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ABSTRACT. We develop heat kernel and Green’s function estimates for man-
ifolds with positive bottom spectrum. The results are then used to establish
existence and sharp estimates of the solution to the Poisson equation on such
manifolds with Ricci curvature bounded below. As an application, we show
that the curvature of a steady gradient Ricci soliton must decay exponentially
if it decays faster than linear and the potential function is bounded above.
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1. INTRODUCTION

For a complete noncompact manifold (M™,g) without boundary, consider the
Poisson equation

Au = —¥,

where ¢ is a given smooth function on M. In this paper, we establish existence and
sharp estimates of the solution u and provide applications to steady gradient Ricci
solitons.

As well-known, the solvability of the Poisson equation is closely related to the
existence of the so-called Green’s function. In [20], Malgrange showed that M al-
ways admits a Green’s function G(z, y), namely, G(z,y) = G(y,z) and A,G(z,y) =
—05(y). In particular, if ¢ € C§°(M), then a solution u to the Poisson equation
exists and is given by

ul() = /M G(z,y) oly) d.

Malgrange’s proof is rather abstract. Later, Li and Tam [13] provided a more
constructive proof. The argument was further extended by Ganguly and Pinchover
[11] recently to a more general class of operators. Among other things, the con-
structed Green’s function satisfies

sup sup ‘G(pa y) - G(J"ayﬂ < 0,
yeEM\B(p,2R) z€B(p,R)
for any p € M and any radius R > 0. This turns out to be very useful in ap-
plications. For example, it was used to prove an extension theorem for harmonic
functions in [30].
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partially supported by MOST. The third author was partially supported by NSF grant DMS-
1606820.
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Theorem 1.1. (Sung-Tam-Wang) For any harmonic function u defined on M \ £,
where ) is a bounded subset of M, there exists a harmonic function v on M such
that u — v is bounded on M \ Q.

Obviously, a good control of the Green’s function G(z,y) will enable one to
establish existence and estimates of the solution u to the Poisson equation for more
general . Recall that M is nonparabolic if M admits a positive Green’s function
and parabolic otherwise. It is well-known that M is nonparabolic if and only if
it admits a nonconstant bounded superharmonic function, see e.g. Chapter 20 in
[18]. Therefore, when M is parabolic, the solution u to the Poisson equation must
be unbounded if ¢ > 0 but not identically 0. Since we are primarily concerned
on the existence of bounded solutions in this paper, we will restrict our attention
to nonparabolic manifold M. In particular, there exists a unique minimal positive
Green’s function on M. In the following, it is understood that this is the Green’s
function we refer to.

For manifolds with nonnegative Ricci curvature, a sharp pointwise estimate for
the Green’s function is available.

Theorem 1.2. (Li-Yau) Let M™ be a complete manifold with nonnegative Ricci
curvature. If floo V~Y(p,v/t)dt < oo for some point p € M, then M is nonparabolic
and its minimal positive Green’s function G(x,y) satisfies the estimate

C, /OO Vi, Vt)dt < G(z,y) < Co /oo V~(z, Vt)dt

?(z,y) r?(z,y)

for some constants C and Cs depending only on the dimension n.

Here and in the following, V(p, ) denotes the volume of the geodesic ball B(p, r)
centered at point p with radius r, and r(z,y) the distance between points z and y
in M. The estimate follows from their famous upper and lower bounds of the heat
kernel [17] together with the fact that

G(z,y) = /000 H(x,y,t)dt.

Based on the estimates of the Green’s function, Ni, Shi and Tam [27] obtained
existence result concerning the Poisson equation under the assumption that ¢ de-
cays in the average sense over the geodesic balls centered at a fixed point. While
the solution u in general may not be bounded, its growth is well controlled. Fur-
thermore, they applied their result to study, among other things, the following
uniformization conjecture of Yau.

Conjecture 1.3. (Yau) A complete noncompact Kdahler manifold with positive
bisectional curvature is biholomorphic to the complexr Fuclidean space.

Indeed, by first solving the Poisson equation Au = S on such manifold M, where
S is the scalar curvature, they demonstrated that under suitable assumptions u is
in fact a solution to the Poincaré-Lelong equation

V—100u = p,
where p is the Ricci form of M.
This line of ideas was initiated by Mok, Siu and Yau in [21]. While the conjecture
in its most general form is still open, there are various partial results. We refer
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to the recent spectacular work of Liu [19] and the references therein for further
information.

Our focus will be on manifolds with positive spectrum. Denote by A1 (A) the
smallest spectrum of the Laplacian or the bottom spectrum of M. It is well-known
that M is nonparabolic if A1 (A) > 0. Recall that A\;(A) can be characterized as the
best constant of the Poincaré inequality.

A(A) = JulVoPde
! sece(M) [y, p?dx

As observed by Strichartz [29], if A;(A) > 0, then A~! is in fact a bounded
operator on LP(M) for 1 < p < oco. In particular, there exists a solution u € L?(M)
to the Poisson equation for ¢ € LP(M).

Our achievement here is to establish an existence result with sharp control of
the solution w by only assuming a modest decay on the function (.

Theorem 1.4. Let M be a complete Riemannian manifold with bottom spectrum
A1(A) > 0 and Ricci curvature Ric > — (n — 1) K for some constant K. Let ¢ be a
smooth function such that

ol (@) < e (1+r(z)"

for some k > 1, where r(x) is the distance function from x to a fized point p € M.
Then the Poisson equation Au = —p admits a bounded solution w on M. If, in
addition, the volume of the ball B(x,1) satisfies V (x,1) > vy > 0 for all x € M,
then the solution u decays and

[u] (2) < C (14 r(2) 1.

We point out that the existence of a solution u was previously proved by the
first author and Sesum [22]. However, their estimate on the solution u takes the
form

lu| (z) < Cec™@),

It should also be emphasized that the assumption on the volume that V(z,1) >
Vg is necessary to guarantee the solution u decays at infinity. Indeed, since u is a
bounded super-harmonic function when ¢ is positive, u can not possibly decay to
zero along a parabolic end of M.

The theorem is sharp as one can see from the following example. On the hyper-
bolic space H™, the Green’s function is given by

> dt
G (‘Ta y) = / A
r(z,y) A (t)

where A () is the area of geodesic sphere of radius ¢ in H". For ¢ (z) = (1 + r(z)) "
with k > 1, a direct calculation gives

u(z) G (z,y) ¢ (y)dy

Hn
> ¢ (1+r(x) ",
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Our proof again relies on some sharp estimates of the Green’s function. Recall
the following result of the third author with Li [14, 16], which is a sharp version of
Agmon’s work [1].

Theorem 1.5. (Li-Wang) Let M be a complete Riemannian manifold with Ay (A) >
0. Let u be a nonnegative subharmonic function defined on M\ B (p,1). If u satisfies
the growth condition

/ u2 6_2‘/>‘1(A)T _ O(R)
B(p,R)\B(p,1)

as R — oo, then it must satisfy the decay estimate

W2 < Ce? Al(A)R/ 2,

/B(pvRJrl)\B(pyR) B(p,2)\B(p,1)

for some constant C > 0 depending only on A1 (A).

In particular, the theorem implies that the minimal positive Green’s function
satisfies

/ G*(p,y)dy < Ce 2VM(A G? (p,y) dy.
B(p,R+1)\B(p,R) B(p,2)\B(p,1)

While this result provides a version of sharp estimate on the Green’s function,
to prove our theorem, however, we also need the following double integral estimate

//G(:m;)dyd:cﬁ6\/m V (A)V/V (B) (1 + (A, B)) e VM &) r(4.B),
AJB A1 (4Q)

for any bounded domains A and B of M, where r (A, B) denotes the distance
between A and B, and V (A),V (B) their volumes.

For this purpose, we develop a parabolic version of the aforementioned result of
Li and the third author.

Theorem 1.6. Let M be a complete Riemannian manifold with A1 (A) > 0. Suppose
that (A — Z)u(z,t) > 0 with u(z,t) >0,

/ u?(x,0)e2VME)I @A) gr < 5o
M

and

T
/ / u?(z,t) e VMBI T@A) dudt = o(R)
0 JB(A,2R)\B(A,R)
for allT >0 as R — oco. Then, for all R > 0,

/ / u?(x,t) dedt < Ce 2V (A R/ u?(x,0)e2V A r@A) gg
B(A,R+2)\B(A,R) M

for a constant C > 0 depending only on A\ (A).

Here, A is a bounded subset in M, r(z, A) the distance from z to A and

B(A,R) ={xz € M|r(z,A) < R}.

By applying the theorem to the function u(x,t) = [, H 4 H(x,y,t)dy, one obtains
a sharp integral estimate of the heat kernel. This may be of independent interest.
The desired estimate of the Green’s function follows from the fact that
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G(z,y) = /000 H(x,y,t)dt.

The following result is crucial to our proof of Theorem 1.4. It provides a sharp
integral control of the Green’s function.

Theorem 1.7. Let M™ be an n-dimensional complete manifold with A1 (A) > 0
and Ric > — (n — 1) K. Then for any x € M and r > 0 we have

/ Ga,y)dy<C (L+1).
B(p,r)

for some constant C' depending only on n, K and A\ (A).

On top of the double integral estimate, the proof of the theorem utilizes an
idea originated in [15] and further illuminated in [22], where they used the co-area
formula together with suitably chosen cut-off functions to justify that for any x € M
and 0 < o < B3,

B

/ G(m,y)dy<c<1+ln),
La(a,B) @

for ¢ depending only on n, K and A; (A). Here
Ly (o, 8) :={y e M :a <G(z,y) <pB}.

Partly motivated by applications to gradient Ricci solitons, we in fact consider
more generally the weighted Poisson equation on smooth metric measure space
(M, g,e~/ dx), that is, Riemannian manifold (M, g) together with a weighted mea-
sure e~/ dx, where f is a smooth function on M. The weighted Poisson equation is
given by

AfU; = —¥,
where Ay u = Au—(V f, Vu) is the weighted Laplacian. A natural curvature notion
corresponding to the Ricci curvature in the Riemannian setting is the Bakry-Emery
Ricci curvature, defined by

Ric; = Ric + Hess (f) .

It is known (see [24, 25]) that results such as volume comparison, gradient esti-
mates and mean value inequality are available on the smooth metric measure spaces
with the Bakry-Emery Ricci curvature bounded below together with suitable as-
sumptions on the weight function f. With this in mind, we have parallel versions
of Theorems 1.6 and 1.7, see Theorems 2.2 and 3.5, respectively. Consequently, we
obtain the following result in the smooth metric measure space setting.

Theorem 1.8. Let (M", g, e*fda:) be an n-dimensional smooth metric measure
space with Ricy > —(n—1) K and the oscillation of f on any unit ball B (x,1)
bounded above by a fized constant a. Assume that the bottom spectrum of the
weighted Laplacian A1 (Ay) is positive. Let ¢ be a smooth function such that

—k
ol (z) < e (1+7(x))
for some k > 1. Then Aju = —¢ admits a bounded solution u on M. If, in addition,

the weighted volume of the ball B(x,1) satisfies Vy (z,1) > vg > 0 for all x € M,
then the solution u decays and satisfies

Jul () < C (1 +r(x) """
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In fact, we establish a slightly more general result (see Theorem 4.2). As an
immediate application, we obtain the following decay estimate concerning the sub-
solutions to semi-linear equations. It would be interesting to see if the estimate can
be improved to exponential decay.

