STRUCTURE AT INFINITY FOR SHRINKING RICCI SOLITONS

OVIDIU MUNTEANU AND JIAPING WANG

ABSTRACT. This paper concerns the structure at infinity for complete gradient
shrinking Ricci solitons. It is shown that for such a soliton with bounded
curvature, if the round cylinder R x S”_l/F occurs as a limit for a sequence
of points going to infinity along an end, then the end is asymptotic to the
same round cylinder at infinity. This result is applied to obtain structural
results at infinity for four dimensional gradient shrinking Ricci solitons. It was
previously known that such solitons with scalar curvature approaching zero at
infinity must be smoothly asymptotic to a cone. For the case that the scalar
curvature is bounded from below by a positive constant, we conclude that
along each end the soliton is asymptotic to a quotient of R x S® or converges
to a quotient of R? x S? along each integral curve of the gradient vector field
of the potential function.
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1. INTRODUCTION

The goal of this paper is to continue our study of complete four dimensional
gradient shrinking Ricci solitons initiated in [29] and to obtain further information
concerning the structure at infinity of such manifolds. Recall that a Riemannian
manifold (M, g) is a gradient shrinking Ricci soliton if there exists a smooth function
f € C (M) such that the Ricci curvature Ric of M and the hessian Hess(f) of f
satisfy the following equation

1
Ric + Hess (f) = 29

By defining ¢; to be the one-parameter family of diffeomorphisms generated by
the vector field Y—{ for —oo < t < 0, one checks that g(t) = (—t) ¢; ¢ is a solution
to the Ricci flow

9g(t)

ot
on time interval (—oo, 0). Since the Ricci flow equation is invariant under the action
of the diffeomorphism group, such solution ¢(t) is evidently a shrinking self-similar
solution to the Ricci flow. Gradient shrinking Ricci solitons have played a crucial
role in the singularity analysis of Ricci flows. A conjecture, generally attributed to
Hamilton, asserts that the blow-ups around a type-I singularity point of a Ricci flow
always converge to (nontrivial) gradient shrinking Ricci solitons. More precisely,
a Ricci flow solution (M, g(t)) on a finite-time interval [0,7), T < oo, is said to

= —2Ric(t)
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develop a Type-I singularity (and T is called a Type-I singular time) if there exists
a constant C' > 0 such that for all ¢ € [0,T)
C
Sup [Rmg (1) [g() < T_¢
and

limsup sup [Rmg[g() = 0.
t—T M

Here Rmg) denotes the Riemannian curvature tensor of the metric g(¢). A point p €
M is a singular point if there exists no neighborhood of p on which [Rmg |4 stays
bounded as ¢ — T'. Then the conjecture claims that for every sequence A\; — oo, the
rescaled Ricci flows (M, g;(t),p) defined on [—A; T,0) by g¢;(t) := X\; g(T + )\;1 t)
subconverge to a nontrivial gradient shrinking Ricci soliton.

While the conjecture was first confirmed by Perelman [34] for the dimension
three case, in the most general form it has also been satisfactorily resolved. In the
case where the blow-up limit is compact, it was confirmed by Sesum [37]. In the
general case, blow-up to a gradient shrinking soliton was proved by Naber [32]. The
nontriviality issue of the soliton was later taken up by Enders, Miiller and Topping
[16], see also Cao and Zhang [8].

In view of their importance, it is then natural to seek a classification of the
gradient shrinking Ricci solitons. It is relatively simple to classify two dimensional
ones, [18].

Theorem 1.1. A two dimensional gradient shrinking Ricci soliton is isometric to
the plane R? or to a quotient of the sphere S2.

For the three dimensional case, there is a parallel classification result as well.

Theorem 1.2. A three dimensional gradient shrinking Ricci soliton is isometric
to the Euclidean space R3or to a quotient of the sphere S®or of the cylinder R x S2.

This theorem has a long history. Ivey [24] first showed that a three dimensional
compact gradient shrinking Ricci soliton must be a quotient of the sphere S3. Later,
it was realized from the Hamilton-Ivey estimate [I8] that the curvature of a three
dimensional gradient shrinking Ricci soliton must be nonnegative. Moreover, by
the strong maximum principle of Hamilton [20], the manifold must split off a line,
hence is a quotient of R x S? or R3, if its sectional curvature is not strictly positive.
When the sectional curvature is strictly positive, Perelman [35] showed that the
soliton must be compact, hence a quotient of the sphere, provided that the soliton
is noncollapsing with bounded curvature. Obviously, the classification result follows
by combining all these together, at least for the ones which are noncollapsing with
bounded curvature. The result in particular implies that a type I singularity of
the Ricci flow on a compact three dimensional manifold is necessarily of spherical
or neck-like, a fact crucial for Perelman [35] to define the Ricci flows with surgery
and for the eventual resolution of the Poincaré or the more general Thurston’s
geometrization conjecture. The noncollapsing assumption was later removed by
Naber [32]. By adopting a different argument, Ni and Wallach [33], and Cao, Chen
and Zhu [3] showed the full classification result Theorem Some relevant con-
tributions were also made in [32] B6]. In passing, we mention that it is now known
that a complete shrinking Ricci soliton of any dimension with positive sectional
curvature is compact by [31].
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The logical next step is to search for a classification of four dimensional gradient
shrinking Ricci solitons. Such a result should be very much relevant in understand-
ing the formation of singularities of the Ricci flows on four dimensional manifolds,
just like the three dimensional case. However, in contrast to the dimension three
case, for dimension four or higher, the curvature of a gradient shrinking Ricci soli-
ton may change sign as demonstrated by the examples constructed in [I7]. The
existence of such examples, which are obviously not of the form of a sphere, or the
Euclidean space, or their product, certainly complicates the classification outlook.

Note that in the case of dimension three, the curvature operator, being nonneg-
ative, is bounded by the scalar curvature. In the case of dimension four, we showed
that such a conclusion still holds even though the curvature operator no longer has
a fixed sign, [29]. In particular, this implies that the curvature operator must be
bounded if the scalar curvature is.

Theorem 1.3. Let (M,g, f) be a four dimensional complete gradient shrinking
Ricci soliton with bounded scalar curvature S. Then there exists a constant ¢ > 0
so that

[Rm| <c¢S on M.

In the theorem, the constant ¢ > 0 depends only on the upper bound of the scalar
curvature A and the geometry of the geodesic ball By (7o), where p is a minimum
point of potential function f and rq is determined by A. We stress that the potential
function f of the soliton is exploited in an essential way in our proof by working
on the level sets of f.

As an application, we obtained the following structural result. Recall that a
Riemannian cone is a manifold [0,00) x ¥ endowed with Riemannian metric g. =
dr? + r? g, where (3, gx) is a closed (n — 1)-dimensional Riemannian manifold.
Denote Er = (R,00) x ¥ for R > 0 and define the dilation by A to be the map
pxr : By — Ey given by pa(r,0) = (Ar,0). Then Riemannian manifold (M, g)
is said to be C* asymptotic to the cone (Ey,g.) if, for some R > 0, there is
a diffeomorphism ® : Er — M \ Q such that A2 PP g = g.as A = oo in
CF (Eo, g.), where § is a compact subset of M. The following result was established
in [29).

Theorem 1.4. Let (M,g, f) be a complete four dimensional gradient shrinking
Ricci soliton with scalar curvature converging to zero at infinity. Then there exists
a cone Ey such that (M, g) is CF asymptotic to Ey for all k.

A recent result due to Kotschwar and L. Wang [26] states that two gradient
shrinking Ricci solitons (of arbitrary dimensions) must be isometric if they are
C? asymptotic to the same cone. Together with our result, this implies that the
classification problem for four dimensional gradient shrinking Ricci solitons with
scalar curvature going to zero at infinity is reduced to the one for the limiting
cones.

