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Abstract

This paper presents explicit formulas and algorithms to compute the eigenvalues
and eigenvectors of order-one-quasiseparable matrices. Various recursive relations
for characteristic polynomials of their principal submatrices are derived. The cost
of evaluating the characteristic polynomial of an N x N matrix and its derivative
is only O(N). This leads immediately to several versions of a fast quasiseparable
Newton iteration algorithm. In the Hermitian case we extend the Sturm property
to the characteristic polynomials of order-one-quasiseparable matrices which yields
to several versions of a fast quasiseparable bisection algorithm.

Conditions guaranteeing that an eigenvalue of a order-one-quasiseparable matrix
is simple are obtained, and an explicit formula for the corresponding eigenvector is
derived. The method is further extended to the case when these conditions are not
fulfilled. Several particular examples with tridiagonal, (almost) unitary Hessenberg,
and Toeplitz matrices are considered.

The algorithms are based on new three-term and two-term recurrence relations for
the characteristic polynomials of principal submatrices of order-one-quasiseparable
matrices R. It turns out that the latter new class of polynomials generalizes and in-
cludes two classical families: (i) polynomials orthogonal on the real line (that play a
crucial role in a number of classical algorithms in numerical linear algebra), and (ii)
the Szegd polynomials (that play a significant role in signal processing). Moreover,
new formulas can be seen as generalizations of the classical three-term recurrence re-
lations for the real orthogonal polynomials and of the two-term recurrence relations
for the Szegd polynomials.
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1 Introduction

1.1. Quasiseparable and diagonal-plus-semiseparable matrices. Fol-
lowing [8] we refer to R as an order-(rr, ry)-quasiseparable matrix if

rr, = maxrank Ry, ry = maxrankR, (1.1)

where the maximum is taken over all symmetric partitions of the form R =

* R12
R21 %

matrix. Quasiseparable matrices generalize diagonal-plus-semiseparable matri-
ces [17], i.e., those of the form

. In case ry = rp = r one refers to R as an order-r-quasiseparable

R = diag(d) +tril(Ry) + triu(Ry), where rankR; =rp, rankRy =ry.

(1.2)
with some vector d , and with some matrices Ry, Ry. Here tril(R) and triu(R)
are the standard MATLAB notations standing for the strictly lower and
strictly upper triangular parts of R, resp. Clearly, diagonal-plus-semiseparable
matrices are quasiseparable, but not vice versa, e.g., the tridiagonal matrix
in (1.5) is not diagonal-plus-semiseparable. Quasiseparable matrices are also
known under different names such as matrices with a low Hankel rank [6], low
mosaic rank matrices or weakly semiseparable matrices [22]. In the context
of some applications, e.g., to integral equations, electromagnetics, boundary
value problems, the less general diagonal-plus-semiseparable matrices occur
more often. Moreover, the orders higher than (1,1) have attracted more at-
tention perhaps since they exhibit somewhat more computational challenges.

The next section suggests that even in the simplest case of the order (1,1)
the more general quasiseparable matrices are by no means less interesting.
Moreover, their connection to the theories of orthogonal polynomials on the
line and on the unit circle (the Szegd polynomials) makes them a useful tool
for solving several problems in numerical analysis which is a topic of this and
the forthcoming publications.
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1.2. Order one matrices. Two motivating examples.
Example 1.1 Tridiagonal matrices and real orthogonal polynomials

o [t is well known that the polynomials {7, (x)} orthogonal with respect to the
inner product of the form

b
< p(),a(@) >= [ ple)a(@)w?(x)de
satisfy three-term recurrence relations:
Ye(@) = (o - @ = Br) - r—1(2) — Yo - Yo—2(2), (1.3)

where ag, Br, Vi depend on the weight function w?(x).
e The relations (1.3) translate into the matriz form

where ) i
b g 0 0
a] a2
1 B2 a3 -. :
ara as - -0
B |
R=| o2 (1.5)
: 1 c. Yn—1
-0 o o 0
: X Bn—l In
Qnp—1 On
00 0 = L fn
L n—1 On J

Example 1.2 (Almost) unitary Hessenberg matrices and polynomi-
als orthogonal on the unit circle (Szeg6 polynomials)

o [t is well known that the polynomials {7x(x)} orthogonal with respect to the
inner product of the form

<pe),a(e) 5= o [ o) fa@ Pt (16)

T2 )

satisfy two-term recurrence relations (involving also another set of polyno-

mials {Gy(z)}):

Go(w)| 1|1 Ginl@)| 1 | 1 —pia|[10] |G
Yo@) | Mo 1| | @) | A e 1 02| | Fk(a)
(1.7)

where pr = /1 — |pr|> with (ux == 1 if pp = 1,p0 = —1). Polynomials
{3k(z)} are defined by N parameters {py} that are called the reflection co-
efficients and that are determined by the weight function w?(z).



e The relations (1.7) translate into the matriz form

. . det(x[ — kak)

Vi () (1<k<N) (1.8)
Mo .- M
where
—P1PG — P2 PG —P3M2KIPG T —Pr—1fn—2.--H1P) —Prbn—1---H1P
M1 —p2p]  —P3p2P] T —Pn—1Hn—2.--H20] —Pnin—1-.-42P]
R 0 12 —p3p5  t —Pn—1Hn—2.--H3P5 —Pphn—1---43P3
3
—Pn—1Py_2 —Prbn—1Pp_2
] 0 0 L1 —pnpE 4 |
(1.9)

It is known that R - diag(1,...,1, pi) is unitary.
e Along with the two-term recurrence relations (1.8) translates into three-term
recurrence relations

_ 1 _ 1 N .~
Fo(x) = —, (x) = —(2 - Fo(x) + p1p5 - Yo (7)),
Ho H1
@) = [ ot 2 s @) - P 5 @), (110)
i Pk—1 [k Pk—1 Mk

Observation. A closer look at the submatrices Ry, of the two matrices R in
(1.5) and (1.9),

00---00 —Paf3f2f1 Py 0 —Pr—1fn—2--- 1105 —Pnfln—1---H105
00---00,| —papaprap] -+ —Pn—1fn—2---42P] —Pnhn—1..-H20]
e 0---00 —papizPy = Pn1Hn-2--H3P5 —Pnlln—1---H305
Ry, for (1.5) Ry, for (1.9)

reveals that these R, are both rank-one, so that in both examples R is an
order-one-quasiseparable matrix.

1.3. A new class of polynomials and recurrence relations correspond-
ing to general order-one-quasiseparable matrices. A computationally
important property of N x N quasiseparable matrices R is that they can be
represented by only O((r + ry)N) parameters via



di

R= AN (1.11)
pia;;4; dn
where ain = Qj—1"---"Aj41, b;; = bi+1 .. .'bj,1 with Aji+1 = bi,iJrl = 1.

We limit ourselves to the simplest case of the order one, in which all the pa-
rameters {dg, Pr, Gk, Gr, hn, ar, be}o_, are just numbers. (For the higher orders
k they are either vectors or matrices of the size k.)

One of the central results of this paper is the recurrence relations for the
polynomials {Fx(z)} = det(x] — Ryxy) for a general order-one-quasiseparable
matrix R in (1.11). The polynomials {7, (x)} form a rather narrow class though
wide enough to include as special cases both families of polynomials orthogonal
on the real line and on the unit circle. As could be expected, these new poly-
nomials satisfy various recurrence relations. We have three-term recurrence
relations

(@) = —(@)Fe1(2) — pu(@)Fhs () (1.12)
with 71(95 o dy—z
B || =lds = 2)(di — &) — pangnha] |

where ¥y (x) and @g(x) are given by (3.16) below, and two-term recurrence
relations

fi(z) GG fr(z) ck — arba® Qg froa(x)

= ) =

F1(w) diy —x () —pehe  dp — x| | Yro1(x)
1.13)

—~

1.4. Recurrence relations. Known and new algorithms. The classical
three-term recurrence relations (1.3) lie in the heart of a number of algorithms,
including, e.g., the Euclid and the Routh-Hurwitz algorithms. Moreover, sev-
eral general eigenvalue algorithms first reduce a matrix to the tridiagonal form
(1.5) and then find the eigenvalues of the latter. The list of related algorithms
includes the tridiagonal Newton iteration, the tridiagonal Sturm sequences
method, the Lanczos algorithm, and the tridiagonal QR algorithm. Hence the
new generalized three-term recurrence relations (1.12) may suggest possible
extensions of these methods from tridiagonal to quasiseparable matrices. This
paper is more of a theoretical nature and we specify here only the quasisepa-
rable Newton iteration and the quasiseparable Sturm sequences method. The
forthcoming paper will have more computational focus, e.g., [11] discusses the
numerical aspects of using the formulas of [10] to run the quasiseparable QR
iteration algorithm.



Similarly, the classical unit circle recurrence relations (1.7) and (1.10) lie in the
heart of a number of well-known signal processing algorithms. The algorithms
of Levinson, Schur and Schur-Cohn are all based on the two-term (1.7). The
split-Levinson is based on (1.10). For example, the classical Schur-Cohn algo-
rithm for checking if a given polynomial Jy(z) is discrete-time-stable (i.e., has
all of its roots inside the unit circle) is based on setting Gy (z) = z"[Fn(55)]*
and then running (1.7) backwards with wisely chosen py. Therefore, the new
generalized three-term recurrence relations (1.13) can be seen as a direct gen-
eralization of the Schur-Cohn recursions.

Finally, the eigenvalue problem for semiseparable matrices is a hot topic of the
concurrent research, and a number of methods are being suggested in [10,2—
4,13,19,20,23,5,11]. The results presented here differ from their substantially.
This paper is written as a formal mathematical paper. Numerical aspects
based on the results of this paper will be discussed separately elsewhere.

1.5. The structure of the paper. The paper contains four sections. Sec-
tion 1 is the introduction. In the next section 2 we define the class of order-
one-quasiseparable matrices and formulate the basic properties of this class
obtained in [9]. In Section 3 we derive recursive relations for characteristic
polynomials of principal submatrices of quasiseparable matrices. In Section 4
we obtain the conditions in which an eigenvalue of a quasiseparable matrix is
simple and methods of computation of the eigenvectors when these conditions
are valid and non-valid.

