs(λ)(dj,s(λ))×, j = s + 1, . . . , k. (3.26)

Next by virtue of (3.2) we have

fs−1(λ) =
1

pshs

[(ds − λ)γs−1(λ) − γs(λ)]. (3.27)

Substituting (3.27) and (3.26) in (3.24) we obtain

fk−1(λ) =
(ck,s−1(λ))×

pshs

(ds − λ)γs−1(λ) − (ck,s−1(λ))×

pshs

γs(λ)

+
k−1∑

j=s+1

(ck,j(λ))×qjgj(dj,s(λ))×γs(λ) + (ck,s(λ))×qsgsγs−1(λ).

From here using the equalities

(ck,s−1(λ))× = (ck,s(λ))×cs(λ),
cs(λ)

pshs

(ds − λ) + qsgs =
ls(λ)δs(λ)

pshs
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we obtain

fk−1(λ) =
[
− (ck,s−1(λ))×

pshs

+
k−1∑

j=s+1

(ck,j(λ))×qjgj(dj,s(λ))×
]
γs(λ)+ (3.28)

(ck,s(λ))×

pshs

ls(λ)δs(λ)γs−1(λ).

Next using (3.26) we get

(dk − λ)γk−1(λ) = (dk − λ)(dk,s(λ))×γs(λ) = (dk+1,s(λ))×γs(λ). (3.29)

Substituting (3.28) and (3.29) in (3.2) we obtain (3.23). �

3.2 The Sturm property

In this subsection we establish an analog of the well-known Sturm property
for the characteristic polynomials of principal leading submatrices of a Her-
mitian order-one-quasiseparable matrix. This property yields information on
the location of the eigenvalues of quasiseparable matrices and is a basis for
the bisection method (for the bisection method see, for instance, [21, p. 301]).

Theorem 3.7 Let R be a Hermitian order-one-quasiseparable matrix. Let
γ0(λ) ≡ 1 and γk(λ) = det(R(1 : k, 1 : k) − λI), k = 1, . . . , N be the charac-
teristic polynomials of the principal leading submatrices of the matrix R. Let
ν(λ) be the number of sign changes in the sequence

γN(λ), γN−1(λ), . . . , γ1(λ), γ0(λ) (3.30)

and let (α, β) be an interval on the real axis such that γN(α) �= 0, γN(β) �= 0.
Then:

1)ν(β) ≥ ν(α);

2)the difference ν(β)−ν(α) equals the number of eigenvalues of the matrix R in
the interval (α, β) counting each eigenvalue in accordance with its multiplicity.

Proof. Let us show that if γN(λ0) �= 0 and γi(λ0) = 0 for some i, 1 ≤ i ≤ N−1
then γi+1(λ0) = 0. If this is not the case then also γi+2(λ0) = 0, in the case
pi+1hi+1 �= 0 it follows from Theorem 3.3 and for pi+1hi+1 �= 0 from the equality
(3.2). Hence we may apply the Gundelfinger theorem (see, for instance, [18,
p. 298]) to the matrix R − βI and conclude that the number of negative
eigenvalues of this matrix or equivalently the number of eigenvalues of the
matrix R which are less than β, is equal to ν(β). Similarly we obtain that the
number of eigenvalues of the matrix R which are less than α is equal to ν(α)
which completes the proof of the theorem. �
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4 Eigenvectors and multiplicities

In this section we study eigenvalues and eigenvectors of order-one-quasise-
parable matrices. We obtain the conditions in which an eigenvalue of a matrix
is simple and in which its multiplicity is greater than one. In both cases we
derive explicit formulas for the corresponding eigenvectors.

4.1 Simple eigenvalues

Theorem 4.1 Let R be an order-one-quasiseparable matrix with generators
pi (i = 2, . . . , N), qj (j = 1, . . . , N − 1), ak (k = 2, . . . , N − 1); gi (i =
1, . . . , N − 1), hj (j = 2, . . . , N), bk (k = 2, . . . , N − 1); dk (k = 1, . . . , N).
Assume that λ = λ0 is an eigenvalue of the matrix R and

|d1 − λ0| + |q1| > 0, |d1 − λ0| + |g1| > 0; (4.1)

lk(λ0) = (dk − λ0)ak − pkqk �= 0, δk(λ0) = (dk − λ0)bk − gkhk �= 0; (4.2)

(k = 2, . . . , N − 1), and

|dN − λ0| + |pN | > 0, |dN − λ0| + |hN | > 0. (4.3)

Then the eigenvalue λ0 has the geometric multiplicity one. Moreover the cor-
responding to λ0 eigenvector v may be determined as follows:

1)if p2h2 = · · · = pNhN = 0 then

v =

⎛⎜⎝ 1

B2(λ0)
−1y2

⎞⎟⎠ , (4.4)

where B2(λ0) = R(2 : N, 2 : N) − λ0I, y2 = −R(1, 2 : N) and θ2(λ0) =
detB2(λ0) �= 0;

2)if for some m, 2 ≤ m ≤ N − 1 we have pmhm �= 0 and pm+1hm+1 = · · · =
pNhN = 0 then

v =

⎛⎜⎜⎜⎜⎜⎝
Am−1(λ0)

−1xm

1

Bm+1(λ0)
−1ym

⎞⎟⎟⎟⎟⎟⎠ , (4.5)

where Am−1(λ0) = R(1 : m − 1, 1 : m − 1) − λ0I, xm = −R(1 : m −
1,m), Bm+1(λ0) = R(m+1 : N,m+1 : N)−λ0I, ym = Pm+1(am

fm−1(λ0)
γm−1(λ0)

hm−
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qm), Pm+1 = col(pka
×
km)N

k=m+1 and

γm−1(λ0) = detAm−1(λ0) �= 0, θm+1 = detBm+1(λ0) �= 0;

3)if pNhN �= 0 then

v =

⎛⎜⎝AN−1(λ0)
−1xN

1

⎞⎟⎠ , (4.6)

where AN−1(λ0) = R(1 : N − 1, 1 : N − 1)− λ0I, xN = −R(1 : N − 1, N) and
γN−1(λ0) = detAN−1(λ0) �= 0. Furthermore in this case the eigenvector may
be also determined by the values of the polynomials γk(λ), fk(λ) at the point
λ0 as follows:

v =

⎛⎜⎝−VN−1(λ0)hN

γN−1(λ0)

⎞⎟⎠ , (4.7)

where VN−1(λ0) = col(vi(λ0)δ
×
iN(λ0))

N−1
i=1 ,

v1(λ0) = g1, vi(λ0) = giγi−1(λ0) − pifi−1(λ0)bi, i = 1, . . . , N − 1.

Proof. We start proving the part 1). At first let us show that θ2(λ0) �= 0.
By virtue of (3.6) we have zN(λ0) = 0 and next by virtue of (3.8) we obtain
zN−1(λ0) = · · · = z2(λ0) = 0 and using (3.6)and (3.7) we obtain

θ2(λ0) = (dN − λ0) . . . (d2 − λ0).

By virtue of conditions (4.2), (4.3) and equalities p2h2 = · · · = pNhN = 0 we
conclude that dj − λ0 �= 0, j = 2, . . . , N and hence θ2(λ0) �= 0.

Consider the partition of the matrix R − λ0I in the form

R − λ0I =

⎛⎜⎝ d1 − λ0I r′2

r2 B2(λ0)

⎞⎟⎠ , (4.8)

where B2(λ0) = R(2 : N, 2 : N) − λ0I, r2 = R(2 : N, 1), r′2 = R(1, 2 : N).
Let v be a corresponding to λ0 eigenvector. We represent this vector in the

form v =

⎛⎜⎝ α

v′

⎞⎟⎠ where v′ is a N − 1-dimensional vector and α is a scalar.

From the equality (R − λ0)v = 0 using the representation (4.8) we obtain
B2(λ0)v

′ + αr2 = 0. This means v′ = −B−1
2 (λ0)αr2, i.e. v = αv0, where

v0 = α

⎛⎜⎝ 1

B−1
2 (λ0)y2

⎞⎟⎠. This implies that the eigenvalue λ0 has the geometric

multiplicity one. Taking α = 1 we obtain (4.4).
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2)In the same way as in the proof of the part 1) we obtain

zN(λ0) = zN−1(λ0) = · · · = zm(λ0) = 0 (4.9)

and θm(λ0) �= 0.

By virtue of (3.25) and the fact that λ0 is an eigenvalue of the matrix R we
have

(dN − λ0) · · · (dm+1 − λ0)γm(λ0) = γN(λ0) = 0. (4.10)

The equalities pm+1hm+1 = · · · = pNhN and the conditions (4.2), (4.3) imply
dj − λ0 �= 0, j = m + 1, . . . , N and therefore from (4.10) we conclude that
γm(λ0) = 0. Let us prove that γm−1(λ0) �= 0. Assume that it is not true. We
will show that in this case the equalities

γ1(λ0) = γ2(λ0) = · · · = γm−1(λ0) = γm(λ0) = 0 (4.11)

hold. We have the following cases:

(a)m = 2. By the assumption we have γ1(λ0) = γ2(λ0) = 0 and hence (4.11)
follows.

