CHARACTERIZATIONS OF QUASISEPARABLE MATRICES AND THEIR
SUBCLASSES VIA RECURRENCE RELATIONS AND SIGNAL FLOW GRAPHS

T.BELLA*, Y.EIDELMAN'?, . GOHBERG' , AND V.OLSHEVSKY*

Abstract. The three-term recurrence relations satisfied by real-orthogonal polynomials (related to irreducible tridiagonal
matrices) and the two- and three-term recurrence relations satisfied by the Szegd polynomials (related to unitary Hessenberg
matrices) are all well-known. In this paper we consider more general two- and three-term recurrence relations, and prove that
the related classes of matrices are all Hessenberg order one quasiseparable ((H, 1)-quasiseparable) matrices.

Specifically, we give several characterizations of (H, 1)-quasiseparable matrices and some subclasses including diagonal plus
order-one upper semiseparable matrices. Characterizations are given in terms of the quasiseparable generators, in terms of
the recurrence relations satisfied by their corresponding systems of polynomials, and in terms of the corresponding signal flow
graphs.

1. Introduction. In this paper we present complete characterizations of several classes of matrices in
terms of their polynomial systems. Throughout the paper, we will say that an n x n matrix A = (a; ;) is
related to or corresponds to a system of polynomials {ry(z)} provided

1

(1.1) rp(x) = PP det (#I — A) ;x> (A is upper Hessenberg).

We will also associate a set of recurrence relations with the system of polynomials satisfying them, and speak
of the matrix related to or corresponding to a set of recurrence relations.

All matrices considered in this paper are assumed to be upper Hessenberg (a; ; = 0 for ¢ > j + 1) and
all elements of the subdiagonal nonzero (a;+1,; # 0 for i = 1,...,n — 1). We suggest to call such matrices
strongly Hessenberyg.

We begin by considering two classical classes of matrices and the related systems of polynomials and the
recurrence relations they satisfy.

1.1. Real orthogonal polynomials & irreducible tridiagonal matrices. It is well-known that
systems of n + 1 polynomials {ry(z)}}_, orthogonal with respect to an inner product of the form

b
(o) a(e) = [ p)ate)u@)ds
satisfy three-term recurrence relations of the form

(1.2) re(z) = (agx — 0 )rp—1(x) — Yk - Tr—2(x), g # 0,y > 0.

Real orthogonal polynomials are also related to irreducible tridiagonal matrices. Specifically, the polynomials
{rr(z)} satisfying (1.2) are related to the irreducible tridiagonal matrix

T 22 T
ar a0 0
1 &
[e5] a2
(1.3) A= 0o L . =t
Q2 Qn—1
On—1 Jn
Qn—1 Qn
L 0 0 Oy —1 Oé’:,, -

via
(@) = a1 agpdet (] — A) g -

In particular, there is a bijection between irreducible tridiagonal matrices A of the form (1.3) and recurrence
relations (1.2), and hence they provide a complete characterization of each other. !
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TSchool of Mathematical Sciences, Raymond and Beverly Sackler Faculty of Exact Sciences, Tel Aviv University, Ramat-Aviv
69978, Israel.

!The standard result on such a bijection (see, for instance, [SB92]) is typically formulated for the monic polynomials
{ri(z)} and for the symmetric irreducible tridiagonal matrices A Tt is easy to see, however, that for a symmetric irreducible
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1.2. Szegd polynomials & unitary Hessenberg matrices. Next we consider the n + 1 Szegd
polynomials ®# = {qbk#(x)}ﬁzo, or polynomials orthonormal on the unit circle with respect to an inner
product of the form

) g =5 [ " p(e?) - [g(e)]" - w? (8)do,

For any such inner product, it is known [GS58] that there exist a set of reflection coefficients® {p.} satisfying
p0:_17 |pk|<la kl:la"'an_lﬁ |pn|<1a

and complementary parameters {uy} defined by the reflection coefficients via
_ V1= lpwl? k] <1
14 = 1 lok] =1

such that the corresponding Szegé polynomials satisfy the two-term recurrence relations

(15) { ok (z) ] 1 [1]’ [ ok (z) ] 1 [ L —p ] [ ¢k1($)}’ k=12 .n).

of(x) | o @) | | e 1 zo}_y (x)

where the polynomial system {¢y(x)} is a system of auxiliary polynomials. The Szeg6 polynomials are also
known to be related to (almost) unitary Hessenberg matrices® of the form

—poP1  —PoM1IP2  —PoMIf2P3  t —PoMIM2IE  Hn—1Pn
1 —p1p2 —pP1H2p3 E —PIH2M3 " fn—1Pn
(1.6) H= 0 H2 —p3p3 —p513 - fn—1Pn
0 o 0 fin—1 —Pp—1Pn
via the equation
O (@) = —— det (] — H)
B

see, e.g, [G82, KP83, BC92, T92, ACR93, BH95, R95, 098, O01], and the references therein.

Again, there is a bijection between strongly Hessenberg matrices H of the form (1.6) and recurrence
relations of the form (1.5), and hence they again provide a complete characterization of each other.

It was shown by Geronimus in [G48] that, under the additional restriction of p; # 0 for each k, the
corresponding Szegd polynomials satisfy the three-term recurrence relations

dt@) =+, t@) = ~(z- 6t () + mp}- (@)
Ko M1
(1.7)

# 1 1 _

Pk # Pk Mk—1 #
o7 (x)=|— -x+——| ¢ x)— 0] x), k=2,....n
k() B klkkl() 1 Lk kQ() ( )

Obviously, the class of unitary Hessenberg matrices is partitioned into two classes: those with pp # 0 for
all k, and those with at least one pr = 0. Motivated by this result of Geronimus, we make the following
definition.

tridiagonal A there is a unique invertible diagonal matrix D such that A = D~1AD has the same first subdiagonal shown in
(1.3). Since the latter is completely determined by the leading coefficients of {ry(x)}, the bijection (1.1) between (1.3) and
(1.2) is just a variant of a classical result.

2Reflection coefficients are also known in various contexts as Schur parameters [S17], Verblunsky coefficients [S05], parcor
coefficients.

3Throughout the paper, matrices referred to as unitary Hessenberg are almost unitary, differing from unitary in the last
column. Specifically, H = UD for a unitary matrix U and diagonal matrix D = diag{1,...,1, pn }.
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DEFINITION 1.1. A wnitary Hessenberg matrix H of the form (1.6) is a Geronimus-type unitary Hes-
senberg matriz provided the corresponding system of Szegé polynomials satisfy three-term recurrence re-
lations, and non-Geronimus-type unitary Hessenberg matriz otherwise. Szego polynomials corresponding
to Geronimus-type unitary Hessenberg matrices are called Geronimus-type Szegé polynomials, and non-
Geronimus-type Szego polynomials otherwise.

So the result of Geronimus implies that unitary Hessenberg matrices with p; # 0 for each k are
Geronimus-type unitary Hessenberg matrices. In Section 5, we give a slightly larger class for which three-
term recurrence relations exist for the corresponding Szego polynomials, and give a complete characterization
of Geronimus-type unitary Hessenberg matrices.

Next an interpretation of the Szegd polynomials is given in terms of signal flow graphs. We emphasize
at this point that the reader is not assumed to have any knowledge of signal flow graphs, as all necessary
definitions will be provided, and additionally the signal flow graphs could be skipped completely without
any loss of continuity. The Szegd polynomials can also be realized, or represented via signal flow graphs,
using the Markel-Grey filter structure, familiar to engineers. Such a signal flow graph, given in Figure 1.1,
also characterizes the Szego polynomials in the same way the corresponding unitary Hessenberg matrices do.
Details about signal flow graphs and their uses in characterizations are given below in Section 4.4.

Fic. 1.1. Markel-Grey filter structure: signal flow graph for the Szegd polynomials using two-term recurrence relations (1.5).

1.3. Quasiseparable matrices. The following rank definition of (H,1)-quasiseparable matrices will
be followed by an equivalent definition in terms of generators of the matrix after demonstrating that the
classes of tridiagonal and unitary Hessenberg matrices are special cases of (H,1)-quasiseparable matrices.