2 Definitions and basic properties of quasiseparable matrices
2.1 Definitions

Let {ax},k = 1,..., N be a set of numbers. For positive integers i, j define
the operation a;; as follows: a;; = a;—1---aj;y for N > i > j+1 > 2,
aj; = aipr---aj1 for N > j>i+1>2 a7, =a;,, =1for 1 <k < N-1.
We consider a class of matrices R for which lower triangular and upper trian-
gular parts have a special structure. Let R be a square matrix of size N x N
with entries in the lower triangular part of the form

Rij = piajq, 1<j<i<N,
where p;, g;, aj are given numbers. Then the matrix R is called lower order-

one-quasiseparable and the numbers p; (i = 2,...,N), ¢; (j =1,...,N —
1), ap (k=2,...,N — 1) are called lower generators of the matrix R.



Let R be a square matrix of size N x N with entries in the upper triangular
part of the form

szglb;h], 1§Z<]§N,
where g;, hj, by are given numbers. Then the matrix R is called upper
order-one-quasiseparable, and the numbers g; (i = 1,...,N — 1), h; (j =
2,...,N), by (k=2,...,N — 1) are called upper generators of the matrix R.

If a matrix R of size N x N is lower order-one-quasiseparable and upper
order-one-quasiseparable then it is called an order-one-quasiseparable. More
precisely, an order-one-quasiseparable matrix is a matrix of the form

Rj={d, 1<i=j<N, (2.1)

The elements p; (1 = 2,...,N), ¢; j =1,....N—=1), a, (k=2,...,N —
1); . (e=1,...,N—=1), hj (j=2,...,N), bpy (k=2,...,.N—1); di (k =
1,...,N) are called generators of the matrix R.

The class of order-one-quasiseparable matrices is a generalization of two well-
known classes of structured matrices: tridiagonal matrices and diagonal plus
semiseparable of order one matrices. If ap, = b, =1, 2 < k < N — 1 then the
matrix R is diagonal plus semiseparable of order one. If ap, = b, =0, 2 < k <
N — 1 then R is tridiagonal.

All statements below concern an order-one-quasiseparable matrix R with gen-
erators denoted by p; (1 =2,...,N), ¢; (j=1,...,N-1), ap, (k=2,...,N—
; g(6=1,....N—=1), hj (j=2,...,N), b (k=2,...,N—1); dj, (k=
1,...,N). This means that the entries of the matrix R have the form (2.1),
where

a»x»:ai_l---ajﬂ,N2i>j+122, a’; ~:1,j:1,...,N—1,

b-X-:bi+1"'bj,1, N2]>Z+122, b;i+1:17 221,,N—1

ij
By the generators of the matrix R we define the vectors
P, = col(pia;k_l)fik, Hy, = row(b,f_17ihi)f\;k, k=2 ... N; (2.2)

Qi = row(a; 1 ,q:)ty, Gr = col(gib:kﬂ)f:l, k=1,...,N —1 (2.3)

which are used frequently in the paper.

Notice that for a given quasiseparable matrix generators are not unique. The
appropriate choice of generators could be important in particular applications



since it determines the numerical behavior of the corresponding algorithms.
Examples of making good numerical choices for generators can be found in
[7,9] and in [24,23]. The analysis of all possible choices of generators for a
given quasiseparable matrix will be performed in our subsequent publication.

2.2 The basic properties of order-one-quasiseparable matrices

We present here some results obtained in [9] for order-one-quasiseparable ma-
trices. These results are used essentially in this paper.

Theorem 2.1 Let R be a quasiseparable of order one matrix R with genera-
torsp; (1 =2,....,N), ¢ (j=1,...,.N—=1), ap (k=2,...,N—1); g; (i =
L,....N=1), hj (j=2,...,N), b (k=2,....N—=1); d (k=1,...,N).

The matriz R admits the partitions

A, GH
R= S I Y. (2.4)

Pe1Qr Bin
where
Av=R(:k1:k), Be=R(k:N,k:N), k=1,....N
and the elements Py, Qk, Gi, Hy are defined by (2.2), (2.3).

Next we consider some relations that follow directly from (2.4). Setting k =
N —1in (2.4) we obtain

An_1 Gnoah
o N-1 Gn-1hw ) (2.5)

pN@n-—1  dy

Applying this formula to the matrix Ay we get

Api Grrh
P/ e R Y (2.6)

PeQr—1  dy

Similarly setting in (2.4) k = 1 we obtain

d H
r=| M (2.7)
Pyq B,



Applying this formula to the matrix By we get

d H
Bo—| ™ MM 1 N-1 (2.8)
Pyi1gr B
Substituting (2.6) in (2.4) and using the relations
Gr—1by,
Qk:(aka—lqk)’Gk: , k=2...,N-1
9k

we obtain the representations

Ao Groahy GroabpHi

R= PrQr—1 dp, IkHi , k=2...,N-1 (2.9)

Pri1apQr—1 Prriar B

Theorem 2.2 Let Ay =R(1:k,1:k), Be=R(k:N,k:N), k=1,...,N
be principal submatrices of the matrix R and let

*yk:detAk, Gk:detBk, k= 1,...,N
and

fk = Qk(ad.]Ak)Glm k= 17 s 7N - 17 2k = Hk(a’d.]Bk)le k= N? s 727
(2.10)
where the elements Qi, Gy, Py, Hy are defined by (2.2), (2.3).

Then the following recursive relations hold:

M =di, f1=qg;
Cx = dragby — qeprbr — axhige,
Je = o1 + @61, W= AV — peha S, k=2,...,N -1,
YN = dNYN-1 — PNIN N1

and

O =dn, 2y = hnpn,
2k = Ckki1 + Oppihupr,  Op = dibpp1 — grgrze, k=N-—1,...,2;

0 = di0s — Q191 22.
(2.12)

In the sequel we use also the vector Viy_1 = (adjAn_1)Gn_1, where Ay 1 =
R(1: N—-1,1: N —1) and Gy_; is defined in (2.3). This vector may be
expressed explicitly via the numbers 7y, f.



Theorem 2.3 The vector Vy_1 = (adjAn_1)Gn_1 is given by the formula

V1 = col(v:0;% )i,

where

V1= g1, Vi = gi%i—1 — Pifi—1bi, 0; = d;b; — gihi, 1=2,...,N—1.

The proof may be found in the proof of Theorem 4.1 of [9].

3 The characteristic polynomial

3.1 Recursive relations

(2.13)

(2.14)

In this section we derive recursive relations for characteristic polynomials
Ye(A) = det(R(1 : k,1: k) — M), Op(N) = det(R(k : N,k : N)—X) (k =

1,..., N) of principal submatrices of a quasiseparable of order one matrix.

Theorem 3.1 Let v, (A) = det(R(1 : k, 1 : k) — X), Ox(N\) = det(R(k :
N,k:N)—=MX) (k=1,...,N) be characteristic polynomials of the principal

submatrices of the matriz R.

Then the following recursive relations hold:
A =di = A, fi(N) = quon;

Ye(A) = (de = M) Ye-1(A) = Pl fr—1(N),
Cx = drarby — qeprby — arhigr,
fe(A) = (ar — arbiA) fr—1(N) + @egrvi—1(N), k=2,...,N —1;
W(A) = (dy — N)ynv=1(A) = pvhn fv-1(N)
and
On(A) =dy — A, 2zn(A) = hnpn,
Ok(A) = (dx — A)Or1(A) — Gedrzea (),
2e(A) = (cr — apbpA) 2pp1(A) + Ot (N Pgpe, E=N—1,...,2;
01 (N) = (d1 — N)ba(N) — q1g122(N).

Here fr(N\), zx(A) are auziliary polynomials.

(3.1)

A~ N/~
T = W N
—_ ~— ~— ~—

A~~~ I~ I/~
© o0 N O
— N ~—

Proof. The matrix R— A is order-one-quasiseparable with the same generators
Di» G5, Ck; Gis Ny, by as the matrix R and diagonal entries dj, — A. Substituting in

10



(2.11) di — X instead of dy we obtain (3.1)-(3.5). Similarly (3.6)-(3.9) follow
from (2.12). O

From the relations (3.1)-(3.5) one can derive easily the recursions for the
derivatives of the corresponding polynomials.

Corollary 3.2 In the conditions of Theorem 3.1 the derivatives of the poly-
nomials y,(N\), fe(N\) satisfy the recursive relations

7"A) =~-1, fiA) =0; (3.10)

YVe(AN) = (dr = N7 1(A) = 11 (A) = prhufr_ (), (3.11)

frA) = (cx — arbeA) fr_1(A) — agbi fro1(A) + Gegi¥e(N),  k=2,...,N —1;
(3.12)

YA = =1 (A) = (dn = My (A) = pnhn fy 1 (A). (3.13)

The relations (3.1)-(3.5) and (3.10)-(3.13) yield a O(N) algorithm for evalua-
tion of characteristic polynomials of the principal submatrices of a quasisep-
arable matrix and their derivatives. This algorithm may be used for a fast
realization of the Newton iteration method (for the Newton method see, for
instance, [21]).

Using the recursions (3.1)-(3.5) one can derive easily a O(N?) algorithm for
the computation of the coefficients of the characteristic polynomial of the
matrix R. This generalizes the corresponding algorithm for the simplest case
of tridiagonal matrices.

In assumption that some generators of the matrix R are zeros or non-zeros
the recursive relations (3.1)-(3.5) may be given in a form more convenient for
our next purposes.

In the sequel to simplify the exposition we use the auxiliary expressions linear
in A

dk()\):dk—)\, ]{:1,...,N;
ce(N) = (dr. — N)arbr — qreprbr, — higray,
lk(>\) == (dk - )\)CLk — kP, 5k()\) = (dk — )\)bk — hkgka k= 2, ey N — 1.