In this paper, we take up the case that the scalar curvature is bounded from below
by a positive constant and show the following structural result. Here, a Riemannian
manifold (M, g) is said to be C* asymptotic to the cylinder L = (R x N, g..), where
ge is the product metric, if there is a diffeomorphism @ : Ly = (0,00) x N — M\ Q2
such that p} ®* g — g. as A\ — oo in CF (Lo, g.), where  is a compact subset of
M and py : L — L is the translation given by py(r,0) = (A +r,0) for r € R and
o€ N.
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Theorem 1.5. Let (M,g, f) be a complete, four dimensional gradient shrinking
Ricci soliton with bounded scalar curvature S. If S is bounded from below by a
positive constant on end E of M, then E is smoothly asymptotic to the round
cylinder R x S®/T, or for any sequence x; € E going to infinity along an integral
curve of V.f, (M, g, ;) converges smoothly to R?> x S? or its Zs quotient. Moreover,
the limit is uniquely determined by the integral curve and is independent of the
sequence x;.

Here and throughout the paper, S™ denotes the n-dimensional standard sphere
with metric normalized such that Ric = % g. As pointed out in [32], in the second
case, the limit in general may depend on the integral curve as demonstrated by the
example M =R x (R X Sz) /Zs. We remark that under the additional assumption
that the Ricci curvature is non-negative, a similar version of Theorem was
proved in [32] by a different argument. Obviously, Theorem together with
Theorem [I.4] would provide a description of the geometry at infinity for all four
dimensional gradient shrinking Ricci solitons with bounded scalar curvature if one
could establish a dichotomy that the scalar curvature S either goes to 0 at infinity
or is bounded from below by a positive constant. This question remains open
presently.

Let us now briefly describe how Theorem is proven. According to [32],
for any m-dimensional shrinking gradient Ricci soliton (M™, g, f) with bounded
curvature and a sequence of points x; € M going to infinity along an integral curve
of V£, by choosing a subsequence if necessary, (M™, g, x;) converges smoothly to a
product manifold R x N"~!, where N is a gradient shrinking Ricci soliton. By the
classification result of three dimensional gradient shrinking Ricci solitons Theorem
and the fact that the scalar curvature is assumed to be bounded from below
by a positive constant, Theorem will then follow from the following structural
result for gradient shrinking Ricci solitons of arbitrary dimension.

Theorem 1.6. Let (M,g, f) be an n-dimensional, complete, gradient shrinking
Ricci soliton with bounded curvature. Assume that along an end E of M there
exists a sequence of points x; — oo with (M, g, x;) converging to the round cylinder
R x S"~1/T'. Then E is smoothly asymptotic to the same round cylinder.

The proof of this theorem constitutes the major part of the paper. Conceptually
speaking, we will view the level sets of f endowed with the induced metric as an
approximate Ricci flow and adopt the argument due to Huisken [23] who proved
that the Ricci flow starting from a manifold with sufficiently pinched sectional
curvature must converge to a quotient of the round sphere. However, to actually
carry out the argument, we have to overcome some serious technical hurdles, one of
them being the control of the scalar curvature. Along the way, we have managed to
obtain some localized estimates for the derivatives of the curvature tensor, which
may be of independent interest. In particular, these estimates enabled us to derive
a Harnack type estimate for the scalar curvature.

There are quite a few related works concerning the geometry and classification of
high dimensional gradient shrinking Ricci solitons. The survey paper [I] contains a
wealth of information and then current results. The paper by Naber [32] has strong
influence on the present work. For some of the more recent progress, we refer to [9],
[10], [, [, [7], [28]. In the other direction, Catino, Deruelle and Mazzieri [I1] have
attempted to address the rigidity issue for the complete gradient shrinking Ricci
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solitons which are asymptotic to the round cylinder at infinity, that is, whether the
soliton M in Theorem is in fact itself a round cylinder. Apparently, this issue
remains unresolved, as it was stated there that the proof given is yet incomplete.

The paper is organized as follows. After recalling a few preliminary facts in
section [2] we prove some useful localized curvature estimates in section [3} Theorem
[1.6] is then proved in section ] The applications to four dimensional gradient
shrinking Ricci solitons are discussed in section [5

We would like to thank Ben Chow, Brett Kotschwar, Aaron Naber and Lei Ni
for their interest and helpful discussions. We also thank Yongjia Zhang for useful
comments on a previous draft of this paper.

2. PRELIMINARIES

In this section, we recall some preliminary facts concerning gradient shrinking
Ricei solitons. We will use the same notation as in [29]. Throughout this paper,
(M, g) denotes an n-dimensional, complete noncompact gradient shrinking Ricci
soliton. A result of Chen ([12] 2]) implies that the scalar curvature S > 0 on M,
unless M is flat. This result was later refined in [I4] to that
(2.1) S > %
f
for some positive constant Cy depending on the soliton. Furthermore, by adding a
constant to the potential function f if necessary, one has the following important
identity due to Hamilton [I§].

S+ VI =f.

For such a normalized potential function f, it is well known [6] that there exist
positive constants ¢; and ¢y such that

(2:2) L2 @) —err (@) — e < (@) <

1 r? () + err(z) + o,

A~

where 7 (z) is the distance to a fixed point p € M. Moreover, ¢; and ¢z can be
chosen to depend only on n if p is a minimum point of f, see [22].

Consequently, if the scalar curvature of (M,g) is bounded, then there exists
to > 0 such that the level set

Yt)={zeM: f(z)=t}
of f is a compact Riemannian manifold for ¢ > ¢y. Also, the domain
D(t):={zeM: f(z)<t}

is a compact manifold with smooth boundary X ().
Since the volume of M grows polynomially of order at most n by [6], one sees
that the weighted volume of M given by

Vi(M) = /M e T dv

must be finite.
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We recall the following equations for various curvature quantities of M, see e.g.
[29).

(2.3) VS = 2Ric(VY)
ViR ki Rijrifi = ViR, — ViR
AsS S — 2|Ric|?
AfRic = Ric—2RmRic
AyRm = Rm+ Rm=xRm
k
Ay (V*Rm) = (I; + 1) V*Rm + ) V/Rm * V*/Rm.

=0

Here, Ay is the weighted Laplacian defined by AT = AT — (V f, VT for a tensor
field T. The notation Rm * Rm denotes a quadratic expression in the Riemann
curvature tensor and V/Rm denotes the j-th covariant derivative of the curvature
tensor Rm.

As mentioned in the introduction, M may be viewed as a self-similar solution to
the Ricci flow. Therefore, if the curvature of (M, g) is bounded, that is, there exists
a constant C' > 0 such that |Rm| < C' on M, then by Shi’s derivative estimates
[38], for each k > 1, there exists a constant Ay > 0 such that

(2.4) ’VkRm’ < Ar on M

with Ay depending only on n, k and C.
Using we get, for any k£ > 0 and o > 0, that
(25)  Ap(IV*Rm[*s77) 2 577 (2|95 Rw|* + (k +2) [V*Ru*)
— ¢S™7%%_ [V/Rm| | V¥ /Rm| | V*Rm|
+ |V*Rm|? (—05"’ +20 [Ric)>S~7 ! £ o (0 + 1) VS| S*H)

+2(V |V*Rm

Vs,
Observe that

2(V|V*Rm[*, v577) > —2 |V* Rm[* $77 — 202 |V 5772 [V*Rm*.
This implies the function w := |V’“Rm|2 S77 satisfies

(2.6) Arw > <k+270+(0702) |V1nS|2)w
—cS¥_o |V Rm| V" Rm| [V"Rm| S,

If instead in (2.5) we use
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2(V |V*Rm[*, v$~7)
= (V(IV*Rm[*s7787) ,v577) + (V [V*Rm[*, VS~
> (V(|V*Rm[*s77) , vS~7) 57+ [VFRm|’ 577 (V57 VS ~7)
—20 |[V¥*'Rm| [V S| |[V*FRm| 77!
> —o(V(|V*Ru[ 577),Vins) - 202 V¥R |VS|? 572
—2| V¥ Rm|* 577,
then the function w := |V¥Rm|* 5~ satisfies
(2.7) Apw > (k+2—0+ <a—"22) |V1nS|2)w

—cSF_o |V Rm| |[VF I Rm| |[V*Rm| S~7,
where F := f —oIn S.