DEFINITION 1.2 (Rank definition for (H,1)-quasiseparable matrices). A matric A = [a;;] is called
(H,1)-quasiseparable (i.e., Hessenberg-1-quasiseparable) if (i) it is stringly upper Hessenberg (aijt1,; # 0 for
i=1,...,n—1anda;; =0 fori>j+1), and (ii) max(rankAi2) = 1 where the mazimum is taken over

all symmetmc partitions of the form
A [i‘ﬂ}
* *

It is easy to see that both tridiagonal matrices (1.3) and unitary Hessenberg matrices (1.6) are (H,1)-
quasiseparable by considering a typical submatrix of each:

o 0 - 0 —Pap3 2Py —P5HAMZH2HIPG  t —Prbn—1 " J3H2M1 00
Ay = 50 0 -+ 0|, Hipa=| —papspap; —pPspafisfi2pl  ctc —Pnfin—1ccc Hap2p] |
a 0 0 —pafizps —psfaft3ps ot —Pafln—1- [1305

both of which are rank one.
Another definition of quasiseparability that is well-known to be equivalent to Definition 1.2 is given next.
DEFINITION 1.3 (Generator definition for (H, 1)-quasiseparable matrices). A matriz A is called (H,1)-
quasiseparable if (1) it is strongly upper Hessenberg, and (ii) it can be represented in the form

d
! glb;;h]

P2q1

Pndn—1 dn




where bj; = biy1---bj_1 for j >i+1 and b =1 for j =i+ 1. The scalar elements {py, qr, dk, gk, Ok, hx }
are called the generators of the matriz A.

The reason for introducing this class of matrix is as follows. In the next section we will consider more
general recurrence relations than those corresponding to tridiagonal matrices and unitary Hessenberg matri-
ces. We will show that all recurrence relations we consider correspond to subclasses of (H, 1)-quasiseparable
matrices (or the exact class of (H,1)-quasiseparable matrices).

1.4. Main results. Following the characterization of two classical classes of matrices (tridiagonal in
Section 1.1 and unitary Hessenberg in Section 1.2) in terms of recurrence relations for corresponding systems
of polynomials, we determine the classes of polynomials and corresponding classes of matrices that result
by considering recurrence relations more general than (1.2), (1.5) and (1.7). In particular we consider
generalizations of the three-term recurrence relations of (1.2), their unrestricted variant

(1.8) () = (e — O)re—1(z) — v - Te—2(x), ar #0,
as well as (1.7) to the more general three-term recurrence relations
(1.9) rie(x) = (ogx — 0) - Th—1(x) — (Brx + Vi) - rr—2(T)

and the two-term recurrence relations of (1.5) to

(1.10) [ f:((;c)) } = { 3: 61k } { (O ikgkl)si)_l(a}) ]

with invertible transfer matrices; i.e. ax — Brxvr # 0. Additionally, the two-term recurrence relations

(1.11) { G (2) } _ [ ar B ] [ Gr1(z) ]

ri(z) Ve OrT + Oy ri—1(x)

will be considered. The motivation for considering this third type of recurrence relations will be given below
in Section 6. Specifically, the questions answered in this paper are as follows:
e what are the structures of the strongly upper Hessenberg matrices whose corresponding polynomial
systems {rj} satisfy recurrence relations of the forms (1.9), (1.10), and (1.11)?
e what are the recurrence relations satisfied by polynomials {7} related to quasiseparable matrices?
e what are the recurrence relations satisfied by polynomials {r} related to some subclasses of quasi-
separable matrices, specifically well-free and semiseparable matrices (Definitions 4.1 & 3.1)7
e how are the classes of matrices mentioned above related to each other (i.e. are the classes disjoint,
do they have an intersection, are they contained within one another, etc.)
e why are there no two-term recurrence relations for real orthogonal polynomials of the same form as
those for the Szego polynomials?
e what is the widest possible pattern of reflection coefficients py, for which there are three-term recur-
rence relations for the corresponding Szeg6 polynomials ¢k#(x)7
e what are the realizations in terms of signal flow graphs such as in Figure 1.1 for the polynomial
systems {ry} in the above questions?

The answers to the preceding questions are the main results of this paper, and many of them are
summarized in Table 1.1. We additionally present proofs that the described classes of matrices coincide as
in Figure 1.2. Also shown are the same results in terms of classes of corresponding polynomials, and the
recurrence relations satisfied by them. We also propose new filter structures that generalize the Markel-Grey
filter structures of Figure 1.1.

2. Correspondences between strongly Hessenberg matrices and polynomial systems. In
this section we give details of the correspondences between Hessenberg matrices and systems of polynomials
defined via (1.1), and how these correspondences can be used in characterizations of matrices in terms of
recurrence relations and vice versa.

2.1. A bijection between strongly Hessenberg matrices and polynomial systems. Let H be
the set of strongly upper Hessenberg matrices. Then it is clear that (1.1) provides a mapping of H into P,
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TABLE 1.1
Characterizations of subclasses of (H,1)-quasiseparable matrices.

Characterizations
(H,1)-q.s. generators Signal flow
Class of matrices of Definition 1.3 Recurrence relations graphs
Irreducible tridiagonal matrices (4.2) three-term (1.2) | Figure 7.1
Unitary Hessenberg matrices (4.2) two-term (1.5) | Figure 1.1
Geronimus-type UH matrices (4.2) three-term (1.7)
(H, 1)-semiseparable matrices b, #0 Szego-type 2-term (1.10) | Figure 3.3
(Definition 3.1) (Lemma 3.2) (Theorem 3.4)
(H, 1)-well-free matrices hi #0 general 3-term (1.9) | Figure 4.1
(Definition 4.1) (Lemma 4.2) (Theorem 4.4)
(H, 1)-quasiseparable matrices no restrictions [EGOO05]-type 2-term  (1.11) | Figure 6.1
(Definitions 1.2 & 1.3) (Theorem 6.1)
/ (H, 1)-Quasiseparable matrices \
(Definitions 1.2 & 1.3)

/ (H,1)-semiseparable matrices \
(Definition 3.1)

Non—Geronimus—type\
unitary Hessenberg matrices
(Definition 1.1)

/ (H,1)-well-free matrices m-truncated (m € [3,n]) \

(Definition 4.1) unitary Hessenberg matrices
(Definition 5.1)

Tridiagonal matrices kl—truncated UI_N j

tri di;ri?;llclll?zﬁrices Bidiagonal-like matrices
g k (Definition 5.3) J

~
2

/

(H, 1)-Quasiseparable polynomials \
(2-term r.r. (1.11))

/ (H, 1)-semiseparable polynomiam
(2-term r.r. (1.10))

Szeg6 polynomials \
(2-term r.r. (1.5))

~

)
(no 3-term r.r.)
/ (H, 1)-well-free polynomials Szegd polynomials \
(3-term r.r. (1.9)) (2-term r.r. (1.5))

(3-term r.r. (5.1))

/ polynomials satisfying (1.8) kr'r. (1.5) & (5'2N /

Real orthogonal poly. .
\ (3-torm 1r. (1.2)) Qm‘}s;_fgf;fgéj e omials )

o /

Fi1G. 1.2. Relations between classes of matrices as given in Theorem 5.6 (above), and relations between corresponding
classes of polynomials and the recurrence relations satisfied (below).
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the set of polynomial systems {r;} with degry = k; that is, to each such matrix A corresponds a unique (up
to scaling of the constant polynomial ro(x)) system of polynomials {r;} with degr, = k:

1
(2.1) fH—-P, where ri(z) = G132 det (21 — A) ) -

The results of [MB79] allow one to observe that this mapping is, in fact, a bijection, allowing characterizations
of one class in terms of the other.

Indeed, given a polynomial system R = {ro(z),r1(z),...,rn(x)} € P, there exist unique n-term recur-
rence relations of the form

(2.2)  z-rpo1(@) =agkre@) Fag—1 g re—1(@) F - Faok -ro(z), arr#0, (k=1,...,n).

This is because this formula represents 1 € Py (P being the space of all polynomials of degree at most k)
in terms of x - rp_1,7k_1,Tk_2,...,70, Which form a basis in P;, and hence the coefficients are unique. That
is, the mapping

(2.3) f1 : {coefficients a; ; of (2.2)} — P

is a bijection. To show (2.1) is a bijection, it then suffices to show that it corresponds to a bijection from
the set of strongly Hessenberg matrices to the set of all such n-term recurrence relations.

For a given set of n-term recurrence relations of the form (2.2), in [MB79] the authors introduced the
so-called confederate matriz

ap,1  aop,2 Qo3 te ap,n
a1 a2 Qi3 ce a1,n
(24) A= 0 a2 0G23 . . s Ak k 7é 0, (]f =1,...,n— 1)
Gn—2n
0 e 0 An—1,n—1 Qn—1,n

and showed that this matrix is related to the system of polynomials satisfying those n-term recurrence
relations via (1.1), and hence the mapping is a surjection. To see the mapping is an injection, given two
different matrices of the form (2.4), they must differ in some position (i,7) with minimal j of all such
positions. Then the first (j — 1) polynomials of the corresponding systems will coincide as the corresponding
columns do, but then the j—th polynomials of the corresponding systems must involve a different coefficient
of the (i — 1)-th polynomial in {x - 7;_1,7j_1,7j_2,...,70}, and hence the corresponding systems must be
different. This demonstrates the function

(2.5) fa : H — {coefficients a; ; of (2.2)}

is a bijection, and combining this with (2.3) shows that (2.1) is a bijection.