The expressions I (\), dx(A) play an essential role in the main theorem below.
One can check easily that

11



Theorem 3.3 Let for some k € {3,..., N — 1} the inequality py_1hx_1 # 0
hold. Then the polynomials v;(A\) =det(R(1:j,1:5)—A)j=k—2,k—1,k
satisfy the three-term recurrence relation:

Y(A) = Ve A) -1 (A) — @ (M) 1m—2(N), (3.15)
where .
¢k(A) = dk - A + ﬁqﬂ_l()\),
 prhy
or(\) = pik_lhk_llk—ﬂ)\)(;kq(/\). (3.16)

Proof. Substituting k£ — 1 instead of & in (3.4) and (3.2) we obtain

Jrm1(A) = cm1(A) fr—2(A) + Gro19k—176—2(N), (3.17)
Vi-1(A) = di—1 (M) Yr—2(X) = Pr—1hi—1fe—2(A). (3.18)
The relation (3.18) implies
1
fr—2(A) = m[dk—l(A)%—2(A) — —1(A)]- (3.19)

Substituting (3.19) in (3.17) and taking into account (3.14) we obtain

. Ckfl()\)
fima (V) = Pr—1hi—1

Ck:—l()\)

[dr—1(N)Ve—2(A) = Y1 (M) ] @e—19k—176—2(N)

Ck_1(>\)

= —_—— 7 _ )\ _|_ I S,

pk—lhk—l% 1Y Pr—1hik—1
Cr—1(N) 1

e _ )\ _.I_ -
pkflhkflf)/k 1( ) Dr—1lk—1

di—1(A) + gr—1hr—1|Ve—2(N)
le=1(A)0k-1(A)yu—2(A).-

Substitution of the last expression in (3.2) yields (3.15). O

Corollary 3.4 Let p;h; #0 (i =2,..., N—1). Then the polynomials v (\) =
det(R(1 : k,1 : k) — X) (k = 1,...,N) satisfy the three-term recurrence

relations:
71(/\) =d; — A, 72(/\) = (d2 - /\)(d1 - >\) — P2q191h; (3-20)
Y(A) = Ve(A)e-1(A) — (M m—2(A), k=3,..., N, (3.21)
where
_ Pl _ i
wk()‘) = dk — )\ —I— 76143_1(/\), (,Ok()\) = 7lk—1()\)5k—1(/\)
Pr—1hi—1 Pr—1hk—1

Proof. The relations (3.20) directly follow from (3.1) and from (3.2) with k& = 2.
For k =3,..., N the relations (3.21) follow from Theorem 3.3. O

12



The latter corollary deals with general quasi-separable matrices. It generalizes
two well-known results. First, in the simplest tridiagonal case the corollary
yields classical three-term recurrence relations, see, e.g., Example 2) of Sec
4.2 for details.

Secondly, in another interesting special case of matrices of the form R = D+,
where D is a diagonal matrix and .S is a matrix with a tridiagonal inverse, the
latter corollary (and also Theorem 3.1) yield recursions obtained recently in
[12]. These formulas correspond to (3.1)-(3.5) and (3.20)-(3.21) with particular
generators:

ar=br=1, px=he, Q=9 dp=Tp+qps, (all elements are real)

with some x;. Note however, that instead of the invertibility of S we deal here
with a weaker condition that S is a order-one-Green matrix. Furthermore, the
case xj, = 0 is analyzed in detail below (Example 3 in Subsection 4.2).

Next we combine the cases pyhy = 0 and pphi # 0. We use here the following
auxiliary relations.

Lemma 3.5 For any 2 < s < k < N — 1 the polynomials fr(\) defined in
(3.1)-(3.4) satisfy the relations

k

Fr) = (Crir,sm1(N)) Forr(N) + D (erpr (V) *g59575-1(A)- (3.22)

j=s

Proof. The proof is by induction on k. For k = s by virtue of (3.4) we have
fk<)‘) = f5<)‘) = CS()‘)fsfl(A) + qsgsq/sfl()‘) =

(Cot1,5-1(A) Foma (A) 4 (€511,5(X) 95751 (M)
which implies (3.22). Assume that (3.22) is valid for some k > s. By virtue of
(3.4) and the equality

1 (M) (Chyr,s—1(N) = (cryzs-1(A))*

we have

fer1(A) = Ck+1(>\)fk(>\) + Qs 19641 (A) R ()

= 1 (AN)[(Chr1,5-1(N)* fom1(N) + Z (cht1,; (X)) 25957 -1(N)] + @e19r+17% ()

= (erp2,5-1(A)“fama () + D(ert25 (V) “039575-1(A) + (Chraner (X)) Gesrgrr17%(Y)

j=s
k+1

= (Ck+2,sfl( fs 1 + Z Ck+2] ngj’Yjﬂ()\)

13



which completes the proof of the lemma. O

Theorem 3.6 Assume that for some 2 < s < k—1 < N — 1, pshs #

0, ps41hsyr = -+ = pr—1hxg—1 = 0. Then
T(A) = Yrs (A5 (A) = r,s(A)75-1(A), (3.23)
where
Prlu =
Urs(A) = (dit1,s ()" + ool (Crs—1(X)™ = prh j;l(ck,j<A))Xngj(dj,s()\>>X7

ra) = P2 e () L0, V).

Proof. By virtue of Lemma 3.5 we have

(A = (crs—1(N)* fom1 (N)+ Z (c;(N) 259571 (N)+(Cr,s (X)) gsgsys—1(A).

Jj=s+1
(3.24)
As a direct consequence of (3.2) we get that if for some 1 < i < j < N,
pi+1hi+1 == Pjhj = 0 then

Vi(A) = (dj = A) -+ (digr — A)vi(A). (3.25)
Hence it follows that
Vi1 (A) = 1s(N)(djs( M), j=s+1,... k. (3.26)

Next by virtue of (3.2) we have

fsm1(A) = —=[(ds = A)vs-1(A) = 7s(A)]- (3.27)

pshs

Substituting (3.27) and (3.26) in (3.24) we obtain

(chs1(M)* (crs1(A)

fkfl()‘) = pshs (ds - )‘)’stl(A) - pshs 75()‘)
+ Z (cr,5 (M) q59i(djs(N) s (A) + (€r,s(A) " @sgsvs—1(A)-
j=s+1
From here using the equalities
(ot ()" = (ena) esl), S8, = 2) 4 g, = HD



we obtain

(crs1(A)*

fir ) = | = FRET 5 (o (0) gy () [0+ (328)
s'ts j=s+1

(crs(A)
%TZS(A)%(A)%A(A)-

Next using (3.26) we get
(die = M) -1(A) = (di = A)(dis(A) 76 (A) = (dis1,s(A) 7s(A). (3.29)

Substituting (3.28) and (3.29) in (3.2) we obtain (3.23). O
3.2 The Sturm property

In this subsection we establish an analog of the well-known Sturm property
for the characteristic polynomials of principal leading submatrices of a Her-
mitian order-one-quasiseparable matrix. This property yields information on
the location of the eigenvalues of quasiseparable matrices and is a basis for
the bisection method (for the bisection method see, for instance, [21, p. 301]).

Theorem 3.7 Let R be a Hermitian order-one-quasiseparable matriz. Let
Y(A) =1 and v(N\) = det(R(1: k,1: k) —XI), k=1,...,N be the charac-
teristic polynomials of the principal leading submatrices of the matriz R. Let
v(X) be the number of sign changes in the sequence

A N1 (A)s (A 0(A) (330)

and let (a, 3) be an interval on the real axis such that yy(a) # 0, vn(5) # 0.
Then:

Dv(B) z v(a);

2)the difference v(3)—v(a) equals the number of eigenvalues of the matriz R in
the interval (o, ) counting each eigenvalue in accordance with its multiplicity.

Proof. Let us show that if yx(Ag) # 0 and ;(Ag) = 0 for some 7, 1 <i < N—1
then 7;41(Ao) = 0. If this is not the case then also 7y;12(Ag) = 0, in the case
pir1hir1 # 01t follows from Theorem 3.3 and for p;y1h;11 # 0 from the equality
(3.2). Hence we may apply the Gundelfinger theorem (see, for instance, [18,
p. 298]) to the matrix R — I and conclude that the number of negative
eigenvalues of this matrix or equivalently the number of eigenvalues of the
matrix R which are less than 3, is equal to v((3). Similarly we obtain that the
number of eigenvalues of the matrix R which are less than « is equal to v(«)
which completes the proof of the theorem. O
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4 Eigenvectors and multiplicities

In this section we study eigenvalues and eigenvectors of order-one-quasise-
parable matrices. We obtain the conditions in which an eigenvalue of a matrix
is simple and in which its multiplicity is greater than one. In both cases we
derive explicit formulas for the corresponding eigenvectors.

4.1 Simple eigenvalues

Theorem 4.1 Let R be an order-one-quasiseparable matrix with generators
pi (i =2,...,N), ¢ j=1,...,.N=1), ap (k=2,...,N—=1); g; (i =
L,...,.N=1), hj (j=2,...,N), b (k=2,....N—=1); d (k=1,...,N).