Theorem 1.9. Let (M", g, effdx) be an n-dimensional smooth metric measure
space with Ricy > —(n—1) K and the oscillation of f on any unit ball B (x,1)
bounded above by a fixed constant a. Assume that the bottom spectrum Ay (Ay) of the
weighted Laplacian is positive and the weighted volume has lower bound V¢ (x,1) >
vog > 0 for all x € M. Suppose b > 0 satisfies

Af’(/) > —cy?
for some g > 1, and
lim v (x) raT (z) = 0.

Tr—r00

Then there exist § > 0 and C > 0 such that
P (z) < Ce (@),

This result motivated us to study the curvature behavior of steady gradient Ricci
solitons.

Definition 1.10. A steady gradient Ricci soliton is a complete manifold (M, g) on
which there exists a smooth potential function f such that

Ric + Hess (f) = 0.

Steady gradient Ricci solitons are self-similar solutions to the Ricci flow. Indeed,
if we let g(t) = ¥(t)* g, where ¥(¢) is the diffeomorphism generated by the vector
field V f with ¢(0) = ids, then g(t) is a solution to the Ricci flow

2 0(t) = ~2Ric(g(0).

As such, they play important role in the study of the Ricci flows. Some prominent
examples of steady gradient Ricci solitons include the Euclidean space R™ with f
being a linear function, Hamilton’s cigar soliton (¥, gs), where ¥ = R? and

B dx? + dy?
(R e
with the potential function f(z,y) = —In(1+ 2%+ y?), and Bryant soliton (R", g),
n > 3, where both g and f are rotationally symmetric. The scalar curvature of
the cigar satisfies S = e/ and decays exponentially S ~ ce~"(*) in the distance
function. However, the curvature of the Bryant soliton decays linearly in distance.
Both examples show that Theorem 1.8 is sharp, see Section 5.

For a steady gradient Ricci soliton, its Riemann curvature Rm satisfies

A¢|Rm| > —c|Rm|?
for some constant ¢ > 0. Moreover, |V f| is bounded and \;(Af) > 0 by [25]. So
Theorem 1.9 becomes applicable once the weighted volume assumption is verified.
This more or less follows from potential f being bounded above by a constant.
These considerations motivate the following theorem.
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Theorem 1.11. Let (M™, g, f) be a complete steady gradient Ricci soliton with
potential f bounded above by a constant. If its Riemann curvature satisfies

R (2)7 (&) = o (1)
as x — oo, then
Rm| (z) < ¢ (1 + r(2)*" T @),

It is unclear at this point whether the assumption on f is necessary. It is known
that the assumption automatically holds true when Ric > 0. We also note that the
exponential decay rate in the theorem is sharp as seen from M = N x X, where X
is the cigar soliton and N a compact Ricci flat manifold.

It view of our result, one may wonder whether there is a dichotomy for the cur-
vature decay rate of steady gradient Ricci solitons, namely, either exactly linear or
exponential. This dichotomy, if confirmed, should be very useful for the classifica-
tion of steady gradient Ricci solitons. In the three dimensional case, very recently,
Deng and Zhu [8] have shown that such a soliton must be the Bryant soliton if
its curvature decays exactly linearly. On the other hand, if the curvature decays
faster than linear, then it must be the product of the cigar soliton and a circle (see
Corollary 5.5). We should also mention that Brendle [2] has confirmed Perelman’s
assertion in [28] that a noncollapsed three dimensional steady gradient Ricci soliton
must be the Bryant soliton.

Structure of the paper. In Section 2 we study heat kernel estimates and
prove Theorem 1.6. Section 3 is devoted to the study of Green’s function and the
proof of Theorem 1.7. In both sections, and in the subsequent ones, we work in the
general setting of smooth metric measure spaces. In Section 4 we prove Theorem
1.8 and 1.9. The applications concerning steady solitons are presented in Section
5.

Acknowledgement: We would like to dedicate this paper to our teacher Pro-
fessor Peter Li. It can not be overstated how much we have benefited from his
teaching, encouragement and support over the years.

2. HEAT KERNEL ESTIMATES

In this section we extend the decay estimate for subharmonic functions developed
in [14] and [15] to the subsolutions of the heat equation. As a consequence, we obtain
heat kernel estimate on complete manifolds with positive bottom spectrum. The
estimate will be applied in next section to derive integral estimates for the minimal
Green’s function.

We will cast our result in a more general setting of smooth metric measure space
(M g, e 7 dx) , where the following weighted Poincaré inequality holds true for a
positive function p.

(2.1) /Mp(ac) ¢ (z)e T dx < /M |Vo|*(x)e™ du,

for any compactly supported function ¢ € C§°(M).
Let us define the p-metric by

dsf, = pds>.

Using this metric, we consider the p-distance function defined to be
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ry(,y) = il £,(2),

the infimum of the length of all smooth curves joining z and y with respect to dsi.
For a fixed point p € M, one checks readily that |Vr,|*(p, z) = p(z).

Definition 2.1. We say that manifold M has property (P,) if the p-metric is
complete.

Similarly, for a compact domain A C M, we denote

Tp(ﬂi, A) = ylgg Tﬂ(y7 x)

to be the p-distance to A and
B,(A,R) ={x € M |r,(z, A) < R}

to be the set of points in M that have p-distance less than R from set A.
Consider u (z,t) a nonnegative subsolution to the weighted heat equation

22 (3-2)uzo

We assume that u (z,t) satisfies the growth condition that

(2.3) / u? (2,0) 2@V e=F @y < o0
M

and that for all T > 0,

T
(2.4) / / p(x)u? (z,t) e~ 2@V e=F @) drdt = o(R)
B,(A2R)\B,(A,R)

as R — oo.

Theorem 2.2. Let (M g, e_fdx) be a complete smooth metric measure space with
property (P,). Let u(x,t) satisfy (2.2), (2.3) and (2.4). Then for all R > 0,

B,(A,R+2)\B, (4, R)
< Cef / u? (z,0) > (@A) =) dy
M

for some absolute constant C' > 0.

Proof. Throughout the proof, we will denote by C an absolute constant which
may change from line to line. We also suppress the dependency of A and write
B,(R) = B,(A,R) and r,(x) = r,(x, A). The first step is to prove that for any
0 < 6 < 1, there exists a constant 0 < C' < oo such that

/ / 26”@ (m,t)e_f(“’) dx dt < 6/ e2e(@) o= F() g
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Indeed, let ¢(x) be a non-negative cut-off function on M. Then for any function
h(zx) integration by parts yields

@5) [ WouehPe! = [ [woePured + [ (9eh? vae!
—|—2/ (¢eh) u(V(gbeh),Vu}e*f
M
= /|V(¢eh)|2u267f—|—/ ¢2\Vu|262heff
M M
—|—1/ (V(gbze%),VuQ)e*f
2 m
= /|V(¢eh)|2u267f+/ ¢2‘VU|262h67f
M M
~3 | #aruete s
2 m
— /|V(¢eh)|2u267ff/ ¢2u(Afu)62he*f
M M
|V¢|2u262h67f+2/ ¢<V¢7Vh>u262he*f
M M
+/M $* |Vh|? u? ezhe_f—/M dPuue?le

where in the last line we have used (2.2). On the other hand, using the weighted
Poincaré inequality (2.1), we have

/p¢2u262he_f§/ |V(pue)|Ze .
M M

Hence (2.5) becomes

IN

(2.6)/ pdtuee=l < / V|2 u? e2he_f+2/ ¢ (Vo, Vhyu?e* et
M M M
—|—/ #? |[Vh]?u2ee ™t — 1i/ d*uZehe T,

Integrating with respect to t, we conclude

r 1
(2.7) / / pd?u* e e~ dx dt + f/ $*u?(x, T)e* e da
0o Jm 2 Jm
T T
< / / |Vo|?u? e?he=f da dt + 2/ / pu?(Vo, Vhye* e~/ du dt
0o Jm 0o Jm
T
1
—l—/ / % |Vh|*u? e*e ™ da dt + - / o*u? (x,0) e*re™7 da.
0o Jm 2 Ju
Let us first choose
1 on B, (R)

(2.5) by @) ={ R'@R—1,(z) on B,2R)\B,(R)
0 on M\B,(2R)
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and

@ omB(040)7K)
h(r,(z)) = { K—r,(z) on M\B, ((1 + 5)_1 K)

for some fixed K > 1. Note that when R > (146) ' K
R~ B,(2R)\B,(R
Vo[ (z) = { p(x) on B,(2R)\B,(R)

0 on (M\B,(2R))U B, (R)
and
R~'p(z) on B,(2R)\B,(R)
{V§,Vh) (z) = { 0 on (M\BLOR)UB,(R).
whereas

52, onB, ((1 +o)~! K)
P on M\B, ((1 +o)7! K) .
Substituting all these into (2.7) implies

T
/ /p¢2u2e2he_fdxdt+l/ o*u?(z,T)e* e~ da
0o JM 2 Ju
T
< R_Q/ / pu2e2he_f dz dt
0 JB,(2R)\B,(R)
T
+2R71/ / pule?he=! dodt
0 JB,(2R)\B,(R)
T
+(52/ / pd?u*ehe ! du dt
(146) 1K)

/ / potu?ee™! dadt
B,(2R)\B,((146)~1K)

—l—f/ 2 (z,0) e*eS da.
2 Jum

wh @) ={ °F

This proves that

T
(1- 52)/ / pule*e=! dodt
0 JBy((1+6)7'K)

1
—1—7/ u?(z,T)e*he ™ dx
2 JB,((1+5)"1K)

/ / w2t e~ fdx dt
B,(2R)\B, <R>

+2R™! / / pue?t el dx dt
0 JB,(2R)\B,(R)

1
+*/ u? (x,0)e? e dr.
2 Jm

In view of the definition of & and (2.4), the first two terms on the right hand side
of this inequality tend to 0 as R — oco. Therefore, we obtain the estimate

IN
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T
(1-— 52)/ / pu2e®ree™ dy dt
0 JB,((1+8)1K)
1
+- / w?(z, T)e* e da
2 Jp,(a+0)-15)

1
< - / u? (z,0) e~ dr.
2 Jum

Since the right hand side is independent of K, by letting K — oo we conclude that

T
1
(2.9) / / pue®re= dx dt < 7/ u? (z,0) e~ da
0o Jum 21-26%) Ju

/ uw? (2, T) e*ve ™ da < / u? (z,0) e~ dx
M M

forall T >0and 0 < 4§ < 1.
Our next step is to improve this estimate by setting h = r, in the preceding
argument. Note that with this choice of h, (2.6) asserts that

2 [ ooVt < [ [woput et
M M

1d 2,2 2r, —f
57 M(b u“ere ).
For 0 < R; < R, let us choose ¢ to be
Ry, (z) on B,(R1)
¢(x)=q (R—Ri)"" (R—ry(x)) on By(R)\By(R1)
0 on M\B,(R).