(b)p2h2 = · · · = pm−1hm−1 = 0. By virtue of (3.25) we have

γj+1(λ) = (dj+1 − λ)γj(λ), j = m − 2, . . . , 1

and since by virtue of the conditions (4.2) the inequalities dj+1 − λ0 �= 0, j =
m − 2, . . . , 1 hold, we obtain (4.11).

(c)pm−1hm−1 �= 0. Applying Theorem 3.3 we obtain

γm(λ) = ψm(λ)γm−1(λ) − ϕm(λ)γm−2(λ), (4.12)

where

ϕm(λ) =
pmhm

pm−1hm−1

lm−1(λ)δm−1(λ).

Here pmhm = 0 by the condition, lm−1(λ0)δm−1(λ0) �= 0 by virtue of (4.11) and
hence ϕm(λ0) �= 0. Since γm(λ0) = γm−1(λ0) = 0 the equality (4.12) implies
γm−2(λ0) = 0.

(d)pshs �= 0, ps+1hs+1 = · · · = pm−1hm−1 for some s such that 2 ≤ s < m − 1.
By virtue of (3.25) we have

γj+1(λ) = (dj+1 − λ)γj(λ), j = s, . . . ,m − 2

and since by virtue of the conditions (4.2), the inequalities dj+1 −λ0 �= 0, j =
m − 2, . . . , 1 hold, we obtain

γs(λ0) = γs+1(λ0) = · · · = γm−1(λ0) = 0.
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Next apply Theorem 3.6. We have

γm(λ) = ψm,s(λ)γs(λ) − ϕm,s(λ)γs−1(λ), (4.13)

where

ϕm,s(λ) =
pmhm

pshs

cm−1(λ) · · · cs+1(λ)ls(λ)δs(λ).

Here pmhm �= 0 by the condition, ls(λ0)δs(λ0) �= 0 by virtue of (4.2) and
cj(λ0) �= 0 by virtue of (4.2) and the equality (3.14). Thus ϕm,s(λ0) �= 0 and
since γm(λ0) = 0, γs(λ0) = 0 from (4.13) we conclude that γs−1(λ0) = 0.

In the cases (a) and (b) the proof of (4.11) is finished. In the case (c) we apply
the method described above to the polynomials γm−1(λ), γm−2(λ) and in the
case (d) we apply this method to the polynomials γs(λ), γs−1(λ). We go on in
this way and finally obtain (4.11).

Thus we have the equalities (4.11). Hence in particular follows that γ1(λ0) =
d1−λ0 = 0 and by virtue of the condition (4.1) and the second equality in (3.1)
we have f1(λ0) = q1g1 �= 0. Let t be the minimal index such that ptht �= 0. It
is clear that t ≤ k. Using (3.2) and (4.11) we obtain

γt(λ0) = (dt − λ0)γt−1(λ0) − pthtft−1(λ0) = −pthtft−1(λ0). (4.14)

By virtue of Lemma 3.5 and (4.11) we have

ft−1(λ0) = (ct,1(λ0))
×f1(λ0) +

t−1∑
j=2

(ct,1(λ0))
×qjgjγj−1(λ0) =

ct−1(λ0) · · · c2(λ0)f1(λ0).

¿From the conditions (4.2) and the equalities (3.14) we obtain cj(λ0) �= 0, j =
2, . . . , t−1 and hence ft−1(λ0) �= 0. But from (4.14) we conclude that γt(λ0) �= 0
which is a contradiction. Thus we have proved that γm−1(λ0) �= 0.

Applying the partition (2.9) with k = m to the matrix R − λ0I we get

R − λ0I =

⎛⎜⎜⎜⎜⎜⎝
Am−1(λ0) Gm−1hm Gm−1bmHm+1

pmQm−1 dm − λ0 gmHm+1

Pm+1amQm−1 Pm+1qm Bm+1(λ0)

⎞⎟⎟⎟⎟⎟⎠ , (4.15)

where Am−1(λ0) = Am−1 − λ0I, Bm+1(λ0) = Bm+1 − λ0I and the elements
Qm, Gm, Pm, Hm are defined by (2.2), (2.3). Moreover from (2.10) we obtain

Qm−1A
−1
m−1(λ0)Gm−1 =

fm−1(λ0)

γm−1(λ0)
, Hm+1B

−1
m+1(λ0)Pm+1 =

zm+1(λ0)

θm+1(λ0)
.

(4.16)
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Let v be a corresponding to λ0 eigenvector. We represent this vector in the

form v =

⎛⎜⎜⎜⎜⎜⎝
v′

α

v′′

⎞⎟⎟⎟⎟⎟⎠, where v′, v′′ are m−1 and N −m-dimensional vectors and α

is a scalar. From the equality (R − λ0I)v = 0 using the representation (4.15)
we obtain

Am−1(λ0)v
′ + Gm−1(hmα + bmHm+1v

′′) = 0,

Pm+1(amQm−1v
′ + qmα) + Bm+1(λ0)v

′′ = 0.
(4.17)

By virtue of invertibility of the matrices Am−1(λ0), Bm+1(λ0) we may rewrite
(4.17) in the form

v′ = −A−1
m−1(λ0)Gm−1(hmα + bmHm+1v

′′), (4.18)

v′′ = −B−1
m+1(λ0)Pm+1(amQm−1v

′ + qmα). (4.19)

Multiplying (4.19) by Hm+1 and using the second equality from (4.16) and the
equality zm = 0 from (4.9) we obtain Hm+1v

′′ = 0. Substituting this in (4.18)
we obtain

v′ = −A−1
m−1(λ0)Gm−1hmα = A−1

m−1(λ0)xmα. (4.20)

Substituting (4.20) in (4.19) we obtain

v′′ = B−1
m+1(λ0)Pm+1(amQm−1A

−1
m−1(λ0)Gm−1hm − qm)α

and using the first equality from (4.16) we conclude that

v′′ = B−1
m+1(λ0)Pm+1(am

fm−1(λ0)

γm−1(λ0)
hm − qm)α = B−1

m+1(λ0)ymα. (4.21)

Thus from (4.20), (4.21) we conclude that v = αv0, where v0 = α

⎛⎜⎜⎜⎜⎜⎝
A−1

m−1(λ0)xm

1

B−1
m+1(λ0)ym

⎞⎟⎟⎟⎟⎟⎠.

This implies that the eigenvalue λ0 has the geometric multiplicity one. Taking
α = 1 we obtain (4.5).

3)In the same way as in the proof of part 2) we show that γN−1(λ0) = 0. Next
for the matrix R − λ0I consider the partition

R − λ0I =

⎛⎜⎝AN−1(λ0) rN−1

r′N−1 dN − λ0

⎞⎟⎠ , (4.22)

where AN−1(λ0) = R(1 : N − 1, 1 : N − 1) − λ0I, rN−1 = R(1 : N −
1, N), r′N−1 = R(N, 1 : N − 1). Let v be an eigenvector corresponding to
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the eigenvalue λ0. We represent this vector in the form v =

⎛⎜⎝ v′

α

⎞⎟⎠, where

v′ is a N − 1-dimensional vector α is a scalar. Using (4.22) we obtain v′ =

−αA−1
N−1(λ0)rN−1 which implies v = αv0, where v0 = α

⎛⎜⎝−A−1
N−1(λ0)rN−1

1

⎞⎟⎠.

This implies that the eigenvalue λ0 has the geometric multiplicity one. Taking
α = 1 we obtain (4.6). Next by virtue of (2.5) we have xN = −R(1 : N − 1, 1 :
N − 1) = −GN−1hN and moreover using the formula

AN−1(λ0)
−1 =

1

γN−1(λ0)
(adjAN−1(λ0))

we obtain

v =
1

γN−1(λ0)

⎛⎜⎝−VN−1(λ0)hN

γN−1(λ0)

⎞⎟⎠ ,

where VN−1(λ0) = (adjAN−1(λ0))GN−1. Applying Theorem 2.3 to the matrix
R − λ0I and reducing the factor 1

γN−1(λ0)
we obtain the representation (4.7)

for the eigenvector. �

Remark. Using a fast algorithm suggested in [9] one can compute the eigen-
vector given by the formulas (4.4)- (4.6) in O(N) arithmetic operations.

4.2 Examples

We consider some cases when the validity of the conditions of Theorem 4.1 is
guaranteed for any eigenvalue.

1)The Hermitian order-one-quasiseparable matrix R with generators pi (i =
2, . . . , N), qj (j = 1, . . . , N − 1), ak (k = 2, . . . , N − 1); qi (i = 1, . . . , N −
1), pj (j = 2, . . . , N), ak (k = 2, . . . , N − 1); dk (k = 1, . . . , N) satisfying the
conditions

pkqk �= pkqk, ak = ak, k = 2, . . . , N − 1.

In this case we have

lk(λ) = (dk − λ)ak − pkqk, δk(λ) = (dk − λ)ak − pkqk, k = 2, . . . , N − 1.

If λ is an eigenvalue of R then the number (λ− dk)ak is real and the numbers
pkqk, pkqk are pure imaginary. Hence it follows that the condition (4.2) holds
for any eigenvalue of R.

