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Abstract. In this paper we obtain several results on the rank properties of
Hadamard matrices (including Sylvester Hadamard matrices) as well as (gen-
eralized) Hadamard matrices. These results are used to show that the classes
of (generalized) Sylvester Hadamard matrices and of generalized pseudo-noise
matrices are equivalent, i.e., they can be obtained from each other by means
of row/column permutations.
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1. Ranks of certain matrices related to classical Hadamard
matrices

1.1. Hadamard and exponent Hadamard matrices

The classical n x n Hadamard matrices H(2,n) are defined as those composed of
+1’s and satisfying

H(2,n)H(2,n)" =nl,, (1.1)

that is, their distinct rows are orthogonal. Hadamard matrices are widely used
in communication systems, data compression, error control coding, cryptography,
linear filtering and spectral analysis, see, e.g., [H06], [SM77], and the references
therein. This popularity of Hadamard matrices is explained, among other reasons,
by their simplicity and efficiency in a variety of concrete practical applications.
For example, one simple way to construct a Hadamard matrix of the order n = 2™
is due to Sylvester. The method starts with defining 1 x 1 matrix via H(2,1) =1,
and proceeds recursively:

H(2,n) H(2,n)

HZ:20) =\ jion) —H(2n)

(1.2)
It is immediate to see that H(2,2n) of (1.2) satisfies (1.1). Matrices generated
in this fashion are referred to as Sylvester Hadamard matrices. In addition to
the Sylvester construction (1.2), there are alternate ways to construct Hadamard
matrices, one of them is due to Paley, see, e.g., [H06] and the references therein.

In many applications it is useful to consider matrices over GF(2), so one
typically changes —1’s to 0’s, e.g.,

11 ~ 1 1]
H(272):_1 1 —>H(2,2):_1 0| (1.3)
or, alternatively, one replaces —1’s by 1’s and 1’s by 0’s, e.g.,
(1 1] = [0 0]
H(2,2)__1 _1_—>H(2,2)__O 1 (1.4)

We suggest to refer to matrices fl(?, 2n) and fl(?, 2n) obtained in this fashion as
erponent Hadamard matrices and complimentary erxponent Hadamard matrices,
respectively. (The justification for the above nomenclatures is in that using the
entries of H(2,2n) as exponents for —1 one obtains the entries of H(2,n).)

In what follows we will adopt similar notations for any matrix A composed
of +1’s, and denote by A the matrix obtained from A by changing —1’s to 0’s, and
denote by A the matrix obtained from A by replacing —1’s by 1’s, and 1’s by 0’s.

1.2. General Hadamard Matrices and Ranks

In order to study the ranks of arbitrary Hadamard matrices we need to establish
the following auxiliary result that applies to row/column scaled H(2,n).
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Lemma 1.1. Let

H(2,n) = [ eTl Hﬂj ] (1.5)
be a Hadamard matriz whose first column and top row contain only 1’s, i.e.,
e= [ 1 -1 ] .
_7::1_/

Let ﬁn,l denote the complimentary exponent matriz of H,—1 defined in subsection
1.1. Then

ﬁn_lﬁf_l =tl,1+ (t—1)J,_1, where t= %, and J,_1 = ee’. (1.6)
Proof. Tt follows from (1.5) and the definition (1.1) that
e+eH! | =0, Joo1 + Hy  HY | =nl, 5. (1.7)
Consider an auxiliary matrix
anl = anl + Jnfly (18)
and observe, before proceeding further, that
~ 1
Hn—l = §Bn_1. (19)

In view of (1.7) and (1.8) we have
B, BY  =H, \HI |+ J,  HY [+ H, 1\ Jy 1+ Jn1p 1=
nlp—1—Jn-1)—Jn-1—Jp1+n—1)Jp1=nl1+(n—4)J,—1. (1.10)
Finally, (1.6) follows from (1.9) and (1.10). O
We are now ready to prove the following result.