This bijection combined with the following lemma giving n-term recurrence relations for systems of
polynomials corresponding to (H, 1)-quasiseparable matrices in terms of their generators together provide
the tools for the desired characterizations. The following lemma is given in [BEGOTO07], and is a consequence
of Definition 1.3 and [MB79]:

LEMMA 2.1. Let A be an (H,1)-quasiseparable matriz specified by its generators as in Definition 1.3.
Then a system of polynomials {r(x)} satisfies the recurrence relations

k—2
1
(2.6) re(z) = (@ = di)re—1(z) = > gi1blsy phuari(@) |
Pk+19k = ’

if and only if {ri(x)} is related to A via (1.1).



2.2. Nonuniqueness of recurrence relation coefficients. In contrast to the n-term recurrence rela-
tions (2.2), other recurrence relations such as the general three-term recurrence relations (1.9) corresponding
to a given polynomial system are not unique. Indeed, for R = {ry(z)}, the latter expresses the polynomial
rr € Py (k= 1,...,n) in terms of k + 2 different elements, and since dimP;, = k + 1, we see there is a
freedom in choosing the coefficients involved in the recurrence relations.

As a simple example of a system of polynomials satisfying more than one set of recurrence relations of
the form (1.9), consider the monomials R = {1,z,22,...,2"}, easily seen to satisfy the recurrence relations

TO(‘T) :17 Tk(x) :Z"’I’k_l(ﬂ?), (k: 1;"'377’)
as well as the recurrence relations
ro(z) =1, ri(z) =z rp_1(), re(r) = (x+1) rpa(x) =2 rp2(x), (E=2,...,n).

Hence a given system of polynomials may be expressed using the same (more general) recurrence relations
but with different coefficients of those recurrence relations.

2.3. Nonuniqueness of (H, 1)-quasiseparable generators. Similarly, given a (H, 1)-quasiseparable
matrix, there is a freedom in choosing the set of generators of Definition 1.3. As a simple example, if a (H, 1)-
quasiseparable matrix is given by the generators {pg, gk, dk, gk, bk, hr }, then the same (H, 1)-quasiseparable
matrix is generated by the set {p}, ¢, dk, gk, bk, hi,} where pj =1, (k= 2,...,n) and ¢}, = pry1qk, (k =
1,...,n—1).

2.4. Characterizations of subclasses of matrices via recurrence relations. In the sections be-
low we construct mappings that map special classes of recurrence relations to special classes of (H,1)-
quasiseparable generators, and vice versa. Specifically, given recurrence relation coefficients for a system
of polynomials, the following formulas yield a set of generators for the corresponding (H, 1)-quasiseparable
matrix. These formulas, in both directions, are given in Tables 2.1 & 2.2

TABLE 2.1
Conversion formulas: Recurrence relation coefficients = (H, 1)-quasiseparable generators.

Recurrence relation (H, 1)-quasiseparable generators

coefficients Dk \ dy, \ Gk \ by, \ Iy

Conclry 131 || oo | &+ ey | e | 1

s e I ey e e =

oty bg) ) | 2 o 3
TABLE 2.2

Conversion formulas: (H,1)-quasiseparable generators = recurrence relations.

[ Matrix & recurrence relations [ aj | O [ Br [ Vi |
el 1 di _ Pk9k—10k—1hk ‘ hibr—1 hy _ ‘
’ (H, 1)-well-free, (1.9) H Pr+1dk ‘ Prt1dk Pry1dkhr—1 Prt1dkhr—1 | Pry1dkhr—1 (hx—19k—1 — dk-1b5—1)
] Matrix & recurrence relations \ ay \ O \ Vi \ Ok \ 0y ‘
- i _ genihe | hy 1 gkhe ___ dg
(H’ 1) semiseparable, (1'10) pk+1kak+2 by Gk+1 bl}cl Pk+1qk | Pht+1qrbi Pk+19k
(H,1)-quasiseparable, (1.11) Dr%k ——dk_ | PRk ! ——
Prk+1 Pr+1 Pr+14k Prk+14k Prk+19k

Despite the nonuniqueness situations described in Sections 2.2 & 2.3, these conversion formulas do in
fact provide the desired complete characterizations. This is because they implement the mapping (2.1),
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shown in Section 2.1 to be a bijection. The characterization of a given matrix is then found by choosing a
representative in the equivalence class of generators for that given matrix and mapping it to a representative
in the equivalence class of recurrence relations describing the corresponding polynomial system.

3. (H,1)-semiseparable matrices & Szeg6-type recurrence relations (1.10). In this section we
present the subclass of (H, 1)-quasiseparable matrices that correspond to polynomials satisfying the Szego-
type recurrence relations (1.10):

(3.1) [ Gr(x) } _ [ ar Br } [ ( Gr-1(x)

k() v 1 Ok + Op)ri—1(x)

That is, we prove the characterizations listed in Table 1.1 for (H, 1)-semiseparable matrices.
DEFINITION 3.1 ((H,1)-semiseparable matrices). A matriz A is called (H,1)-semiseparable if (1) it is
strongly upper Hessenberg, and (ii) it is of the form

A = B+ triu(Ay)

for a rank-one matrix Ay and a lower bidiagonal matriz B, where triu(Ay) denotes the strictly upper
triangular portion of the matriz Ay .

Paraphrased, a (H, 1)-semiseparable matrix has arbitrary diagonal entries, arbitrary nonzero subdiagonal
entries, and the strictly upper triangular part of a rank one matrix. It is clear from this definition that a
(H, 1)-semiseparable matrix is (H, 1)-quasiseparable. Indeed, let A be (H,1)-semiseparable and n x n. Then
it is clear that* rankA(1 : k,k+ 1 : n) = rankAy(1 : k,k+1:n) <1, (k=1,...,n—1) and A is
(H, 1)-quasiseparable by Definition 1.2.

3.1. (H,1)-semiseparable matrices. Generator characterization. We next give a lemma that
provides a characterization of (H, 1)-semiseparable matrices in terms of a condition on the generators of a
(H, 1)-quasiseparable matrix.

LEMMA 3.2. A (H,1)-quasiseparable matriz is (H, 1)-semiseparable if and only if there exists a choice
of generators {px, qk, Ak, gk, bk, hi.} of the matrix such that by #0 for k=2,...,n— 1.

Proof. Let A = (A;;) be an irreducible (H,1)-quasiseparable matrix with generator representation
{pk, 9k, dk, gk, b, hi.} as in Definition 1.3, and suppose first that A is (H, 1)-semiseparable; in particular,
A = B+ triu(Ay) where Ay is rank-one. If b = 0 for some k, then since by, is a factor of the elements A; ;
for k € [i + 1,7 — 1], we necessarily must have the upper right block A(1: k—1,k+1:n) = 0. Since Ay is
rank-one, A(1:k—1,k+1:n)=Ay(l:k—1,k+1:n)=0 implies that at least one of the submatrices
Ay(k :n,k+1:n)and Ay(1 : k — 1,1 : k) must be zero as well, as otherwise rank(Ay) > 1. If we set
b, =1, and

g =0, (G=1,....0k—=1) if Ag(l:k—1,1:k)=0
or
R; =0, (j=k+1,....,n) if Ay(k:n,k+1:n)=0.

Repeating this process for each by = 0, the resulting set {pk, qx, dk, g}, b}, bl } can easily be confirmed to
generate A as well, and b, #0for k=2,...,n— L.
Conversely, suppose the generators of A are such that by # 0 for k = 2,...,n — 1. Then the matrices

DX if1<i<j<

gz_bylhj- 1“;25‘7;2 o Hlsi=jsn
g ob e iL<isg B={pey  1<iticj<n

9i(b;_1i41)" Ny nl<j<i<mn 0 otherwise

0 ifj=1lori=n

are well defined, rank(Ay) = 1, B is lower bidiagonal, and A = B + triu(Ay). O
COROLLARY 3.3. The class of (H,1)-semiseparable matrices contains as a subclass the class of unitary
Hessenberg matrices.

4The MATLAB notation A(i : 5,k : I) denotes the submatrix obtained from rows 4,4 + 1,...,5 and columns k,k +1,...,1.
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Proof. Tt suffices to produce a set of (H, 1)-quasiseparable generators such that b; # 0, (j =2,...,n—1).
Such choices can be given by

’ Matrix class \ Dj \ q; \ d; \ Gi \ br \ h; ‘
’ Unitary Hessenberg ‘ ‘ i ‘ —P[_1P1 ‘ —Pi_ 1M ‘ HE ‘ P ‘

fori=1,....n—1,7=2,....n, k=2,...,n—1,and [ = 1,...,n. Note that by (1.4), we necessarily must
have by, = g # 0 for each k. O

3.2. (H,1)-semiseparable matrices. Recurrence relation characterization. In this section we
present a theorem giving the characterization of (H,1)-semiseparable matrices as those corresponding to
systems of polynomials satisfying the Szegd-type two-term recurrence relations (1.10).