Assume that q1 �= 0, pN �= 0. Then all the conditions of Theorem 4.1 hold
and since for a Hermitian matrix the geometric multiplicity of any eigenvalue
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is equal to its algebraic multiplicity we conclude that all eigenvalues of the
matrix R are simple.

2)The irreducible tridiagonal matrix, i.e. the tridiagonal matrix with non-zero
entries on the lower and upper subdiagonals. In this case we have ak = bk =
0, Rk+1,k = pk+1qk �= 0, Rk,k+1 = gkhk+1 �= 0 (k = 1, . . . , N − 1) and therefore

lk(λ) = −pkqk �= 0, δk(λ) = −gkhk �= 0, k = 2, . . . , N − 1.

and hence the conditions of Theorem 4.1 hold for any λ.

Assume additionally that the conditions

di = di, i = 1, . . . , N ;
pi+1qi

gihi+1

> 0, i = 1, . . . , N − 1 (4.23)

are valid. Let D = diag (ρi)
N
i=1 be a nonsingular diagonal matrix with the

entries

ρ1 = 1, ρk =

√
pkqk−1

gk−1hk

ρk−1, k = 2, . . . , N (4.24)

and let Q = D−1RD. The matrix Q is a tridiagonal Hermitian matrix. Indeed
the entries of the matrix Q have the form

Qij =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ−1
i+1pi+1qiρi, i = j + 1, j = 1, . . . , N − 1

di, 1 ≤ i = j ≤ N,

ρ−1
i gihi+1ρi+1, j = i + 1, i = 1, . . . , N − 1

0, |i − j| > 1.

The relations (4.24) imply

pi+1qiρ
2
i = gihi+1ρ

2
i+1, i = 1, . . . , N − 1 (4.25)

which means

ρ−1
i+1pi+1qiρi = ρ−1

i gihi+1ρi+1, i = 1, . . . , N − 1.

Thus from here and from Theorem 4.1 we obtain the known result that in
conditions (4.23) the tridiagonal matrix R is diagonalizable and its eigenvalues
are real and simple.

Now we apply Corollary 3.4 to the case of a tridiagonal matrix. We have

ck(λ) = 0, lk(λ) = −pkqk, δk(λ) = −gkhk,

and hence

ψk(λ) = dk − λ, ϕk(λ) =
pkhk

pk−1hk−1

pk−1qk−1gk−1hk−1 = pkqk−1gk−1hk.
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Hence the recursions (3.20), (3.21) one can write down in the form

γ0(λ) = 1, γ1(λ) = d1 − λ;

γk(λ) = (dk − λ)γk−1(λ) − (pkqk−1)(gk−1hk)γk−2(λ), k = 2, . . . , N.

Note that it is well known (see for instance [1, p. 121]) that in the case

dk = dk, k = 1, . . . , N ; (pkqk−1)(gk−1hk) > 0, k = 2, . . . , N − 1

these recursions defines polynomials orthogonal with some weight on the real
line.

3)The invertible matrix with generators satisfying the conditions

ak �= 0, bk �= 0, dkak − pkqk = 0, dkbk − gkhk = 0, k = 2, . . . , N − 1. (4.26)

In this case we have

lk(λ) = −λak, δk(λ) = −λbk, k = 2, . . . , N − 1

and since by the assumption the zero is not the eigenvalue of R the condi-
tion (4.2) holds for any eigenvalue of the matrix. Suppose also that pk+1qk �=
0, gkhk+1 �= 0 (k = 1, . . . , N −1). Then all the conditions of Theorem 4.1 hold
for any eigenvalue of the matrix R.

Now as in the previous example assume that the conditions (4.23) are valid
and define the nonsingular diagonal matrix D = diag (ρi)

N
i=1 via the relations

(4.24). Let us show that in this case as well as in the previous example the
matrix Q = D−1RD is a Hermitian matrix. Indeed the entries of the matrix
Q have the form

Qij =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
ρ−1

i pia
×
ijqjρj, 1 ≤ j < i ≤ N,

di, 1 ≤ i = j ≤ N,

ρ−1
i gib

×
ijhjρj, 1 ≤ i < j ≤ N.

(4.27)

One should check that

pia
×
ijqjρ

2
j = gjb

×
jihjρ

2
i , 1 ≤ j < i ≤ N. (4.28)

¿From the relations (4.25) it follows that

ρ2
i

ρ2
j

=
ρ2

i

ρ2
i−1

. . .
ρ2

j+1

ρ2
j

=
piqi−1

gi−1hi

pi−1qi−2

gi−2hi−1

. . .
pj+1qj

gjhj+1

which means
ρ2

i

ρ2
j

=
pi

hi

qj

gj

p×ijq
×
ij

g×
ijh

×
ij

, 1 ≤ j < i ≤ N. (4.29)
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By virtue of (4.26) and the assumption that the numbers dk are real we have

dk =
pkqk

ak

=
gkhk

bk

=
gkhk

bk

, k = 2, . . . , N − 1. (4.30)

Hence it follows that

p×ijq
×
ij

g×
ijh

×
ij

=
a×

ij

b×ij
, 1 ≤ j < i ≤ N. (4.31)

Comparing (4.29) and (4.31) we obtain

ρ2
i

ρ2
j

=
piqj

gjhi

a×
ij

b×ij
, 1 ≤ j < i ≤ N

which is equivalent to (4.28). Thus we conclude that in the case under consid-
eration the matrix R is similar to a Hermitian matrix and hence R is diagonal-
izable and its eigenvalues are real. Moreover by Theorem 4.1 the eigenvalues
of R are simple.

4)The unitary Hessenberg matrix

RQ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−ρ1ρ
∗
0 −ρ2µ1ρ

∗
0 −ρ3µ2µ1ρ

∗
0 · · · −ρN−1µN−2...µ1ρ

∗
0 −ρNµN−1...µ1ρ

∗
0

µ1 −ρ2ρ
∗
1 −ρ3µ2ρ

∗
1 · · · −ρN−1µN−2...µ2ρ

∗
1 −ρNµN−1...µ2ρ

∗
1

0 µ2 −ρ3ρ
∗
2 · · · −ρN−1µN−2...µ3ρ

∗
2 −ρNµN−1...µ3ρ

∗
2

...
. . . µ3

...
...

...
. . . . . . −ρN−1ρ

∗
N−2 −ρNµN−1ρ

∗
N−2

0 · · · · · · 0 µN−1 −ρNρ∗N−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(4.32)
where µk > 0, |ρk|2 + µ2

k = 1 (k = 1, . . . , N − 1), ρ0 = −1, |ρN | = 1. Such
matrices were studied by various authors, see for instance [14] where it was
proved that the matrix of the form (4.32) is unitary.

The matrix RQ may be treated as an order-one-quasiseparable matrix with
generators dk = −ρkρ

∗
k−1, ak = 0, bk = µk−1, pi = 1, qj = µj, gi =

−ρ∗
i−1, hj = µj−1ρj. In this case we have pkqk = µk, gkhk = −ρ∗

k−1µk−1ρk and
next

lk(λ) = −µk, δk(λ) = −(λ + ρkρ
∗
k−1)µk−1 + ρ∗

k−1µk−1ρk = −λµk−1.

(k = 2, . . . , N − 1.) From here since the matrix RQ is invertible we conclude
that the condition (4.2) holds for any eigenvalue of this matrix. The other
conditions of Theorem 4.1 are also valid for any eigenvalue of the matrix
RQ. Since for a unitary matrix the geometric multiplicity of any eigenvalue is
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equal to its algebraic multiplicity Theorem 4.1 implies that all eigenvalues of
the matrix RQ are simple.

Next consider the recursions (3.1)-(3.4). We have

γ1(λ) = ρ1 − λ, f1(λ) = µ1; (4.33)

γk(λ) = (−ρkρ
∗
k−1 − λ)γk−1(λ) − µk−1ρkfk−1(λ), (4.34)

fk(λ) = −µk−1µkfk−1(λ) − µkρ
∗
k−1γk−1(λ), k = 2, . . . , N − 1. (4.35)

To compare with some known results we consider the polynomials γ̃k(λ) =
det(λI − R(1 : k, 1 : k) instead of γk(λ) = det(R(1 : k, 1 : k) − λI), i.e.
γ̃k(λ) = (−1)kγk(λ) and set f̃k(λ) = (−1)k+1fk(λ). From the recursions (4.33)-
(4.35) we obtain

γ̃0(λ) = 1, f̃0(λ) = 0; (4.36)

γ̃k(λ) = (λ + ρkρ
∗
k−1)γ̃k−1(λ) − µk−1ρkf̃k−1(λ), (4.37)

f̃k(λ) = µk−1µkf̃k−1(λ) − µkρ
∗
k−1γk−1(λ), k = 1, . . . , N − 1 (4.38)

(we set here µ0 = 0). Set

Gk(λ) = −ρ∗
kγ̃k(λ) + µkf̃k(λ), k = 0, . . . , N − 1. (4.39)

Let us show that the polynomials γ̃k(λ), Gk(λ) satisfy the two-terms recurrence
relations⎛⎜⎝G0(λ)

γ̃0(λ)

⎞⎟⎠ =

⎛⎜⎝ 1

1

⎞⎟⎠ ;

⎛⎜⎝Gk(λ)

γ̃k(λ)

⎞⎟⎠ =

⎛⎜⎝ 1 −ρ∗
kλ

−ρk λ

⎞⎟⎠
⎛⎜⎝Gk−1(λ)

γ̃k−1(λ)

⎞⎟⎠ , k = 1, . . . , N−1.