Theorem 1.2. Let us partition H(2,n) by singling its top row and first column out:

hi1 1 }

H(Zn)z[ o Hoo

Here hyy is a scalar, and H,—1 is an (n — 1) X (n — 1) submatriz of H(2,n). Let
H,,_, denote the complimentary exponent matriz of H,_1 defined in Section 1.1.
If 8 divides n then

rankH,_1 (mod 2) < g (1.11)
If 8 does not divide n then
rankH,_1(mod 2) =n — 1. (1.12)

Proof. Without loss of generality we may assume that H(2,n) has the form shown
in (1.5) and that the result in (1.6) holds. Let us consider two cases.
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e If 8 divides n then ¢ = 7 is even, and (1.6) implies
H, 1 H' | = J,_1(mod 2). (1.13)
If we denote by k = rank H,,_;(mod 2), then (1.13) implies
n—-1)—-k>k-1

and (1.11) follows.
e If 8 does not divide n then ¢ = 7 is odd, and (1.6) implies

H,_ H' | =tI,_;(mod 2), (1.14)
so that (1.12) follows.

1.3. Sylvester Hadamard Matrices, Ranks and Factorizations

In the previous subsection the result applied to arbitrary Hadamard matrices. Here
we consider special Sylvester Hadamard matrices. Here is the main result of this
subsection.

Theorem 1.3. Let H(2,2™) be a Sylvester Hadamard matriz, i.e., one constructed
via the recipe (1.2). Then

rank H(2,2™) = m(mod 2), (1.15)
where fl(?, 2™) denotes the exponent matriz of H(2,2™) defined in Section 1.1.
The result (1.15) follows from the following lemma.

Lemma 1.4. The Sylvester Hadamard matriz H(2,2™) admits the following de-
composition

H(2,2™) = L, LT (mod 2), (1.16)
where the rows of the 2™ x m matriz
[0 0 0 0]
0 0 0 1
0 01 0
Ln,=10 0 1 1
0 1 00
|1 - 1 1 1]

contain all possible binary m-tuples ordered naturally.

Proof. Tt is easy to see that for m = 1 we have

ﬁ(z,z)_[g (1)]_“}[0 1].
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By applying the inductive argument we obtain

- 7 m 7 m Iy T 7
Aoty = | HZ2%) H@2M) 0 L 0T LT g
H(2,2™) H(2,2™) 1 Lm Ly Ly
with
0 1
— 0 —
0=1.1, 1=
0 1
The relations (1.17) and (1.16) coincide which completes the proof of the lemma.

O

2. Pseudo-Noise Matrices

2.1. Linear recurrence relations and shift registers

Let m be a fixed positive integer, and hg, h1, ..., hy,—1 € GF(2). Consider a linear
m-term recurrence relation

a; = @i—1hm-1+ ai—2hm—o+ -+ @i—mi1h1 + a;—mho fori>m (2.1)

over GF(2). Observe that the above recurrence relation can be written in a matrix
form:

r 7 o 1 0 0 ... 0 oy 7

Qi —(m+1) Ai—(m
ai i 0 0 1 0 .. 0 0 )
Gi—m+3) | |0 0 0 1 . : @i (m+2) (2.2)
: : : : . ) 0 :
Gi—1 o 0 o0 ... 0 1 Gi—2
L @i J | ho h1 he ... hpm—o Ry | L ®i-1 J
The m-tuple
{@i—my - 0qi—2,0,-1, }

is called the state vector corresponding to the time moment : —m. The semi-infinite
sequence
a0, A1, 02,03, 04, A5y« - . . . . , (2.3)
is called an (mth order) linear recurring sequence corresponding to (2.1). Clearly,
the latter is fully determined by the initial state vector {ag,a1,...,am—2,am-1}
and the coefficients ho, h1, ..., hm—1 of (2.1).
In order to define the concept of a pseudo-noise sequence it is useful to asso-
ciate (2.1) with a shift register. As an example, consider a special case of (2.1), a
4-term linear recurrence relation with hg = 1, hy = 0, hy = 0, hg = 1, and visualize

; = Qj—1 + a;—4 (24)
with the help of the following figure:
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PN sequence
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as az ai ao

FIGURE 1. Shift register for (2.4). Time moment “zero.”