THEOREM 3.4. Let R = {ro(z),...,rn—1(x)} be a system of polynomials satisfying degr, = k. Then R
satisfies the recurrence relations (3.1):

{ Gr(x) } _ [ ok B } { ( Gr-1(z)

7% () v o1 Ok + Op)ri—1(x)

with a — Beye # 0 if and only if there exists a (H,1)-semiseparable matriz A corresponding to R (i.e. related

via (1.1)).
Proof. Suppose R satisfies the two-term recurrence relations (3.1) with ay # Bryx. We will show that
the (H,1)-quasiseparable matrix with generators

0 Ok +v1Br—
dy = —2F0 dy = RS (k=2 n)

pk+1Qk:i» (k:]-vvn_]-)a 91:17 gk:ﬁkflv (k:2,,'fl—1)
bp =ar1—Be—1-1 #0, (k=2,...,n—1), h = =3 (ag—1 = Be—176-1), (k=2,...,n)

is related to R via (1.1). These generators in conjunction with the general n-term recurrence relations (2.6)
give

re(x) = 0k + Op + VeBre—1)rr—1(2) + Ye(ar—1 — Br—1Vr—1)Br—27k—2()
+yk(ak—1 = Be—17—1)(ar—2 — Br—27k—2) Bk —3Tk—3(x) + - +
+yk(ar—1 = Pr—1Vh—1)(@r—2 — Br—27k—2) - - - (2 — B2y2)Bir1(x) +
(3.2) Fk(ar—1 = Br—17k—1)(Qr—2 — Br—27k—2) - - - (a2 — Bay2) (a1 — Biy1)ro(®)

The proof is presented by showing that the polynomial system satisfying the two-term recurrence relations
also satisfies these n-term recurrence relations. By applying the given two-term recursion, we have

[ Gi(z) } _ [ Biri(z) + a1 = Bim }

r1(z) dix+601+m
and
(3.3) [ Ga(x) } _ [ (B2022 + B2b2 + azf1)r1(w) + az(ar — Bim) ]
' ra(x) | (022 + 02 + v231)r1(2) + v2(01 — Bim)

giving the result for £ = 1,2. From (3.3), we have
daar1(x) = r2(x) — (62 +7201)r1(x) — v2(01 — Bim)
and inserting this into the expression for r3(x) of the form
r3(x) = y3Ga(x) + (637 + 03)ra2(x)

yields (3.2) for £ = 3. Continuing in this fashion, the result follows. Since by = ag—1 — Br—17x—1 # 0 for
k=2,...,n—1, the matrix A is (H, 1)-semiseparable by Lemma 3.2.

9



Conversely, suppose there exists an n x n (H,1)-semiseparable matrix A in terms of its generators that
corresponds to R. We may assume that the generators are such that by # 0 for k = 2,...,n — 1 by Lemma
3.2. We show that R satisfies the recurrence relations

(3.4) [Gk(x)] 1[ o ngH G () }

@) |7 peraae | Pe/be 1 up(2)rp—1(x)

with
h h
(3.5) uk(z) = (o= d) + 5 E o= prabag = T

Suppose first that the generators are such that hg # 0 for each k. The proof in this case will be given by
showing that the system of polynomials generated these two-term recurrence relations coincides with those
given by Theorem 4.6. From (3.4) and the relationship

-1

Gr+1he Ve —Gk+1 1 Ik+1
3.6 _
(3.6) (Uk+ b ) [ i /by, 1 } { —hi/br v }
(noting that the required inverse exists because by # 0) we obtain

gr+1hi Gr-1(x) 1 Ik+1 Gr(z)

3.7 _
(3.7) <Uk + by ) [ g (2)rp—1(2)+n—k Pr+19k —hi /b v 7(z)
Thus, we have the following expression for uy (z)rg—1(z)+n—&,

h h
(3.8) (Uk + gkz; k) (uk(2)rk—1(2)+n-k) = Dk+1k (Z):Gk(x) + vkv"k(x))

Using (3.4) for k + 1, we have that pgiogrr17p+1(z) = Z}’:Ll G () + up417(z), which gives that G(x) is
given by

(3.9) Gule) = (1) Grsatorins )~ wsarale),

Inserting (3.9) into (3.8) and shifting from k + 1 to k, we arrive at (4.1) with (4.9) and (4.10) as desired.
Using the assumptions and hg # 0 for each k, Theorem 4.6 implies the result.

For the case of a polynomial system R where h; = 0 for some j, note that the coefficients of the
polynomials generated by the two-term recurrence relations (3.4) depend continuously on the entries of the
2 x 2 transfer matrix. Let {e;} be a sequence tending to zero with e, # 0 for each k, and consider a sequence
of systems of polynomials Rj with h; = € for each j such that h; = 0 in the original polynomial system R,
and all other generators the same as in R. Then the result of the theorem holds for the system Rj for every
k by above, and Ry — R, so by continuity, the result must hold for R as well. This completes the proof. O

3.3. (H,1)-semiseparable matrices. Conversions between recurrence relation coefficients
& (H,1)-quasiseparable generators. The following corollary follows directly from the proof given for

Theorem 3.4.
COROLLARY 3.5 (Recurrence relation coefficients = quasiseparable generators). Let R be a system

of polynomials satisfying the Szegi-type two-term recurrence relations (3.1). Then the (H,1)-semiseparable
matriz A defined by

I —791;_1“ —(a1 —,3171):;% —(01 = B171) (2 —5272):5% —(a1 = B1im) - (an-1 —ﬂn_1vn_1)}—:
i —% —Bi(az — Bay2) F o —Pi(az = Bay2) (-1 — Brn-1n—1) =
0 i *% —B2(as — PB3y3) -+ (an—1 — Bn—1Vn—1) =
(3.10
*/anl(anfl - anl'Ynfl)g*:
1 On+vnBn—1
L0 0 P T |
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is related to the system of polynomials R via (1.1).

THEOREM 3.6 (Quasiseparable generators = recurrence relations coefficients). Let A be a (H,1)-
semiseparable matrix specified by the generators {pk,qr,dk, gk, bk, hi . Then the polynomial system R cor-
responding to A satisfies (3.1); specifically,

[ G(z) ] _ 1 [ Vo =Gkl } { Gr-1(z) }

(@) | preage | Pe/be 1 ug(z)rg—1(2)
, _ IR0 B Grt1hi
with u(x) = (x — di) + by Uk = Pk+1bk1qK — b

The proof follows in the same manner as that of Theorem 5.2, [BEGOTO07].

3.4. Signal flow graphs for classical filter structures. A review. A major component of the
paper is presented via signal flow graphs. Common in electrical engineering, control theory, etc., signal
flow graphs represent realizations of systems as electronic devices. Signal flow graphs, although application—
oriented, have been employed to answer purely mathematical questions, such as providing interpretations
of classical algorithms such as those of Schur and Levinson, deriving fast algorithms, etc., see e.g. [BKS86,
BK87a, BK87b, LK84, LKS&6].

In this paper, we do not assume any familiarity with signal flow graphs, and the reader can consider
them as a convenient way of visualizing recurrence relations. Writing an expression next to a transmission
line indicates scaling the current value of that line by that expression, and drawing two arrows coming
together indicates adding the two inputs to produce the output. The delay element, written as a block
in the graphs, denotes a multiplication by = z~*.

For instance, the two-term recurrence relations (1.5) for the Szegd polynomials can be seen as a signal
flow graph in Figure 3.1, and in Figure 3.2, the portions of the signal flow graphs corresponding to the Szego
polynomials {(bk#} and the portions corresponding to auxiliary polynomials {¢y} are highlighted.

Pr—1 > > Ok

—Pk 1223

—Pk 1
¢k#—1 —E N Hk QZSf&

F1a. 3.1. Signal flow graph representation of the recurrence relations (1.5) satisfied by the Szegd polynomials.

Y

Gr—1 Pr—1
—Pk

o —] ] N, o -
i) - e et [t oo | 1) ek

F1G. 3.2. Portion of the signal flow graph representation of Figure 3.1 corresponding to (left) the Szegé polynomials O
and (right) the auziliary polynomials ®.

3.5. (H,1)-semiseparable matrices. Signal flow graph characterization. Semiseparable fil-
ters. The recurrence relations (3.1) can also be easily understood by the signal flow graph depicted in Figure
3.3. The figure depicts a feed-forward filter with transfer function given by the polynomial

(3.11) Pz = Porg(z7 )+ Piri(z7Y) + -+ Purn(z71).

The semiseparable filter structure is easily seen to be a generalization of the classical Markel-Grey filter
depicted in Figure 1.1.

11



as

Bs

73

y(z71) = P(z"Hu(z™)

F1G. 3.3. Semiseparable filter structure: Signal flow graph for polynomials R using Szegd-type recurrence relations (3.1).