We conclude that

2 R—
/ Tp pu2 2o o—F
B,(R)

R—R \B,(r:) 1= 11

2/ 2 2r, —f 1 / 2 27, ,—f
< = ropue’re 4 —eo pu-erre

R Jp, (R © (R = R1)? JB,(r)\B,(R2)

1 1d
+—/ pue?re=! — f—/ p*ue?ee 7,
R? B,(R1) 2dt Jy
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Integrating with respect to ¢, we obtain
/ / 27 pule?re™ dx dt
R — Rl R)\B,(R1) R R1
—5 / / Tp pu?e?re=fdxdt
RY Jo JB,(Rr)
1 g 2 2 f
+e— / / pu”e e dadt
(B—=R1)* Jo JB,(r)\B,(R)

I 1
—|——2/ / pue?re=t dudt + 7/ u? (x,0)e? e/ de.
RY Jo JB,(r)) 2 Im

Consequently, for any 0 < 7 < R — Ry, since
27 2 2r, —f
—_ pu-ere
(B —R1)? Jp,(r-r)\B,(51)
2

< < (R—r,) pue*re 7,
(R—R1)? /fzp(R)\Bp(R1> ’

IN

we deduce that
2T T
(2.10) (R—R,)? / / pute e dudt
(R=R1)* Jo JB,(r—r)\B,(R))
2 1 T 2 2r, —f
< = + = pue“"re” ) da dt
Rl B,(R1)

2 2r, —f
pue“r e dxdt
TR Rl / /p(R)\B (R1)
+f/ (m 0) e dx.
Y

Take Ry =1, 7 = 1, and set

T
g(R) :/ / pue®ret dx dt.
0 JBy(R)\B,(1)

Using (2.9) for 6 = 0 we may rewrite the inequality (2.10) as

1
g(R—1) < Cy B? / o (2,0) e dr + 3 g(R),
M

where
=1 (@ +1)

is an absolute constant. Iterating this inequality, we obtain that for any positive
integer k and R > 1,

k .
R+1)? N _
“ (Z(Qif)/M“Q(wvo)e%e fdw+27% g(R+ k)

i=1

9(R)

IN

IN

C R? / u® (,0)e* e de +27F g(R+ k)
M
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for some absolute constant C. However, our previous estimate (2.9) asserts that

T
1
u?e®mre ™t do dt < 7/ u? (z,0)e* e T da
K =30 Ju Y
for any § < 1. This implies that
T
gR+k) = / / pule®re=! dx dt
0 JB,(R+k)\B,(1)

T
62(R+k)(1—5)// pue®ree=l dx dt
0 JB,(R+k)\B,(1)

1 2(R+k)(1—0 2 2r, —f
S me( ) ) " u (l’,o)e e dx.

IN

Hence,
27 g(R+k)—0
as k — oo by choosing 2(1 — §) < In2. This proves the estimate
g(R) < C RZ/ u® (z,0) e* et da.
M
By adjusting the constant, we have

T
(2.11) / / pu’e*rel drdt < C’RQ/ u® (x,0) e*re ! da
0 JBy(R) M

for all R > 1.
Using inequality (2.10) again and choosing Ry = 1 and 7 = g this time, we
conclude that

T
R / / pue?re ™ dedt < C’RZ/ u? (z,0) e e da
0 JBo($N\B,(1) M

T
+/ / pue?ref dx dt.
0 JB,(R)\B,(1)

However, applying the estimate (2.11) to the second term on the right hand side,
we have

T
/ / pule*refdrdt <CR | u*(x,0)e* e da.
0 JB,(F)\By(1) M

Therefore, for R > 1,

T
(2.12) / / pule e dydt < C’R/ u? (z,0) e~ dx.
0 JBy(R) M
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We are now ready to prove the theorem by using (2.12). Setting 7 = 2 and
Ry = R —4 in (2.10), we obtain

T
/ / pue* e Fdrdt
o JB,(R-2)\B,(rR-4)
8 4 T
< + ) / / puzempe_f dx dt
(R4 (R=4)%) Jo JB,(r1
1 T
+*/ / pue*reFdz dt
4o B, (R\B,(R-4)

+2 / 2(x,0) ¥ e da.

According to (2.12), the first term of the right hand side is bounded by

2 2r, —f
pu“e“"re” ) dx dt
( (R—4)? )/ /B(R4

R-
< C/ 2Tpe_fdars.

Hence, the above inequality can be rewritten as

T T
1
/ / pule*re fdrdt < 7/ / puerre 7t dxdt
0 JB,(rR-2)\B,(R-4) 3Jo JB,(R\B,(R-2)

+C’/ u? (z,0) e*re) da.
M

Tterating this inequality k times, we arrive at

T
/ / pule?re=! dx dt
0 JB,(R+2)\B,(R)
T
< 37’“/ / pue?ref dudt
By (R+2(k+1))\ B, (R+2k)
—l—C(ZS )/ (z,0)e* e da.

However, using (2.12) again, we conclude that the second term is bounded by

T
37k/ / pule? v dx dt
0 JB,(R+2(k+1))\B,(R+2k)

< C3RR42k+ 1))/ W2 (z,0) e2ee! do
M
and tends to 0 as £ — oo. Hence,
T
(2.13) / / pule*re M dedt <C | u?(x,0)e* e dx
B, (R+2)\B,(R) M

for some absolute constant C' > 0. The theorem now follows from (2.13) by letting
T — oo. g
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We now apply this theorem to establish integral estimates for the heat kernel.
For a compact set A C M, let

(2.14) u(et) = [ Hep e Oay,
A

where H(z,y,t) is the minimal heat kernel of Ay on M. Clearly, u(z,0) = xa(x),
therefore

(2.15) /M u? (,0) 2@ D@ g = v, (A).

Furthermore, as the heat semigroup is a contraction in L? (e‘f da:), see e.g. Theo-

rem 4.9 in [12], we have

(2.16) / u?(x,t)e~ T da / u*(x,0)e~ @ dz
M M

< Vi(4),

IN

where V(A) := [, e"/dv is the weighted volume of the set A. Theorem 2.2 then
implies the following.

Corollary 2.3. Let (M, g, e_fdx) be a complete smooth metric measure space with
property (P,). Then u(x,t) defined in (2.14) satisfies

/ / p(x)u? (z,t) e '@ dedt < Ce 2V, (A)
A,R+1)\B,(A,R)

for all R > 0, where C > 0 is an absolute constant. Furthermore, for all 0 < § < 1,

> 1
2 267, (z,A) ,—f(x)
p(x) u” (x,t)e™ " e dr dt < Vi(A).
/0 /JM () ( ) 2(1_52) f()

Proof. To apply Theorem 2.2 we need to verify the assumptions (2.3) and (2.4).
Choosing h = 0 and ¢ as in (2.8), we get from (2.7) and (2.15) that

T
/ / pu’e 7 dzdt 2/ / u e Tdzdt
0 JB,(R) R »(2R)\ B, (
+7/ u? (z,0) e da
2 Js,0m) "
T 1
< <R2 )Vf(A)

where we have used (2.16) in the last line. Letting R — oo, one sees that

/ / pule e dudt < 0o
and (2.4) follows.

Now the first estimate of the corollary follows from (2.13) and (2.15), and the
second from (2.9) and (2.15). O

IA

Finally, in the case A1 (Ay) > 0, obviously one may take p = A1 (Ay).
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Corollary 2.4. Let (M7 g, effdx) be a smooth metric measure space with A1 (Ay) >
0. Then the function u (x,t) defined in (2.14) satisfies

/ / u? (x,t) e T @ dadt < C e 2VMEADEY (),
0 JB(A,R+1)\B(A,R)
where C depends only on Xy (Ay). Furthermore, for all 0 <6 <1,

e 1
u? (2, 1) eXVM AN = f(2) g gt < Ve(A).
[, S a = Ay W

Proof. Since ds? = A1 (Ay) ds®, we get 7, (z,y) = /A1 (Ap) 7 (z,y) and B, (A, R) =
B <A, ik ) . The result now follows from Corollary 2.3. The constant C can

VAL(Ay)

be taken as C = c¢- max {1, A1 (Af)fl} , where c is an absolute constant. ]

For later use, we also record the elliptic version of Theorem 2.2. Fix p € M and
denote 1, (z) =r, (z,p).

Theorem 2.5. Let (M,g, e_fdx) be a complete smooth metric measure space with
property (P,). Let uw > 0 be an f-subharmonic function defined on M\B,(Ry), for
some Ry > 0. Assume that

(2.17) pule=ve=f = 0 (R)

/Bp(QR)\Bp(R)

as R — 0o. Then there exists an absolute constant C > 0 so that

2
1
/ pule ™ < C (1 + ) e_QR/ pule?rret
B,(R+1)\B,(R) a B, (Ro+a)\B,(Ro)

for any a >0 and any R > 2(Rp+a).

Proof. The proof follows as in [15, 16], the only modification being that we use the
weighted measure instead of the Riemannian one. For completeness, let us sketch
the argument. Following the proof of (2.6), we get that

(2.18)/ p¢2u2€2h€_f < /|V(¢U€h>|2€_f
M M
[ v@enpae s - [ gu@guetes
M M
/ Vo2 u?ee 42 / ¢ (Vo, Vhyu?e*e™!
M M
+ / ¢2 |Vh|2 u2 €2h€_f,
M

for any function ¢ > 0 with compact support in M\B, (Ry), and any function h.
We first choose

IN

1 on B,(R)\B,(R+a)
R7'2R—r,(z)) on B,(2R)\B,(R)
a~! (rp(x) —Ro) on B,(Ro+a) )\BP(R

U

(219) ol (@) = ;
0 on (M\B,(2R))U B, (Ry)
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and

or, (x) on B, ((1+5)_1 K)

h(rp(z)) = { K—=r,(z) on M\B, ((1+5)_1K>

for some fixed K > 1.
As in Theorem 2.2 we obtain from (2.18) that when R > (1 + 5)_1 K > Ry +a,

(1 -6 / p uZehe=!
By ((14+6) =1 K)\B,(Ro+a)
< (sz + 2R71) qutheff
B,(2R)\B,(R)
+ (a_2 + 25a_1) / puleet.
B, (Ro+a)\B,(Ro)

Note that the first term on the right side converges to zero as R — oo by (2.17).
This implies after letting K — oo,

(1- 52) / pulethe=l < (a_2 + 25a_1) / puehef
M\ B,(Ro+a) B, (Ro+a)\B,(Ro)

Now in (2.18) we set h =r, and for Ry < R1 < R take

(Ry — Ro) " rp(x) on  B,(Ri)\B, (Ro)
¢(x) =9 (R—R1) " (R—ry(x)) on B,(R)\B,(R
0 on (M\B,(R))U B, (Ry)

to obtain as in (2.10)

2T /
(R~ R1)? JB,(R—m)\B,(R))

2 n 1 _ / p u? 62rpeff
Ri—HRo ~ (Ri—Ro)" ) JB,(r)\B,(Ro)
oy
(R=R1)?® JB,(r)\B,(R1)

The result then follows by a similar iteration argument as Theorem 2.2 by choosing
appropriate R; and 7. (]

pu® e*ree=t

+ pu’ e 1.