3. CURVATURE ESTIMATES FOR SHRINKERS

In this section, we establish some localized derivative estimates for the curvature
tensor of a gradient shrinking Ricci soliton. The estimates will be applied in next
section to prove Theorem

Throughout this section, (M, g) denotes an n-dimensional gradient shrinking
Riccei soliton with bounded curvature. Hence, we may assume that holds
everywhere on M.

Everywhere in this paper, we will denote by {e1, e, ,e,} alocal orthonormal
frame of M with

en 1= VI
OV
Clearly, e, is a unit normal vector to X (¢) and {ej, ez, - ,e,—_1} a local orthonor-
mal frame of ¥ (¢). Throughout this paper, the indices a,b,¢,d = 1,2,---,n — 1
and %, j,k,0 =1,2,--- ,n. In this notation, the second fundamental form of 3 (¢) is
given by
fab
3.1 hab = )
31 v /]
for any a,b=1,2,--- ;n—1.
By (2.3) we have that
|Rijri fil
3.2 Riikn| = ———
1
= ——|V;Riu — ViRjx
|vf| | J J |
< 2 |VRic| '
IV f]

Denote with
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o

1
(33) Rab = Rab - ﬁs Gab,

1
Uabea = ms (gacgbd - gadgbc) ,

o
Rabcd = Rabcd - Uabcda

o

1 o o o
Vabcd = m <Racgbd + Rbdgac - Radgbc - Rbcgad) )

Wabed := Rabed — Uabed — Vabed,

where a,b,c,d =1,2,--- ,n — 1. It should be pointed out that W is not the Weyl
curvature tensor of the manifold (M, g), restricted to the level set X (¢), rather it is
an approximation of the one of X (t).

Denote
2

o
Rics:

2 2

o

(e}
Rmy Raped

We now state the main result of this section. Fix ¢y > 0 large enough, depending
only on dimension n and the constant Ag in . Since S < nAy, using Hamilton’s
identity S+ |Vf|2 = f we get that the level sets X (¢) of f are all smooth for ¢ > ;.
Also fix some T > ty. We have the following.

Theorem 3.1. Let (M,g,f) be an n-dimensional, complete, gradient shrinking

Ricci soliton with bounded curvature such that

° 2
ng

(3.4) < mS? on D(T)\D (t),

S > ma on ()

for some m1,m2 > 0. Then for each k > 0, there exists constant ¢y > 0 such that
IV¥Rm|” < ¢, S572 on D (T)\D (t).

For given Cy from and Ay from , the constant ¢ in Theorem only
depends on n, 11, 72, Co and Ay,....,Axp, where K is an absolute constant (K = 100
suffices). We stress that all ¢, are independent of tg and T

As a useful corollary of this theorem, if

(3.5) |Rm|?
S

< mS® on D(T)\D(t),
> 72 o1 b (to) )
then )
|V*Rm|” < ¢, $"" on D (T)\D (o).

In fact, in the proof of Theorem (3.1, we will show that (3.4) implies (3.5). The
converse is obviously true.

According to Theorem (13.5)) is true for T = oo on a four dimensional gra-
dient shrinking Ricci soliton with bounded scalar curvature. Hence, we obtain the
following.
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Corollary 3.2. Let (M, g, f) be a complete, four dimensional, gradient shrinking
Ricci soliton with bounded scalar curvature. Then for each k > 0, there exists
constant ¢, > 0 so that

’VkRm’2 < ¢y Skt2 on M.

The rest of the section is devoted to proving Theorem[3.1] First, we observe that
T may be assumed to be large compared to to. Indeed, define ¢; by

do _ Vf
dt V1T’
¢to = Id onZ(to).

For afixed x € ¥ (¢o) , denote S (t) :== S (¢ (z)) , where t > to. Then, as (VS,V f) =
AS — S +2|Ric|?, it follows from (2.4) that

(3.6) ’ WV VI <o
VfI? ¢
Integrating this in ¢ we get
(3.7) S@) > S(t)—co 1nti
0

t
> 772—00111*.
to

Hence, if T < e%to, then 1) implies S > 2, on D (T)\D (to). In this case,
Theorem [3.1] follows directly from (2.4). So we may assume from now on that there
exists v > 1, depending only on 7y, Ay and As, satisfying

(38) T > Vt()
Using (3.2 and ., we see from ) that
(3.9) Rm| < ¢ (S + vj;') < VS on D(T)\D (to).

The proof of Theorem is divided in two parts.

Proposition 3.3. Let (M, g, f) be an n-dimensional, complete, gradient shrinking
Ricci soliton such that holds. Then, for any k > 0, there exists constant cy
such that

(3.10) |V*Rm| < S on D (T)\D (to) -
Proof. We first prove by induction on k£ > 0 that

(3.11) IV¥Rm|* < ¢S on D (axT)\D (to),
where

1 1
=1 (1- =) —.
" ( 2k> VT
For k = 0 we get (3.11) from (3.9)). Let us assume (3.11)) is true for k =0,1,..,1—1
and prove it for k = [. By l} on D (T)\D (to) the function w := |VlRm‘2 St
satisfies

Y

2w — ¢¥_y [V/Rm| |[V""/Rm| |V'Rm| §~*
w— 4o |[V/Rm|? [V Rm|* 571,

Afw

Y
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By the induction hypothesis,

}Vij|2 |Vl_ij’2 S™ <¢ on D(a;_1T)\D (to) .
Hence, it follows from above that
(3.12) Ayw>w—¢ on D (a—1T)\D (o).
Define the cut-off function

f
ew/al,lT —e faj_1T

(3.13) v (f(2) =

e\/alflT
with support in D (a;_1T) \D (to) and let G := ¢?w. By (3.12) we get
(3.14) AG > G- +207 (A)G -6y 2 | VY|P G

+2072(VG, V?).
Let z¢ be the maximum point of G on D (a;—1T)\D (to). If o € X (t9), then
G (z9) < ¢ by (3.4) and (2.4]). So, without loss of generality, we may assume that
T is an interior point. If at xo we have ¢y~ (A p1p) —3¢p2 |V1/1|2 > 0, then applying
the maximum principle to (3.14]) we get G (z¢) < ¢;. Now suppose that

(3.15) P (Ap) — 302 VP <0 at zo.
Since
(3.16) App = Ap(f)+4" VI
e\/ﬁ n IV f|?
L 1emT g
Y et Jan T
by it follows that
£
S ) < va
< 3|y

< 3 .

T eVauaTa T
This immediately implies

c

Y (wo) < Nk

Hence, we obtain from (2.1)) that
G (z9) < % ‘VlRm’2 S~ < ¢
In conclusion, this proves

(3.17) G <¢ on D(a_1T)\D (to).
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Since (aj—1 — a;) VT = 2, on D (a;T)\D (to) by (3.13) we have
1 . eﬁ(al*al—l)ﬁ

—1

(4

>
> 1—e2
2

By lb we get that |[V'Rm|” S™' < ¢ on D (a;T)\D (to) . This completes the
e,

induction step and proves ( . In particular, we have

(3.18) [V Rm|* < 8 on D (T = VT)\D (to).
We now prove that for all £ > 0
(3.19) IV*Rm|® < ¢S on D (T - Q\FT) \D (to).
For k =0, follows from and . Indeed, by , one has
|VRic| < ¢V§
on D (bgT)=D (T — \/T) . Plugging this into and using , one sees that
[Rm| < ¢S

on D (byT) . We now prove (3.19) for k > 1.
By |i on D (T - \/T) \D (to), the function w := ’VkRm’2 S—2 satisfies

(3.20) Apw > w—cSF_|V/Rm| V¥ Rm| |[V"Rm| S~
> %w — ¢k |VRm|* |[VF I Rm|* 52
J 1
= iw — Ck,

where F := f —2In S and in the last line we have used (3.18). Let G := ¥?w with

3.21 =
(3.21) (8 Vv
By we obtain
1
(3.22) ApG > ;G- + 20N (Ap) G — 602 |V |2 @

+2¢2 (VG, V§?).