Specifically, the major difference between the Markel-Grey filter structure of Figure 1.1 and this new
semiseparable filter structure is in the delay elements denoting multiplication by z = 271. The Markel-
Grey filter structure involves just the delay element, whereas the semiseparable filter structure involves a
scaled delay element as well as a line circumventing the delay element.

The reason for this can be seen from the recurrence relations defining the structures. From (1.5), the new
polynomials involve x¢k#71(m), which is the origin of the sole delay element in the Markel-Grey filter. From
(1.10), the new polynomials involve (0 + v )rk—1(x), and multiplication of this linear term corresponds to
the generalized delay element, or scaled delay element plus the outside line in the semiseparable filter. These

differences are highlighted in Figure 3.4.
O

Ok
[ o () } _ b { I —p } { Dr—1(z) ] [ Gr(r) } _ { ag B }
of (x) T vof(x) T (2) o1
FIG. 3.4. The delay element corresponding to multiplication by x = 2~' found in the Markel-Grey filter (left), and the

generalized delay element corresponding to multiplication by a linear polynomial in © = z~' found in the semiseparable filter
structure (right).

Gk,1 (,7:)
(5}&1 =+ Ok)rk_l (Z‘)

4. (H,1)-well-free matrices & three term recurrence relations (1.9). In this section we present
the subclass of (H, 1)-quasiseparable matrices that correspond to polynomials satisfying the general three-
term recurrence relations (1.9):

(4.1) re(z) = (agx — 0k) - re—1() — (Brx + V&) « Te—2(x)

which include real orthogonal polynomials (satisfying the special case (1.2)) and Szeg6 polynomials (satisfying
the special case (1.7)), and hence is an interesting class to consider. We will show that (4.1) provides a full
characterization for the class of matrices defined next. That is, we demonstrate the characterizations shown
in the (H, 1)-well-free row of Table 1.1.
DEFINITION 4.1 ((H,1)-well-free matrices).
o Ann x n matriz A = (A; ;) is said to have a well in column 1 <k <n if A;;; =0 for 1 <i <k
and there exists a pair (i,7) with 1 <1 <k and k < j < n such that A; ; # 0.
o A (H,1)-quasiseparable matriz is said to be (H,1)-well-free if none of its columns k =2,...,n—1
contain wells.
In words, a matrix has a well in column £k if all entries above the main diagonal in the k-th column are
zero, except if all entries in the upper-right block to the right of these zeros are also zeros, as shown in the
following illustration:

12



something
nonzero

4.1. (H,1)-well-free matrices. Generator characterization. As with (H,1)-semiseparable matri-
ces above, the class of (H,1)-well-free matrices admit a nice characterization in terms of the generators of
(H, 1)-quasiseparable matrices.

LEMMA 4.2. A (H,1)-quasiseparable matriz is (H,1)-well-free if and only if there exists a choice of
generators {pk, qk, di, gi, bk, hi.} of the matriz such that hy, 0 for k=2,...,n.

Proof. Let A = (A; ;) be a (H, 1)-quasiseparable matrix with generator representation {p, g, di, gx, bx, hi }j
as in Definition 1.3, and suppose first that A is (H,1)-well-free. We will construct a set of generators
{Pk: @&, di, g, b}, b} that generates A and h) # 0 for each k. Define

r_ ) Y if hit1 #0 Y — b; if hjp1 #0 W hy, if hy, #0
%10 if hivy =0 iT10 if hypr =0 L if by =0

fori=1,....n—1,7=2,...,n—1,and k =2,...,n. Since A is (H, 1)-well-free, these modifications to the
elements g and by do not change the resulting matrix, and thus the set {px, gx, d, g}, b}, h}. } also generates
A, and all h elements are nonzero as desired.

On the other hand, suppose there exists a choice of generators such that hy # 0 for k € [2,n]. Then if

an element A, ; = 0 for 1 < i < j < n, it follows that at least one element of {g;, bi41,bi41,...,b;—1} must
equal zero. But each of these elements are also present in the expressions for A; ;, for k=j+1,...,n, and
hence 4, =0for k=j+1,...,n as well. Thus A cannot contain a well, and this completes the proof. O

Both of the motivating classes of matrices (tridiagonal and unitary Hessenberg) are subclasses of (H, 1)-
well-free matrices, as the next lemma shows. This fact is easily anticipated, as both tridiagonal matrices and
unitary Hessenberg matrices correspond to systems of polynomials that satisfy special cases of the recurrence
relations (4.1), and we claim (and prove below) that such polynomial systems correspond to (H, 1)-well-free
matrices.

COROLLARY 4.3. The class of (H,1)-well-free matrices contains as subclasses both the class of tridiagonal
matrices and the class of unitary Hessenberg matrices with px # 0 for each k.

Proof. Tt suffices to produce a set of (H,1)-quasiseparable generators for each class such that h; #

0, (j =2,...,mn). Such choices in each case can be given by
] Matrix class \ D; \ q; \ d; \ gi \ by \ h; ‘
1 0 i
(4.2) Tridiagonal 1| — a2 it 0 1
Qs g Qi1
Unitary Hessenberg | 1 | p; | —pj_1p1 | —pi_1lh | Bk | Pj

fori=1,....n—1,7=2,....n, k=2,....n—1,andl=1,...,n. 0

4.2. (H,1)-well-free matrices. Recurrence relation characterization. In this section we present
the principal result of the section: the characterization of (H,1)-well-free matrices as those corresponding
to systems of polynomials satisfying the three-term recurrence relations (4.1).

THEOREM 4.4. Let R = {ro(z),...,rn_1(x)} be a system of polynomials satisfying degry = k. Then R
satisfies the recurrence relations (4.1):

ri(z) = (o — 6k) - Ti—1(2) — (B + Vi) - Th—2(T)
13



if and only if there exists a (H,1)-well-free matriz A corresponding to R (i.e. related via (1.1)).
Proof. Suppose first that the polynomial system R satisfies the recurrence relations (4.1). We will show
that the (H, 1)-well-free matrix with generators

) )
(4.3) a= g =% P 1 k=2 n)
aq L O 10k
1 d
(44)  pryige = —, gkzw, (k=1,...,n—1), b;,ﬂ:@7 (k=2,...,n—=1)
g Qp41 Q41

is related to R via (1.1). The proof is given by induction on k that the choice of generators (4.3)-(4.4) results
in the n-term recurrence relations (2.6), which gives the result by Lemma 2.1.
For k = 1, the recurrence relations (4.1) result in

(4.5) r1(z) = (12 — 61)ro(z),

and using (4.3)-(4.4) we arrive at (2.6) for k = 1. For k = 2, inserting the relation

arg(x) = ai(ﬁ(l”) + d17o())

1

from (4.5) into

rao(x) = (ox — 02)71(7) — (Bow + y2)70(T)

ro(x) = (agx - (52 + 5?)) ry(z) — (ﬁgill +72> ro(z),

and again using (4.3)-(4.4) this becomes

results in

1
r2(z) = v [(z — da)r1(x) — g1ro(x)]

which is (2.6) for k = 2.
Next suppose the choice of generators (4.3)-(4.4) results in (2.6) for some k — 1 with k£ > 3. By adding
and subtracting the quantity — 5’“ -1k—1(z) to (4.1), we have

(46) () = a Kx - (i’; + akfé’;l)) re () + (aki’;1> re 1 (z) — (gi + k) rk_g(x)] .

By the inductive hypothesis,

k—3
( O > Ti—1(z) — <ﬁk$ + 72) ri—2(T) = — (m> rr—2(z) — Zngrlb;Jrl,kfl&Tj(m)’

1 ay = ay

and using (4.3)-(4.4), this is furthermore equal to

k-3 k—2
(4.7) —Gr—17k—2( Zgj+1bj+lk o1 (z Zgj+1bg+1 k73 ()
j=0 7=0

using the identities by ; , = 1 and bJ,, ; ,by—1 = b, ;. Inserting (4.7) into (4.6) and using (4.3) once
more gives (2.6) for k Thus by induction, R is related to the (H, 1)-quasiseparable matrix A with the given
generators. But (4.4) includes hy = 1 for each k, and so by Lemma 4.2, A is (H, 1)-well-free.

Conversely, suppose there exists a (H, 1)-well-free matrix A given by its generators corresponding to R.
By Lemma 4.2, since A is (H, 1)-well-free, the generators may be chosen such that hy # 0 for k =2,...,n

14



By Lemma 2.1, the polynomial system R satisfies (2.6). Set so(x) = ro(z), and for k =1,...,n — 1, define
sk(x) via the recurrence relations (4.1):

(4.8) sip() = (o — 0k) - sk—1(x) — (Brr + &) - Sp—2()
with
1 1 _1hgbi_
(4.9) o = b= (dk _ mqklkkl)
Pr+1Gk Pk+1Gk hi—1
1 hpbi_ 1 h
(4.10) Br = Rl = — (hp—1gr—1 — di—1by—1) ,
Pe+1qk he—1 Prk+1qk hie—1
We will show that the polynomial systems R and S coincide, so ri(z) = si(z) for k =0,...,n—1, and hence

R satisfies the recurrence relations (4.1) as desired. We present this proof by induction on k. By definition,
ro(z) = so(x), and by direct confirmation it is seen that r1(z) = s1(x) as well.