3. GREEN’S FUNCTION ESTIMATES

In this section, we develop estimates for the Green’s function. The results, while
of independent interest, will be applied to solve the Poisson equation in next section.
We continue to assume that (M g, et dac) is a smooth metric measure space with
positive bottom spectrum A; (Ay) > 0. It is known (see e.g. Theorem 13.4 in [12])
that M must be f-nonparabolic, that is, there exists a positive Green’s function
for the weighted Laplacian Ay. Denote by G (z,y) the minimal positive Green’s
function. As noted in [14], Theorem 2.5 implies the following estimate.
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(3.1) / G2 (2,y) e T Wy
B(a,R+1)\B(x,R)
< Ce? AI(ANR/ G2 (z,y) eI Wy,
B(z,2)\B(z,1)

where C' > 0 depends only on A\; (A¢) . Indeed, by Theorem 2.5, the inequality (3.1)
obviously holds for the Dirichlet Green’s function G; (z,y) of B (p, R;) as function
u(y) = G;(xz,y) is f-harmonic on M\B (z,1) and has compact support. Since
G (z,y) is the uniform limit of G; (z,y) as R; — oo, after passing to the limit, the
inequality (3.1) holds for G (z,y) as well.

Now using Theorem 2.2 we obtain an estimate of different flavor.

Theorem 3.1. Let (M, g, effd:c) be a complete smooth metric measure space with
positive bottom spectrum A\ (Ay) > 0. Then the minimal positive Green’s function
G(z,y) of Ay satisfies

//G(x,y) e—f(w)e—f(y)dydx

)\1 Af
i / o~ V(A r(A,B)
/\1 Af Vf 1 + ’)" A B

for any bounded domains A and B of M.
Proof. By Corollary 2.4, for any 0 < 6 < 1,

[e%s) 2
/ / (/ H(z,y,t) e_f(y)dy> 20 VA (Bg) (@A) o= () g gt
o Jm \Ja

1
S 20— (Af) Vi lA).

Of course, the same inequality holds for domain B as well. Therefore, noting that
r(A, B)<ra: A) +r(x, B), we get

[ 1, (fmenss e

X (/ H(z,z,1) e_f(z)dz) VAN TAB) o =F(2) dy i
B

- 5 1/2
( / / ( / H(z,y, t)e—I® dy> 25/ MBI, A) o~ f () dzdt)
0 M A

- 9 1/2
X / / (/ H(:v,z,t)e_f(z)dz) P VA r@B) =1 @) gy gt
o Ju \/B
1
< 3 .
= aa oy VAV YE)

Recall that by the semi-group property (e.g. Theorem 7.13 in [12]) we have

H(y,z,2t) = / H(.’L’,y7t) H(xyz,t)e_f(g”)dx.
M
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Therefore, since
G (z,y) :/ H(x,y,t)dt,
0

we have that

E/ / Gly, ) e~ W =T E) SVMBATAB) g gy
2JalB

/// H(y, z,2t) e W e F@dVMANTAB) gt 4 gy
AaJBJo

= /// /H(:c,y,t)H(a:,z,t)eff(z)eff(y)eff(z)65 )‘I(Af)r(A’B)dxdtdzdy
aJsJo Jm

IAVALRRRD)

X </ H(z,z,1t) ef(z)dz) IVAMB) T(AB) =1 (@) g .
B

Combining with the previous inequality, we conclude

(3.2) //G(y,z)e*f(y)e*f(z)dzdy
AJB

: - 1 f)r(4,
= mmmeé A1 (Af)r(A,B)

Clearly, this proves the theorem if r (A, B) < 1. When r (A, B) > 1, the theorem
follows by setting

1
r (A, B)
in (3.2). O

§0:=1-—

Before continuing, let us first recall some results from [25] concerning smooth
metric measure space (M g, et dx). Suppose that the associated Bakry-Emery
Ricci curvature is bounded below by

(3.3) Ricy > —(n—-1) K

and weight f satisfies

(3.4) sup |f(z) = f(y)| < a
yEB(z,1)

Then Sobolev inequality of the following form holds.

n—2

2n " K
(3.5) (/ ¢nzef> < M (/ Vo2 et +/ ¢2ef>
B(x,1) Vy (z, 1) B(z,1) B(z,1)

for any ¢ with support in B (z,1). Also, volume comparison of the form
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J;? sinh 2 (ﬁt) dt
)" sinh" 2 (VL) dt

is valid for any 0 < 7 < ro < 1. In view of (3.4), both inequalities hold with respect
to the Riemannian volume as well. One also has the gradient estimate of the form

Vi(x,rs)

(3.6) 7\” @)

<cla

(3.7 [VInu| <C(n,K,a) on B (:c, 210)

for any u > 0 with Ayu =0 in B(x,%o).
As a consequence of Theorem 3.1, we have the following.

Proposition 3.2. Let (M", g, e_fdx) be a smooth metric measure space satisfying
(8.8) and (8.4). If A1 (Ay) > 0, then the minimal positive Green’s function G(z,y)
of Ay satisfies

/ Glz,y) e TWdy < C,
B(z,1)

for any x € M, with C depending only onn, K, a and M\ (Ay).
Proof. Applying Theorem 3.1 to A = B = B (x,1) we get

/ / Gly,2) e FWe T aydz < OV (2,1).
B(z,1) JB(x,1)
Note that the function

u(z) ::/ Gy, z) e fWdy

B(z,1)
satisfies Ayu = —1 on B (z,1) and
/ u(z)e 7®dz <OV (,1).
B(x,1)

Since u > 0, we have
Af(u+1)>—(u+1) on B(z,1).
Using (3.5) and (3.6), the standard DeGiorgi-Nash-Moser iteration implies that

u(z)+1 < CV;l(x,l)/ (u(y) +1) e FWay
B(z,1)

< C.
This proves the proposition. (I
For the following results, we will work with the level sets of the Green’s function.

For x € M fixed, any 0 < a < 8 and any t > 0 denote with

(3.8) L,(a,8) = {yeM:a<G(z,y) <}
l.(t) = {yeM:G(z,y)=1t}.
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Lemma 3.3. Let (M, g, effdx) be a smooth metric measure space satisfying (3.3)
and (3.4). If M1 (Ay) > 0, then for any t > 0 we have

(3.9) /l(t) VG (2,€) e~ T ©OdA (6) = 1

where dA is the Riemannian area form of Iy (t).

Proof. We first note that this integral is finite and independent of ¢ > 0 by following
the argument in [15]. Indeed, for any ¢ with compact support in M\B (z,1) we
have by the co-area formula that

(3.10) / ¢|VG|2e’f:/ ¢ |VG|e T dAdt.
M 0 (1)

Since G (z,-) is f-harmonic on M\ B (x,1), by (3.1) and the gradient estimate (3.7)
we get

/ VG (z,y) e T Wdy < .
M\B(x,1)
Hence, (3.10) implies that

/ VG (2,6) e TOdA(€) < oo
I (t)

for almost all t > 0. Now for r (y) = r (z,y) let

1 on B(z,R)
¢ () ={ R™'(2R—r(y)) on B(x,2R)\B(z, R)
0 on M\B (z,2R).

Since G (z,-) is f-harmonic on L, («, 8), integrating by parts yields that

0 = / ¢ (y) AsG (z,y) e Wy
Ly (a,B)
= [ (VoW VG @ e Wiy
Ly (a,B)
oG G
of (B)(b(&) ” (@) e 1A (©)

/ 6O 2 (2,6) e T©OdA(g).

Note that the normal vector of I, (t) is given by v = |[VG| ™" (x,-) VG (z,-) . There-
fore,

(3.11)

OIVG|(z,6) e T ®dA(¢) - /l " ¢ (&) VG| (z,8) e T dA (€)

< / V6| () |VG] (2, y) e/ @y
LZ(OMB)

1
= = VG| (z,y) e TWdy.

R J(B(@2R)\B(2,R))NL.(0.5)
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On the other hand, by the gradient estimate (3.7) and the integral estimate (3.1),

we get

/ VG| (z,y) e T Wdy
(B(z,2R)\B(z,R))NL(c,B)

IN

c/ G (z,y) e T Wdy
(B(@,2R)\B(z,R))NLx (a,3)

c
<o)
@ (B(z,2R)\B(z,R))NLz(,B)
P N ) / G2 (z,y) e W dy.
T«

B(z,2)\B(z,1)

G? (z,7) e_f(y)dy

Clearly, taking R — oo in (3.11), one concludes that

/ VG (2,6) e T ©OdA (€) = / VG (2, 6) e/ OdA (¢)
1+ (B)

lo (@)

for any 0 < a < 3.
This proves that indeed fl”(t) VG| (x,&) e T ©dA (€) is independent of ¢ > 0.

It remains to compute its value. Here we use the fact that G (x,y) is the Green’s
function. In particular,

(3.12) /M (Vo (4). VG (x.9)) e T Oy = ¢ (),

for any compactly supported function ¢. Observe that by the construction, G (z, )
is bounded on M\B (x,1) and has a pole at z. Consequently, I, (T') is a compact
hypersurface in M for T' > 0 sufficiently large. For fixed s > 0 we take T" > 0 large
enough so that L, (T, 00) C B (x,s). By the Stokes theorem, we have that

0 = / AfG (z,y) e T Wdy
B(xz,s)\ L (T,00)

_ 9G 1O g
/8 o B B0 (©)

+[ VGl e T OdAg).
1o(T)
In other words,

(3.13) /l NACECEAZIORS / 9G 6 e 19dA )

OB(x,s) or

for any s,t > 0.
‘We now set

in (3.12) and get that
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1= 6@
/M (Vé (y) . VG () e T Wy

[ 9G oy 1O 4a
/O /8 o B 0 (©)

/ VG (2,6) e OdA(8),
I (t)

where in the last line we have used (3.13). This proves the lemma. g

In the following, we will use ¢ and C' to denote constants depending only on n,
K, a and A\ (Ay). These constants may change from line to line.

Proposition 3.4. Let (M, g, e_fda:) be a smooth metric measure space satisfying
(5.8) and (3.4). If A1 (Ay) > 0, then
(i) for any r > 0,

sup G(x,y) <e” in
yeB(p,r)\B(z,1) ( ) y€B(p,r)\B(z,1)

(i1) for x € M and 0 < a < 3,

/ G(z,y) e_f(y)dygc(l—i—lnﬁ) .
Lz (0,) @

Proof. For (i), we first show that
(3.14) G (z,y) < cG (z,2)

for y,z € 0B (z,1).
For y € 0B (z,1), since the function G (z,-) is f-harmonic on B (y, 1), by (3.7),

G (z,9);

G(z,y) <cG(x,z)

forz € B (y, %) . Hence, it suffices to prove (3.14) for y and z satisfying r (y,z) > %
Let v (t) and o (¢) be minimizing geodesics from z to y and from « to z respectively,

€ [0,1] . We have that r (y,0) > 1—10 and r (z,7v) > %. Indeed, suppose that there
exists to € (0,1) such that 7 (y,o (ty)) < 15. Since r (z,y) = r(z,2) = 1 and
r(y,z) > %, the triangle inequality implies

r(z0(t) = r(y2) —r(y o))

- L
10
and
r(z,o(to) > r(z,y)—r(yo(t))
N
10°
Adding up these two inequalities we get
r(z,z) = r (‘T7 o (t0>) +r (U (tO) ) 2)

> 1.
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This contradiction shows that 7 (y,0) > {5 as claimed. The proof of 7 (z,7) >
is similar.