Let z¢ be the maximum point of G on D (T - \/T) \D (to) . As above, we may

assume that z is an interior point. If at 2o we have =1 (Aptp) — 302 [Vyp|> > 0,
then the maximum principle implies G (x¢) < ¢k. So it remains to consider the case
that

(3.23) U (ARY) — 3072 | VY|P <0 at .
As in (3.16)), we have

(3.24) App > 5
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Furthermore,
)
(3.25) (VInS, V)| = — 7 w8, v st
7 \/T — \/Te\/T—\/T ,

However, (3.18)) implies that
(3.26) (VS V)l

< |AS|+ S + 2 [Ric|?
< C\/g .
For ¢ > 0 specified in (3.26)) and Cy the constant in (2.1)), we consider the following

cases.
First, assume that

VS < C’O%Si at xo.

Then (3.26) implies that
3
VS, VOIS (z0) < (CoS™ (w0))"
< fi (@),
where the last line follows from . By (3.25)), this implies that
f(zg)
e\/T—O\/T

wloo

(VI S, V)| (o

(.’EQ) .

) < f
VT —TeVT-VT

From (3.24), we get that at z(, the maximum point of G on D (T - \/T) \D (to),
we have

!
1 evr—vT
Aptp > 25 .
3eNT—VT /T - T
Plugging this into (3.23)), we get

Y (z9) < Nak

Therefore, by (2.1)) and (3.18]),
G (o) ¥ (o) w (o)

= [V*Rm|" 572

IAN I

IN

Ck-
Finally, assume that

V'S > C’O%Si at xo,
where c is the constant in and Cj the constant in .

We then get S (zo) > Cic*, which by (2.4) proves that G (z) < ¢x. In conclu-
sion, from these two cases we get that

(3.27) G<ecp on D (T - \/:F) \D (to).

Note by (3.21) we have on D (T - 2\/T) \D (to)

__ T
1—e T—VT

1—e L

(4

v v
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So (3.27)) implies that |V’“Rm|2 S=2 < cpon D (T - 2\/T) \D (t9) , which proves

(3.19).
We now complete the proof of the proposition. Define ¢; by
d \Y%
(3.28) o _ VI 5
dt IV/]

b yyr = Id on X (T — Qﬁ) .

For ¢ € X (t;) with T — 2T < t; < T, let ¢gp € ¥ (T—Q\/T) be such that
¢+, (qo) = q¢. We obtain, as in (3.6), that

S| <.

Integrating this from ¢ = T — 2v/T to t = t; implies that
t1
3.29 S < S +cln ———
(3.29) (@) < S(a) T—ovT
¢
< S + —.
< S(q) Wi
By (2.1) we know that S (¢) > %. Hence, (3.29) implies that
S(q0) <eVS(q).
Since qo € D (T - 2\/T) \D (to), by (3.19) we get that
(3.30) V4R (a0) < exV'S (g).
Using (12.3])) we compute
2
(3.31) L | B[ (61 (90)) = (v [vmal” v1)
| @ T
= % (V*Rm * V"2 Rm + V*Rm * V¥Rm)
2
1 S j k—j
+ —— [ Y. V*Rm = V/Rm « V¥ /Rm
|Vf| =0

Therefore, by (2.4)
d Ck
17 R 6 )| < %

Integrating this from ¢t = T — 2v/T to t = t; and using 1) we conclude that

t
’VkRm’ (q) < ‘VkRm‘ (qo) + ck lnﬁ
< VS (g + ﬁ

Using (2.1)) again that S (¢q) > &, we get

|V*Rm| (q) < exV'S (q),
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for any ¢ € D (T)\D (T - 2\/T) . Together with (3.19)), this proves that

(3.32) |V*Rm| < exV/S on D (T)\D (to).

For any ¢ € X (¢1) with T — T <t <T,let gqoe (T — 2\/T> be such that
b1, (10) = @, where ¢, is defined by (3:25). By (3:6) and (23

d
as

) we have that

(¢t (q0))

IN

£ (5 + 2 Ricl” +|A5]) (61 (a0))

IN

V5 (60 (@),

oL

where for the last line we used (3.32). We rewrite this as |4+/S (¢ (g0))| < ¢, an

integrate in t € [T — VT, tl} . It follows, as for ([3.29]), that

(3.33) VS (1 (q0)) < \/§(q)+%

< VS (q).

In particular, S (qo) < ¢S (q). Since go € D (T - 2\/?) \D (to), by (3.19) we get
that

(3.34) ’VkRm’ (q0) < 1S (q).
By (3.31)), (3.32) and (3.33)) we now get

i 17 R 6 )|

IN

S5 (60 (@0))
< TV5().

Integrating from ¢ = T'— 2/T to t = t, it follows that

[V*Rm| (¢) < |VkRm|(QO)+%\/§(Q)

< S(q),

where in last line we used (3.34) and (2.1). This inequality is true for any ¢ €
D (T)\D (T— 2\/T> Together with (3.19), it follows that |[V¥Rm| < ¢S on
D (T)\D (to) . This proves the proposition. O

To improve Proposition [3.3] we use a different strategy. Let us first record some
useful consequences. Note that (2.3) and (3.10]) imply

(3.35) |(V £, V"Rm)| |Ay (V*Rm) |+ |A (V*Rm)|

<
< ¢S

In particular,

(3.36) V[, VS)] <cS.
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We can easily see from that
Sijfifi = (V(Sifi),Vf) = fi;Sif;
= 2(V[Ric", Vf) +(V(AS),V])
f% (VS,Vf)+ % [VS)?.
By and it follows that
(3.37) |Sii fif;] < cS.
We now complete the proof of Theorem by proving the following.

Proposition 3.4. Let (M, g, f) be an n-dimensional, complete, gradient shrinking
Ricci soliton such that holds. Then for any k > 0 there exists ¢, > 0 such
that

[V¥Rm|” < ex 552 on D (T)\D (1)

Proof. For k = 0 this follows from (3.10). For the case k = 1, we first prove a
weaker statement that

(3.38) IVRm|> < ¢S% on D (T)\D (to).
For any 2 < 0 < 3, by (2.7) we have
A (|VRm\2 s—a) > (3 _p - (3 - 1) |V1nS|2) |VRm|? §~°
- 2
— ¢|Rm||VRm|* 7.
Hence, it follows from ([3.10)) that
w := |VRm|* §~7
satisfies the inequality
g 2 o—2
. >((B3-0)—cS—0 (2 -
(3.39) AFw,((s o) — ¢S 0(2 1) VS S )w
on D (T)\D (ty), where F := f — olnS. We will rewrite this as an inequality on
¥ (t). Note that
(3.40) Aw = Asw + wpy + Hwy,

where Ay is the Laplacian on ¥ (¢) and H is the mean curvature of X (¢) . We first
estimate wy,, = Hess(w) (e, e,,) from above.

Denote by
u:=|VRm|’
and write w = wS™?. Then
1 20
3.41) wpn — (i fif:) ST — —— (Vu, V) (VS,Vf) st
(3.41) N (usj fif5) S ( I f)
o(oc+1) 2 o9 o o1
+———=(VS, V)Y ST "u— ——= (Si; fif;) S77 "u.
v ( f) v (Sij fif5)
We argue that all these terms can be bounded. Note that by ([2.3)
(3.42) 2(Vf,V (V*Rm)) = — (k +2) V'Rm
k

+> V/Rm* V¥/Rm + 2AV*Rm.
j=0



16 OVIDIU MUNTEANU AND JIAPING WANG

Consequently,

(3.43) (Vu,Vf) = VRmx*VRm+ Rm x VRm x VRm
+V3Rm * VRm.