Next suppose that the conclusion is true for each index less than or equal to k—1 for some 2 < k < n—1;
that is,

(4.11) ri(x) =s;(z), i=0,1,...,k—1.
Then using (2.6) for £ — 1 and (4.11), we have

(4.12) xSk—2(2) = Prgr—15k—1(2) + drp—15k—2(%) + gr—2hk—15k—3(x) + gr—3bk—2hk_15p—a(x)
++ g2bg - bp—2hy—151(x) + g1b2 - - bk—2hi—150()

Next, the polynomial s (z) satisfies the recurrence relations (4.8), and inserting (4.12) into (4.8) and using
(4.11), we arrive at

k—2
1
Sk(z) = Phr1dh (1‘ - dk)rk_l(x) - jzz:ogj+1b';<+l7khkrj(x) y

and hence r;(x) = si (). This completes the proof. O

4.3. (H,1)-well-free matrices. Conversions between recurrence relation coefficients & (H, 1)-
quasiseparable generators. In this section we conversions from recurrence relation coefficients to (H, 1)-
quasiseparable generators and vice versa. Recall from above that both such representations are nonunique,
and so what follows represents one possible conversion scheme. From the proof of Theorem 4.4, we have the

following corollary.
COROLLARY 4.5 (Recurrence relation coefficients = quasiseparable generators). Let R be a system of
polynomials satisfying the general three-term recurrence relations (4.1). Then the (H,1)-well-free A defined

by
81 81 81 81
"571 oy P2tz oy P22 Bs oq P22 Bs Ba o P2t72 Bs BaY .  (Bn
ay az 5y 225 ag 5y 225 ag ay 5 924 as ay an
b2 2 O3 _Ba OS2, _Ba
O s, e (Btrarkg)setn (F+arg)ses () - (&5 +myhg ) s s (2) - (22)
(5] (e D) [e3Re D] a3z s Ot3B a4 «3 (e} (e 7%%
33 3
1 d3 4 _Bs M
az az T azas ag
4.13
(4.13) L Sa 4 Pa
3 ag ' agag
1
[e3
* 5n71+ Bp—1 Bt
) ) Gn_1  ap_gan_y )PnTn
QY
L 1 du 4 "B
QAp—1 Qan Qp—10n d

defined by the generators given in (4.3)-(4.4)is related to the system of polynomials R via (1.1).
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THEOREM 4.6 (Quasiseparable generators = recurrence relations coefficients). Let A be a (H,1)-well-
free matriz specified by the generators {pg,qx, dk, 9k, bk, hi }. Then the polynomial system R corresponding
to A satisfies (4.1) with

_ 1 _ 1 Prqr—1bk—1hg
Dk+14k Dk+19k hg—1
1 hkbk—l 1 hk

e = y Tk = hi—19k—1 — dr—1br—1
Pr+1qk hi—1 Dk+1Gk NEk—1 ( )

The proof is a modification of that of Theorem 5.1, [BEGOT07].
4.4. (H,1)-well-free matrices. Signal flow graph characterization. Well-free filters. The

recurrence relations (4.1) can also be easily understood by the signal flow graph depicted in Figure 4.1. As
in the previous case, this is a feed-forward filter with polynomial transfer function given by (3.11):

P(z_l) = Poro(z_l) + Plrl(z_l) 4+ Pnrn(z_l).

—73
A
2 —Bs —74 R
A 3 A ] o
—01 —B2 —d2 1 —33 -84
—1
) gl Ly gl Ly gl Ly
o @1 T @2 T2 o3 T3
Py P P P

>
I

y(z7) = P(z"Hu(z7)

F1a. 4.1. Well-free filter structure: Signal flow graph for polynomials R using three-term recurrence relations (4.1).

5. Inclusions and intersections. The goal of this section is to use the results of the previous sections
to justify the relations between the classes of matrices presented in Figure 1.2.

5.1. Subclasses of unitary Hessenberg matrices. In Definition 1.1, we gave a definition splitting
the class of unitary Hessenberg matrices into those whose corresponding Szegd polynomials satisfy three-
term recurrence relations, called Geronimus-type unitary Hessenberg matrices, and those who do not, called
non-Geronimus-type unitary Hessenberg matrices. We next give a definition to assist in providing the
characterization of Geronimus-type unitary Hessenberg matrices.

DEFINITION 5.1. A wunitary Hessenberg matriz of the form (1.6) is called m-truncated provided the
reflection coefficients satisfy

p2 # 0, pm #0, pmy1=--+=pp=0.

A set of Szego polynomials corresponding to an m-truncated unitary Hessenberg matrix are called a set of
m-truncated Szego polynomials.

The following theorem answers the question of which unitary Hessenberg matrices correspond to Szego
polynomials that satisfy three-term recurrence relations posed in the introduction.

THEOREM 5.2. An n X n unitary Hessenberg matriz is Geronimus-type if and only if it is m-truncated
for some m € [2,n]. Furthermore, such an m-truncated system of Szegé polynomials satisfies the three-term
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recurrence relations

1 k=0

#10 # x| HF

(@ of (@) + prpg - F (x)) k=1

, ot @) — g () k=2 ;=0

(5.1) k(@ =9 [L. e oF(x) — 210 g g# (1) k=29 £0

H2 p1p2 | 1 p1 2 0 =4 P

bt b o @ - e e ot @) 2<k<m

m(bk#f1(35) k>m

Proof. Let H be unitary Hessenberg of the form (1.6). Then it is clear that for 1 < k < n, H has a
well in column k if and only if p, = 0 and there exists a j > k such that p; # 0. Thus H is m-truncated
Geronimus-type if and only if H is (H, 1)-well-free. By Theorem 4.4, this is equivalent to the corresponding
system satisfying three-term recurrence relations. The justification for (5.1) is from Theorem 4.6. O

Notice that in (5.1) if m = n, then pi # 0 for all k, and the result of this corollary is exactly three-term
recurrence relations (1.7). So this result is a slight extension of the work of Geronimus in [G48].

5.2. Bidiagonal-like matrices & almost factored polynomials. The next definition and following
discussion clarify questions about how the class of tridiagonal matrices intersects with the class of (H,1)-
semiseparable matrices in Figure 1.2.

DEFINITION 5.3 (Bidiagonal-like matrices). A matriz A is called bidiagonal-like if (i) it is strongly
upper Hessenberg, and (ii) it is of the form A = B+ C, with B a lower bidiagonal matriz, and C a matrix
with at most one nonzero entry, and that entry is located in the first superdiagonal.

So a matrix is bidiagonal-like if it is either lower bidiagonal or tridiagonal with only one nonzero entry
above the diagonal. The following characterization of this class of matrix follows from the generator definition
of quasiseparability (Definition 1.3).

LEMMA 5.4. A (H,1)-quasiseparable matriz is bidiagonal-like if and only if there is an index k such
that for any choice of generators {pk, qi,dk, gk, bk, b}, gih; = 0 for all i € [1,n — 1] and j € [2,n] except
possibly when i = k and j =k + 1.

We next present a characterization of this class of matrices in terms the recurrence relations satisfied by
the corresponding system of polynomials. The justification follows from Theorem 4.4 (since bidiagonal-like
matrices are tridiagonal and hence (H, 1)-well-free by Corollary 4.3) and applying Lemma 5.4.

THEOREM 5.5. Let R = {ro(x),...,mn_1(x)} be a system of polynomials satisfying degry = k. Then
for some index j € [1,n — 1], R satisfies the recurrence relations

] | (g — ) - ri—1(2) k#i
52) R R Ny SR o

if and only if there exists a bidiagonal-like matriz A corresponding to R (i.e. related via (1.1)).

We refer to such polynomial systems in Figure 1.2 as almost-factored polynomials, since each polynomial
with the exception of at most one is a linear factor times the previous polynomial. The theorem shows that
the polynomials 74 (x) are of the form

k
TO'H(%‘I’—&) k<j
(v) T
re\T) = R
ro- [[ (eiw—6:)- ((aj-12 =65 1)(yz — 6;) =) k>j
i1,

so the polynomials with k < j are of the factored form, but the polynomial 7;(x) introduces an unfactored
quadratic term (provided 7; # 0, which is not required, only possible), so all subsequent polynomials each
contains at most one unfactored quadratic term of the form (o;_12 — 6;-1)(ojz — 6;) — ;.
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5.3. Inclusions and intersections. In this section we use the generator characterization results of the
previous two sections to present a theorem to demonstrate the relationships between the various described
classes. That is, the next theorem collects together some results given above and some new results to
complete the justification of Figure 1.2.