Consequently, G (y,-) is f-harmonic on B (0’ (t)
from (3.7) that

(3.15) G(y,z) <cG(y,2).
Similarly, as 7 (2,7) > 15, G (z,-) is f-harmonic on B (y(t), 15) for t € [0,1]. By
(3.7) we get
(3.16) G(z,y) <cG(z,x).
Combining (3.15) with (3.16) we conclude that G (z,y) < ¢G (z,2) as claimed in
(3.14).

Now for given r > 0, suppose first that r > %r (p,z).Fory,z € B(p,r)\B(x,1),
let 7 (t) and n(t) be minimizing normal geodesics from z to y and from x to z

respectively. We denote y; := 7 (1) and 2z, := n(1). Since y1,21 € 0B (z,1), by
(3.14) we have

(3.17) G(z,11) <cG(x,2).

On the other hand, the function G (z,-) is f-harmonic on B (7 (t)
Integrating (3.7) along 7 () we obtain

Gley) < e OWE ()
< TV G ().

L1
10

’Tlo) for all ¢ € [0,1]. It follows

,%) forall ¢ > 1.

Similarly, we have
G (z,21) < e™ @2 G (x,2).
In view of (3.17) we conclude that
(3.18) G (z,y) < eT@F@2) G (g, 2).

Since r (p,x) < 2r and y,z € B(p,r), by the triangle inequality, r (x,y) < 3r and
r(x,z) < 3r. Hence, (3.18) implies that

G(z,y) <e”"G(z,z)

for y, 2 € B (p,r) \B (z,1). This proves (i) in the case that r > ir (p,z).
Suppose now that 7 < 17 (p,z). We may assume that

B(p,r)\B (z,1) £ 2.
For g € B (p,7)\B (z,1), we have r (¢,z) > 1 and

r(p,q) < r
1
< = .
< 5ripe)
The triangle inequality implies

r(p,x) > r(g,z)—7r(pq)

This shows that
(3.19) r(p,x) >
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We claim that

(3.20) z¢ B (pﬂ“ + 110> .

Otherwise, r (p, z) < r+ 1—10. Since r (p, x) > 2r, it follows that r < Tlo and r (p,z) <
. This contradicts with (3.19). So (3.20) holds and G (z,-) is f-harmonic on
B (p,r + 15) - It is then easy to see from (3.7) that

sup G(z,y) <e” inf G(x,y).
yEB(p,r) yE€B(p,r)

This proves (i) in the remaining case that r < ir (p,z).
To prove part (ii), let ¢ = x1» be a cut-off function with compact support on M,
where

In(ef) —InG (z,y) on L, EB, ef)

() = 1 on L, («, B)
XY= InG(z,y) —In(e 'a) on L, (e ta, )
0 otherwise
and
1 on B (z,R)
Y(y)=q R+1-r(zy) onB(z, R+1)\B(z,R)
0 on M\B (z,R+1)
Obviously,
(3.21) M) [ WGy Wy
M
NE
< [ v (66h)] @areray
M
<

%/ ¢ () IVG[ (2,9) G (z,9) e/ Wy
M

2 / G (2,9) [V (4) e T Wy,
M

To compute the integrals on the right side of (3.21) we use the co-area formula and
Lemma 3.3.

(322 [ NGl w6 ey
Lm(to,tl)

t1
/t-l (/ VG|(x,g)e—f<5>dA(g)> dt
to Lo (8)

|
=
\
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This implies that

(3.23) /M & (1) VG (2,9) G (2, y) e~ Wy

IN

/ VG (2,9) G (z,y) e~ Wy
Ly(e 1a,ep)

< 2+lné.
o

To estimate the second term of the right hand side of (3.21), note that

(3.24) /M G (2,) [V () e~/ Wy
< 2 /M G (2,y) [V () x° () eI @y

+2 [ G la) VP )0 ey
Since G > e~ !a on the support of Y, it follows that

(3.25) /M G (2,9) [VY[? (45) X2 () e~/ @y
1

« ~/B(m,R+1)\B(x,R)
€ -2/ MBR / G2 (w,y) e Wy,
(%

B(z,2)\B(z,1)

IA

G? (z,y) eI Wdy

IN

where in the last line we have used (3.1). Furthermore, (3.22) yields

/ G (z,9) [VxI? () 0 () e~ T @y
M

IN

/ VG (2,y) G () e Wy
L. (B,eB)

+/ VG (2,y) G~ (z,y) e/ Wdy
Ly(e la,a)
= 2.

Combining this with (3.25) and (3.24) we obtain

/ G (2.y) Vo[ (4) e T Wy
M

c

< *8_2 Al(Af)R/ G2 (l‘,y) €_f(y)dy—|—4
«a B(x,2)\B(x,1)
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Together with (3.23) and (3.21), this implies that

M (Ay) G (z,y)e 1 Way
Ly (a,8)NB(z,R)

< M@ [ F WOy
M
< Le2VMBnR G2 (z,y) e f Wy
« B(x,2)\B(z,1)
1
+—1In é +c.
2«
Letting R — oo we conclude that
/ G (z,vy) ef(y)dy§c<1+ln6) .
Ll.(a,,B) o
So the proposition is proved. ([

We now come to the following crucial estimate.

Theorem 3.5. Let (M7 g, e*fdx) be a smooth metric measure space satisfying (3.3)
and (3.4). If \i (Ay) > 0, then for any p,x € M and r > 0,

/ G(z,y) e_f(y)dy <C(1+7r)
B(p,r)

for some constant C' depending only on n, K, a and A\ (Ay).

Proof. We first prove that

(3.26) / G(z,y)e T Wdy <C(1+7).
B(p,m)\B(z,1)
Let
o= inf G (z,y) and B := sup G(zx,y).
y€B(p,r)\B(z,1) @) yE€B(p,r)\B(z,1) (@9)

It follows from part (ii) of Proposition 3.4 that

/ G(z,y) e ' Way
B(p)\B(x,1)

IN

/ G (z,y) e T Wy
La(a,8)

c<ln6+1).
«

However, part (i) of Proposition 3.4 implies that

IN

B <eTa.

Therefore, (3.26) follows. In view of Proposition 3.2, one concludes that
/ G(z,y) e TWdy <C (1+7)
B(p:r)

for any r > 0. This proves the theorem. [
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Let us note that Theorem 3.5 is sharp for any manifold with positive spectrum.
Indeed, according to Lemma 3.3,

[ Ee9ei9aae -1
7]

B(ps) OF

for any s > 0. So

R
ret = =[] S e Odas
1 JoB(p,s) OF

- / 9G ) =T dy
B(p,R\B(p,1) OF

IN

/ VG| (p,y) e ! Way.
B(p,R)\B(p,1)

Now the gradient estimate (3.7) implies that
/ Gpy) e ?Wdy>c'R
B(p,R)

for all R > 2. In conclusion, the linear upper bound obtained in Theorem 3.5 is
optimal.
Finally, we point out that

(3.27) / G (z,y) e TWdy < ¢
OB(p,t)

forallz € M and 0 <t < %, where c is a constant depending on n, K, a, A1(Ay)
and possibly the geometry of B(p, 1). Indeed, if x € B (p,1) then (3.27) is clearly
true as c is allowed to depend on the geometry of B (p, 1) . In the case of r (p, ) > 1,
since G (z,-) is f-harmonic on B (p,1), by (3.7) we have

sup G (z,y) <c inf G(z,y).
yeB(p,3) veB(p3)

Note by Theorem 3.5,

/ G (z,y) e TWay < c.
B(p:3)

It follows that infyeB(pé) G (z,y) < c. Therefore, SUP,c p(p.1) G (z,y) < c as well.

It is then easy to see that (3.27) is indeed true.
Whether or not (3.27) is true for all ¢ > 0 remains an open question.

4. SOLVING POISSON EQUATION

In this section, we solve the Poisson equation. We continue to denote by (M g, et dx)
an n-dimensional smooth metric measure space satisfying the assumptions that

(4.1) A (Af) > 0,
the Bakry-Emery Ricci tensor is bounded below
(4.2) Ricy > - (n—1) K,
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for some K > 0, and the oscillation of f on any unit ball B (z,1) C M is uniformly
bounded above by some fixed constant

(4.3) sup |f(y) — f (@) <a.

yE€B(z,1)

For simplicity, write r (z) := r (p,z), where p € M is a fixed point. We use ¢, C
and Cp to denote positive constants depending on n, K, a, A1 (Ay) and possibly
the geometry of B (p,1).

Lemma 4.1. Let (M,g7 e_fdm) be a smooth metric measure space satisfying (4.2)
and (4.3). Then the weighted volume satisfies

Vi(p,R) < c Rt e((n—1+2a)\/?+a)R
for all R > 1.
Proof. Let us denote the volume form in geodesic coordinates centered at p by
dV|epr(,.§) =J(p,r, &) drd

for » > 0 and & € S, M, the unit tangent sphere at p. Let v (s) be a minimizing
normal geodesic with v(0) = p. Along ~, according to the Laplace comparison
theorem [31] we have

(4.4) my(r) < (n—1)VK coth (\/E?")

2K T
+W /0 (f (s) — f () cosh (2\/?5) ds

= LInJs(p,r,€) and f(t) := f(v(t)). Using (4.3) we have that
<a (r —s+1). It follows that

/07" (f (s) = f(r)) cosh (2\/?8) ds
< 2\F/ smh Q\Fs) ds + \F sinh (2@7")

— " inh?2
= 2K sinh (\Fr) + smh ( )
Therefore, we get from (4.4) that

(n—1+2a)\/}coth<\/§r)+a
< (n—1+42a) (\/E—f—r*l)—f—a

where mf( )
|

[f (s) = f(r)

IA

my ()
Thus, after integrating with respect to r,
Jp (p,r,€) < 1t2ae((mis2eVREa)r g g,
Integrating in £ € S, M then shows that
Af (p7 T) < Crn71+2a e((n71+2a)\/?+a)r'

This proves the result by integrating from 0 to R once more. (]
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We note that the volume growth rate in Lemma 4.1 is achieved by the Euclidean
and hyperbolic spaces, as well as by steady Ricci solitons [23].
As B(z,1) C B(p,r (x)+ 1), an immediate consequence of Lemma 4.1 is that

(45) Vi (@1) € ¢ (17 (@) el 1120V R Te)re)

for all z € M.
We are now ready to prove the main result of this paper. In the following, «y is
an arbitrary but fixed constant with

(4.6) 0<ap<l.

Theorem 4.2. Let (M,g,eifd:v) be a smooth metric measure space satisfying
(4.1), (4.2) and (4.3). Let v be a smooth function satisfying

ol () <w (r(2)),

where w () is a non-increasing function such that fooow(t) dt < oco. Then the
Poisson equation Asu = —¢ admits a bounded solution w on M with

sup |u| < c/ w (t) dt.
M 0

Furthermore, there exists C' > 0 such that for all a € [, 1] and © € M,

@n) @< cf wwd

3ar(z)

ar(z)
+C (1 +7(x)" T emVA(A7)r(=) V;% (x,1) / w (t) ebtdt,
0

where

b;:./Al(Af)+%(((n—1)+2a)\/f<+a).