Assume that A = g is an eigenvalue of the matriz R and
[di = Aol + || >0, |di = Aol + |g1] > 0; (4.1)

k(M) = (di — Ao)ar — preqe # 0, k(o) = (di — Xo)br — guhi #0;  (4.2)
(k=2,....,N—1), and

|dn — Mol + [pw] >0, |dn — Aol + |hn| > 0. (4.3)

Then the eigenvalue \g has the geometric multiplicity one. Moreover the cor-
responding to \g eigenvector v may be determined as follows:

1)if pohg = -+ = pyhy = 0 then

1
v = : (4.4)

Bs(Xo) e

where By(Ng) = R(2 : N,2 : N) — X, yo = —R(1,2 : N) and 05(\y) =
detBQ()\o) 7é O,'

2)if for some m, 2 < m < N — 1 we have pyph, # 0 and ppyihpmer = -+ =
pvhy = 0 then

Am—l (AO)_lxm

v = 1 ) (4.5)

Bm+1()\0)_1ym
where Ay_1(XNo) = R(1 : m—1,1:m—1) = NI, z,, = —R(1 : m —
1,m), Bui1(ho) = R(m+1: N;m+1: N)=XoI, Yo = Pryr(a 2222890, —
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Gm), Prni1 = cOl(Pragp )iz yr and

’}/mfl(>\0) = detAm,l()\o) # 0, 9m+1 = deth+1()\0) 7é 0,
3)if pyhy # 0 then

1

where An_1(No) =R(1:N—1,1: N—1)—Xol, 2y =—R(1: N—1,N) and
nv-1(Ao) = detAn_1(No) # 0. Furthermore in this case the eigenvector may
be also determined by the values of the polynomials v(N), fr(\) at the point

Ao as follows:
—Vn-1(Xo)h
v( v-1(Ao) N)’ W

. (ANl(/\o)l$N) (4.6)

n-1(Ao)
where VN—l(/\()) = COl(UZ(/\O)(S;;V(/\()))z]\L_Il,

U1()\0) = g1, Ui()\0> = gi'Yifl()\O) _pififl()\o)biv i=1,...,N—1

Proof. We start proving the part 1). At first let us show that 65()\g) # 0.
By virtue of (3.6) we have zx(\g) = 0 and next by virtue of (3.8) we obtain
zn-1(Xg) = -+ = 22(Ag) = 0 and using (3.6)and (3.7) we obtain

92()\0) - (dN - )\0) ‘e <d2 - )\0)

By virtue of conditions (4.2), (4.3) and equalities pohy = - -+ = pyhy = 0 we
conclude that d; — A\g # 0, j =2,..., N and hence 65(\g) # 0.

Consider the partition of the matrix R — A\g/ in the form

di =Nl 7
Rdl= """ ", (4.8)
T By(Xo)

where By(Ng) = R(2: N,2: N)— NI, 7o = R(2: N, 1), v, = R(1,2 : N).
Let v be a corresponding to Ay eigenvector. We represent, this vector in the

form v = where v’ is a N — 1-dimensional vector and « is a scalar.

Ul

From the equality (R — A\g)v = 0 using the representation (4.8) we obtain
By(M\o)v' + ary = 0. This means v/ = —By'(\g)ary, i.e. v = avy, where

1
Vg = « ( . ) This implies that the eigenvalue Ay has the geometric
By

(Ao)y2
multiplicity one. Taking o = 1 we obtain (4.4).

17



2)In the same way as in the proof of the part 1) we obtain
ZN()\()) = ZN—l(/\O) == Zm(>\0) =0 (49)
and 0,,(Ag) # 0.

By virtue of (3.25) and the fact that A\ is an eigenvalue of the matrix R we
have

(dy = Ao) = (dmy1 — Ao)¥m(Ao) = Y (Ao) = 0. (4.10)
The equalities py,1hmsi1 = -+ = pyhy and the conditions (4.2), (4.3) imply
di—X #0, j=m+1,...,N and therefore from (4.10) we conclude that
Ym(Ao) = 0. Let us prove that 7,,_1(Ag) # 0. Assume that it is not true. We
will show that in this case the equalities

71(Ao) =72(X0) = -+ = Ym-1(A0) = Ym(Ao) =0 (4.11)
hold. We have the following cases:

(a)m = 2. By the assumption we have v;(\g) = 72(Ao) = 0 and hence (4.11)
follows.

(b)pehe = -+ = pm—1hm—1 = 0. By virtue of (3.25) we have

Yit1(A) = (dj1 = N)y(A), G=m—2,...,1

and since by virtue of the conditions (4.2) the inequalities d;11 — Ao # 0, j =
m —2,...,1 hold, we obtain (4.11).

(¢)pm—1hm—1 # 0. Applying Theorem 3.3 we obtain

'Vm()‘> = wm()‘mefl()‘) - me()‘)fymf2()‘)a (4'12>

where "
Pm(N) = =L ()1 (N).
pm—l m—1

Here p,,h,, = 0 by the condition, I, _1(Ao)dm—_1(Ao) # 0 by virtue of (4.11) and
hence ¢,,(Ag) # 0. Since Y, (Ao) = Ym-1(Ao) = 0 the equality (4.12) implies
Ym—2(Xo) = 0.

(d)pshs # 0, psy1hsi1 =+ = pm_1hm_1 for some s such that 2 < s <m — 1.
By virtue of (3.25) we have

Vi1 (A) = (djsr = A)y(A), j=s,....m—2

and since by virtue of the conditions (4.2), the inequalities dj11 — Ao # 0, j =
m — 2,...,1 hold, we obtain

Vs(Ao) = Vs+1(Ao) = -+ = Ym-1(Ao) = 0.

18



Next apply Theorem 3.6. We have

Vm(/\) = ¢m,s(A)7$(A> - Spm,s()‘)f)/s—l(/\% (413>

where h
Pm/lim
Pm,s(A) = peh Cm—1(A) 511 (A) s (A)ds(N).
Here pphy, # 0 by the condition, [5(Ag)ds(Ag) # 0 by virtue of (4.2) and
¢;(Ao) # 0 by virtue of (4.2) and the equality (3.14). Thus ¢, s(Ao) # 0 and
since Y, (Ao) = 0, vs(Ao) = 0 from (4.13) we conclude that v5_1(Ag) = 0.

In the cases (a) and (b) the proof of (4.11) is finished. In the case (c) we apply
the method described above to the polynomials v,,—1(A), Ym-2(A) and in the
case (d) we apply this method to the polynomials v5(A), vs—1(\). We go on in
this way and finally obtain (4.11).

Thus we have the equalities (4.11). Hence in particular follows that 71 (Ag) =
d; — Ao = 0 and by virtue of the condition (4.1) and the second equality in (3.1)
we have f1(\g) = 191 # 0. Let ¢t be the minimal index such that p;h; # 0. It
is clear that ¢ < k. Using (3.2) and (4.11) we obtain

7t(>\o) = (dt - )\0)%—10\0) _pthtft—1<)\0) = —pthtft—l(/\o). (4-14)

By virtue of Lemma 3.5 and (4.11) we have
t—1

fi=1(Xo) = (ct1(X0))* fr(Xo) + Z(Ct,1()\0))Xngj’Yj—1(>\0) =

Jj=2

c-1(Xo) -+ 2(X0) f1(Ao)-
. From the conditions (4.2) and the equalities (3.14) we obtain ¢;(Ag) # 0, j =
2,...,t—1and hence f;_1(\g) # 0. But from (4.14) we conclude that () # 0
which is a contradiction. Thus we have proved that 7,,—1(\g) # 0.

Applying the partition (2.9) with & = m to the matrix R — \g/ we get
Am—l(/\O) Gm—lhm Gm—lbmHm—H

R — )\QI = mem—l dm — )\0 gmHm+1 ) (415>
Pm+1CLQO,1 Perl(Jm Bm+1()\0)

where A,,_1(Xo) = Am_1 — Ao, Bmi1(XAo) = Bmi1 — Aol and the elements
Qm, G, P, Hy, are defined by (2.2), (2.3). Moreover from (2.10) we obtain

_ fmfl()\0> _ Zm+1()\0)

1 AL )Gy = I g B (A Py = R0

Qm-14,,_1(Mo) 1= O 18,51 (M) Pyt Y
(4.16)
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Let v be a corresponding to A\ eigenvector. We represent this vector in the

,U/

formv = | o |, where v/,v” are m —1 and N — m-dimensional vectors and «

U”

is a scalar. From the equality (R — A\g/)v = 0 using the representation (4.15)
we obtain
Am—l(/\())U/ + Gm_l(hma + bmHm—i—lU”) = O,
Pri1(am@Qm-_1V" + gma) + Bny1(Xo)v” = 0.
By virtue of invertibility of the matrices A,,_1(Xo), Bmt1(Xo) we may rewrite
(4.17) in the form

(4.17)

U/ = —A;ll_l()\U)Gmfl(hmOé —+ bmHerl'l}”), (418)

V" = =B 1 1 (A0) Pt 1 (am Q-1 + gma). (4.19)
Multiplying (4.19) by H,,+1 and using the second equality from (4.16) and the
equality z, = 0 from (4.9) we obtain H,,1v” = 0. Substituting this in (4.18)
we obtain

v = A1 (MN)Gmothma = AL (MNo)zma. (4.20)
Substituting (4.20) in (4.19) we obtain

v" = B, (N) Pt (am Qo1 AL 1 (M) G thi — i)

and using the first equality from (4.16) we conclude that

m—1(A _
V" = B;irl (Ao) Pyt (amwhm — Q)0 = Bm}i’l (Ao)Ymav. (4.21)
'Vm—l(/\())
A_1—1(>\0)$m
Thus from (4.20), (4.21) we conclude that v = awvy, where vy = « 1
Bgz}&-l(/\o)ym

This implies that the eigenvalue Ay has the geometric multiplicity one. Taking
a = 1 we obtain (4.5).

3)In the same way as in the proof of part 2) we show that yy_1(Ag) = 0. Next
for the matrix R — \g/ consider the partition

An_1(\ rN_
R 1 = | A T : (4.22)

/

where Ay_1(Ng) = R(1 : N—1,1: N —1)— X, ry-1 = R(1 : N —
I,N), ry_; = R(N,1 : N —1). Let v be an eigenvector corresponding to
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v
the eigenvalue \yg. We represent this vector in the form v = , where
a

v" is a N — 1-dimensional vector « is a scalar. Using (4.22) we obtain v' =

— AN (Qo)rv—a

1

This implies that the eigenvalue Ay has the geometric multiplicity one. Taking
a =1 we obtain (4.6). Next by virtue of (2.5) we have zy = —R(1: N —1,1:

—a ANt (M\o)ry—1 which implies v = avy, where vy = a

N — 1) = —Gy_1hy and moreover using the formula
1
Av_1(N) ' = ————(adjAy_1(\
~N-1(Ao) VN_1(/\0)<aJ N-1(Ao))
we obtain
1 —Vn_1(Xo)hn

O ) yv—1( o)
where Vy_1(Ao) = (adjAn—1(X0))Gn—1. Applying Theorem 2.3 to the matrix
R — Mo/l and reducing the factor m we obtain the representation (4.7)
for the eigenvector. O

Y

Remark. Using a fast algorithm suggested in [9] one can compute the eigen-
vector given by the formulas (4.4)- (4.6) in O(N) arithmetic operations.