THEOREM 5.6.

(i) The set of tridiagonal matrices is contained in the set of (H,1)-well-free matrices.

(ii) The set of unitary Hessenberg matrices is contained in the set of (H,1)-semiseparable matrices.

(iii) The sets of (H, 1)-well-free matrices and (H, 1)-semiseparable matrices have a nontrivial intersection,

properly containing the set of Geronimus-type unitary Hessenberg matrices.

(iv) The sets of irreducible tridiagonal matrices and (H,1)-semiseparable matrices and are mutually

disjoint (for matrices larger than 2 x 2).

(v) The sets of non-Geronimus-type unitary Hessenberg matrices and (H,1)-well-free matrices are mu-

tually disjoint.
(vi) The intersection of the sets of tridiagonal matrices and (H,1)-semiseparable matrices is exactly the
set of bidiagonal-like matrices.

(vil) The intersection of the sets of tridiagonal matrices and unitary Hessenberg matrices is the set of
2-truncated unitary Hessenberg matrices.

(viii) For the sets of (H,1)-well-free matrices and (H,1)-semiseparable, neither set contains the other.

Proof. (1) This is stated and proved as Corollary 4.3.

(ii) This is stated and proved as Corollary 3.3.

(iii) From Corollary 3.3, any unitary Hessenberg matrix H of the form (1.6) is (H, 1)-semiseparable. It
was shown in Theorem 5.2 that unitary Hessenberg matrices are also (H, 1)-well-free if and only if they are
Geronimus-type unitary Hessenberg, hence the intersection of these classes contains the class of Geronimus-
type unitary Hessenberg matrices. To show this intersection properly contains Geronimus-type unitary
Hessenberg matrices, note that scaling entries of the matrix H of (1.6) with a nonzero constant can destroy
the unitary property without affecting the argument above.

(iv) From Definition 1.3, the entries on the first superdiagonal of a matrix A are gghr11, k=1,...,n—1.
Since the matrix is strongly Hessenberg, it follows that A is irreducible if and only if g; # 0,h; # 0 for
i=1,...,n—1and j=2,...,n. But then since A is tridiagonal, by, = 0 for k =2,...,n — 1 for any choice
of generators, and hence A is not (H, 1)-semiseparable by Lemma 3.2.

(v) This is also a part of Corollary 4.3.

(vi) It is easily observed that bidiagonal-like matrices are tridiagonal, and satisfy Definition 3.1, and
hence the set of bidiagonal-like matrices is contained in the intersection of the sets of (H, 1)-semiseparable
matrices and tridiagonal matrices.

Let a matrix A be both tridiagonal and (H, 1)-semiseparable, and denote by k the number of nonzero
entries in the first superdiagonal of A. Due to the zeros above this superdiagonal, it follows that any matrix
Ay of Definition 3.1 must satisfy rank(Ay) > k. Thus k < 1 is equivalent to A being (H, 1)-semiseparable,
which coincides with Definition 5.3.

(vii) From Theorem 5.2, it follows that unitary Hessenberg matrices are (H, 1)-well-free if and only if
they are m-truncated for some m € [2,n]. From (vi), it then suffices to show that the intersection of the sets
of m-truncated unitary Hessenberg matrices and bidiagonal-like matrices is the set of 2-truncated unitary
Hessenberg matrices. This follows immediately from their respective definitions.

(viii) From (iv), irreducible tridiagonal matrices are (H, 1)-well-free but not (H, 1)-semiseparable. From
(v), non-Geronimus-type unitary Hessenberg matrices are (H, 1)-semiseparable but not (H, 1)-well-free. Thus

neither class contains the other.
0

5.4. Why there are no Szego-type recurrence relations for real orthogonal polynomials. We
can now provide an explanation in these terms for why no two-term recurrence relations of the form (3.1) exist
for real orthogonal polynomials. From Theorem 5.6, we have the fact that irreducible tridiagonal matrices
are not (H,1)-semiseparable. Then, Theorem 3.4 states that it is exactly the class of (H,1)-semiseparable
matrices that satisfy two-term recurrence relations of the form (3.1). Since real orthogonal polynomials
correspond to irreducible tridiagonal matrices, the claim follows.
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6. (H,1)-quasiseparable matrices & [EGOO05]-type recurrence relations (1.11). We next present]]
a theorem characterizing the matrices corresponding to systems of polynomials satisfying the [EGO05]-type
two-term recurrence relations (1.11). A motivation for considering this class is that all previous classes have
limitations, and none of the recurrence relations are general enough to include all special cases. For instance,
the Szegd-type two-term recurrence relations (1.10) do not apply to Chebyshev polynomials, and the more
general three-term recurrence relations (1.9) do not apply to non-Geronimus-type Szegé polynomials. Cor-
respondingly, all filter structures have limitations as well. For instance, the Markel-Grey-type semiseparable
filter structure of Figure 3.3 cannot be used to realize the Chebyshev polynomials, and the well-free filter
structure of Figure 4.1 cannot be used to realize non-Geronimus-type Szeg6 polynomials.

In this section we present recurrence relations that apply to all special cases considered in this paper.
That is, we give a form of recurrence relations satisfied by both Chebyshev polynomials and non-Geronimus-
type Szegd polynomials. Using these recurrence relations, we propose a new quasiseparable filter structure
that can be used to realize both Chebyshev polynomials, non-Geronimus-type Szegd polynomials, and all
special cases considered in the paper.

THEOREM 6.1. Let R = {ro(z),...,rn—1(x)} be a system of polynomials satisfying degr, = k. Then R
satisfies the recurrence relations (1.11):

(6.1) { f:((j)) } = [ :: 5kxﬂi O ] [ f::ll((xx)) ]

if and only if there exists a (H,1)-quasiseparable matriz A corresponding to R (i.e. related via (1.1)).
Proof. Suppose R satisfies the [EGO05]-type recurrence relations (6.1). We will show that the (H,1)-
quasiseparable matrix A with generators

dk:_%:7 (k;::lv"wn)a pk+1Qk:i7 (kzlaan_l)
gk:ﬂka (kzla"'anf]-)? bk:aka (k:23"'7n71)7 hsz%:a (k:2aan)
corresponds to the polynomial system R. Inserting the specified choice of generators into the general n-term
recurrence relations (2.6), we arrive at
(6.2) k() = 0k + O)Th—1(2) + Vi Br—17k—2() + Yrk—10k—27k—3(T)
k10— 2Bk —3Tk-a(T) + -+ Ypak_1 - @2 firo(T)

It suffices to show that the polynomial system satisfying the two-term recurrence relations also satisfies these
n-term recurrence relations. Beginning with

(6.3) rk(x) = %Gk_l(x) + ((5k$ + Gk)rk_l(x)
and using the relation Gy_1(z) = ag—1Gr—2(x) + Br_17k—2(x), (6.3) becomes
ri(2) = Yeo—1Gr—2(x) + YiBr—17r—2(x) + (O + Ok )ri—1 ()

and continuing this procedure to obtain n-term recurrence relations. It can easily be checked that this
procedure yields exactly (6.2).

Suppose A is a (H, 1)-semiseparable matrix related to R via (1.1) given by its generators. We show that
R satisfies the recurrence relations

(6.4) [ Gr(v) } _ 1 [ QkPrbe  —aqrgk ] [ Gr-1(x) } .

re(z) | Pk+19k prhk @ —dy Te—1(x)
The recurrence relations (6.4) define a system of polynomials which satisfy the n-term recurrence relations
(6.5) Te(x) = (apx — ak—l,k) “rp—1(z) — Af—2k * Te—2(x) — ... — ao,k - ro(x)

for some coeflicients a,ag—1%,...,a0%. The proof is presented by showing that these n-term recurrence
relations in fact coincide exactly with those of Lemma 2.1, so these coeflicients coincide with those of the
n-term recurrence relations of the polynomials R. Using relations for ry(z) and Fj_1(z) from (6.4), we have

1
6.6 re(x) =
( ) k() Pr+19k

(x — di)ri—1(2) — gr—1herk—2(x) + hepr—1bk—1 Fr—2(x) + 1o(x)] .
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Notice that again using (6.4) to eliminate Fy_o(x) from the equation (6.6) will result in an expression
for ri(x) in terms of rp_1(x), rp—2(x), re—s(z), Fr—3(z), and ro(z) without modifying the coefficients of
ri—1(x), re—2(x), or ro(x). Again applying (6.4) to eliminate Fy_sz(x) results in an expression in terms
of rp_1(x), rg—o(x), re—3(x), rk—a(x), Fr_s(x), and ro(z) without modifying the coefficients of rp_1(x),
rr—2(x), re—3(z), or ro(x). Continuing in this way, the n-term recurrence relations of the form (6.5) are

obtained without modifying the coefficients of the previous ones.
Suppose that for some 0 < j < k — 1 the expression for ri(z) is of the form

6.7)  re(z) = [(x — A1 (@) — geothire—2(2) — = g1y phirs (@) + pieab b Fy () + T’o(x)] .