The constant ¢ depends only on n,K,a, 1 (Af) and on B (p,1), while C' depends
additionally on «y.

Proof. We first prove that

(4.8) | caldwe i< [ T de

for all z € M. Note that

[ cepplwe = [ cepldwe Oy
B B(r3)

+f G (@) ¢l () € T dy.
B(p,D\B(p,3)

By (3.27) and the co-area formula,
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[ Gaalelw)e Wy
B

»3)
J

| Gt Odae) s ol
OB(p,t) OB(p,t)

< / w (1) dt,

where we have used that supyp(, ) l¢| < w(t). By Theorem 3.5 we get

—~

N

IN

/ Cay)lel@e?@dy < ¢ swp gl
B(p,)\B(p,%) B(p,)\B(p, %)

(3)
c/oéw(t)dt

IA

IN

as w is non-increasing. In conclusion,

1
(4.9) / G (z,9) o (y) e Py < 0/2 w () dt.
B(p,1) 0
Therefore,
@) [ Gl ey
- >/ G,y ol () e T Wy
=07 B(p,27t1)\B(p,27)

+ / G (z,9) ¢l (v) e~ W dy
B(p,1)

< Z / G (z,y) e TWdy sup
j=0 \YB(@:2tH\B(p,27) B(p,27 T\ B(p,27)
3
+c/ w (t) dt.
0

The hypothesis on ¢ implies

sup lo| <w (27)
B(p,27t1)\B(p,27)

and Theorem 3.5 says that

/ G (z,y)e T Wdy < 2271,
B(p,27T1)\B(p,27)

]

31
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Using these estimates in (4.10) we obtain

/G(x,y)h@\(y)e‘f(y)dy < C/Qw(t)dt+cz2j_1w(2j)
M 0 =0

IN
o
S~
3
€
B
+
o
L[~]
S—
R,
S
B

< c/ooow(t)dt.

This proves (4.8). As [~ w (t)dt < oo, it follows that the function

u () = /M G (2.y) o (y) e Wy

is well defined, bounded on M, and verifies Ayu = —¢. Furthermore, we have the
estimate
(4.11) sup |u| < c/ w (t) dt.

M 0

This proves the first part of the theorem.
We now prove the decay estimate (4.7). For x € M, denote

R:=r(z)=r(px).

Given « € [ap, 1], let us first assume that R < 4. It follows that r (z) < C. By
(4.5), it is obvious that

/Ooow(t)dt < c/:o w () dt

gar(zx)
ar(z)
£O (147 (@) e VRGBTV (51) / w (8) e,
0

In view of (4.11), this proves (4.7) when aR < 4.
From now on we assume that a«R > 4. Note that

/ G (2.) |l (4) e Dy
M\B(p,aR)

- >/ G (5,9) Il (y) e~y

=5 /B2 aR)\B(p2iaR)

oo

> / G (z,y)e T Wy sup o -
=0 B(p,27t1aR)\B(p,2’ aR) B(p,27t'aR)\B(p,27aR)

Using the decay hypothesis on ¢ we get

IN

sup lo| <w (27aR).
B(p,27t1aR)\B(p,29aR)

We also infer from Theorem 3.5 that

/ G (z,y) e TWdy < c2'aR.
B(p,27+1aR)\B(p,2 aR)
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In conclusion,

(4.12) / G (z,y) el (y) e T Wdy < ¢ Z (277'aR) w(27aR).
M\B(p,aR) =0
However,
ZQj_laRw (2jaR) = fa Rw (aR) + Z 27 1aR QJQR)
§=0 j=1
aR oo 27 aR
< 2/ w (t)dt + / w (t) dt
3aR 32::1 2i-1aR
< 2/ w (t) dt
%aR
It follows that
(4.13) / Gaylel)e Wy <e [~ v
M\B(p,aR) %O(R

We now proceed to obtain an estimate on B (p,«R). By Theorem 3.1,

Lo atmetci
B(z,1) JB(p,j+1)\B(p,j)
< R\ (@) Vy (poj + 1) e VIR

for any 5 € {0,1,...,[R] — 3}, where [R] denotes the greatest integer less than or
equal to R. According to Lemma 4.1,

Vi (p,j+1) < cREFe 3 ((nm1r20Via)),
Hence, we conclude that
4.14 G(z,y) e FF e TWay dz
(4.14) Y y
B(z,1) J B(p,j+1)\B(p.j)

< ¢RI VMADIER UV (2,1) et

b= (a5 + 5 (0= 1) +20) VE +a).
Note that for any j < [R] — 3,
B(z,2)N (B (p,j+1)\B(p,j)) = 2.

where

Hence the function

H(z):= / G(z,y) e TWdy
B(p,j+1\B(p,i)

is f-harmonic on B (z,2). Applying (3.7) we get that

H(z) < c\/;l (x, 1)/ H(z)e '@z
(z,1)
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Together with (4.14), this gives

(4.15) Glz,y) e TWdy < c R eV Al(Af)RV;% (z,1) e

/B(p,jJrl)\B(p,j)

for 0 < j < [R]—3. We claim that (4.15) holds for [R]—3 < j < [R] as well. Indeed,
in this case (4.15) is equivalent to

/ G(x,y) e FWdy < cR"+aV;% (x,1) e3((n=1+20)VE+a)R
B(p,j+1\B(p,j)

This follows from Theorem 3.5 that

/ G(z,y) e TWdy <cR
B(p,j+1\B(p,j)

for [R] — 3 < j < [R] together with (4.5). In conclusion, (4.15) holds true for all

Following a similar argument as in (3.27), we have

(4.16) / G (.13, y) e—f(y)dy < CRn—Hle_’/)\l(Af)RV;% (.13, 1)
dB(p,t)
for all t € [0,1]. Indeed, (4.15) implies that

inf G (z,
s (z,y)

IN

c/ G(x,y) e FWdy
B(p,1)

< cR"eTV Al(Af)RV;% (z,1).
As the function G (z, ) is f-harmonic on B (p,2), one sees that

1
sup G (z,y) <cR" eV ’\I(Af)RVf > (z,1).
B(p,1)

This immediately implies (4.16).
We now write

(4.17) / Gxy) Lol (y) e~ Wy
B(p,aR)
[aR]
< / G(o,y) o] (y) e @y
j=1 Y B(@,j+1\B(p,j)

+ / G(x,y) Lol (v) e~/ Dy,
B(p,1)
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Using (4.15) we get

[ R]

/ Gla,y) ol (v) e Py
j=1 7 B@:J+D\B(p.5)

[aR] . ‘
< ¢ Z (R”"’“ e~V Al(Af)Riji (z,1) ebj) sup lo]

j=1 B(p,j+1)\B(p,j)

. [aR] .
< ¢R"eeV kl(Af)RVf 2 (x,1) Z w (j) et
j=1
1 aR
< cR"eV ’\I(Af)RV;E (z,1) / w (t) et
0

where we have used that supypg, ;) [¢| < w (f) and that w is non-increasing in ¢. By
(4.16),

[ Gy el ay
B(p,1)

1
< [ [ cwoer@aag) s jdd
0 9B(p,t) 9B(p,t)
. 1
< cR"J”ae_\/Al(Af)RV;§ (a:,l)/ w(t) dt.
0

Plugging these estimates in (4.17) and using that aR > 4, we conclude

(4.18) / G(xy) Lol (9) e~ Wy
B(p,aR)

1 aR
< cR"%eV Al(Af)RV;§ (z,1) / w (t) et
0

Finally, combining (4.18) and (4.13) we arrive at

o0

| cewm ey < o woa
M

3
JaR

aR
+cR "tV Al(Af)RV;% (z,1) / w (t) ebtdt.
0
This proves the theorem. O

Let us note that the solution u provided by Theorem 4.2 is generally not unique
(modulo constants) among bounded ones, because there may exist non-constant
bounded f-harmonic functions. On the other hand, any bounded f-harmonic func-
tion on a manifold with Ricy > 0 is constant [3]. So, when K = 0, the bounded
solution u of the Poisson equation Aju = —¢ is unique, modulo constants, among
all bounded solutions.

Corollary 4.3. Let (M,g,e_fdm) be a smooth metric measure space satisfying
(4.1), (4.2) and (4.3). Let ¢ be a smooth function satisfying

ol (2) < w (r(2)),
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where w (t) is a non-increasing function such that [ w (t)dt < co. Assume that
the weighted volume of the unit ball B (z,1) satisfies Vy (x,1) > vg > 0, for any
x € M. Then the Poisson equation Afu = —¢ admits a bounded solution w on M
satisfying

lu| () < C (//: )w (t)dt + e Pr@y (0)> ,

for a constant 5 > 0 depending only on n, K,a, A1 (Ay) and for C > 0 depending
additionally on vy and B (p,1).

Proof. According to Theorem 4.2 and the hypothesis Vy (z,1) > vg > 0, we get

Jul () < ¢ </OO w(t)dt+ (L4 7 (x)" T emVAITE) /OM(I) w (1) ebtdt> .

Zar(z)

We let
1M (Af)

o= -

4 b

ar(z) ar(z)
/ w(t)edt < w(0) / ePtdt
0 0
%w (0) ed VA Q)

and obtain

IN

It follows from above that
o0
lul (z) < ¢ (/ w(t)dt + e"IVMBTE)y (0)> '
Sar(z)

The result now follows by setting

B:= min{gf,i A1 (Af)}.

In the case that the function ¢ decays as

ol (z) <c(I+r(2)

for some k > 1 and the weighted volume of unit balls is uniformly bounded from
below

k

Vi(z,1) > v >0
for all x € M, Corollary 4.3 implies that the solution u satisfies
jul (2) < C (k) (147 (2)) "

as claimed by Theorem 1.8.
As an application of Theorem 4.2 we prove the following.

Theorem 4.4. Let (M,g,e*fd:v) be a smooth metric measure space satisfying

(4.1), (4.2) and (4.83). Assume that the weighted volume has lower bound Vy (z,1) >
vg > 0 for all x € M. Suppose 1 > 0 satisfies

App > —cyt?
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for some g > 1, and
1
lim 9 (z)ra—7 (z) = 0.

Tr—r0o0

Then there exists § > 0 and C > 0 such that
P () < Ce_rs(x),

forallz e M.

Proof. We first note that for ¢ > 0 satisfying
Arp > —co?

and

¢ () <o (r(z))
for a non-increasing function o (t) with [;* 07 (t) dt < oo, there exists Co > 0 and
B > 0 such that

(4.19) o (z) < Cy (//: )aq (t)dt + e Pr@ga (0)> ,

for all x € M. Indeed, by Corollary 4.3 the equation Aju = —c¢? has a solution
u > 0 satisfying

u(z) < C ( /ﬁ oj o @t + ot <o>) ,

for all z € M. In particular, u converges to zero at infinity. Since Ay¢p > —c¢? and
Aju = —cp?, by the maximum principle we get ¢ < u on M. This proves (4.19).
Now let
mo = [(q - 1)_2} +2.
Note that ¢" —m > 0 for m > myg. Fix € > 0 small enough to be specified later,
depending only on 8 and Cj in (4.19) and on ¢ > 1. Fix also a large enough
constant B > 0, to be specified later. We prove by induction on m > mgq that

(4.20) ¥ (x) < "M (BT () + 1) T 4 BITme=AT (@)
for all z € M.
First, note that (4.20) holds for m = mg by the assumption that
. 1
wli)rr;ow(ac)rq T(x)=0
and by adjusting the constant B if necessary.
We now assume (4.20) holds for m and prove

(4.21) ¢ (2) < 0 THOHD (gmly gy 4 1) 7T 4 ga = me ) =8 (),
By the induction hypothesis we have ¢ () < o (r (z)), where
o () = e?" ™ (8™t + 1) " 7T 4 BI"me=AT
is decreasing and [~ ¢ (t) dt < co. Applying (4.19) we get that

(4.22) ¥ (z) < Cy (/{: )aq (t) dt + e Pr(@)ga (0)) .