It can be similarly checked by using and - ) that

(3.44) (V(Vu,Vf),Vf) = VRm * VRm + Rm * VRm * VRm

+Rm * Rm * VRm * VRm + V?Rm * VRm * VRm
+V3Rm * VRm + V?Rm * VRm * Rm + V*Rm * V’Rm * Rm
+V3Rm * V*Rm + V°Rm * VRm.
Hence, by we get |(V(Vu,Vf),Vf)| < cS?% Moreover, and

imply

1
| fijuifi| = §<Vuvvf>_Rijfjui
S AR A
< ¢S2
This shows
(3.45) i fi fl IV (uifi) , VI + | fijuifil

<
< S
Since 2 < ¢ < 3, using (2.1) we get

5 uifif31 577 < e

|Vf|
Also, note that by and (3.10] -
1
IV 2 S (VS, V)57 2u <87 <

Furthermore, using , one finds that

o—1 3—0o
|Vf| 5 [(Vu, VATVS, VST <eS77 <c.

According to , we have

— 18 fifi] ST < e8P < e
v |5i; fifi

From these estimates we get that for any 2 < ¢ < 3,
(3.46) Why < C.
Also, note that

1
(Vw,VInS) = (Vw,VInS)y + W (Vw, Vf)(VInS,Vf).
The last term above can be bounded by using (3.36)) together with
[(Vw, V)] < [Vu, VST +c(VInS, V)5 u
< eSTot2
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It follows that
o (Vw,VInS) <o (Vw,VInS)y +c

Similarly, using (3.1]) we have
c

Plugging this and (3.46)) into (3.39) we obtain
(3.47) Asw > (Vf,Vw)—o0(Vw,VInS)s
) —eS—0o (2 = 26-2) 4 —
+<(3 o) —cS 0(2 1) [VS|® S )w c,
where w = |[VRm|* §-°.

Let 0 = 2 4+ a, where a > 0 is to be determined later. Note that by (3.10)),
IVS|? 52 < c. It follows from (3.47) that

(3.48) Asw > (Vf,Vw)—o(Vw,VInS)y

+<;cSca)wc.

Now we take a small so that ca < %. Then 1) becomes
1
(3.49) Asw > (Vf,Vw) — o (Vw,VInS)y, + (4 - cS) w — ¢,

where w = |[VRm/|* §~22,

Let ¢ be the maximum point of w in D (T') \D (o). If xg € X (to) , then w (zg) <
¢ by (2.4). So we may assume that zo ¢ X (f) . By maximum principle, we have
Asw < 0, (Vw,VInS)y, = 0 and (Vf,Vw) > 0 at zg. So implies that

(1 — ¢S (w0)) w(zo) < c. If S(xg) < 3z, it follows that w (z0) < c. On the other

hand, if S (z¢) > é, then 1) implies w (xg) < ¢. In conclusion, we have proved
that

(3.50) [VRm|* $727* < ¢ on D (T)\D (to).
Using this estimate, we get from that for any 2 < ¢ < 3, the function
w := |VRm[|* §~7

satisfies
(3.51) Asw > (Vf,Vw) — o (Vw,VInS)s. + (3 —0) —cSY)w —c.
Let 0 = %. Then 1' becomes

Asw > (Vf,Vw) — o (Vw,VInS), + (le — cSa) w— c.
Applying the maximum principle as in the proof of , one concludes that w is
bounded on D (T)\D (tp) . This shows that
(3.52) IVRm|? < ST on D (T)\D (to)
and is established.

We now prove that for any k > p > 1 there exists a constant ¢ ;,, depending on
k and p, such that

(3.53) [V¥Rm|” < ex,,, S”1 on D (T)\D (t).
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The proof is by induction on p. By (3.10), clearly (3.53)) is true for p = 1. Now
assume that (3.53) holds for p =1,2,--- 1. We will prove it for p =1+ 1. That is,
if

(3.54) ’Vij’2 <g¢j SIHL forall j <1
and

(3.55) [VIRm|* < ¢;y 81 forall j > 1,
then

(3.56) IVFRm|* < ¢ i1 2 for all k > 1+ 1.

For any o > 0, we have by that
(357 Ap (IV*Rm[*577) = ((k+2) — 0 = 0|V SP) |[V*Rm[* 57
— ¢2h_o [V/Rm| |[V*7Rm| |[V*Rm| §7°.
Note that and imply that for k > 141,
|V/Rm| |[V*Rm| |[V*Rm| S7'72 < cp 41,

where ¢ 41 is a constant depending on ¢; from (3.54)) for j <, and on ¢, from

(3.55) for I < h < k. It now follows from (3.52) and (3.57)) that for any &k > + 1,
by letting o = [ + 2, the function

w = ’VkRm’2 Si=2
satisfies the inequality
(358) Afw Z (1 — Ck\/g) W — Ck,l+1-

Now we follow a similar strategy as in the proof of (3.52)) to show that wy,, < ¢k 41.
Denote by

U = |V’“fim|2 ,
so that w = uS~!=2. Note that by (3.36) and (3.55),
1
W (VS, Vf>2 STty < eSSy < Chi4+1
and by (3.37) and (3.55),
1
7|Vf|2 |Swflfj| S™i=3u < eSSty < Cga41-
Furthermore, according to (2.3) we have
(3.59) (Vu,Vf) = V*Rm# V*Rm + V*Rm * V*"?Rm

+35_oV/Rm * V*/Rm * V*Rm.

It follows immediately from (3.54) and (3.55) that [(Vu, Vf)| < cxi1 ST, where
ck,1+1 depends on ¢; from ([3.54) for j < and on ¢y from (3.55) for [ < h < k+2.
Hence, this proves that

1 — —
S (Vu, VAIVS, VST < cpyr

Similarly, we have |(V (Vu, Vf),Vf)| < crir1 S As in (3.45) we get

lwij fifi] ST < et
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The above estimates, together with (3.41)), imply

(3.60) Wnp < Ck 41
Finally, we also get from above and from (3.1]) that
c
Hw, < ——|(Vw,V[)|
VP
< ﬁ (Vu, V) S™72 + (1 +2) [(VIn S,V f)| S7%u)

< Cki+41-
It is easy to see from and that
w = ’VkRm’2 S§-t=2
satisfies
(3.61) Asw > (Vu, Vf) + (1 - ck\/§) ——

for any k£ > [ 4+ 1. By the maximum principle, implies that w < ¢ 41 on
D (T)\D (to) for all k > [+ 1. This proves and completes the induction step.

In conclusion, we have established . In particular, for all p > 1, there exists
¢p > 0 such that

(3.62) |VPRm|* < ¢, SP™' on D (T)\D (to).
We are now ready to prove an estimate like (3.38)) for all £ > 1, that is,
(3.63) [V*Rm[® < ¢ §57F on D (T)\D (to).

Note that implies
2k [V/Rm| |V I Rm| < ¢ §3 1.

So from (3.57) we get
1
As (|V*Rm[*s7+F) > <4 . \/§> [V*Rm|* §757F — ¢, |V*Rm| §~5 1
1
> <6 — ck\FS> |VkRm|2 S—k—1 Ck.-
Hence the function )
7
w = |VkRm| S—k—1
satisfies
1
(3.64) Wpp + Hw, + Axw > (Vf,Vw) + (6 — ck\/g) w — Ck.

Following the proof of it can be seen that wy,, + Hw, < ci. Therefore, by
applying the maximum principle to , we have w < ¢ on D (T)\D (to) . This
shows that is indeed true.