The above figure corresponds to the time moment “zero,” i.e., it is characterized
by the initial state vector

{ao,al,ag,a3}. (25)

The next figure corresponds to the time moment “one,”

A

WA
\JV

PN sequence

Y
Y
Y

a4 as az ai

FIGURE 2. Shift register for (2.4). Time moment “one.”

and its state vector is
{a1,a2,a3,a4} (2.6)

is obtained from the one in (2.5) by shifting entries to the left (a¢ disappears),
and computing a4 via (2.4). Figures 1 and 2 graphically express both the shift and
computing a4. That is, a4 of Figure 2 is computed as az + a¢ of Figure 1.

2.2. Pseudo-Noise Sequences and Matrices

Recall that the semi-infinite sequence in (2.3) is fully determined by the initial
state vector {ag, a1, . .., Qm—2, @m—1} and the coefficients hg, b1, ..., hy—1 of (2.1).
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Indeed, the rule (2.1) maps the state vectors to the next ones, i.e.,

Am—1 (0799 Am+1
Am—2 Am—1 Qm
e e e
a2 as Qa4
ai az as
L do ] L @1 ] L a2 ]

Since all the elements {a;} belong to GF(2), none of the recurrence relations of
the form (2.1) can generate more than 2™ — 1 different state vectors (we exclude
the trivial zero initial state vector). It follows that the sequence in (2.3) has to
be periodic with the period not exceeding 2™ — 1 (of course, there are coefficients
ho,hi,...,hpm—1 of (2.1) for which any sequence will have a period smaller that
9m _1).

If the sequence (2.3) has the maximal possible period 2™ — 1, then it is called
a Pseudo-Noise sequence, see, e.g., [SMT77]. Pseudo-noise sequences are useful in a
number of applications, see, e.g., [HT99], [CS91].

A Pseudo-Noise matrix T'(2,n) with n = 2™ is defined (see, e.g., [SMT77]) as
an n x n matrix of the form

(2.7)

where T is a circulant Hankel matrix whose top row is a 1 x (2™ — 1) array that
is a period of the pseudo-noise sequence, and whose first m entries coincide with
the initial state.

Ezample. Let us again consider 4-term recurrent relations (2.4) with with hg =
1,h1 =0,ho =0, hg = 1 and the initial state

[ao ay; a %}:[1000}.
This choice gives rise to the pseudo-noise sequence

100011110101100 100011110101100100011110101100......
period 15 =23 — 1 period 15 period 15
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and the 15 x 15 matrix T of (2.7) is given by

100011110101100
000111101011001
001111010110010
011110101100100
111101011001000
111010110010001
110101100100011
101011001000111
010110010001111
101100100011110
011001000111101
110010001111010
100100011110101
001000111101011
010001111010110

N
Il

d

2.3. Equivalence of Pseudo-Noise and Sylvester Hadamard Exponent Matrices

In order to establish the equivalence of the two classes of matrices we will need
the following counterpart of Theorem 1.3.

Lemma 2.1. For n = 2", the rank of any n X n Pseudo-noise matriz T is m.

Proof. This follows from the immediate observation that the rows of the matrix

ao
. al
T =
agm _9
satisfy the m-term recurrence relations
a; =a;_1hp_1 +ai_2hm_2+- - +a_mi1ht +a;,_nho (2.8)
(of the form (2.1)), and hence they are linearly dependent. O

The following theorem implies that the Sylvester Hadamard matrices and
Pseudo-noise matrices are equivalent, i.e., they can be obtained from each other
via row/column permutations.

Theorem 2.2. Let H(2,2™) be the Sylvester Hadamard matriz, and let T(2,2™)
be a 2™ x 2™ Pseudo-Noise matriz. Then H(2,2™) is equivalent to T'(2,2™); i.e.,
there exist permutation matrices Py and Ps such that H(2,2™) = PyT(2,2™)Ps.