(4.40)
These recursions define Szegö polynomials orthogonal with the corresponding
weight on the unit circle (see for instance [1, p. 176]) . From (4.37) and (4.39)
we obtain

γ̃k(λ) = λγk−1(λ) − ρkGk−1(λ), k = 1, 2, . . . , N.

Next using (4.39), (4.37), (4.38) and the equalities µ2
k + |ρk|2 = 1 we obtain

Gk(λ) = −ρ∗kγ̃k(λ) + µkf̃k(λ) =

−ρ∗k(λ + ρkρ
∗
k−1)γ̃k−1(λ) + µk−1ρ

∗
kρkf̃k−1(λ) + µk(µk−1µkf̃k−1(λ) − µkρ

∗
k−1γk−1(λ)) =

−ρ∗kλγ̃k−1(λ) − |ρk|2ρ∗k−1γk−1(λ) + µk−1|ρk|2f̃k−1(λ) + µ2
kµk−1f̃k−1(λ) − µ2

kρ
∗
k−1f̃k−1(λ) =

−ρ∗kλγ̃k−1(λ) − ρ∗k−1γ̃k−1(λ) + µk−1f̃k−1(λ) = −ρ∗kλγ̃k−1(λ) + Gk−1(λ)

(k = 1, . . . , N −1) which completes the proof of (4.40). This result is also contained
in [14].
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5)The Toeplitz matrix

R =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

d a a2 . . . an−1

b d a . . . an−2

b2 b d . . . an−3

...
...

...
. . .

...

bn−1 bn−2 bn−3 . . . d

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
with a �= 0, ; b �= 0. This is an order-one-quasiseparable matrix with generators pi =
bi−1 (i = 2, . . . , N), qj = b1−j (j = 1, . . . , N − 1), ak = 1 (k = 2, . . . , N − 1); gi =
a1−i (i = 1, . . . , N − 1), hj = aj−1 (j = 2, . . . , N), bk = 1 (k = 2, . . . , N − 1); dk =
d (k = 1, . . . , N). We have

lk(λ) = δk(λ) = d − λ − 1, k = 2, . . . , N − 1.

Assume that ab �= 1. Then (see [15]) the matrix

R − (d − 1)I =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 a a2 . . . an−1

b 1 a . . . an−2

b2 b 1 . . . an−3

...
...

...
. . .

...

bn−1 bn−2 bn−3 . . . 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(4.41)

is invertible, i.e. the number d−1 is not an eigenvalue of the matrix R. Thus in this
case the conditions of Theorem 4.1 are valid for any eigenvalue of the matrix R.

Assume now that the number d is real and the number b/a is real and positive. In
this case we have

pi+1qi

gihi+1

=
bib1−i

a1−iai
=

b

a
> 0, i = 1, . . . , N − 1

and hence the matrix R satisfies the conditions (4.23). Applying the formulas (4.24)
define the nonsingular diagonal matrix D = diag (ρi)N

i=1 with the entries

ρ1 = 1, ρk =
√

a

b
ρk−1 =

(a

b

) k−1
2 , k = 2, . . . , N. (4.42)

Moreover we have
pkqk

ak
=

gkhk

bk

= 1, k = 2, . . . , N − 1

and hence in the same way as in Example 3) we obtain that the matrix Q = D−1RD
is a Hermitian matrix. Furthermore using the formulas (4.27) and (4.42) we conclude
that Q is an order-one-quasiseparable matrix with generators pQ

i = (ab)(i−1)/2 (i =
2, . . . , N), qQ

j = (ab)(1−j)/2 (j = 1, . . . , N − 1), aQ
k = 1 (k = 2, . . . , N − 1); gQ

i =
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(ba)(1−i)/2 (i = 1, . . . , N − 1), hQ
j = (ba)(j−1)/2 (j = 2, . . . , N), bQ

k = 1 (k =
2, . . . , N − 1); dQ

k = d (k = 1, . . . , N). This implies that the matrix Q is a Toeplitz
Hermitian matrix. Hence it follows that in the case under consideration the matrix
R is diagonalizable and moreover from Theorem 4.1 we conclude that all eigenvalues
of the matrix R are simple.

The arguments mentioned above imply, in particular, that for a real d and for
ab > 0, ab �= 1 the Toeplitz matrix R is diagonalizible and its eigenvalues are simple.
Let us show that in the case ab < 0 the matrix R may have multiple eigenvalues.
By virtue of Theorem 4.1 this implies that the matrix R is not diagonalizable. As
an example we take the 3 × 3 matrix

R =

⎡⎢⎢⎢⎣
d a a2

b d a

b2 b d

⎤⎥⎥⎥⎦
with ab = −8. Checking directly or applying the formula (3.21) we obtain the
characteristic polynomial of this matrix

γ3(λ) = (d−λ)3−(a2b2+2ab)(d−λ)+2a2b2 = (d−λ)3−48(d−λ)+128 = −(λ−d+4)2(λ−d−8).

It is clear that this polynomial has a multiple eigenvalue and then Theorem 4.1
implies that the matrix R is not diagonalizable.

Next we consider the case ab = 1. In this case the relations (3.20), (3.21) have the
form

γ1(λ) = d − λ, γ2(λ) = (d − λ)2 − 1 = (d − λ + 1)(d − λ − 1);

γk(λ) = 2(d − λ − 1)γk−1(λ) − (d − λ − 1)2γk−2(λ), k = 3, . . . , N.

¿From here one can derive easily by induction that

γk(λ) = (d − λ + k − 1)(d − λ − 1)k−1, k = 2, . . . , N.

Hence it follows that in this case the matrix R has the simple eigenvalue λ = d+N−1
and the multiple eigenvalue λ = d−1. For λ = d+N−1 the eigenvector is determined
by the relation (4.6). For λ = d − 1 we obtain directly from (4.41) the eigenvectors

u1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

−b

0
...

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, u2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1

−b
...

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, . . . uN−1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0
...

1

−b

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Hence it follows that for ab = 1 the Toeplitz matrix R is diagonalizable.
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4.3 Multiple eigenvalues

In this subsection we study the case when both the conditions (4.2) of Theorem 4.1
are non-valid.

Theorem 4.2 Let R be an order-one-quasiseparable matrix with generators pi (i =
2, . . . , N), qj (j = 1, . . . , N−1), ak (k = 2, . . . , N−1); gi (i = 1, . . . , N−1), hj (j =
2, . . . , N), bk (k = 2, . . . , N − 1); dk (k = 1, . . . , N) and let λ0 be a number such
that for some m ∈ {2, . . . , N − 1},

lm(λ0) = (dm − λ0)am − pmqm = 0, δm(λ0) = (dm − λ0)bm − gmhm = 0 (4.43)

and
|pm| + |dm − λ0| + |gm| > 0, |qm| + |dm − λ0| + |hm| > 0. (4.44)

Then λ = λ0 is an eigenvalue of the matrix R if and only if at least one of the
subspaces

Ker

⎛⎝Am(λ0)

Qm

⎞⎠ , Ker

⎛⎝ Hm

Bm(λ0)

⎞⎠ , (4.45)

where Am(λ0) = R(1 : m, 1 : m) − λ0I, Bm(λ0) = R(m + 1 : N, m + 1 : N) −
λ0I, Qm = row(a×m+1,kqk)m

k=1, Hm = row(b×m−1,khk)N
k=m, is nontrivial. Moreover if

λ = λ0 is an eigenvalue of the matrix R then the vector x =

⎛⎜⎜⎜⎝
x1

θ

x2

⎞⎟⎟⎟⎠, where x1, x2

are vectors of the sizes m−1, N −m respectively, θ is a number, is an eigenvector of
the matrix R corresponding to the eigenvalue λ0 if and only if there exist numbers
θ1, θ2 such that θ1 + θ2 = θ and⎛⎝ x1

θ1

⎞⎠ ∈ Ker

⎛⎝Am(λ0)

Qm

⎞⎠ ,

⎛⎝ θ2

x2

⎞⎠ ∈ Ker

⎛⎝ Hm

Bm(λ0)

⎞⎠ . (4.46)

In the case of a Hermitian matrix any eigenvalue λ0 is real and hence we have
lm(λ0) = δ(λ0). This implies that the conditions (4.2) and (4.43) cover all possibil-
ities.