We now finish the proof of the proposition by showing

(3.65) [V*Rm|” < ¢, S¥2 on D (T)\D (to)

for each k > 1.
Let )
w = |Vern| Sk=2,
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Using (3.57) and (3.63)), we get
(3.66)  Ayw> —c; [VInS[ w — 5 |[V/Rm| [V /Rm| |[V*Rm| S~ ~2
> —CkS%.
On the other hand, it is easy to check that
(3.67) ApSE = (AfS) —3 = \VS\ 573
1
> _
> st (1 st )

From (3.66) and (3.67)) we see that there exists a constant C} > 0 such that
vi=w+ CkS% satisfies

(3.68) Apv > S* (1 - ckS%) .
We now bound vy, from above. By (3.37] -, we have

1 1 ijJi E
(3.69) (SE) Sififi g% < 058,

T2 vsp
To bound w,,,, we use - By (3.63] -, we get
1
5 (VS,V)?S™F 4y < Sy
Vi

< Cks%.

Also, by (3:37) and (3:63),

— S S ST < e
|Vf|2| ififil

S CkS%.
Furthermore, using (3.59) we see that |(Vu, Vf)| < ¢, S%1, hence

(Vu, VA (VS, V)| S7F3 < 5%

ik

In a similar way it can be shown that

|Vf|2 luij fifil S~ P2 < Cks4

Combining all these estimates implies that
(3.70) Won < cxS7.
From (3.68)), (3.69)) and (3.70] it can be easily seen that

Asv > (Vo, V) + 8% (1 - cks%) .

Therefore, if the maximum of v does not occur on ¥ (fg), then S > é at the
maximum point. By (2.4)), we have v < ¢, on D (T)\D (tp) and

[VFRm|* < ¢S on D (T)\D (to).
This proves the proposition. [



STRUCTURE OF SHRINKING SOLITONS 21

Proposition [3.4] allows us to establish the following Harnack estimate for the
scalar curvature. Assume that (3.4) holds. For ¢ > ¢y, define ¢, as follows.

gy _ VS
(3.71) T
¢, = Id on X (to).

For z € ¥ (to), let S (¢) := S (¢¢ (z)), where tg < ¢ < T. Then

s (VS V)

dt v
~ AS—S+2[Ric]?
t— S ’

Using the estimate |AS| < ¢S? from Proposition we get

as S| _ 8
T R
for some constant C; > 0. This can be rewritten into
s | _
(t5)2 — t2 :
Integrating in t gives
1 1

(3.72)

. co (11

25 (t2) 1S (t1) t1 to

for any t; and ty with ty < t; < to < T. Hence, if there exists ty < t; < T with
S (t1) < 5&, then

tq

1
(3.73) S(t)< —— forallt; <t<T.
Cit

4. RICCI SHRINKERS ASYMPTOTIC TO ROUND CYLINDER

In this section, we use the estimates from section [3| to prove Theorem [I.6] We
continue to denote by M an n-dimensional, complete, gradient shrinking Ricci

soliton with bounded curvature, and by {e1, e, - ,e,} a local orthonormal frame
with
Vf
en = ——.
IV /]

As before, the indices a,b,¢,d =1,2,--- ,n—1and i,j,k, 1 =1,2,--- ,n.
In the following, let us assume that (3.4]) hold on D(T)\D(tg). By Theorem
and (3.2]) we have

2 |VRic|

4.1 R;; < -
( ) ‘ 1jkn| = |Vf|

< eSEfE

Using (2.3) we get
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|Rijrif5 fil
i
|[iViRix — fiViRj|
ik
(VI VRik)| + [ Rjkfis — Vi (R f;)]
ik

Since
(Vf,VRir) = AR;j, — Rir + 2R Rji,
we obtain from Theorem [B.1] that
((Vf, VRi)| < cS.
Similarly, we have

|Rjifij — Vi (R f;)| = %Rik — R Rij — %VinS
< ¢S
In conclusion, we get from above that
(4.2) |Rinin| < cSfH

Consequently, for U, V, W defined in (3.3), we have on D(T)\D(to),

(4.3) (U, V)=0(S*f 1), (UW)=0(S*f"), (V\IW)=0(5*f)

and

2
4.4 = 2 g2
(4.4) U (nfl)(n—Q)S’
vE = 4 |rit| +o(s2s
VI" = ——5|Rics| +0(5°f7),
2
2 _ ° 2 2 2 -1
[IRm|” = |Rmy +(n—1)(n—2)5 +O(Sf ),
2
° 1
|RiC|2 = ‘RiCE + mSQ +0 (Sinl) y
Rm[> = [UP+ [V +|W[*+0(S*f").

Here and below, the constants implicit in the big O notation depend only on
n,n1,m2, Co and Ay, ..., Ak, as specified in Theorem so they are independent
of ty and T.

We restate Theorem [I.6] here. Without loss of generality, we assume M has only
one end.

Theorem 4.1. Let (M,g,f) be an n-dimensional, complete, gradient shrinking
Ricci soliton with |Rm| < C. Assume that there exists a sequence of points xy — 00
such that (M, g, x1) converges to a round cylinder R x S*=1/T. Then M is smoothly
asymptotic to the same round cylinder.
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Proof. Without loss of generality, we may assume that xj; converges to a point in
{0} x S"71/T". We first claim that (Z), the level set of f containing xj, must
converge to {0} x S*~1/I". Indeed, consider the vector field defined on M\D (ty),
_ Vf
VI
Since | X | = 1, we get that X converges smoothly to a vector field X, on RxS"~1/T.
It is easy to see that X is in fact parallel, because

[Hess (f)]

VX —_
VXl < 2 V£
< efTE.

This proves that X, is the radial vector on R x S?~!/T" | and hence the level set
corresponding to x, converges to {0} x S*~1/I". In particular, it follows that for
any € > 0 there exists sufficiently large ¢y such that

2

(4.5) sup [Rmy| S72 < <,
(to) 2

—1
sup S’—n ’ < e

(to) 2

Claim 4.2. For e > 0 and tg > 0 such that holds we have
2

(4.6) sup RI(;]E S72 <e forallt>to.

S(¢)
To prove Claim let

2

(4.7) T :=sup {t:sup Rmy| S72 <e for all togrgt}.
=(r)
If T < oo, then
o 12
(4.8) sup [Rmy| S72 =¢.
(T)

Note that (4.7) and (4.5) imply that (3.4) holds on D(T)\D(tg), for n; and 7,
depending only on dimension. Hence, (4.3]) and (4.4) hold on D(T)\D(tg) as well.
We have the following formula (see Ch. 2.7 in [I3] or [36])

(4.9)  Aj|Rm|* = 2|VRm|* + 2 [Rm|* — 8Ry;ri Rpigk Rpjqi — 2Rijri Rijpg Rpgki-

For the function G given by
2
(h—1)(n—2)
using and arguing as in we obtain the following inequality (cf. Lemma
3.2 in [23]).

(4.10) A¢G > —2(VG,VInS) +4S73P,
where

1 .
(4.11) P .= 72SRijklRpiququl — §SRijk1Riququkl + \Rm|2 |RIC|2 .

G := |Rm|2 S2
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Note that by (4.4),

2

(4.12) G= 'Rﬁag SP+O0(f).