Proof. Recall that the matrix H(2,2™) admits a factorization (1.16) into the prod-
uct of a 2™ x m matrix L,, and a m x 2™ matrix LI, each of which contains all
possible binary m-tuples as rows/columns.
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Secondly, by Lemma 2.1, T'(2,2™) also has a similar factorization T = MR
where M is a 2™ X m matrix, and R is an m X 2™ matrix. Further, the rows of M
are all distinct and hence they must contain all possible binary m-tuples, and the
same is true of the columns of R.

Hence these factorizations of H(2,2™) and of T'(2,2™) differ only by the
order in which the rows/columns appear, and this completes the proof. ([

Theorem 2.2 was numerically checked to be valid for n = 8 and n = 16 in
[MST99].

3. Generalized Hadamard Matrices, Ranks and Factorizations

An n x n matrix H(g,n) is called a generalized Hadamard matrix [B62] if its
elements coincide with one of the numbers

e* = exp <@k>, 0<k<q-—-1, (3.1)
q

and it satisfies
H(g,n)H(q,n)" = nly, (3.2)

where * denotes the complex conjugate transposed. Clearly, in the case ¢ = 2, the
generalized Hadamard matrices H(2,n) reduce to the classic Hadamard matrices
H(2,n).

Often times we will be concerned with a matrix that contains not the entries
€* of H(q,n), but the values k from (3.1) corresponding to each entry. Specifically
(as in Section 1.1), for a generalized Hadamard matrix H(g,n) = [hs;] we define

~

its exponent generalized Hadamard matrix H(q,n) = [hij] such that h;; = €"is.
We will call a matrix H(q,n) normalized if all the elements of the first row
and first column are € = 1. Without loss of generality, we will assume that all
matrices henceforth are normalized.
The Sylvester method can be generalized to the generalized Hadamard ma-
trices with a FFT-like construction:

Proposition 3.1. Let H(q,n) be a generalized Hadamard matriz. Then the matriz
given by

H(g,n) H(q,n) H(g,n) ... H(g,n)
H(g,n) eH(q,n) eH(g,n) ... € 1H(q,n)
H(q,qn) = H(g,n) €2H(q,n) e*H(qg,n) ... €@ VH(q,n)
H(g,n) ¢'H(g,n) @@ DH(gn) .. D H(g,n)
(3.3)

is also a generalized Hadamard matriz.



10 Bella, Olshevsky and Sakhnovich

As with the Sylvester method for classical Hadamard matrices, the previous
proposition as well as the initial generalized Hadamard matrix (which is just the
DFT matrix)

r1 1 1 1 1 T
1 € €2 €3 ed!
1 €2 et €b e2(a—1)
H(g,q)= |1 ¢ b € e3la—1) (3.4)
1 -1 21 20¢-1)  (g-1)?

allows one to construct special generalized Hadamard matrices H (g, ¢™), which
we will call the generalized Sylvester Hadamard matrices.
The following result is a generalization of Theorem 1.3.

Theorem 3.2. Let H(q,q™) be a generalized Sylvester Hadamard matriz. The rank
of its exponent matriz H(q,q™) is m(mod q).

This theorem follows from the following factorization result.

Theorem 3.3. Let H (q,q™) be the exponent matrix corresponding to the generalized
Sylvester Hadamard matriz H(q,q™). Then H(q,q™) admits the decomposition

H(g,q™) = L, LT, (mod q) (3.5)

where Ly, is a ¢™ X q matriz with elements from {0,1,...,q — 1}. Further, the
rows of L, contain all possible q-ary m-tuples ordered naturally.