Proof. Assume that at least one of the subspaces (4.45) is nontrivial and the vectors⎛⎝ x1

θ1

⎞⎠ ,

⎛⎝ θ2

x2

⎞⎠ satisfy the condition (4.46). Applying the representation (2.4) with

k = m and with k = m − 1 to the matrix Rλ0 = R − λ0I we obtain

Rλ0 =

⎛⎝ Am(λ0) GmHm+1

Pm+1Qm Bm+1(λ0)

⎞⎠ =

⎛⎝Am−1(λ0) Gm−1Hm

PmQm−1 Bm(λ0)

⎞⎠ , (4.47)
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where Am(λ0) = R(1 : m, 1 : m) − λ0I, Bm(λ0) = R(m + 1 : N, m + 1 : N) − λ0I
and the elements Qk, Gk, Pk, Hk are defined by (2.2). From(4.47) we obtain the
representations

Rλ0(:, 1 : m) =

⎛⎝ Im 0

0 Pm+1

⎞⎠⎛⎝Am(λ0)

Qm

⎞⎠ , (4.48)

Rλ0(:, m : N) =

⎛⎝Gm−1 0

0 IN−m+1

⎞⎠⎛⎝ Hm

Bm(λ0)

⎞⎠ . (4.49)

The condition (4.46) implies⎛⎝ x1

θ1

⎞⎠ ∈ Ker(Rλ0(:, 1 : m)),

⎛⎝ θ2

x2

⎞⎠ ∈ Ker(Rλ0(:, m : N)).

Hence it follows that the vectors

⎛⎜⎜⎜⎝
x1

θ1

0

⎞⎟⎟⎟⎠ and

⎛⎜⎜⎜⎝
0

θ2

x2

⎞⎟⎟⎟⎠ belong to the kernel of the

matrix R − λ0I. This implies that λ = λ0 is an eigenvalue of the matrix R and

moreover the sum

⎛⎜⎜⎜⎝
x1

θ1

0

⎞⎟⎟⎟⎠ +

⎛⎜⎜⎜⎝
0

θ2

x2

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
x1

θ

x2

⎞⎟⎟⎟⎠, where θ = θ1 + θ2 is an eigenvector

of R corresponding to the eigenvalue λ = λ0.

Assume that λ0 is an eigenvalue of the matrix R and let

⎛⎜⎜⎜⎝
x1

θ

x2

⎞⎟⎟⎟⎠ be the corresponding

eigenvector. Using the representation (4.15) we obtain⎧⎪⎪⎪⎨⎪⎪⎪⎩
Am−1(λ0)x1 + Gm−1hmθ + Gm−1bmHm+1x2 = 0

pmQm−1x1 + (dm − λ0)θ + gmHm+1x2 = 0

Pm+1amQm−1x1 + Pm+1qmθ + Bm+1(λ0)x2 = 0.

(4.50)

By the first inequality from (4.44) we obtain that at least one of the conditions
|pm|+ |dm−λ0| > 0 or |gm|+ |dm−λ0| > 0 holds. Assume that |pm|+ |dm−λ0| �= 0.
The first equality from (4.43) implies

det

⎛⎝ pm dm − λ0

am qm

⎞⎠ = 0

and hence there exists a number α such that(
am qm

)
= α

(
pm dm − λ0

)
. (4.51)
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Multiplying the second equation in (4.50) by Pm+1α and subtracting the result from
the third equation we obtain the equivalent system⎧⎪⎪⎪⎨⎪⎪⎪⎩

Am−1(λ0)x1 + Gm−1hmθ + Gm−1bmHm+1x2 = 0

pmQm−1x1 + (dm − λ0)θ + gmHm+1x2 = 0

−Pm+1αgmHm+1x2 + Bm+1(λ0)x2 = 0.

(4.52)

Notice that |pm| + |dm − λ0| > 0 implies |hm| + |dm − λ0| > 0, otherwise we get
dm−λ0 = 0, hence by virtue of (4.51) qm = 0 and therefore |qm|+|dm−λ0|+|hm| = 0
contradicting the second inequality from (4.44). The second equality from (4.43)
implies

det

⎛⎝ hm bm

dm − λ0 gm

⎞⎠ = 0

and hence there exists a number β such that⎛⎝ bm

gm

⎞⎠ = β

⎛⎝ hm

dm − λ0

⎞⎠ . (4.53)

Set θ2 = −βHm+1x2, θ1 = θ−θ2. We should prove that

⎛⎝ θ2

x2

⎞⎠ ∈ Ker

⎛⎝ Hm

Bm(λ0)

⎞⎠.

Using the definition of θ2, the formula (4.53) and the representation Hm =
(

hm bmHm+1

)
we get

Hm

⎛⎝ θ2

x2

⎞⎠ = hmθ2 + bmHm+1x2 = −hmβHm+1x2 + hmβHm+1x2 = 0. (4.54)

and

(dm−λ0)θ2 +gmHm+1x2 = −β(dm−λ0)Hm+1x2 +β(dm−λ0)Hm+1x2 = 0. (4.55)

Next by virtue of the third equation from (4.50) and the relations (4.51), (4.53) we
obtain

Pm+1qmθ2 + Bm+1(λ0)x2 = −Pm+1α(dm − λ0)βHm+1x2 + Bm+1(λ0)x2

= −Pm+1αgmHm+1x2 + Bm+1(λ0)x2 = 0

which completes the proof of the second inclusion from (4.46).

Let us prove the first inclusion from (4.46). Using (4.54) and the first equation from
(4.50) we have

Am−1(λ0)x1+Gm−1hmθ1+Gm−1(hmθ2+bmHm+1x2) = Am−1(λ0)x1+Gm−1hmθ1 = 0

and similarly from (4.55) and the second equation from (em.4) we conclude that

pmQm−1x1 + (dm − λ0)θ1 = 0.
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Moreover from here using the representation Qm =
(

amQm−1 qm

)
and the relation

(4.51) we get

Qm

⎛⎝ x1

θ1

⎞⎠ =
(

am qm

)⎛⎝Qm−1x1

θ1

⎞⎠ = α(pmQm−1x1 + (dm − λ0)θ1) = 0

which completes the proof. �

Theorem 4.3 Let R be an order-one-quasiseparable matrix with generators pi (i =
2, . . . , N), qj (j = 1, . . . , N−1), ak (k = 2, . . . , N−1); gi (i = 1, . . . , N−1), hj (j =
2, . . . , N), bk (k = 2, . . . , N − 1); dk (k = 1, . . . , N) and let λ = λ0 be an eigenvalue
of the matrix R. Assume that the following conditions are valid:

|d1 − λ0| + |q1| > 0, |d1 − λ0| + |g1| > 0, (4.56)

|dN − λ0| + |pN | > 0, |dN − λ0| + |hN | > 0; (4.57)

for m = j1, j2, . . . , jk, j1, . . . , jk ∈ {2, . . . , N − 1}:

lm(λ0) = (dm − λ0)am − pmqm = 0, δm(λ0) = (dm − λ0)bm − gmhm = 0, (4.58)

|pm| + |dm − λ0| + |gm| > 0, |qm| + |dm − λ0| + |hm| > 0 (4.59)

and for the other values of m ∈ {2, . . . , N − 1}:

lm(λ0) �= 0, δm(λ0) �= 0. (4.60)

Then the corresponding to λ0 linear independent eigenvectors ui of the matrix R
are given via the following algorithm:

1)Set s = 0, θ = 1, j0 = 1; Set R(1) = R, i.e. define the quasiseparable matrix R(1)

via generators p
(1)
i (i = 2, . . . , N), q

(1)
j (j = 1, . . . , N − 1), a

(1)
k (k = 2, . . . , N −

1); g
(1)
i (i = 1, . . . , N − 1), h

(1)
j (j = 2, . . . , N), b

(1)
k (k = 2, . . . , N − 1); d

(1)
k (k =

1, . . . , N) which are equal to the corresponding generators of the matrix R.

2)If θ = 0 stop.

3)Set m = js+1−js. Using the generators of the matrix R(s) compute by the formulas
(3.1)-(3.4) the values γ

(s)
m−1(λ0), f

(s)
m−1(λ0).

If

(d(s)
m − λ0)γ

(s)
m−1(λ0) − p(s)

m f
(s)
m−1(λ0)h(s)

m = 0, q(s)
m γ

(s)
m−1(λ0) − a(s)

m f
(s)
m−1(λ0)h(s)

m = 0

compute the eigenvector us of the matrix R as follows. Define the matrix R̃(s) of
sizes m × m via generators: set

q̃
(s)
j = q

(s)
j , g̃

(s)
j = g

(s)
j , d̃

(s)
j = d

(s)
j , j = 1, . . . , m − 1,
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p̃
(s)
i = p

(s)
i , h̃

(s)
i = h

(s)
i , ã

(s)
j = a

(s)
i , b̃

(s)
j = b

(s)
i , i = 2, . . . , m − 1, h̃(s)

m = h(s)
m ,

and if |p(s)
m | + |d(s)

m − λ0| > 0 then set p̃
(s)
m = p

(s)
m , d̃

(s)
m = d

(s)
m , else set p̃

(s)
m =

a
(s)
m , d̃

(s)
m = q

(s)
m + λ0. Compute the eigenvector ũs of the matrix R̃(s) using the

corresponding formula from Theorem 4.1. Set

us =

⎛⎜⎜⎜⎝
0js−1

ũs

0N−js+1

⎞⎟⎟⎟⎠ .