By (4.3) and (4.4) we get that
(4.13) |Rm|” |Ric|®

= (0P + V7 + wP) (

o
Ricy,

2
1 2 4 -1
+n_15>+0(5f )

° 2 1 4 ° 4
= W[ [Ricg| + ——8*[W|* + —— |Ricx,
n—1 n—3
2(3n —7) ol |?
$2 R
T -2 m-3) ‘

2
+ 2

— Sttt o (st .
(n—=1)"(n-2) (579)
A much longer computation of similar nature implies (see Theorem 3.3 in [23])

1
(4~14) —25Rijk1 Rpigk Rpjqr — §SRijklRiququkl
1 _
= _2SRabcdReagcRebgd - §SRabcdRabegRegcd +0 (S4f 1)

1
= _ZSWabcheachebgd - iswabchabegWegcd

2

6 o o 6 oloe
*n — SSWabcdRacRbd - ms Ricy
8 o o o
+——— SRy RpeRge — ————S*+ 0 (S*f71).
(n—37" " (n—17%(n-2) (877)

From (4.11)), (4.13)) and (4.14)) we conclude that

1
(415) P = msz ‘W|2 - QSWabcheachbed
1
_i‘s’WabchabefWefcd
4 N I I
5% |Ri —— [Ri
Jr(71—1)(71—2)(11—3) o +n—?)‘ o

2

(n—3
6
n—3

8 o o o o
+7)2SRabRbcRac + ‘W|2 ‘RiCZ

SWabcdﬁac-oRbd + 0] (S4f_1) .
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Therefore, we have
2

1 9 4 °
P > —95 2
2 S W oy m oY B
o I3
O 82S‘Rng
2 (n—3)
6 o |?
——5|W]| ‘Ricz — St
n—3
Since by (4.7)) for all to <t < T,
4 o 2 o 2
(416) IVV|2 + ’)7,7—3 ‘RiCE S ng —+ CSZf_l
< eS?4es?ft
< 252,
it follows that
1
P > ( - cﬁ) 2w
n—1
4 o |?
— 2 1
Hooegmmy ) <[

—cst !

for some constant ¢ > 0 depending only on n. In particular, there exists § > 0
depending only on n such that
2

P> 08 Rmy| — et
o 12
As |Rmyg| > GS? —¢S?f~1, it follows from (4.10) that on D (T)\D (to)
(4.17) AG > (VG,Vf) —2(VG,VInS) +0SG — cSf~1.
Note that

AG = AxG+ Gy, + HG,,
where Ay is the Laplacian on ¥ (¢) . We now bound G,,,, by a similar argument as
in the proof of Propositionm Let u := |Rm|2 and w := gz. Then Gy, = wyy. By

(3.41) we have
(4.18) Wpn =

‘2 (’U,ijS_2 — 4’U,iSjS_3 + 6SiSjS_4’U, — 2SijS_3u) .

Now,
wij fify = (V (wifi) ,Vf) = fijuif;.
Note that by and Proposition
(4.19) (Vu,Vf) = —2u+Rm=*Rm=Rm
+V?Rm * Rm.

Therefore,
(Vu,Vf)=—-2u+0 (53) .
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Using (4.19) and (2.3) we similarly get

(4.20) (V{(Vu,V[),Vf) = =2(Vu,Vf)+0 (5%
= 4u+0 (5’3) .
Finally, we have
fisui; = 5 (Vu, Vi) - (Vu, )
= —u+0(S?%).
Hence, by and we conclude that
(4.21) wij fifj = 5u+ O (S°)
and
(4.22) |vf|2 wii fi 357 = 5wa+O(Sf‘1).
Note that the second and the third term in can be rewritten as
(4.23) L ifg (—4u;S;57° + 6uS;S;5™1)
IVf |
-1 2u 2 g—4
= |Vf| 5 (wifi) SifiS™ — B (VS,Vf)" s

The first term above is estimated by (3.36) as

—1 —1
|Vf| 5 [(Vw, VA (VS VST <cf™ [(Vw, V).

The second term can be computed as

2u 2
VS,V
Vi 2 s T

(S7)

by noting that
(VS,Vf)=—-5+0(S%,
where we have used (2.3)) and Proposition Thus, we have proved that

(4.24) f Z’fg (—4u;S;87% + 6uS;S;54)
IV
2
< ety [(Vw, V)| — —=w+ 0 (Sf71).
o I ol Vi (Sr7)
To estimate the last term in (4.18)), we write

(V(VS,Vf),Vf)— % (VS,Vf)+ % |VS|>.

Following a similar idea as in the proof of (4.21)), one sees that (V.S,Vf) =

O(5?) and (V(VS,Vf),V[f)=5+0 (S?). Therefore,

3
Siififj = 55 +0(5?).

—S+
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This implies that

2 o reyo-3_ _ 3 1
(4.25) |vf|2u(5”fzfj)5 |Vf|2w+0(5f ).
By (4.18)), (4.22), (4.24) and (4.25]) we obtain
(4.26) Wn < oty (VG V )| +O(SF7).

Note that by (3.36)),

(VG,VInS) — <va,v1ns>z+vlfz<vc,w> (VInS,Vf)

< (VG,VInS)y +eoty' VG, V)]

and, using (3.1]),
HG, <coty' VG, V).

Combining this with (4.17) and (4.26)), we conclude that
AzG > <VG7Vf> — Co tal |<VG,Vf>|
(4.27) —2(VG,VInS)y, +0SG —cS f'.

Here 6 > 0 depends only on n, whereas the constants ¢y and ¢ depend only on n,
Cyp from and Ao,....,Ax from 7 for some absolute constant K.

Now if the maximum of G is achieved on X (¢g) , then and imply that
G < 2{ Otherwise, by the maximum principle we get G < ct; 1 for a constant ¢
that is independent of ¢y and T. Hence, by assuming ¢y to be large enough, one

concludes that G < 2. In either case, it shows that G < 25 on D (T')\D (ty) . Now

(4.12) implies that

2

sup |Rmy S7? <e.

3(T)
This contradicts with (4.8). So the assumption that 7' < oo is false. Therefore,
2

S?<e

(4.28) sup [Rmy,

(t)

for all £ > tg.

We now claim that S > C > 0 on M. Indeed, if there exists x € M\D (ty) with
S(z) < ﬁ, where C} is the constant in , then implies that S f < ¢
along the integral curve of V f through x. But this contradicts with the fact that
(M, g, z,) converges to R x S*~1/T". In conclusion, S is bounded below by a positive
constant.

Let us assume that z; — oo is a sequence so that (M, g, zi) converges smoothly
to R x N, where (N, h) is a shrinking Ricci soliton. By and the fact that
S > C > 0, it follows that (N,h) is isometric to a quotient of the round sphere
S"~1. By hypothesis ©(t1), the level set of f containing xy, converges to S*~1/I.
Since all level sets X(t) are diffeomorphic for ¢ > ¢y large enough, we conclude that
(N, h) is isometric to S*~1 /T, for any such sequence zy.

If yx — oo is an arbitrary sequence, according to Proposition 5.2 in [32], there
exist sequences y,j and g, so that (M /R yki) converge smoothly to shrinking Ricci
solitons. We have established that any such shrinking solitons are isometric to the
same quotient of the round cylinder R x S"~!/T", so using Proposition 5.2 in [32] it
follows that (M, g,ys) converges itself to R x S*~1/T.
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From here we get that
n—1
2

We now strengthen the above conclusion and show that M is asymptotic to R x
S"=1/T. For this, we first obtain an explicit convergence rate for (4.29)). According
to (4.17]), there exists a > 0 depending only on n so that

(4.30) ApG > aG —cf ' on M\D (to),

where G := |[Rm|*> §—2— m and F:= f—2In S. We may assume that o < 1.
Define

=0.

(4.29) lim ‘Rf}lz

Tr—r00

(z) =0 and lim ’S(m)—

T—r 00

H:=G-tf%.
Then, choosing t( large enough, (4.29)) implies that H < 0 on X (tg) and H — 0 at
infinity. Furthermore, it is easy to check that

Apft = S @RI G (G ) IV

< SfTEgefE
3 o

< Zaf %,

< gof

Hence, (4.30) implies that

ArH > oH+ %t(;%ff% —cft

> aH

on M\D (to). For the last inequality, we used that & < 1. Using the maximum
principle, we now conclude that H < 0 on M\ D (¢y). Hence, this proves that there
exists by depending only on n so that

R

(4.31) ’ng <cfho
on M.