4.2 FExamples

We consider some cases when the validity of the conditions of Theorem 4.1 is
guaranteed for any eigenvalue.

1)The Hermitian order-one-quasiseparable matrix R with generators p; (i =
2,,..,N),q¢ J=1,....N=1), ap (k=2,...,N—-1); ¢ (i =1,...,N —
1),p,G=2,...,N), a, (k=2,...,N—1); dy (k=1,...,N) satisfying the
conditions

}qu%pqu,a_k:ak, /C:Q,...,N—l.
In this case we have

If A is an eigenvalue of R then the number (A — dj)ay is real and the numbers
Prqk, Prar are pure imaginary. Hence it follows that the condition (4.2) holds
for any eigenvalue of R.

Assume that ¢; # 0, py # 0. Then all the conditions of Theorem 4.1 hold
and since for a Hermitian matrix the geometric multiplicity of any eigenvalue
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is equal to its algebraic multiplicity we conclude that all eigenvalues of the
matrix R are simple.

2)The irreducible tridiagonal matrix, i.e. the tridiagonal matrix with non-zero
entries on the lower and upper subdiagonals. In this case we have a = b, =
0, Reyik = Prr1Gk # 0, Riprr = grhryr #0 (kK =1,..., N —1) and therefore

lk()\) = —Pkqk 7é 0, (Sk()\) = —gkhk 7é 0, k= 2, ey N — 1.
and hence the conditions of Theorem 4.1 hold for any .

Assume additionally that the conditions

di=d, i=1,.. N P 1.  N-1 (4.23)
gilita

are valid. Let D = diag (p;)Y, be a nonsingular diagonal matrix with the
entries

Prdk-1
Gr—1hu,
and let Q = D7'RD. The matrix Q is a tridiagonal Hermitian matrix. Indeed
the entries of the matrix () have the form

=1 p.= Pr-1, k=2,...,N (4.24)

p;jlpwrlquza Z:j+1aj: 177N_1

O
I

pz‘_lgihi+1pi+17j:i+].,i: 1,...,.N—1

0, i — | > 1.
The relations (4.24) imply
Pir1¢if; = gihiy1piy, i=1,...,N—1 (4.25)
which means
prpi1aipi = pi gihivapiv, i=1,...,N—1.

Thus from here and from Theorem 4.1 we obtain the known result that in
conditions (4.23) the tridiagonal matrix R is diagonalizable and its eigenvalues
are real and simple.

Now we apply Corollary 3.4 to the case of a tridiagonal matrix. We have

c(N) =0, (N = —prak, k(X)) = —gihy,
and hence

Pl

N =dp— A gp(\) = —PE
Yr(\) = dp ©r(N) S

Ph—1Gk—19k—1Pk—1 = PrQr—19k—1h-
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Hence the recursions (3.20), (3.21) one can write down in the form
YA =1, mA)=di— X

W) = (dr = Nye-1(A) — (Pegr-1)(gr—1P) ye—2(A), kK =2,... N.
Note that it is well known (see for instance [1, p. 121]) that in the case

dk:jk,kzl,...,N; (pkgk—l)(gk—lhk)>0> k:2,...7N—1

these recursions defines polynomials orthogonal with some weight on the real
line.

3)The invertible matrix with generators satisfying the conditions
ar # 0,0 # 0, drag — prqr = 0, diby — grhy =0, k=2,...,N —1. (4.26)
In this case we have
lk(A) = =Xag, op(N) = =Abg, k=2,...,N—1

and since by the assumption the zero is not the eigenvalue of R the condi-
tion (4.2) holds for any eigenvalue of the matrix. Suppose also that pyi1qx #
0, gehks1 #0 (k=1,...,N —1). Then all the conditions of Theorem 4.1 hold

for any eigenvalue of the matrix R.

Now as in the previous example assume that the conditions (4.23) are valid
and define the nonsingular diagonal matrix D = diag (p;)¥, via the relations
(4.24). Let us show that in this case as well as in the previous example the
matrix Q = D 'RD is a Hermitian matrix. Indeed the entries of the matrix
() have the form

pi ' piagaipg, 1 <j <i< N,
Qij =4 d;, 1<i=j<N, (4.27)
YgibShip;, 1 <i<j<N.
One should check that
piasqip; = gjbxh]pl, 1<j<i<N. (4.28)

. From the relations (4.25) it follows that

Pi ,012 sz'+1 _ PiGi—1 Pi-14i—2 Pj+14;

Pj pia P? gi—rhi gishioy gihj1

which means , .
Pi _ Pidj Pi;4ij

, 1<j<i<N. 4.29
P? h g;gwhx ( )
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By virtue of (4.26) and the assumption that the numbers dj, are real we have

_ PRk _ il _ gihi

d
g ay b by

k=2,...,N—1. (4.30)

Hence it follows that

X X X
Pidi;

X7 x  1x’
gijhij bij

1<j<i<N. (4.31)

Comparing (4.29) and (4.31) we obtain

S=—2d 1<j<i<N
", X
P; Gih bi;

which is equivalent to (4.28). Thus we conclude that in the case under consid-
eration the matrix R is similar to a Hermitian matrix and hence R is diagonal-
izable and its eigenvalues are real. Moreover by Theorem 4.1 the eigenvalues
of R are simple.

4)The unitary Hessenberg matrix

—P1Py —P2H1PG —P3H2HPY T —PN—1HN—2--[1P) —PNHEN—1---H105

p1 o —p2pi —p3pep]  —PN-1UN-2--H2P] —PNIN-1---H2p]

0 112 —p3Py  tr —PN_1AN—2---[1305 —PNHUN—1---H3P5

Ro = . . ;
3

—PN-1PN_2 —PNUN-1PN_2

0 e e 0 N —PNPN_1
(4.32)

where > 0, |ppl>+pui =1(k=1,...,N—1), po = —1, |py| = 1. Such
matrices were studied by various authors, see for instance [14] where it was
proved that the matrix of the form (4.32) is unitary.

The matrix Ry may be treated as an order-one-quasiseparable matrix with
generators dy = —pppp_q, ax = 0, by = w1, pi = 1, ¢ = pj, g =
—p;i_1, hj = pj—1p;. In this case we have prqr = pr, gehr = —pi_iph—1px and
next

(N = =, 0k(A) = —(A+ prepl1) =1 + Pr_1b—1P6 = —Ai—1.

(k=2,...,N —1.) From here since the matrix R is invertible we conclude
that the condition (4.2) holds for any eigenvalue of this matrix. The other
conditions of Theorem 4.1 are also valid for any eigenvalue of the matrix
Rg. Since for a unitary matrix the geometric multiplicity of any eigenvalue is
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equal to its algebraic multiplicity Theorem 4.1 implies that all eigenvalues of
the matrix ¢ are simple.

Next consider the recursions (3.1)-(3.4). We have

nA) =p1= A, i) = (4.33)
Y(A) = (=prpr—1 — N1 (N) — pr—1pkfre—1(N), (4.34)
SN = =g fo1(N) = pepp_1 -1 (A),  k=2,...,N—1. (4.35)

To compare with some known results we consider the polynomials A (\)
det(M — R(1 : k,1 : k) instead of () = det(R(1 : k,1 : k) — X), i
Fe(A) = (=1)Fyx(A) and set fr(A) = (=1)¥*1 (). From the recursions (4.33
(4.35) we obtain

To(N) =1, fo(h) =0; (4.36)
V) = A+ pepi_ )1 (N) = peaprfra(N), (4.37)
FeQ) = e fia (V) = pepi e (V), k=1, N =1 (4.38)
(we set here o = 0). Set

Let us show that the polynomials 7, (), Gg(\) satisfy the two-terms recurrence
relations

Go(N) _ 1 ; Gr(\) _ 1 —piA Gr-1(\) k=l . N-L
Yo(A) 1 Yi(A) —pr A Ye-1(A)
(4.40)
These recursions define Szego polynomials orthogonal with the corresponding

weight on the unit circle (see for instance [1, p. 176]) . From (4.37) and (4.39)
we obtain

(A = M1 (A) — ppGr-1(A), k=1,2,...,N.

Next using (4.39), (4.37), (4.38) and the equalities 3 + |px|*> = 1 we obtain

Gr(N) = —piAk(\) + e fe (V) =
— ok A+ Pl 1) Fn-1(N) + re105or St (V) + (-0 i1 (N) — pepe_1v6-1(N)) =
— PN k-1 (N) = o201 Ve=1 () + st o2 Fem1 (V) + s fr1(N) — oy fem1 (M) =
—PiMk-1(N) = 1 Ak-1(N) + s 1 1 (N) = —ppM—1(A) + Gre1(N)

(k=1,...,N—1) which completes the proof of (4.40). This result is also contained
in [14].
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5)The Toeplitz matrix

prl =2 pn3 . d
with a # 0, ;b # 0. This is an order-one-quasiseparable matrix with generators p; =
bl (i=2...,N), ¢=b0"7(=1,....N—=1), ap,=1(k=2,...,N—1); g; =
a =t (i=1,....N—=1), hj=a"1(j=2,...,N), bp=1(k=2,...,N —1); dj =
d(k=1,...,N). We have

lk(N) =0(N)=d—-X—-1, k=2,...,N—1.