4) Using the generators of the matrix R(s) compute by the formulas (3.6)-(3.8) the
values θ

(s)
m+1(λ0), z

(s)
m+1(λ0).

If

(d(s)
m − λ0)θ

(s)
m−1(λ0) − g(s)

m z
(s)
m+1(λ0)q(s)

m = 0, h(s)
m θ

(s)
m+1(λ0) − q(s)

m z
(s)
m+1(λ0)b(s)

m = 0

then define the matrix R(s+1) of sizes N − js+1 + 1 × N − js+1 + 1 via generators:
set

q
(s+1)
1 = q(s)

m , q
(s+1)
j = q

(s)
j+m−1, g

(s+1)
j = g

(s)
j+m−1, d

(s+1)
j = d

(s)
j+m−1, j = 1, . . . , N−js+1,

p
(s+1)
i = p

(s)
i+m−1, h

(s+1)
i = h

(s)
i+m−1, a

(s+1)
i = a

(s)
i+m−1, b

(s)
i = b

(s)
i+m−1, i = 2, . . . , N−js+1+1

and if |g(s)
m | + |d(s)

m − λ0| > 0 then set g
(s+1)
1 = g

(s)
m , d

(s+1)
1 = d

(s)
m , else set g

(s+1)
m =

b
(s)
m , d

(s+1)
m = h

(s)
m + λ0;

else set θ = 0.

5)s := s + 1;

6)If s = k + 1 set θ = 0;

7)Go to 2).

Proof. Take m = j1. By Theorem 4.2 each eigenvector of the matrix R corresponding
to the eigenvalue λ0 has the form

u =

⎛⎝ ũ1

0N−m

⎞⎠ +

⎛⎝ 0m−1

û2

⎞⎠
with

ũ1 ∈ Ker

⎛⎝Am(λ0)

Qm

⎞⎠ , û2 ∈ Ker

⎛⎝ Hm

Bm(λ0)

⎞⎠ ,

where Am(λ0) = R(1 : m, 1 : m) − λ0I, Bm(λ0) = R(m + 1 : N, m + 1 : N) −
λ0I, Qm = row(a×m+1,kqk)m

k=1, Hm = row(b×m−1,khk)N
k=m. Moreover by virtue of
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(4.48), (4.49) the vectors

⎛⎝ ũ1

0N−m

⎞⎠ ,

⎛⎝ 0m−1

û2

⎞⎠ belong to Ker(R − λ0)I. Notice

that such a nonzero vector ũ1 exists if and only if

Ker

⎛⎝Am(λ0)

Qm

⎞⎠ = Ker

⎛⎜⎜⎜⎝
Am−1(λ0) Gm−1hm

pmQm−1 dm − λ0

amQm−1 qm

⎞⎟⎟⎟⎠ (4.61)

is a nontrivial subspace. Here we used the representation (2.6) for the matrix Am(λ0)
and the equality Qm =

(
amQm−1 qm

)
. Since by virtue of the first equality from

(4.58) we have

det

⎛⎝ pm dm − λ0

am qm

⎞⎠ = 0

this subspace is non-trivial if and only if

det

⎛⎝Am−1(λ0) Gm−1hm

pmQm−1 dm − λ0

⎞⎠ = det

⎛⎝Am−1(λ0) Gm−1hm

amQm−1 qm

⎞⎠ = 0.

Applying the formula (3.2) to these determinants we conclude that the subspace
(4.61) is non-trivial if and only if

(dm − λ0)γm−1(λ0) − pmfm−1(λ0)hm = qmγm−1(λ0) − amfm−1(λ0)hm = 0.

If the last holds we should consider two cases. The first one is |pm|+|dm−λ0| > 0. In
this case we have also |hm|+ |dm−λ0| > 0, otherwise we have dm−λ0 = 0, pm �= 0,
from the second inequality from (4.59) we get qm �= 0 contradicting the first equality
from (4.58). Thus the matrix

Am = R(1 : m, 1 : m) =

⎛⎝ Am−1 Gm−1hm

pmQm−1 dm

⎞⎠
and the number λ0 satisfy the conditions of Theorem 4.1. Hence it follows that the
number λ0 is an eigenvalue of the matrix Am of the geometric multiplicity one and
the corresponding eigenvector ũ1 is obtained by the corresponding formula from
Theorem 4.1. If |pm|+ |dm − λ0| = 0 then we have dm − λ0 = 0, moreover by virtue
of the first inequality from (4.59) we get gm �= 0 and from the second equality from
(4.58) we obtain hm = 0 and thus from the second inequality from (4.59) we get
qm �= 0. Hence it follows that the matrix⎛⎝ Am−1 Gm−1hm

pmQm−1 dm + λ0

⎞⎠
and the number λ0 satisfy the conditions of Theorem 4.1. Therefore the number λ0 is
an eigenvalue of this matrix of the geometric multiplicity one and the corresponding
eigenvector ũ1 is obtained by the corresponding formula from Theorem 4.1.
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Next a nonzero vector û2 exists if and only if

Ker

⎛⎝ Hm

Bm(λ0)

⎞⎠ = Ker

⎛⎜⎜⎜⎝
hm bmHm+1

dm − λ0 gmHm+1

Pm+1qm Bm+1(λ0)

⎞⎟⎟⎟⎠ (4.62)

is a nontrivial subspace. Here we used the representation (2.8) for the matrix Bm(λ0)
and the equality Hm =

(
hm bmHm+1

)
.

Since by virtue of the second equality from (4.58) we have

det

⎛⎝ hm bm

dm − λ0 gm

⎞⎠ = 0

this subspace is non-trivial if and only if

det

⎛⎝ dm − λ0 gmHm+1

Pm+1qm Bm+1(λ0)

⎞⎠ = det

⎛⎝ hm bmHm+1

Pm+1qm Bm+1(λ0)

⎞⎠ = 0

Applying the formula (3.7) to these determinants we conclude that the subspace
(4.61) is non-trivial if and only if

(dm − λ0)θm+1(λ0) − gmzm+1(λ0)qm = hmθm+1(λ0) − bmzm+1(λ0)qm = 0. (4.63)

If the last is valid we should consider two cases. The first one is |gm|+|dm−λ0| > 0. In
this case we have also |qm|+ |dm −λ0| > 0, otherwise we have dm −λ0 = 0, qm �= 0,
from the second inequality from (4.59) we get hm �= 0 contradicting the second
equality from (4.58). Thus in this case we set

R(2) = Bm = R(m : N, m : N) =

⎛⎝ dm gmHm+1

Pm+1qm Bm+1

⎞⎠ .

If |gm|+ |dm − λ0| = 0 then we have dm − λ0 = 0, moreover by virtue of the second
inequality from (4.59) we get gm �= 0 and from the second equality from (4.58) we
obtain hm = 0 and thus from the first inequality from (4.59) we get hm �= 0. In this
case we set

R(2) =

⎛⎝ hm + λ0 bmHm+1

Pm+1qm Bm+1

⎞⎠
Next we apply the same procedure to the matrix R(2) and so on until we get that
the condition (4.63) is not valid or take m = k.

Since each of the eigenvectors us contains one in the position in which the previous
vectors contain zero, it is clear that these vectors are linear independent. �

34



Remark. In the conditions of Theorem 4.3 the geometric multiplicity of the eigen-
value λ0 is less than or equal to k + 1.

The following theorem completes the results of Theorem 4.1 and Theorem 4.3 in
some additional assumptions.

Theorem 4.4 Let R be an order-one-quasiseparable matrix with generators pi (i =
2, . . . , N), qj (j = 1, . . . , N−1), ak (k = 2, . . . , N−1); gi (i = 1, . . . , N−1), hj (j =
2, . . . , N), bk (k = 2, . . . , N − 1); dk (k = 1, . . . , N) and assume that the generators
of R satisfy the following conditions:

di = di, i = 1, . . . , N ;
pi+1qi

gihi+1

> 0, i = 1, . . . , N − 1 (4.64)

ak �= 0, bk �= 0,
pkqk

ak
=

gkhk

bk
=

gkhk

bk

, k = 2, . . . , N − 1. (4.65)

Let also λ0 be an eigenvalue of the matrix R.

If
lk(λ0) = (λ0 − dk)ak + pkqk �= 0, k = 2, . . . , N − 1 (4.66)

then the eigenvalue λ0 is simple and the corresponding eigenvector is given by the
formula (4.6). If for m = j1, j2, . . . , jk, j1, . . . , jk ∈ {2, . . . , N − 1}:

lm(λ0) = (dm − λ0)am − pmqm = 0, (4.67)

and for the other values of m ∈ {2, . . . , N − 1}
lm(λ0) �= 0 (4.68)

then the multiplicity of λ0 is less than or equal to k + 1 and the corresponding
eigenvectors may be computed by the algorithm from Theorem 4.3.