Obviously,
(4.23) ol (t) < ce?” " Ham (B™t + 1)*ﬁ 1B mame—a BTt
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for ¢ > 0 depending only on ¢. It follows that

(4.24) / ol (t)dt < ceq’"“+qm/ (8™t +1)" 77 dt
Br(z) Br(x)
o0
+Cqu+1_qm/ e_qﬂmtdt
Br(x)
m+1

B Med T Tam (6m+1r () + 1)7ﬁ

e B —am = ),

Furthermore, we have by (4.23) that
(4.25) e (NG C R T
< epmp mm e

where for the last line we used that 8 < 1. Plugging (4.24) and (4.25) into (4.22)
yields

(426) 110 ('T’) < (CCOﬂimgqmi(m+1)) 6qm+1+(m+1) (leJrlr (.’L’) + 1)-#

)

+ (cCppmmpram e ) g m oG,

Since m > my, it is easy to check that m (¢ — 1) > 2. We then have

1 3
gm—(m+1) = Zm(qfl)wLZm(qfl)fl
1 1
> Smlg—1)+ =
=2 qmla—1)+35

Therefore, we have

cCopmem D < (o) (7 571
Oy Bam+(m+1) < (cco\/ﬁ) (B*%lﬂfl)m

Now take e sufficiently small so that T B~ < 1and cCy/e < 1, and B sufficiently
large so that B*%lﬁ’l <1 and ¢cCyv/B~—1 < 1. It follows by (4.26) that
P () < 0" THOED (gmily gy 1) TTT 4 ga" T = nd) =T (e
for all x € M. This proves (4.21). Hence,
(4.27) W (x) < et (B (z) + 1) 7T + BIT e AT @)

for all m > mgy and = € M.
For x € M fixed, we take

where [-] denotes the greatest integer function. Here we may assume that r (x) is
large enough so that m > mg. This implies that

BT —me=B"1(@) < e eVT(@)
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and
" (B () + 1) T < ce ")
for some § > 0 depending only on n, K,a and A\ (Ay). Hence, from (4.27) we
conclude that
P (x) < ce ™ @ for all z € M.

O

We conclude this section by showing the following simple proposition. Note that
the positivity of A1 (A ) implies that the weighted volume of M must be infinite and

the bottom spectrum )\iw\ﬂ (Ay) of the weighted Laplacian Ay on M\ subject to
the Dirichlet boundary conditions on 052 is positive as well. The proposition says
the converse is also true.

Proposition 4.5. Assume that )\i\/f\g (Af) > 0 for compact domain Q@ C M and
the weighted volume of M is infinite. Then M has positive spectrum Ay (Ay) > 0.

Proof. Pick g > 0 so that Q C B (p,rg). Following [14, 15], we first construct a
non-constant bounded f-harmonic function on M\B (p,79). Indeed, for R; — oo,
consider the sequence u; : B (p, R;) \B (p,r0) — R defined by solving the Dirichlet
boundary value problem
Aju; = 0 on B(p,R;)\B(p,ro)

u; = 0 ondB(p,R;)

u; = 1londB(p,rg).
Standard elliptic theory implies that u; converges to an f-harmonic function v :

M\B (p,r9) = R, such that 0 <u <1 and u =1 on dB (p,ry) . Applying Theorem
2.5 to the sequence u;, we get that

ule™) < Ce™? Al(Af)R/ ule !,
B(p,ro+1)\B(p,r0)

for all R > 2(Rg + 1) . Taking i — 0o, we obtain the same estimate for u. As M

has infinite weighted volume, this proves that u is nonconstant. Define

B 1 on B (p,mo)
wo (z) = { w(z) on M\B(p,ro).

Then 0 < wy <1 on M and Aywy < 0 in weak sense. Consider

w(t) = /M H (2,9, 8) wo (y) e~/ Wy,

/B(p,R-&-l)\B(PyR)

where H (z,y,t) is the heat kernel of Ay. Since wy is bounded, we know that w (z, t)

satisfies the heat equation (A; — %) w = 0 with w (0) = wo. Since Ajwy < 0, we

obtain from above that Ayw < 0 and satisfies the heat equation as well. By the

strong maximum principle, we conclude that Afw < 0 for ¢ > 0. Hence, we obtain

a positive, strictly f-superharmonic function w. Let p := —w™'Ayw > 0. Then
Arw = —pw.

This implies that a weighted Poincare inequality on M of the form

(4.28) /M popZe=! g/M|v¢\2e—f
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is valid for all ¢ with compact support in M. Let 7 > 0 be a cut-off function so that
n=0on B(p,r9) and n =1 on M \ B (p,2rg). For any function ¢ with compact
support in M we have

2 —f 2 —f 21 _ 2 f
(4.29) /MqSe §2/M(¢77) e —|—2/M¢ (I=n)"e /.
Since ¢n has support in M\,
A
M

IN

/ IV (g e
M

2/ |v¢|2e*f+2/ |V|* p2e .
M M

Together with (4.29), it follows that there exists a constant o > 0, depending on rg
and )\i\/l\Q (Ay), such that

(4.30) a/ p*e ! g/ |v¢>|2e—f+/ ¢ 7.
M M B(p,2ro)

As the weight p > 0 on M, there exists 5 > 0 so that p > 5 on B (p, 2r) . Therefore,
from (4.28), we get

IN

8 / el < / poe !
B(p,2rg) M
< [ |VelPe .
M

Combining with (4.30), we conclude that

a(uas ) [ el < [ vopet
M M
for all ¢ with compact support in M. This proves the result. (I

5. APPLICATIONS TO STEADY RICCI SOLITONS

In this section, we discuss some applications to steady gradient Ricci solitons.
Recall that a complete manifold (M, g) is a steady gradient Ricci soliton if there
exists a smooth potential function f such that

(5.1) Ric + Hess (f) = 0.

Hamilton proved that the scalar curvature S satisfies S + |V f |2 = ( for some
positive constant C. By scaling the metric if necessary, we may assume that C' =1
and

(5.2) S+ |V =1.

It is known [6] that S > 0 on M unless the soliton is flat. In particular, |V f| <1 on
M and f is of linear growth. The identity (5.2) together with S + Af = 0 implies
that

(5.3) As(f) = -1

Therefore,
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Ape? = (2Af(f)+i|vf|2>€£

< —-—ez.

It is known (see [15]) that the existence of a positive function u > 0 satisfying
Aju < —%u implies Ay (Ay) > ;. Hence, the weighted Laplacian on a steady
gradient Ricci soliton has positive spectrum. In fact, in [24] it was shown that

1
=7

In view of (5.1), (5.2) and (5.4) we see that our results developed in the previous
sections are applicable to steady Ricci solitons. Let us also note that Theorem 1.8
is sharp on a large class of steady solitons. Indeed, assume for now that the steady
soliton has positive Ricci curvature and its scalar curvature converges to zero at
infinity. By [4], this implies that f is proper and there exist constants ¢,¢; > 0 so
that

(5.5) —r(z)+c < fz) < —cr(z)+a.

In particular, by adding a constant to f if necessary we may assume that —f > 0.
Using (5.3) we get for k& > 1,

Ap (=) == =) (N RV )T
By (5.2) and (5.5) we see that

(5-4) A (Ay)

u = (=pH
o = k=DENT (=R 0T
satisfy Aju = —¢ and decay to zero at infinity precisely as in Theorem 1.8.

However, in the following we will study steady solitons with no assumptions of
positivity on their curvature. Returning to this general setting, let us also recall
some curvature identities on steady gradient Ricci solitons

AsS = —2|Ric]?
AyRm = Rmx*Rm.
The last identity implies a useful inequality
As|Rm| > —¢|Rm|*.
As before, we fix p € M and denote
r(z):=r(px).
Also, denote by Cy, C, c constants depending only on the dimension n and possibly

the geometry of B (p,2) .
We now estimate the volume of unit balls in (M, g) .

Lemma 5.1. Let (M, g, f) be a steady gradient Ricci soliton. Then there exists a
constant C' > 0 such that

V(z,1) > CLemOvr@mQtr@)y (p 1)
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for all x € M.

Proof. The proof is inspired by [26], where a similar estimate was given for shrinking
Ricci solitons. Let us denote the volume form in geodesic coordinates centered at
x by
dv|expm (r&) = J (Z‘, T, 6) d’l“df

for r > 0 and £ € S, M, the unit tangent sphere at x. Let R := r (p,z). Without
loss of generality, we may assume that R > 2.

Let 7 (s) be a minimizing normal geodesic with v (0) = x and v (T) € B(p,1)
for some T > 0. By the triangle inequality, we know that
(5.6) R-1<T<R+1.
Along ~, according to the Laplace comparison theorem,

m' (r) + %nf (r) < " (r),

where m (r) := L 1InJ (z,7,£).
For arbitrary k > 2, multiplying this by 7* and integrating from r = 0 to r = ¢,
we have

(5.7) /m kerrn_l/ m? kdr</ 1" (r)r*dr.

After integrating the first term in (5.7) by parts and rearranging terms, we get

m () th 4 — /t<m(r)r§—(n—1)§1"§1> dr

n—1

(n_l k=1 4 / // -k
<
S AGe t 7 ( dr.

-1) k2 "
m(t) < ZL( tk/ £ (r)r*dr.

Integrating this fromt =1to t = T, we obtam for some constant ¢ depending only
on n,

In particular,

J(z,T,¢§)

. <
(5.8) In @, )_cklnTJrA,

where the term A is given by

_ /thlk (/Ot £ (1) rkdr> dt.

We now estimate A in the right side of (5.8). Integrating by parts implies

T t

1

A = M) —fQ) =k [ — [ f )" drdt
0
1
= ———(f(M)—-fQ
= (F (1)~ f (1)

P (/0 () Tkldr> ilT
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As|f(1)| < T +cand |f (r)| <1, it follows that

We now choose

It follows from (5.8) that

J(x,T,§)
J (2,1,

We have thus proved that
J(2,1,6) > e VENE T (4 T ¢).

By integrating this over a subset of S, M consisting of all unit tangent vectors £ so
that exp,, (T€) € B (p, 1) for some T, it follows that

A (9B (x,1)) > eV EREV (p, 1),

In

T
<ckInT + % <cvVTInT.

where R = d(p,x) > 2. Clearly, for L < t < 1, a similar estimate holds for

2
A (0B (z,t)) . Therefore,

V(z,1) > e VNV (p,1).
This proves the result. O

From now on, we assume in addition that the potential f is bounded above by
a constant. By adding a constant if necessary, we may assume without loss of
generality that

(5.9) f <0 on M.