Assume that ab # 1. Then (see [15]) the matrix

1 a a? ar1
b 1 a a2
R—(d—1)I= b2 b 1 ... q"v3 (4.41)
_b”_1 pr2pn3 1 ]

is invertible, i.e. the number d —1 is not an eigenvalue of the matrix R. Thus in this
case the conditions of Theorem 4.1 are valid for any eigenvalue of the matrix R.

Assume now that the number d is real and the number b/a is real and positive. In
this case we have

pit1¢i b b
gihiy1  a'“la® @

and hence the matrix R satisfies the conditions (4.23). Applying the formulas (4.24)
define the nonsingular diagonal matrix D = diag (p;))¥.; with the entries

a a k—1
pr=1, pp= zpk_lz(g)Q, k=2,...,N. (4.42)

Moreover we have
PrGk _ Gkl _

1, k=2,....N—1
ag b

and hence in the same way as in Example 3) we obtain that the matrix Q = D™'RD
is a Hermitian matrix. Furthermore using the formulas (4.27) and (4.42) we conclude
that @ is an order-one-quasiseparable matrix with generators p;” = (@b)=1/2 (; =
2,...,N), ¢ = (@) D?(j=1,...,N-1), af =1 (k=2,...,N—1); g° =
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(ba)1=0/2 (i = 1,...,N = 1), hY = (ba)0=D/2 (j = 2,....N), b =1 (k =
2,...,N—1); dg =d (k=1,...,N). This implies that the matrix @ is a Toeplitz
Hermitian matrix. Hence it follows that in the case under consideration the matrix
R is diagonalizable and moreover from Theorem 4.1 we conclude that all eigenvalues
of the matrix R are simple.

The arguments mentioned above imply, in particular, that for a real d and for
ab > 0, ab # 1 the Toeplitz matrix R is diagonalizible and its eigenvalues are simple.
Let us show that in the case ab < 0 the matrix R may have multiple eigenvalues.
By virtue of Theorem 4.1 this implies that the matrix R is not diagonalizable. As
an example we take the 3 x 3 matrix

d a a?
R=1bda
b’ bd
with ab = —8. Checking directly or applying the formula (3.21) we obtain the

characteristic polynomial of this matrix
3(A) = (d—N)3—(a?b?+2ab) (d—\)+2a%b? = (d—\)>—48(d—\)+128 = —(A—d+4)*(A\—d—8).

It is clear that this polynomial has a multiple eigenvalue and then Theorem 4.1
implies that the matrix R is not diagonalizable.

Next we consider the case ab = 1. In this case the relations (3.20), (3.21) have the
form

M) =d=A (N = [@d=A?—1=(d—A+1)(d—A— 1)
) = 2(d = A= Dyt (N) = (d = A= DPya(N), k=3,...,N.
. From here one can derive easily by induction that
A =d=A+k—-1)(d=-X—1D*1 Ek=2_.. N

Hence it follows that in this case the matrix R has the simple eigenvalue A\ = d+N—1
and the multiple eigenvalue A = d—1. For A = d+ N —1 the eigenvector is determined
by the relation (4.6). For A = d — 1 we obtain directly from (4.41) the eigenvectors

1 0 0
—b 1 0
Uy = 0 ,ua=1\| -=b |, ... un—1=
1
0 0 —b

Hence it follows that for ab = 1 the Toeplitz matrix R is diagonalizable.
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4.8  Multiple eigenvalues

In this subsection we study the case when both the conditions (4.2) of Theorem 4.1
are non-valid.

Theorem 4.2 Let R be an order-one-quasiseparable matrix with generators p; (i =
2,...,N),Qj (jIl,...,N—l), Qg (kIQ,...,N—l); g; (iIl,...,N—l), hj (]:
2,...,N), by (k=2,...,N—=1); d, (k=1,...,N) and let A\g be a number such
that for some m € {2,...,N — 1},

lm()\o) = (dm - )\O)am — Pmqm = 0, 5m()‘0) = (dm - >‘0)bm = gmhm =0 (4-43)

and
[Pm| + |dm — Aol + |gm| > 0, |gm| + |dm — Xo| + |hm| > 0. (4.44)

Then A = Ao is an eigenvalue of the matrix R if and only if at least one of the
subspaces
Ker , Ker , (4.45)

where Ap(Xo) = R(1 : m,1 : m) — Xl, Bp(X) = Rm+1: Nym+1: N)—
Mol, Qm =row(a, 1 v qe)iey, Hm = row(b,,_, W)Y . is nontrivial. Moreover if
x1

A = X\g is an eigenvalue of the matriz R then the vector x = | 0 |, where x1,x9

Z2
are vectors of the sizes m—1, N —m respectively, 0 is a number, is an eigenvector of
the matriz R corresponding to the eigenvalue \g if and only if there exist numbers
01,02 such that 61 + 03 = 0 and

"] e Ker (o) ; > | eKer . (4.46)

91 Qm €2 Bm()\O)

In the case of a Hermitian matrix any eigenvalue Ay is real and hence we have
lm(Xo) = d(Ao). This implies that the conditions (4.2) and (4.43) cover all possibil-
ities.

Proof. Assume that at least one of the subspaces (4.45) is nontrivial and the vectors

T 0
! , 2 satisfy the condition (4.46). Applying the representation (2.4) with
01 T2

k = m and with £ = m — 1 to the matrix Ry, = R — Aol we obtain

Apn(No) GmHn Ap1(No) Go1Hipy,
Ry, = (Ao) +1) _ 1(Ao) 1 ’ (4.47)

Pm+1Qm Bm+1()\0) PQO—l Bm()‘(])
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where A, (No) = R(1:m,1:m)— Xol, By(Xo) = R(m+1 N,m+1:N)— Xl

and the elements Qg, Gy, Py, Hi are defined by (2.2). From(4.47) we obtain the
representations
Am(A
Ry,(:,1:m) = (4.48)
0 Pm+1
Ry,(:;m:N) = . (4.49)
IN-—m+1

The condition (4.46) implies

T1 02
€ Ker(Ry,(:,1: m)), € Ker(Ry,(:;m : N)).

01 €2

I 0

Hence it follows that the vectors | ¢, and | 6y belong to the kernel of the

0 T9
matrix R — Agl. This implies that A = A¢ is an eigenvalue of the matrix R and
1 0 X1
moreover the sum | ¢, [ + | 6, | = @ |, where 8 = 61 + 05 is an eigenvector
0 ) D)

of R corresponding to the eigenvalue A = Ag.

x1
Assume that Ag is an eigenvalue of the matrix Rand let | ¢ | be the corresponding

Z2

eigenvector. Using the representation (4.15) we obtain

Ap—1(Xo)x1 + Gr—1hmb + G 1bp Hyyp 120 = 0
mem—lxl + (dm - )‘0>9 + gmHm+1$2 =0 (450)
Pr10mQm-121 + Prgy1gmb + Bryi1(Ao)z2 = 0.

By the first inequality from (4.44) we obtain that at least one of the conditions
|Dm] + |dm — Xo| > 0 or |gm| + |dm — Ao| > 0 holds. Assume that |py,|+ |dym — Ao| # 0.
The first equality from (4.43) implies

d — A
det [ P S

am dm

and hence there exists a number a such that

(am qm>:a<pm dm_/\()). (4.51)
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Multiplying the second equation in (4.50) by P,,+1c and subtracting the result from
the third equation we obtain the equivalent system

Amfl()‘O)l‘l +Gr—1hmb + GmflbmHmell? =0
mem—lxl + (dm - )\0)6 + gmHm—i-lJUQ =0 (4'52)
—Pri1agmHp 122 + Bpg1(Ao)z2 = 0.

Notice that |pm| + |dm — Ao| > 0 implies |hp| + |dm — Ao| > 0, otherwise we get
dm—Ao = 0, hence by virtue of (4.51) gn, = 0 and therefore |g, |+|dm —Ao[+|hm| = 0
contradicting the second inequality from (4.44). The second equality from (4.43)
implies
det fim b =0
dm - )\0 9m

and hence there exists a number 3 such that

0
Set 0y = —BH 1119, 01 = 0 —0>. We should prove that 2 € Ker
x2 Bm()\O)

Using the definition of 62, the formula (4.53) and the representation Hy, = ( h,, by, Hypgt >

we get

62
H,, = R, 09 + bnHp1172 = —hmﬁHerle + hmﬂHerle =0. (4.54)

x2
and
(dy = X0)02 4 gmH 122 = —[(dm — M) Hip122 + B(dm — Ao) Hyp122 = 0. (4.55)

Next by virtue of the third equation from (4.50) and the relations (4.51), (4.53) we
obtain

Pm—i—lQmHQ + Bm—l—l()‘O)xQ = - m—l—la(dm - )\O)ﬁHm—i-le + Bm+1()\0)x2
= —Prny1agmHp 122 + Bry1(Ao)z2 =0

which completes the proof of the second inclusion from (4.46).

Let us prove the first inclusion from (4.46). Using (4.54) and the first equation from
(4.50) we have

Am-1(A0)21+Gm—-1hm01+Gm—1(hmb2+bp Hmy172) = Am—1(Ao)21+Gm—1hmb1 =0
and similarly from (4.55) and the second equation from (em.4) we conclude that

meme??l + (dm — )\0)91 =0.
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Moreover from here using the representation @Q,, = (aQO_1 Im > and the relation
(4.51) we get

1 Qm-171
Qm = (am qm> = a(pmQm—-121 + (dm — A0)01) =0
91 01

which completes the proof. O

Theorem 4.3 Let R be an order-one-quasiseparable matrix with generators p; (i =
2,...,N),q; (j=1,....N-1), a, (k=2,...,N=1); g (i =1,...,N=1), h; (j =
2,...,N), by (k=2,...,N—=1); di, (k=1,...,N) and let A\ = Ny be an eigenvalue
of the matriz R. Assume that the following conditions are valid:

ldi — Aol + |q1] >0, |dy — Aol + |g1] > 0, (4.56)
[dn = Xol + [pn] >0, |dy — Ao| + || > 0; (4.57)

form =j1,792, -y Jky J1y--yJk €{2,..., N = 1}:
ln(No) = (dm — Ao)am — Pmdm =0,  0m(Xo) = (dim — A0)bm — gmhm =0, (4.58)
[Pm| + ldm — Aol + [gm| > 0, [gm| + [dm — Ao| + [hn| > 0 (4.59)

and for the other values of m € {2,...,N —1}:

L (X0) 20, G(A0) #0. (4.60)
Then the corresponding to Ag linear independent eigenvectors w; of the matriz R
are given via the following algorithm.:

1)Set s =0, 6 =1, jo=1; Set RW = R, i.e. define the quasiseparable matriz R
via generators p( ) (i=2,...,N), q ( ) j=1,....,.N—1), a (1) (k=2,...,N —

1 1 1
;M (i=1,...,N-1), hg.) (j :2,..., N), b;) (k :2,...,N— 1); d;> (k =
1,...,N) which are equal to the corresponding generators of the matriz R.