Proof. In the same way as in Example 3) from Subsection 4.1 we show that the
matrix R is similar to a Hermitian matrix. Hence it follows that the matrix R is
diagonalizable. Moreover the condition (4.65) implies that for any λ,

δk(λ) = (λ−dk)bk+gkhk = bk(λ−dk+
gkhk

bk
) = bk(λ−dk+

pkqk

ak
) =

bk

ak
lk(λ), k = 2, . . . , N−1.

Hence it follows that for any λ and for any k ∈ {2, . . . , N −1}, lk(λ) = 0 if and only
if δk(λ) = 0. Therefore if the condition (4.66) holds then taking also into account
that by virtue of the condition (4.64) we have q1 �= 0, pN �= 0, hN �= 0 we conclude
all conditions of Theorem 4.1 are valid. Hence by Theorem 4.1 and by virtue of
the fact that the matrix R is diagonalizable we conclude that the eigenvalue λ0 is
simple. Moreover since we have pNhN �= 0 the corresponding eigenvector is given by
the formula (4.6). In the case when the conditions (4.67), (4.68) are valid we have

lm(λ0) = δm(λ0) = 0

for m = j1, j2, . . . , jk, j1, . . . , jk ∈ {2, . . . , N − 1} and

lm(λ0) �= 0, δm(λ0) �= 0.
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for the other values of m ∈ {2, . . . , N − 1}. Taking into account that by virtue of
the condition (4.64) we have qk �= 0, gk �= 0 (k = 1, . . . , N − 1), pk �= 0, hk �=
0 (k = 2, . . . , N) we conclude that all conditions of Theorem 4.3 are valid. Hence by
Theorem 4.3 and by virtue of the fact that the matrix R is diagonalizable we con-
clude that the multiplicity of λ0 is less than or equal to k +1 and the corresponding
eigenvectors may be computed by the algorithm from Theorem 4.3. �

Example

As an example of an order-one-quasiseparable matrix with a multiple eigenvalue we
consider the matrix

R =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

α 1 1 a a a

1 2 1 a a a

1 1 1 a a a

a a a 1 1 1

a a a 1 2 1

a a a 1 1 β

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Here α, β, a �= 0 are the parameters. This matrix is order-one-quasiseparable with
generators p2 = p3 = 1, p4 = p5 = p6 = a; q1 = q2 = q3 = 1, q4 = q5 = a−1; ak =
1, k = 2, . . . , 5; g1 = g2 = g3 = 1, g4 = q5 = a−1; h2 = h3 = 1, h4 = h5 =
h6 = a; ak = 1, k = 2, . . . , 5; bk = 1, k = 2, . . . , 5; d1 = α, d2 = 2, d3 = d4 =
1, d5 = 2, d6 = β. Take λ0 = 0. We have l3(λ0) = δ3(λ0) = l4(λ0) = δ4(λ0) = 0. By
Theorem 4.2 we conclude that λ0 = 0 is an eigenvalue of the matrix R of multiplicity
three if

det

⎡⎢⎢⎢⎣
α 1 1

1 2 1

1 1 1

⎤⎥⎥⎥⎦ = det

⎡⎣ 1 a

a 1

⎤⎦ = det

⎡⎢⎢⎢⎣
1 1 1

1 2 1

1 1 β

⎤⎥⎥⎥⎦ = 0,

i.e. if α = 1, β = 1, a = 1. In the case α = 1, β = 1, a �= 1 we obtain that the
multiplicity of λ0 = 0 equals two. In the same way one can obtain other cases when
the multiplicity of λ0 = 0 equals two and also the cases when this eigenvalue is
simple.

4.4 An intermediate case

Next we consider an intermediate case when at least one of the conditions (4.2) of
Theorem 4.1 does not hold but another one may be valid or non-valid, i.e. for some
m ∈ {2, . . . , N − 1}, lm(λ0)δm(λ0) = 0. We assume for simplicity that dm − λ0 �= 0
which implies the conditions (4.44). We obtain here an analog of Theorem 4.2.
However we do not suggest here an algorithm for computation of the eigenvectors
as it was done in Theorem 4.3.
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At first we show that in the case under consideration the value of the characteristic
polynomial of a matrix at the point λ0 may be expressed via the product of the
values at this point of the characteristic polynomial of the corresponding principal
submatrices.

Lemma 4.5 Let R be an order-one-quasiseparable matrix with generators pi (i =
2, . . . , N), qj (j = 1, . . . , N−1), ak (k = 2, . . . , N−1); gi (i = 1, . . . , N−1), hj (j =
2, . . . , N), bk (k = 2, . . . , N − 1); dk (k = 1, . . . , N) and let λ0 be a number such
that for some m ∈ {2, . . . , N − 1}, lm(λ0)δm(λ0) = 0. Then the relation

det(R − λ0I) =
1

dm − λ0
γm(λ0)θm(λ0), (4.69)

where γm(λ0) = det(R(1 : m, 1 : m) − λ0I), θm(λ0) = det(R(m + 1 : N, m + 1 :
N) − λ0I), holds.

Proof. Assume that lm(λ0) = 0, i.e.

det

⎛⎝ pm dm − λ0

am qm

⎞⎠ = 0.

Since dm − λ0 �= 0 there exists a number α such that(
am qm

)
= α

(
pm dm − λ0

)
. (4.70)

By virtue of the partition (4.15) we have

det(R − λ0I) = det

⎛⎜⎜⎜⎝
Am−1(λ0) Gm−1hm Gm−1bmHm+1

pmQm−1 dm − λ0 gmHm+1

Pm+1amQm−1 Pm+1qm Bm+1(λ0)

⎞⎟⎟⎟⎠ ,

where Am−1(λ0) = R(1 : m − 1, 1 : m − 1) − λ0I, Bm+1(λ0) = R(1 : m + 1, 1 : m +
1)−λ0I. Multiplying the second row of this determinant by Pm+1α and subtracting
the result from the third row we obtain

det(R − λ0I) = det

⎛⎜⎜⎜⎝
Am−1(λ0) Gm−1hm Gm−1bmHm+1

pmQm−1 dm − λ0 gmHm+1

0 0 B̃m+1(λ0)

⎞⎟⎟⎟⎠ ,

where B̃m+1(λ0) = Bm+1(λ0) − Pm+1αgmHm+1 which implies

det(R − λ0I) = detAm(λ0) · detB̃m+1(λ0) = γm(λ0) · detB̃m+1(λ0). (4.71)

Next consider the determinant

θm(λ0) = det

⎛⎝ dm − λ0 gmHm+1

Pm+1qm Bm+1(λ0)

⎞⎠ .
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Multiplying the first row of this determinant by Pm+1α and subtracting the result
from the second row we obtain

θm(λ0) = det

⎛⎝ dm − λ0 gmHm+1

0 B̃m+1(λ0)

⎞⎠ = (dm − λ0) · detB̃m+1(λ0). (4.72)

Comparing (4.71) and (4.72) we obtain (4.69).

In the same way one can proceed in the case δm(λ0) = 0. �

Next we provide an analog of Theorem 4.2 for the eigenvectors of a matrix satisfying
for some m ∈ {2, . . . , N − 1} the condition lm(λ0)δm(λ0) = 0.

Theorem 4.6 Let R be an order-one-quasiseparable matrix with generators pi (i =
2, . . . , N), qj (j = 1, . . . , N−1), ak (k = 2, . . . , N−1); gi (i = 1, . . . , N−1), hj (j =
2, . . . , N), bk (k = 2, . . . , N − 1); dk (k = 1, . . . , N) and let λ0 be a number such
that for some m ∈ {2, . . . , N − 1},

lm(λ0)δm(λ0) = 0. (4.73)

Then λ = λ0 is an eigenvalue of the matrix R if and only if

γm(λ0)θm(λ0) = 0, , (4.74)

where γm(λ0) = detAm(λ0), θm(λ0) = detBm(λ0) and Am(λ0) = R(1 : m, 1 :
m) − λ0I, Bm(λ0) = R(m + 1 : N, m + 1 : N) − λ0I. Moreover if λ = λ0 is an

eigenvalue of the matrix R and lm(λ0) = 0 then the vector x =

⎛⎜⎜⎜⎝
x1

θ

x2

⎞⎟⎟⎟⎠, where x1, x2

are vectors of the sizes m−1, N −m respectively, θ is a number, is an eigenvector of
the matrix R corresponding to the eigenvalue λ0 if and only if there exist numbers
θ1, θ2 such that θ1 + θ2 = θ and

Bm(λ0)

⎛⎝ θ2

x2

⎞⎠ = 0, Am(λ0)

⎛⎝ x1

θ1

⎞⎠ = −
⎛⎝Gm−1

0

⎞⎠ δm(λ0)
dm − λ0

(Hm+1x2). (4.75)

Furthermore if λ = λ0 is an eigenvalue of R and δm(λ0) = 0 then the vector x is an
eigenvector of the matrix R corresponding to the eigenvalue λ0 if and only if there
exist numbers θ1, θ2 such that θ1 + θ2 = θ and

Am(λ0)

⎛⎝ x1

θ1

⎞⎠ = 0, Bm(λ0)

⎛⎝ θ2

x2

⎞⎠ = −
⎛⎝ 0

Pm+1

⎞⎠ lm(λ0)
dm − λ0

(Qm−1x1). (4.76)

Here the vectors Pk, Qk, Gk, Hk are defined via (2.2), (2.3).