Proof. The proof is by induction on m. Letting m = 1, we have
H(q,q) = LiL{ (mod q) (3.6)
with
Lf=[012 ... ¢g—1] (3.7)
which by construction contains all g-ary numbers as columns.
Proceeding inductively we see that

H(q,q™) = Ly, LY (mod q)

implies
O Ly,
e I I B Il 35)
(q - 1)m Ly,
modulo g, where we note that
rrTn:[r T (3.9)

which are of size 1 x m.
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The fact that L,,11 contains all possible g-ary (m + 1)-tuples as columns is
clear from the fact that all possible g-ary m-tuples are present in the columns of
L,, by hypothesis, and L,, appears once beneath each of O, 1y, ..., (¢ — 1)m.
This completes the proof. 0

4. Generalized Pseudo-Noise Matrices

In this section we generalize the results of section 2 from GF'(2) to GF(q).
Again, for a positive integer m, and hg, h1,...,h;m—1 € GF(q) we define an

(mth order) linear recurring sequence
ag, a1, Az, . . .
via
a; = @i—1hm-1+ ai—2hpm—o+ -+ @i—mi1h1 + a;—mho fori>m (4.1)

As in Section 2, it is easy to see that every mt order linear recurring se-

quence is periodic with period at least r < ¢ — 1. A Pseudo-Noise Sequence is
an mt order linear recurring sequence with the maximal possible period ¢™ — 1.

Furthermore, a Pseudo-Noise matrix T'(¢q,¢™) is an ¢" x ¢™ matrix of the form

00 ... 0
0

T(q.q™) = (4.2)

: T
0
where T is a circulant Hankel matrix with top row a Pseudo-Noise Sequence
[ ay aip -+ Qgm_g }
The following result is a generalization of Lemma 2.1.
Lemma 4.1. The rank of any ¢™ x ¢™ pseudo-noise matrixz T(q,q™) is m.
Proof. This follows from the immediate observation that the rows of the matrix

ag
aj

~
Il

a2m_2
satisfy the m-term recurrence relations
a;=a;_1thm_1+a;o2hm o+ - +a,_mp1ht +a;_nho

(of the form 4.1), and hence they are linearly dependent. O

The above lemma implies the following result.
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Theorem 4.2. The q" x ¢™ pseudo-noise matriz T (q,q™) admits the decomposition
T(q.q™) = MR, (4.3)

where M is a ¢ X m matriz, and R is an m x ¢ matriz. Further, the rows of
M are all distinct and contain all possible q-ary m-tuples, and the same is true of
the columns of R.

Proof. The factorization (4.3) exists by Lemma 4.1. By the definition, the rows of
T(q,q™) are distinct, and therefore so are the rows of M. Since M is over GF(q)
with size ¢ x m, we conclude that M must contain all possible g-ary m-tuples as
TOWS.

Similarly, the columns of R are also distinct, and since R is also over GF(q),
we have that R contains all possible m-tuples as columns, which completes the
proof. (Il

The following theorem implies that the generalized Sylvester Hadamard ma-
trices and generalized Pseudo-noise matrices are equivalent, i.e., they can be ob-
tained from each other via row/column permutations.

Theorem 4.3. Let H(q,q™) be a ¢™ X ¢™ generalized Sylvester Hadamard matriz,
and let T(q,q™) be an ¢"™ x ¢"™ pseudo-noise matriz where q is prime. Then the
exponent matric fl(q,qm) is equivalent to T(q,q™); i.e., there exist permutation
matrices Py and Py such that H(q,¢™) = PiT(q,q™)Ps.

Proof. By Theorem 3.3, the exponent matrix H (q,q™) has a factorization into the
product of a ¢ xm matrix and a m x ¢"™ matrix, each of which contains all possible
g-ary m-tuples as rows/columns. By Theorem 4.2, T'(¢, ¢") also has a factorization
into the product of a ¢ x m matrix and a m x ¢"™ matrix which contain all possible
g-ary m-tuples as rows/columns. Thus the factorizations differ only by the order
in which the rows/columns appear, and this completes the proof. O

Theorem 4.3 was announced in [BOS05].

5. Conclusion

Several results for the ranks of generalalized Hadamard matrices, Sylvester Hadamard
matrices, their exponent matrices and their generalizations were established. These
rank properties were used to demonstrate that the two classes of matrices, those
built from generalized pseudo-noise sequences, and the generalized Hadamard ma-
trices are equivalent up to permutations of the rows and columns.
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