2)If 0 = 0 stop.

3)Set m = joi1—js. Using the generators of the matriz R%) compute by the formulas
(3.1)-(3.4) the values v | (Ao), £ (Ao).

(d) = )rS 1 (o) — PSS MRS =0, g2 (M) —al) £ (0)nE) =0

compute the eigenvector ug of the matriz R as follows. Define the matriz R®) of
s1zes m X m via generators: set

Zj](‘5) = Q§S)) §§8) = g](‘S)u C’l;S) = d§‘5)7 .] = ]-7 , M — ]-7
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B = g T = 1, 7 = o 5O 4 im0 m— 1R = A,

and if |pm)\ + |dm — Xo| > O then set f)(m) = pgi), dni) = dg,i), else set ]3(,2) =

5;?, &(WSL) = ,(n) + Ag. Compute the eigenvector us of the matrix R using the

corresponding formula from Theorem 4.1. Set

Ojsfl

Us = Ug

ON—jiis

4) Using the generators of the matriz R®) compute by the formulas (3.6)-(3.8) the
values 97(211()‘0)’ ZT(;L()\O).

(@) = 20)0001 00) = 9821 Qo)) = 0, D01 0) = a1 )bl = 0

m+1 m ’m

then define the matriz RtV of sizes N — Js+1 + 1 X N — js11 + 1 via generators:
set

o™ =), Y =gl g =gl deT =dl) =1 N,
Y = pn BT =R oY = a0 =0, =2 Nl
and if |g | + \d — Xo| > 0 then set g( st — gﬁfl), dgsﬂ) = dgn), else set g(s+1)

2, dat = B+ o
else set § = 0.

5)s =s+1;

6)If s=k+1 set § =0;
7)Go to 2).

Proof. Take m = j;1. By Theorem 4.2 each eigenvector of the matrix R corresponding
to the eigenvalue Ay has the form

Uy Om—1
u =
ON—m 7:’/2
with
_ Am(No) H,,
u1 € Ker , U9 € Ker
Qm Bm()\O)

WhereA()\o)—R( :my,1:m)— Xol, Bn(h) =Rm+1: Nm+1:N)—
Xol, Qn = row(a” Qi1 k)1, Hm = row (b 1P )N_ . Moreover by virtue of
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u Opn—
(4.48), (4.49) the vectors ! , ml belong to Ker(R — Ag)I. Notice

ON—m a2
that such a nonzero vector u; exists if and only if

Am—l ()\O) Gm—lhm
Am()‘O)

Qm

aQOfl dm

is a nontrivial subspace. Here we used the representation (2.6) for the matrix A,,(Ao)
and the equality @, = (aQO_l Qm)' Since by virtue of the first equality from

(4.58) we have
dm — A
det Pm 0m 0 -0
A, dm

this subspace is non-trivial if and only if

Am—1(%0) Gom—ihim Am-1(X0) Grm—1him
det 100) Gl ) o R

mem—l dm — Xo aQO—l dm

Applying the formula (3.2) to these determinants we conclude that the subspace
(4.61) is non-trivial if and only if

(dm - >\O)'7m71(/\0) - pmfmfl()‘O)hm = Qm'mel()\O) - amfmfl()\o)hm =0.

If the last holds we should consider two cases. The first one is |py,|+|dm —Ao| > 0. In
this case we have also |hy,| + |dy, — Ao| > 0, otherwise we have d,,, — A\g = 0, pr, # 0,
from the second inequality from (4.59) we get ¢, # 0 contradicting the first equality
from (4.58). Thus the matrix

Amfl Gmflhm
Ap=R(1:m,1:m) =

memfl dm

and the number )\ satisfy the conditions of Theorem 4.1. Hence it follows that the
number )\g is an eigenvalue of the matrix A,, of the geometric multiplicity one and
the corresponding eigenvector u; is obtained by the corresponding formula from
Theorem 4.1. If |py,| + |dim — Ao| = 0 then we have d,,, — A\g = 0, moreover by virtue
of the first inequality from (4.59) we get ¢,, # 0 and from the second equality from
(4.58) we obtain h,, = 0 and thus from the second inequality from (4.59) we get
gm # 0. Hence it follows that the matrix

Am—l Gm—lhm
mem—l dm + )\0

and the number g satisfy the conditions of Theorem 4.1. Therefore the number Ag is
an eigenvalue of this matrix of the geometric multiplicity one and the corresponding
eigenvector w7 is obtained by the corresponding formula from Theorem 4.1.
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Next a nonzero vector g exists if and only if

hm bmHm—H
Hy,

Ker =Ker | d,, — \o gmHmi1 (4.62)
B (o)
Prt1Gm Bm+1(Xo)

is a nontrivial subspace. Here we used the representation (2.8) for the matrix By, (o)

and the equality H,, = (hm by Hppi1 )
Since by virtue of the second equality from (4.58) we have

hy by
det =0

dm - )‘0 9m

this subspace is non-trivial if and only if

det 09 AR det 1 =0

Pm—l—lQm Bm—f—l()\O) Pm+1Qm Bm+1()\0)

Applying the formula (3.7) to these determinants we conclude that the subspace
(4.61) is non-trivial if and only if

(dm - )\O)eerl()\O) - gm2m+1()\O)Qm = hm0m+1()\0) - bmzm+1()\O)Qm =0. (463)

If the last is valid we should consider two cases. The first one is |gy, |+|dm—Ao| > 0. In
this case we have also |¢m| + |dm — Ao| > 0, otherwise we have d,,, — Ao = 0, ¢ # 0,
from the second inequality from (4.59) we get hy,, # 0 contradicting the second
equality from (4.58). Thus in this case we set

dm mHm
R® =B, = R(m:N,m: N) = GmHm1

Pm—HQm Bm+1

If |gm| + |dm — Ao| = 0 then we have d,;, — Ao = 0, moreover by virtue of the second
inequality from (4.59) we get g, # 0 and from the second equality from (4.58) we
obtain h,, = 0 and thus from the first inequality from (4.59) we get h,, # 0. In this
case we set

R(Q) _ hm + )\0 bmHerl

Pm-HQm Bm+1

Next we apply the same procedure to the matrix R and so on until we get that
the condition (4.63) is not valid or take m = k.

Since each of the eigenvectors us contains one in the position in which the previous
vectors contain zero, it is clear that these vectors are linear independent. O
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Remark. In the conditions of Theorem 4.3 the geometric multiplicity of the eigen-
value )\g is less than or equal to k + 1.

The following theorem completes the results of Theorem 4.1 and Theorem 4.3 in
some additional assumptions.

Theorem 4.4 Let R be an order-one-quasiseparable matrix with generators p; (i =
2,...,N),Qj (jIl,...,N—l), ag (kIQ,...,N—l); g; (i:1,...,N—1), hj (]:
2,...,N), by (k=2,...,N—1); dp (k=1,...,N) and assume that the generators
of R satisfy the following conditions:

d=d;, i=1,...,N; PHE 5 1 N-1 (4.64)
gihiy1
Prak kb grhu B
arp # 0, by # 0, = ==, k=2,...,N—1. (4.65)
ag by, by,

Let also Ay be an eigenvalue of the matriz R.
If
(M) = (Mo —dp)ar +prap #0, k=2,...,N—1 (4.66)

then the eigenvalue Ay is simple and the corresponding eigenvector is given by the
formula (4.6). If for m = ji,jo, ..., jks J1s---s 0k € {2,..., N —1}:

Im(ANo) = (dm — Ao)am — Pmam = 0, (4.67)
and for the other values of m € {2,...,N — 1}
I (Xo) # 0 (4.68)

then the multiplicity of Ao is less than or equal to k + 1 and the corresponding
etgenvectors may be computed by the algorithm from Theorem 4.3.