Unfortunately we have no simple criteria or an algorithm at our disposal for solving
(4.75), (4.76) with singular matrices and non-zero right hand parts. In the additional
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assumption that |lm(λ0)| + |δm(λ0)| > 0 implies |γm(λ0)| + |δm(λ0| > 0 we obtain
in the equations (4.75), (4.76) either invertible matrices or zero right-hand parts.
In this case one can obtain an algorithm similar to one from Theorem 4.3 but
essentially more laborious.

Proof. From Lemma 4.5 we conclude that λ = λ0 is an eigenvalue of the matrix R
if and only if (4.74) holds.

Assume that λ0 is an eigenvalue of R. Let lm(λ0) = 0 and let the vectors

⎛⎝ x1

θ1

⎞⎠ ,

⎛⎝ θ2

x2

⎞⎠
satisfy the condition (4.75). Using the representations

Am(λ0) =

⎛⎝Am−1(λ0) Gm−1hm

pmQm−1 dm − λ0

⎞⎠ , Bm(λ0) =

⎛⎝ dm − λ0 gmHm+1

Pm+1qm Bm+1(λ0)

⎞⎠
we obtain

Am−1(λ0)x1 + Gm−1hmθ1 + Gm−1
δm(λ0)
dm − λ0

Hm+1x2 = 0, (4.77)

pmQm−1x1 + (dm − λ0)θ1 = 0, (4.78)

(dm − λ0)θ2 + gmHm+1x2 = 0, (4.79)

Pm+1qmθ2 + Bm+1(λ0)x2 = 0. (4.80)

From (4.79) we get θ2 = − 1
dm−λ0

gmHm+1x2 and the substitution to (4.77) yields

Am−1(λ0)x1 + Gm−1hm(θ1 + θ2) + Gm−1

(
− gmhm

dm − λ0
+

δm(λ0)
dm − λ0

)
Hm+1x2 = 0.

From here using the equality δm(λ0) = bm(dm −λ0)+ gmhm and setting θ = θ1 + θ2

we obtain
Am−1(λ0)x1 + Gm−1hmθ + Gm−1bmHm+1x2 = 0. (4.81)

Moreover from (4.78), (4.79) it follows that

pmQm−1x1 + (dm − λ0)θ + gmHm+1x2 = 0. (4.82)

Next using the relations (4.78) and (4.70) we obtain

amQm−1x1 + qmθ1 = 0

which implies
PmamQm−1x1 + Pmqmθ1 = 0.

The last equality together with (4.80) yields

PmamQm−1x1 + (dm − λ0)θ + gmHm+1x2 = 0. (4.83)

From (4.81)-(4.83) we conclude that the vector x =

⎛⎜⎜⎜⎝
x1

θ

x2

⎞⎟⎟⎟⎠ belongs to Ker(R−λ0I).
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Now assume that lm(λ0) = 0 and the vector x =

⎛⎜⎜⎜⎝
x1

θ

x2

⎞⎟⎟⎟⎠, where x1, x2 are vectors of

the sizes m−1, N −m respectively, θ is a number, is an eigenvector of the matrix R
corresponding to the eigenvalue λ0. In the same way as in the proof of Theorem 4.2
we obtain that the components of the vector x satisfy the system (4.52). Moreover
the number α in the third equation from (4.52) is defined via the relation (4.70)
which implies α = qm/(dm − λ0). Set

θ2 = −(gmHm+1x2)/(dm − λ0). (4.84)

We obtain

Bm(λ0)

⎛⎝ θ2

x2

⎞⎠ =

⎛⎝ dm − λ0 gmHm+1

Pm+1Qm Bm+1(λ0)

⎞⎠⎛⎝ θ2

x2

⎞⎠ = 0.

Furthermore setting θ1 = θ − θ2 and using the first and the second equation from
(4.52) and the equality (4.84) we get⎧⎨⎩Am−1(λ0)x1 + Gm−1hmθ1 + Gm−1

(
− hmgm

dm−λ0
+ bm

)
Hm+1x2 = 0

pmQm−1x1 + (dm − λ0)θ1 = 0.

Hence it follows that⎛⎝Am−1(λ0) Gm−1hm

pmQm−1 dm − λ0

⎞⎠⎛⎝ x1

θ1

⎞⎠ = −
⎛⎝Gm−1

δm(λ0)
dm−λ0

(Hm+1x2)

0

⎞⎠
which completes the proof of (4.75).

In the case δm(λ0) = 0 one can proceed in the same way. �

References

[1] F. V. Atkinson, Discrete and Continuous Boundary Problems, Academic Press,
New York London, 1964.

[2] D. Bini, L. Gemignani and V. Pan, QR-like algorithms for generalized
semiseparable matrices. Tech. Report 1470 Department of Mathematics,
University of Pisa, 2004.

[3] S. Chandrasekaran and M. Gu, Fast and stable eigendecomposition
of symmetric banded plus semi-separable matrices. Linear Algebra and
Applications 313: 107-114 (2000).

40



[4] S. Chandrasekaran and M. Gu, A divide-and-conquer algorithm for the
eigendecomposition of symmetric block- diagonal plus semi-separable matrices.
Numerische Mathematik 96: 107-114 (2000).

[5] E. Van Camp, N. Mastronardi and M. Van Barel, Two fast algorithms for
solving diagonal-plus-semiseparable linear systems. Journal of Computational
and Applied Mathematics 164-165, 731-747 (2004).

[6] P. M. Dewilde and A. J. van der Veen, Time-varying Systems and Computations,
Kluwer 1998.

[7] Y. Eidelman and I. Gohberg, Fast inversion algorithms for diagonal plus
semiseparable matrices. Integral Equations and Operator Theory 27: 165-183
(1997).

[8] Y. Eidelman and I. Gohberg, On a new class of structured matrices. Integral
Equations and Operator Theory 34: 293-324 (1999).

[9] Y. Eidelman and I. Gohberg, Linear complexity inversion algorithms for a
class of structured matrices. Integral Equations and Operator Theory 35: 28-
52 (1999).

[10] Y. Eidelman and I. Gohberg, A modification of the Dewilde-van der Veen
method for inversion of finite structured matrices. Linear Algebra and
Application 343-344: 419-450 (2002).

[11] Y. Eidelman and I. Gohberg, and V. Olshevsky. The QR iteration method for
quasiseparable matrices Preprint, Sep. 2003.

[12] D. Fasino and L. Gemignani, Direct and inverse eigenvalue problems for
diagonal-plus-semiseparable matrices. Numerical Algorithms 34: 313-324 (2003).

[13] D. Fasino, N. Mastronardi and M. Van Barel, Fast and stable algorithms for
reducing diagonal plus semiseparable matrices to tridiagonal and bidiagonal
form. Contemporary Mathematics 323: 105-118 (2003).

[14] W. B. Gragg, The QR algorithm for unitary Hessenberg matrices. Journal of
Computational and Applied Mathematics 16: 1-8 (1986).

[15] I. Gohberg, G. Heinig, On inversion of finite Toeplitz matrices, Matematicheskie
Issledovaniya 3(29): 151-156 (1973) (Russian).

[16] F.P. Gantmacher and M.G. Krein. Oscillation matrices and kernels and small
vibrations of mechanical systems. AMS Chelsea publishing, 2002.

[17] I. Gohberg, T. Kailath and I. Koltracht, Linear complexity algorithms for
semiseparable matrices. Integral Equations and Operator Theory 8: 780-804
(1985).

[18] P. Lancaster, M. Tismenetsky, The theory of matrices, Academic Press, New
York London, 1985.

41



[19] N. Mastronardi, S. Chandrasekaran and S. Van Huffel, Fast and stable reduction
of diagonal plus semiseparable matrices to tridiagonal and bidiagonal form. BIT
41: 149-157 (2001).

[20] N. Mastronardi, E. Van Camp and M. Van Barel, Divide and conquer
type algorithms for computing the eigendecomposition of diagonal plus
semiseparable matrices. Tech. Report 7(5/2003), Instituto per le Applicazioni
del Calcolo ”M. Picone”, Consiglio Nazionale delle Ricerche, Rome, Italy, 2003.

[21] J. Stoer, R. Bulirsch, Introduction to Numerical Analysis, Springer-Verlag, New
York London, 1993.

[22] E. E. Tyrtyshnikov, Mosaic ranks for weakly semiseparable matrices. Large-
Scale Scientific Computations of Engineering and Environmental Problems
II (M.Griebel, S.Margenov and P.Yalamov, eds.) Notes on numerical fluid
mechanics, Vieweg, 73: 36-41 (2000).

[23] R. Vandebril, Semiseparable Matrices and the Symmetric Eigenvalue Problem,
Ph. D. Thesis, Katholieke Universiteit Leuven, 2004.

[24] R. Vandebril, M. Van Barel and N. Mastronardi, A note on the representation
and definition of semiseparable matrices. Tech. Report TW368, Department of
Computer Science, Katholieke Universiteit Leuven, 2003.

42



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