Define the tensor Q on M by

Qijkt = Rijm — R CE)) (9ikgjt — gigik)

, S ( Lho o fh o fife fjfk>
il 5 |-
V]

ik — 9jk gj1
(=D m=2) "N v v v
Observe that Q;;x = Rijk if at least one of the indices 14, j, k, [ is equal to n, and

o

Qabcd = Rabcd~
By (4.31) and (4.1), we obtain that

(4.32) QI <ef™™

on M.
We claim that for all k& > 1 there exists by > 0, which depends only on n, and
¢ so that

(4.33) |VFRm| < ¢ f 0.
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Indeed, for z € ¥ (t) and 6 := t~2% let ¢ be a cut-off on B, (6) so that ¢ = 1 on
B, (%) and [V¢| < cf~. Integrating by parts and using (2.3) and (2.4), we have

/ vQPs = - / (AQisn) Qi
B (0) B, (0)

—/ (VQijki, V) Qijni
B (0)

1
c (1 + ) / Q.
0) J.0)
It follows from (4.32) that

(4.34) /B © IVQP* ¢? < ct~2"Vol (B, (9)).

IN

As (M, g) has bounded curvature, the volume comparison implies that Vol (B, (0)) <
cVol (Bz (g)) . Together with |j this proves that

(4.35) inf |VQJ* < ct™3b.
B:(%)

By 1' we have that ‘V \VQ|2‘ < c. This together with (4.35) immediately leads
to

VQl < cf 3.

Therefore, as the hessian of f is bounded, we get that

VS
4. ikl — o+ (gikgj1 — 9irg;
(4.36) VpRijki CESCE) (9ikgj1 — gugjr)

VpS fifi fifi fifw filk
+ Jik — Jjk + gj1 = gil
(n=1)(n—2) < VP TR TR VP
- 0 (f*ibo) _

Tracing this formula, we obtain

Vv,S VS fifk 1

Ri _ p ik — p —_ O bo .
Vil n—1 n—1|vf? (f ! )
Tracing this in p = k, and using that
(VS VAl <c,
we conclude from above that
(4.37) VS| < ef it
By (4.36) and (4.37) it follows that
(4.38) IVRm| < cf "%,
By induction on k we get (4.33).
We now consider ¢; defined by
d \Y%
(4.39) o _ VS .
dt IV

¢, = Id on X (to).
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For a fixed x € X (tp) we denote S () := S (¢¢ (x)), where ¢ > to. Then

ds S
w0 a5 _ (95.99)
dt IV £l
~ AS—S+2[Ric]?
N t—S '
Tracing (4.31) we get that
S
‘Rab — 7 Yab < Cf_67
n—1
whereas by (4.33) we have
|AS| < cf,
for some 0 > 0. Hence, (4.40) implies that
dS 2 2 _5
t— = — (0] .
i o1 SrouT)

Consequently, the function p := S — % satisfies

/ 2 2 -4
' =p+—="+0(/7)

and p — 0 at infinity. Integrating this in ¢ we find that there exists § > 0 so that
lp(t)] < ct~°. Hence, we have proved that

n—1

(4.41) ‘S - ‘ <cf™° on M\D (to).

This and (4.31]) imply that
(4.42)

Rabcd - S Cfiéa

— )
9 (n — 2) YacYbd JadJbve
for some d > 0 depending only on n.

We can now prove that M is smoothly asymptotic to R x S"~!/T. Indeed, for
¢+ defined in (4.39) consider g (t) = ¢ (g) on X (¢o), the pullback of the metric g

on X (t). Then
d ~ _ * fab
%gab (t) - 2¢t <|vf|2>

1 *
= W@ (gab —2Rup) -

Hence, by (4.42]),

d_

_Ctiliéﬁgab (t) S dtgab (t) S Ctiliéfgvab (t) .

Integrating in ¢t implies that

[ab (1) — gay| < et™°,

where g5 is the round metric on X (¢y) . Note that (4.38) implies decay estimates
for |6'k§ab| for all k. It is easy to see that this implies M is smoothly asymptotic to
R x S"~1/T'. The theorem is proved. O
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5. ASYMPTOTIC GEOMETRY OF FOUR DIMENSIONAL SHRINKERS

We are now in position to prove Theorem in the introduction. For the
convenience of the reader, we restate it here.

Theorem 5.1. Let (M, g, f) be a complete, four dimensional gradient shrinking
Ricci soliton with bounded scalar curvature S. If S is bounded from below by a
positive constant on end E of M, then E is smoothly asymptotic to the round
cylinder R x S3/T', or for any sequence x; € E going to infinity along an integral
curve of V.f, (M, g, ;) converges smoothly to R?> x S? or its Zs quotient. Moreover,
the limit is uniquely determined by the integral curve and is independent of the
sequence x;.

Proof. Since S is bounded, by Theorem [I.3] M has bounded curvature. Recall that
(M, g (t)) is an ancient solution to the Ricci flow defined on (—o00,0), where

g(t) :=(=t)dig
and ¢, is the family of diffeomorphisms defined by

dp  Vf
dat (=)
6, = Id.

For any sequence 7; — 0, consider the rescaled flow (M, g; (t)) for t < 0, where
1
gi (t) := Tig (rit).

By Theorem 1.5 in [32], for any xo € X (f9), a subsequence of (M, g; (t), (zg, —1))
converges smoothly to a gradient shrinking Ricci soliton (Meo, goo (t) 5 (Too, —1)) .

Now for any sequence z; € E going to infinity along an integral curve of Vf,
obviously one may write x; := ¢_,, (xg) for some point zy and 7; — 0. How-
ever, as g; (—1) = ¢* g, we see that a subsequence of (M,g,z;) converges to
(Moo goo (1) ,200) . Since x; — oo, invoking Proposition 5.1 in [32] we conclude
that (Mo, goo (—1)) splits as (R,ds?) x (N, h), where (N, h) is a normalized three
dimensional gradient shrinking Ricci soliton. Theorem implies that (N, h) is
isometric to a quotient of either S or R x S2. If the quotient of S® ever occurs,
then Theorem implies that E is smoothly asymptotic to R x S3/T". So we may
assume that N is never isometric to a quotient of S. In this case, for any sequence
x; € E going to infinity along an integral curve of V f, a subsequence of (M, g, x;)
converges smoothly to R x N, where N is either R x S? or its Z quotient. However,
by Remark 5.1 in [32], such N is uniquely determined by the integral curve. This
proves the theorem. O

We conclude with a rigidity result for four dimensional gradient shrinking Kahler
Ricci soliton.

Proposition 5.2. Let (M, g, f) be a complete, non-flat, four dimensional, gradient
shrinking Kdhler Ricci soliton with bounded nonnegative Ricci curvature. Then
(M, g) is isometric to a quotient of R? x S2.

Proof. In view of 7 since (M, g) has nonnegative Ricci curvature, it follows
that S increases along each integral curve of V f. Hence, S is bounded below by
a positive constant. Since M is Kahler, it can never be asymptotic to a quotient
of the round cylinder. In view of Theorem we conclude that (M, g) converges
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along each integral curve to (R? x S§?) /T and S must converge to 1 at infinity. In
particular, this means that there exists a compact set K C M so that S < 1 on
M\ K, where the compact set K contains all critical points of f.

We diagonalize the Ricci curvature and denote the eigenvalues by o < . Then
it follows that

5% —2|Ric|> = 4(a+p)’ —4(a®+ 3%
= 8af >0.
Hence, on M\ K we have

(5.1) AfS = §—8%+52—2|Ric|
> §-5?
> 0.

Without loss of generality, we may assume that K = D (tg) for some ¢, > 0.
Then by the Stokes theorem,

(5.2) 0 g/ (AfS)e ! = _/ Me*f <0,
M\D(to) stte) VS

where the last inequality is because (VS, V f) = 2Ric (V f, Vf) > 0. It follows from
(5.1) and that S =1 on M\K and the eigenvalue « of the Ricci curvature is
zero. By Corollary 1.3 of [25], (M, g) is real analytic. Therefore, S =1, @ =0 and
B = % on M. The proposition follows from the de Rham splitting theorem. (]
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