Proof. In the same way as in Example 3) from Subsection 4.1 we show that the
matrix R is similar to a Hermitian matrix. Hence it follows that the matrix R is
diagonalizable. Moreover the condition (4.65) implies that for any A,

DPrAk by,

h
ok(A) = (A\=dp)br+grhy = bk(A*dk+"qZ—k) =bpy(A\—dpt+——) = —lk(N), k=2,...

k ay ag

Hence it follows that for any A and for any k € {2,..., N —1}, [x(\) = 0 if and only
if 95 (A) = 0. Therefore if the condition (4.66) holds then taking also into account
that by virtue of the condition (4.64) we have ¢1 # 0, py # 0, hxy # 0 we conclude
all conditions of Theorem 4.1 are valid. Hence by Theorem 4.1 and by virtue of
the fact that the matrix R is diagonalizable we conclude that the eigenvalue Ag is
simple. Moreover since we have pyhy # 0 the corresponding eigenvector is given by
the formula (4.6). In the case when the conditions (4.67), (4.68) are valid we have

L (X0) = 0m(Xo) =0
for m = j1, 52, ..., Jk, jl,...,jk€{2,...,N*1} and
lm(Xo) #0,  Om(Ao) # 0.
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for the other values of m € {2,..., N — 1}. Taking into account that by virtue of
the condition (4.64) we have qp # 0, g #0 (k=1,....,N —1), px # 0, hy #
0 (k=2,...,N) we conclude that all conditions of Theorem 4.3 are valid. Hence by
Theorem 4.3 and by virtue of the fact that the matrix R is diagonalizable we con-
clude that the multiplicity of Ag is less than or equal to k+ 1 and the corresponding
eigenvectors may be computed by the algorithm from Theorem 4.3. O

Example

As an example of an order-one-quasiseparable matrix with a multiple eigenvalue we
consider the matrix

allaaa
121laaa
111laaa
aaalll
aaal?2l
laaallf]

Here a, 8,a # 0 are the parameters. This matrix is order-one-quasiseparable with
generators pp =p3 =1, pr=ps =ps =0 1 =@ =g =1, g1 =¢ = a™ly ap =
Lk=2..5g=@p=g=1gi=q¢g=a'; hh=hyg =1, hy = hs =
he =a; ap =1, k=2,...,5; bp =1, k=2,...,5; di =, do =2, d3 =dy =
1, d5 = 2, d6 = ﬂ Take )\0 = 0. We have 13()\0) = 53()\0) = l4()\0) = (54(/\0) =0. By
Theorem 4.2 we conclude that A\g = 0 is an eigenvalue of the matrix R of multiplicity
three if

all 111
1la
det [ 1 21| =det =det [121]| =0,
al
111 113

ie.ifa=1, =1, a=1 Inthecase a =1, 8 =1, a # 1 we obtain that the
multiplicity of A\g = 0 equals two. In the same way one can obtain other cases when
the multiplicity of Ay = 0 equals two and also the cases when this eigenvalue is
simple.

4.4 An intermediate case

Next we consider an intermediate case when at least one of the conditions (4.2) of
Theorem 4.1 does not hold but another one may be valid or non-valid, i.e. for some
me{2,...,N — 1}, [,(Ao)dm(Ao) = 0. We assume for simplicity that d, — Ao # 0
which implies the conditions (4.44). We obtain here an analog of Theorem 4.2.
However we do not suggest here an algorithm for computation of the eigenvectors
as it was done in Theorem 4.3.
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At first we show that in the case under consideration the value of the characteristic
polynomial of a matrix at the point Ag may be expressed via the product of the
values at this point of the characteristic polynomial of the corresponding principal
submatrices.

Lemma 4.5 Let R be an order-one-quasiseparable matriz with generators p; (i =
2,...,N),q; (j=1,...,N-1), ap, (k=2,...,N—1); ¢; (i=1,...,N—-1), h; (j =
2,...,N), by (k=2,...,N—1); di, (k=1,...,N) and let Ny be a number such
that for some m € {2,..., N — 1}, [;,(Xo)dm(Ao) = 0. Then the relation

ﬁmw)em@o), (4.69)

where Ym(Ao) = det(R(1 : m,1 : m) — Aol), Om(Xo) = det(R(m+1: Nym+1:
N) — XoI), holds.

det(R — AI) =

Proof. Assume that ,,,(Ag) =0, i.e.

dm — A
det P Gm 0 =0.
Am dm

Since d,, — Ag # 0 there exists a number « such that

(am qm>:a(pm dm—Ao)- (4.70)

By virtue of the partition (4.15) we have

Am—l(AO) C;'m—lhm Gm—lbmHm+1
det(R - )‘OI) = det PmQm—1 dm — Ao ImHmi1 )
Pm+1aQO71 Pry1gm Berl()\O)

where A,—1(Ao) =R(1:m—1,1:m—1) — X, Bpt1(Mo) =R(1:m+1,1:m+
1) — AoI. Multiplying the second row of this determinant by P,, 1« and subtracting
the result from the third row we obtain

Am—l()\O) Gm—lhm Gm—lbmHm+1
det(R - )‘OI) = det PmQ@Qm—1 dm — Ao ImHpm 1 )

0 0 By1(Mo)
where EmH(AO) = Bm+1(MNo) — Prt1agmHpm+1 which implies
det(R — AI) = det A (Xo) - det Bimy1(Ao) = ym(Xo) - detBma1(No).  (4.71)
Next consider the determinant

i — X0 gmHnm
B (No) = det 0 gmmid

Prt1G¢m Bm+1(No)
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Multiplying the first row of this determinant by P, 1 and subtracting the result
from the second row we obtain

dm - AO gmHm+1 ~
em()\(]) = det = (dm — )\0) . deth+1()\0). (4.72)

0 Bmti1(Mo)
Comparing (4.71) and (4.72) we obtain (4.69).
In the same way one can proceed in the case d,(Ag) =0. O

Next we provide an analog of Theorem 4.2 for the eigenvectors of a matrix satisfying
for some m € {2,..., N — 1} the condition l,;,(Ao)dm (o) = 0.

Theorem 4.6 Let R be an order-one-quasiseparable matrix with generators p; (i =
2,...,N),qj' (jZI,...,N—l), ag (k‘:2,...,N—1); gi (i:1,...,N—1), hj (]:
2,...,N), by (k=2,...,N—=1); di, (k=1,...,N) and let Ay be a number such
that for some m € {2,...,N — 1},

lin(20)m(Mo) = 0. (4.73)
Then A = Ag is an eigenvalue of the matrixz R if and only if
’}/m(/\o)em()\o) = 0, N (4.74)
where Ym(Xo) = detAn,(Ao), Om(No) = detBp,(Xo) and Ap(Xo) = R(1 : m,1 :
m) — Aol, Bn(M) = R(m+1: N,m+1:N)— XI. Moreover if \ = X\ is an
T
eigenvalue of the matrix R and l,,,(\g) = O then the vectorx = | 6 |, where x1,x2
T2
are vectors of the sizes m—1, N —m respectively, 0 is a number, is an eigenvector of

the matriz R corresponding to the eigenvalue Ao if and only if there exist numbers
01,02 such that 01 + 02 = 0 and

0 x1 Gm-1) 0m()
Bun(Mo) —0, An(h) _ %(Hmﬂxz). (4.75)
T2 01 0 m — A0

Furthermore if X = \g is an eigenvalue of R and 6,,(Ag) = 0 then the vector x is an
etgenvector of the matriz R corresponding to the eigenvalue \g if and only if there
exist numbers 01,0y such that 601 + 02 = 6 and

1 02 0 L (A
Am()\o) = 0, Bm()\o) = — d (_0)\) (mell'l)- (4.76)
01 Z2 Pm+1 m 0

Here the vectors Py, Qk, Gk, Hy, are defined via (2.2), (2.3).

Unfortunately we have no simple criteria or an algorithm at our disposal for solving
(4.75), (4.76) with singular matrices and non-zero right hand parts. In the additional

38



assumption that |[1,,,(Ao)| + [0m(Xo)| > 0 implies [ (Ao)| + [0m(Xo] > 0 we obtain
in the equations (4.75), (4.76) either invertible matrices or zero right-hand parts.
In this case one can obtain an algorithm similar to one from Theorem 4.3 but
essentially more laborious.

Proof. From Lemma 4.5 we conclude that A = )¢ is an eigenvalue of the matrix R
if and only if (4.74) holds.

x 0
Assume that \g is an eigenvalue of R. Let [,,(Ag) = 0 and let the vectors ! , ?
91 T2
satisfy the condition (4.75). Using the representations
Amfl()\O) Gm-1hm A — Ao gmHpmi1
Am(AO) = ) Bm()\O) =
mem—l dm - )\O Pm+1Qm Bm+1()\0)
we obtain
O (A
Am_l()\o)m'l + Gr—1hmbh + Gm_ld ( (1\) Hpyv129 =0, (4.77)
m — A0
PmQm-171 + (dm - >\0)01 =0, (4.78)
(dm — )\0)92 + gmHmy122 =0, (4.79)
Pm+1qm02 + Bm+1(/\0):c2 =0. (480)
From (4.79) we get 6y = —dm—l_)\OgmHmHacg and the substitution to (4.77) yields
mPm Om (A
Apm—1(N0)x1 + Groe1hp (01 + 02) + Geq | — g + ( 0) Hpyp120 = 0.
dm — Ao dm — Ao

From here using the equality 0,,(Ao) = b (dm — Ao) + gmhm and setting 6 = 01 + 0
we obtain

Am_l()\o)xl + Gm—1hmt + Go—1bp Hpy 122 = 0. (4.81)
Moreover from (4.78), (4.79) it follows that
PmQm—121 + (dmy — X0)0 + gmHmt122 = 0. (4.82)

Next using the relations (4.78) and (4.70) we obtain
amQm-171 + gmbh = 0

which implies
PmaQO—I:El + PQOel =0.

The last equality together with (4.80) yields
PrhamQm_1r1 + (dm - )\0)0 + gmHmy122 = 0. (483)

1
From (4.81)-(4.83) we conclude that the vector z = | ¢ | belongs to Ker(R—\oI).

T2
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x1
Now assume that l,,,(\g) = 0 and the vector z = 9 |, where z1, xo are vectors of

T2
the sizes m — 1, N —m respectively, 6 is a number, is an eigenvector of the matrix R
corresponding to the eigenvalue \g. In the same way as in the proof of Theorem 4.2
we obtain that the components of the vector z satisfy the system (4.52). Moreover
the number « in the third equation from (4.52) is defined via the relation (4.70)
which implies & = gy, /(dp, — Ao). Set

b2 = —(gmHm+172)/(dm — Ao)- (4.84)
We obtain
) dm — A mHm 0
Bun(Mo) 2| _ 0 g +1 2| _ 0.
T2 Pri1Qm Brg1(Mo) T2

Furthermore setting #; = 6 — 02 and using the first and the second equation from
(4.52) and the equality (4.84) we get

A1 ()1 + Gt hon + Gt (=225 4 by, ) Hypya = 0
Pm@m—121 + (dm - /\0)91 =0.
Hence it follows that

Ap—1(Ao) Gm—1hm T Gmfl%(Herll?)
Pm@m-1 dm — Ao 61 0
which completes the proof of (4.75).

In the case 6,,(A\g) = 0 one can proceed in the same way. O
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