Following [7], we now establish a sharp lower bound for the scalar curvature.

Lemma 5.2. Let (M,g, f) be a complete steady gradient Ricci soliton satisfying
(5.9). Then there exists ¢ > 0 so that

S >cel on M.
Proof. Using that Afef = —Se/ we compute for a > 0,
Ay (S—aef) = —2|Ric|® +aSe’

2
< —Z5% 4y aSe’
n

< —e

Note that

Apel = (285 () +4|VSP) e
= 2(1-25)e*,
It follows that for b > 0,

2
Ay (S —ael —be?) < <"‘8z 2b+4bS> e
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Let ¢ be a smooth cut-off function so that ¢ = 1 on B(p,R) and ¢ = 0 on
M\B (p,2R) . We may assume that

—5 < ¥<0
Cc
6" < ik
Let
(5.10) G = (S —ael —be?) ¢*.

If G achieves its minimum at zo with G (z¢) < 0, then zo € B (p,2R). By the
Laplacian comparison theorem [31] we have on the support of ¢ that

n—1

(z)

C.

IA

Ayr(x) +1

IN

Since
ArG = $PAp (S —aef —be*) + 2671 (App) G
+4(VG,VIng) —6|Ve|* ¢2G,
it follows that at xg,

(5.11) 0

IN

AG

IN

na® 2f 2 2 2
T_2b+4b5 e —6|Vo|” o™ °G

+2671 (Ar8) G.

Let us note that as f < 0 and S > 0, we have 0 > G (z9) > — (a +b). By (5.11),
there exists ¢ > 0 depending on a and b so that

2
0< (”g —2b+ 4bS (xo)) e2f () §2 (10) + %.

However, since G (x¢) < 0 and f < 0, we have

S(zg) < ael®) 4 pe2f(@o)

< a+b.
Hence, we get that
(5.12) 0< <”gz — 20+ 4b (b + a)) 2 @2 (10) + é.
Now let b = % and note that
%“2 —2b+4b(b+a)= —i + é ((n—8)a*+8a).
Hence, for a > 0 sufficiently small, (5.12) implies that
(5.13) 21 (®0) 92 (zg) < %,

for some ¢ > 0 depending only on a. We claim that

(5.14) G (z9) > —cR7.
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Indeed, if €2/(*0) < R~z then (5.10) implies G (z9) > —cR™# as claimed. On the
other hand, if €2/(*0) > R=2 then (5.13) implies ¢2 (z¢) < ¢ R~2. So from (5.10),
G (x0) > —c R™2. In either case, (5.14) is proved.
Certainly, this is true as well if G (zg) > 0. In conclusion, we have proved that
G > —¢R™T on M.
As ¢ =1on B(p,R), one has

inf (S —aef — bezf) > infG
B(p,R) M

> —chi.
Letting R — oo, we conclude that S — aef — be?/ > 0 on M. This proves the
result. (]

We now prove the main result of this section.

Theorem 5.3. Let (M, g, f) be a complete steady gradient Ricci soliton satisfying
(5.9). If
lim |Rm|(z)r (x) =0,

then there exists ¢ > 0 such tffc;oo

Rm| (z) < c (147 (2)*" e @ on M.
Proof. Since S <c(1+r (m))f1 , by Lemma 5.2, f is proper and
(5.15) fl@)<—cln(l+7r(z))+ ca.
Let o0 > 8 be an absolute constant to be specified later.

Recall that Ay |Rm| > —¢|Rm/[*and Af(—f) = 1. Asin [10] for expanding
solitons, we combine these two formulas and obtain that

(5.16)  Aj(Rm|(~f+0)) = —c[Rmf*(~f+0)+[Rm|

+2(V|Rm|,V (—=f + o))

= [Rm[(1 —¢[Rm[ (= f +0))

+2(V(Rm| (=f)),VIn(=f + o))

~2[Rm| (—f +0) " [Vf]*
Now define

F:=f+2n(-f+o0).

Since |V f|* < 1 and o > 8, by (5.16) the function w := [Rm| (—f + o) satisfies

1
Apw > |Rm| (2 — ¢|Rm| (—f—i—a)) ,
for a constant ¢ > 0 depending only on dimension. As |[Rm|(z)r (z) =0 (1), there
exists Ry > 0 so that
(5.17) Apw >0 on M\B (p, Ro) .

Moreover, by hypothesis w converges to zero at infinity. To get a decay rate for w,
we want to construct a barrier function in (5.17). As (5.15) is not sharp, using f to
construct a barrier function does not seem to yield optimal results. Instead, we will
use the Green’s function of the operator A, and apply the decay estimates obtained
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in Section 3. In the following, we prove that the metric space (M, g, e~*'dz) satisfies
the conditions (4.1), (4.2) and (4.3).
One checks directly that

Ap(f)=-1+2V/ (~f+0)".
Hence, since |Vf|2 <1, we get

: 1 41
Ape? = 2<1+2|Vf|2(f+c7) 1+2|Vf|2)65
S 7[)6%,
where
1 _
(5.18) p o= ;- (=fto)
11
p—
- 4 0

It is well known (see [14, 24]) that this implies an estimate for the bottom of
spectrum of the weighted Laplacian Ap := A — (VF, V) of the form

(5.19) M(AF) 2 i - %
1
> g
By (5.2) we get
2
(5.20) IVF| = (1 - (—f+0)> [V £l

< L
We note that the Bakry-Emery tensor associated to the weight F' is
Ricp = Ricy+ Hess(2In(—f+0))
= —2(—f+0) "Hess(f)—2(—f+0)’Vf@ V.

As M has bounded Ricci curvature |Ric| < ¢, it is clear from above that

(5.21) Ricp, > —(n—1)K
for some constant K > 0 independent of 0. Applying (3.1) to the Green’s function

G (z,y) of Ap we get

(5.22) G2 (p,y) e FWdy < Ce 2VMBRR,

/13(p7R+1)\B(p7R)

for any R > 1. For any « € M\B (p,2) we have by the triangle inequality that
B(xz,1) C B(p,r(z) + 1)\B (p,r () — 1).

It follows from (5.22) and (5.19) that

(5.23) / G? (p,y) e FWdy < Ce~(1-3)r(@)
B(z,1)

for any x € M\B (p,2). Since ArG (p,-) = 0on B (x,2), by (3.7) we get a gradient
estimate of the form

sup ’Vln@‘ (p,y) <c
yEB(z,1)
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for a constant ¢ > 0 depending only on n and K. Integrating this estimate, one
sees that

G (p,x) <G (p,y)
for all y € B (x,1). Hence, (5.23) implies that
G(p,z) < CvV™z (z,1) e~ (G=3)r@+3F (@)
Since F' = f+2In(—f + o), we obtain
(5.24) G (p,x) <OV (2,1) e G=2)r@+2/ @) (_f (2) 1 o)
for all z € M\B (p,2). In particular, by (5.9), (5.24) and Lemma 5.1 we get that

G (p, ) converges to zero as x — 00.
We now use G (p, x) as barrier function in (5.17). Fix A > 0 large enough with

w(z) — AG (p,x) <0 for all z € OB (p, Ro) .

Then the function w — AG (p,-) is F-subharmonic on M\B (p, Ry), converges to
zero at infinity and is negative on 9B (p, Rp) . The maximum principle implies that

w(x) — AG (p,xz) <0 for all 2 € M\B (p, Ro).
Combining with (5.24) we get
R () < CV™3 (2, 1) e~ (373)7 ()37,

Lemma 5.2 implies e/(*) < |Rm|(z). Hence we get from above that there exists
C > 0 so that

Rm| () < OV~ (2, 1) e~ (1=2)r@),
for all x € M. Together with Lemma 5.1 this proves that for given € > 0 there
exists C' (¢) > 0 so that

(5.25) IRm| (z) < C (¢) e~ (179)(@),

To finish the proof of the theorem, we use Theorem 4.2. Note that by (5.25) we
have |[Rm| (z) < ce= 7@ for all 2 € M.

Recall that Ay |[Rm| > —c¢ |Rm|27 for some constant ¢ depending only on dimen-
sion. Solving the Poisson equation Aju = —c |Rm|? by choosing a = 1 in Theorem
4.2 and noticing that K = 0 and a = b = 1 due to our normalization, we obtain a
solution u such that

(5.26) |u| (z) < c/i )w(t)dt

r(z)
O (141 (@) e @+ @Y=} (5. 1) / w (t) eldt,
0
where
w(t) = ce 5t
By (5.25) and standard comparison geometry we know that
V(z,1) > Q+r(a) "

Therefore (5.26) implies that
(5.27) (@) < C1+r(x)tY e ar@+sf@)

< CA+r(z)20e=3@) /Rl (2),
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where in the last line we have used Lemma 5.2. We have A; [Rm| > —c|Rm/|>
and Aju = —c |[Rm|®, where both |Rm| and u converge to zero at infinity. By the

maximum principle, we have that |[Rm| < u on M. In conclusion, (5.27) implies
that

Rm| (z) < C (147 (2))*" @),
This proves the theorem. (Il
Finally we point out that stronger results can be obtained by assuming the

sectional curvature is non-negative. First, we recall a result from [9] and [5]. For
completeness, we supply a more direct proof here.

Proposition 5.4. Let (M™, g, f) be an n-dimensional complete non-flat steady
gradient Ricci soliton with non-negative sectional curvature. Assume that the scalar
curvature is integrable on M. Then (M, g) is isometric to a quotient of R"~2 x X,
where 3 is the cigar soliton.

Proof. We may assume n > 3 as otherwise the result is known. We note that
2 |Ric|2 < S2. Indeed, the fact that M has nonnegative sectional curvature implies
that the eigenvalues \; of the Ricci curvature satisfy Zj# Aj > A S0 S > 2); and

(5.28) 2[Ricl* =2> A7 <) " (MS) =852

Hence, using the cut-off function ¢ := (%M) with support in B (p, R) we get
+

/ (52— 2 Ric”) ¢?

M

—/MS(Af) ¢ +2/M Rijfi; 8

[ vsvne -2 [ (ViR 5o
M M

+/M <Vf,V¢2>S—2/MRijfi (¢%),

hd S,
R B(p,R)

0

IN

where in the last line we have used that 2V;R;; = V;S by the Bianchi identity.
Therefore, by letting R — oo, we conclude 2 |Ric|2 = S% on M. In particular, from
(5.28) we see that either \; =0 or A\; = %S. It = %S for all ¢ at all points, then
M is Einstein and flat. So A; = 0 for some i at some point. Applying Hamilton’s
strong maximum principle, the result follows. (]

Combining the proposition with Theorem 5.3 we get the following.

Corollary 5.5. Let (M,g, f) be a complete non-flat steady gradient Ricci soliton
with non-negative sectional curvature. Assume that the scalar curvature decays
faster than linear, that is,

len;Or () S (z)=0.

Then (M, g) is isometric to a quotient of R"=2 x 3, where ¥ is the cigar soliton.
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Proof. By [4], the function f satisfies

—r(z)+ea < fz) < —er(z) +a.

Theorem 5.3 implies that the curvature decays exponentially, that is,

Rm| (z) < ¢ (147 (z)>" ) e=r@),

This shows that S € L* (M) and the result follows from Proposition 5.4. O
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