Pk+19k
Using (6.4) for Fj(x) gives the relation

1
(6.8) Fj(z) = —— (g;p;b;Fj-1(z) — qj95m5-1(2))
Pj+194;
Inserting (6.8) into (6.7) gives
(6.9)  ri(z) = [(@ = di)re—1(@) = gr—1hri—a(@) = - = ;b7 yhary—1(8) +p3b) g hiFy—1(2) +ro(a)]

Prk+14k
Therefore since (6.6) is the case of (6.7) for j = k — 2, (6.7) is true for each j =k — 2,k —3,...,0, and for
j =0, using the fact that Fy = 0 we have

1
6.10 ri(x) =
( ) +(@) Pk4+14k

(2= do)ri-a () = gethurios() = - = g1b} churo (@) + ro(a)]

Since these coefficients coincide with those in Lemma 2.1 that are satisfied by the polynomial system R, the
polynomials given by (6.4) must coincide with these polynomials. This proves the theorem. O

6.1. (H,1)-quasiseparable matrices. Conversions between recurrence relation coefficients
& (H,1)-quasiseparable generators. In Theorem 6.1, the following conversion was proved.

COROLLARY 6.2 (Recurrence relation coefficients = quasiseparable generators). Let R be a system of
polynomials satisfying the [EGO05]-type two-term recurrence relations (6.1). Then the (H,1)-quasiseparable
matrixz A defined by

_ _1% —ﬁ1g§f) _51042(3%;) _ﬁ1a2a3(§) _610‘2a3044"'04n_1(ﬁ) -
LT ~Ba(E) (L) o —feasay a1 ()
(6.11) 0 5 -5 —P3(3}) B a1 (3)
0 0 % 7%‘
' ' ' ~Bn1(32)
| 0 0 0 5,},1 _%: |

is related to the system of polynomials R via (1.1).

THEOREM 6.3 (Quasiseparable generators = recurrence relations coefficients). Let A be a (H,1)-
quasiseparable matriz specified by the generators {pk, qx, dk, g, b, hi}. Then the polynomial system R cor-
responding to A satisfies (6.1); specifically,

o1 P )= [ e ][ ]

The proof follows in the same manner as that of Theorem 5.3, [BEGOTO07].

6.2. (H,1)-quasiseparable matrices. Signal flow graph characterization. Quasiseparable
filters. The recurrence relations (6.1) can also be easily understood by the signal flow graph depicted in
Figure 6.1. Again, it depicts a feed-forward filter with transfer function (3.11).

This quasiseparable filter structure has the property of capturing the recurrence relations of both real
orthogonal polynomials and Szegb polynomials. That is, it is a single filter structure that can implement
any of these classical polynomial systems, as well as the more general case of (H, 1)-quasiseparable systems.
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y(z71) = P(z"Hu(z™)

F1c. 6.1. Quasiseparable filter structure: Signal flow graph for polynomials R using [EGO05]-type recurrence relations (6.1).

Notice that the cross—lines are located around the delay elements as opposed to in between the delay
elements as in the semiseparable filter structure. Algebraically, this corresponds to the polynomials 7
having different degrees than their related auxiliary polynomials F}, in the [EGOO05]-type two-term recurrence
relations (6.1), as opposed to them having the same degrees as in the Szegd-type two-term recurrence relations
(3.1).

7. Special cases of the new filter structures. As was shown in Section 5.4, no two-term recurrence
relations of the form (3.1) exist for real orthogonal polynomials.

In terms of the filter structures, this means that filter structures like the Markel-Grey filter (Figure 1.1)
and its generalization the semiseparable filter (Figure 3.3) can not realize any system of real orthogonal
polynomials. Because it is more general, the quasiseparable filter structure can realize both real orthogonal
polynomials and Szegd polynomials (by implementing either the two-term (1.5) or three-term (1.7) recurrence
relations for the Szegd polynomials) as special cases.

In what follows we present recurrence relation coefficients (that is, sets of {ax, Bk, Vi, Ik, 0k }) for relations
of the form (6.1) corresponding to the classical cases of real orthogonal polynomials and Szegd polynomials.

7.1. Real orthogonal polynomials & the new quasiseparable filter structure. As discussed
above, real orthogonal polynomials satisfy three-term recurrence relations of the form

(7.1) () = (@pz — 0p)re—1(x) — Jn - re—z (), &k # 0,5k #£ 0.

In order to specify the quasiseparable filter structure of Figure 6.1 to this case, we use the generators for
tridiagonal matrices of (4.2):

’ Matrix class ‘ Pk ‘ qk ‘ dk ‘ gk ‘ bk ‘ hk ‘
’ Tridiagonal ‘ 1 ‘ i ‘ g—’; ‘ ;’zi ‘ 0 ‘ 1 ‘
+1

as well as Theorem 6.3 to obtain

Coefficients of (6.1) || ak O Ve | O | Ok

Coefficients of (7.1) || 0 —Z’;iill & | ag | —or |’

(7.2)

which are recurrence relation coefficients for (6.1) for the special case of real orthogonal polynomials in terms
of the recurrence relation coefficients of the form (7.1). Inserting these into (6.1), we have

Ge(@) 1 _| 0 -2 | [ Geala)
9] [%58)

Tk(x) ap apx — Ok rk?*l(x)

and using Gi_1(z) = —Z—’Zrk,g(x), we see this is identical to the three-term recurrence relations (7.1). That
is, the restriction oy = 0 in (6.1) implies the recurrence relations of the form (7.1).
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Correspondingly, in terms of the related matrices, taking aj = 0 in the matrix (6.11) results in a
tridiagonal matrix, in fact exactly (1.3) with tildes after applying the conversions (7.2). This is to be
expected as such tridiagonal matrices are related to the real orthogonal polynomials being considered.

The corresponding reduction in terms of signal flow graphs is given in Figure 7.1 (a specification of
Figure 6.1). Notice how the 0 in the upper transmission line removes the dependence on previous auxiliary
polynomials, and so the upper line serves only to recall the previous polynomial r;_o, resulting in three-term
recurrence relations.

y(z71) = P(=u(="1)

Fi1G. 7.1. Quasiseparable filter structure for the real orthogonal case in terms of the recurrence relation coefficients (7.1).

7.2. Szeg6 polynomials & the new quasiseparable filter structure. Using the generators for
unitary Hessenberg matrices of (4.2):

’ Matrix class ‘ Pk ‘ qk ‘ dk ‘ gk ‘ bk ‘ hk ‘
| Unitary Hessenberg | 1 [ i | —pj_1p0 | —pf_ymi | 1 | pj |

together with Theorem 6.3, we obtain

Coefficients of (6.1) || ag B Ve | Ok 05
pe | L | PEoapPr

Kk 1223 Kk

(7.3)

Coefficients of (1.5) || pr | ph_qtk

which give the following new two-term recurrence relations for the Szeg6 polynomials:

{ Gi(z) ] _ l BE PR 1k ] { G () ] |

ri(2) el N €

The fact that the x term appears in only the (2,2) entry of the transfer matrix here and not both the (1, 2)
and (2, 2) entries as in the classical two-term recurrence relations (1.5) shows that the auxiliary polynomials
do not have the same degrees as the corresponding Szegd polynomials. Hence these recurrence relations are
not a simple modification of (1.5).

The corresponding filter is shown in Figure 7.2. As mentioned above, there is a difference in the locations
of the cross—lines (around the delay elements as opposed to in between the delay elements) means that the
quasiseparable filter structure is not a generalization of the Markel-Grey filter structure, it is in fact a new
filter structure and hence gives a new realization of the Szegd polynomials.

8. Conclusions. In this paper we provided several characterizations of (H, 1)-quasiseparable matrices
and the subclasses of (H,1)-semiseparable matrices and (H,1)-well-free matrices in terms of recurrence
relations on their corresponding systems of polynomials, restrictions on their quasiseparable generators, and
filter structures of their corresponding signal flow graphs.

Three new filter structures were introduced, well-free filters, semiseparable filters, a generalization of
the well-known Markel-Grey filters, and quasiseparable filters. It was shown that a nice property of the
quasiseparable filters is that they realize all of the considered classes of polynomials, including real orthogonal
polynomials (via their three-term recurrence relations) and Szegd polynomials (via either two- or three-term
recurrence relations).
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y(z71) = P(z"Hu(z™)

Fi1c. 7.2. Quasiseparable filter structure for the Szegé case in terms of reflection coefficients in (1.5) & (1.7).
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