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Abstract

In an incomplete model, where under an appropriate numéraire, the stock price process is driven
by a sigma-bounded semimartingale, we investigate the behavior of the expected utility maximization
problem under small perturbations of the numéraire. We establish a quadratic approximation of the value
function and a first-order expansion of the terminal wealth. Relying on a description of the base return
process in terms of its semimartingale characteristics, we also construct wealth processes and nearly
optimal strategies that allow for matching the primal value function up to the second order. We also link
perturbations of the numéraire to distortions of the finite-variation part and martingale part of the stock
price return and characterize the asymptotic expansions in terms of the risk-tolerance wealth process.
© 2020 Elsevier B.V. All rights reserved.
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1. Introduction

In the settings of a complete financial market, it is proven in [5] that the choice of
a numéraire affects neither arbitrage-free prices of the securities nor replicating strategies
(see also a discussion in [11]). However, by an appropriate change of numéraire (sometimes
combined with a change of measure), one can simplify a valuational framework, see, e.g., [5].

* The author would like to thank Mihai Sirbu for discussing topics related to the core of the paper. The author
has been supported by the National Science Foundation under grants No. DMS-1600307 (2015-2019) and No.
DMS-1848339 (2019-2024). Any opinions, findings, and conclusions or recommendations expressed in this material
are those of the author’s and do not necessarily reflect the views of the National Science Foundation.

E-mail address: oleksii.mostovyi@uconn.edu.

https://doi.org/10.1016/j.spa.2020.01.003
0304-4149/© 2020 Elsevier B.V. All rights reserved.


http://www.elsevier.com/locate/spa
https://doi.org/10.1016/j.spa.2020.01.003
http://www.elsevier.com/locate/spa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.spa.2020.01.003&domain=pdf
mailto:oleksii.mostovyi@uconn.edu
https://doi.org/10.1016/j.spa.2020.01.003

O. Mostovyi / Stochastic Processes and their Applications 130 (2020) 4444-4469 4445

Possibly the most illuminating example corresponds to the LIBOR market interest rate model,
which is based on a dynamic change of numéraire and which allows for pricing a wide class
of interest rate derivatives.

In incomplete markets, the situation is more delicate in general. As numéraire is a crucial
ingredient in essentially all problems of mathematical finance, it is important to understand
their sensitivity to misspecifications of the numéraire. In this paper, in a general incomplete
semimartingale model of a financial market, we investigate the response of the value function
and the optimal solution to the expected utility maximization from terminal wealth problem
to small perturbations of the numéraire. To the best of our knowledge, asymptotics for the
expected utility maximization problem to perturbations of numéraire has not been studied
in the literature. We establish a second-order expansion of the value function, a first-order
approximation of the terminal wealth, and construct wealth processes and corrections to optimal
strategies that allow for the second-order matching of the primal value function. The latter
development is conducted via a representation of the base return process in terms of its
semimartingale characteristics. In particular, we establish an envelope-type theorem for both
primal and dual value functions. We also characterize the asymptotic expansions via the risk-
tolerance wealth process, provided that the later exists, and give a characterization of the
correction terms via a Galtchouk—Kunita—Watanabe decomposition under certain changes of
measure and numéraire. Note that the risk-tolerance wealth process was introduced in [25].

Our results provide a way to estimate the effect of misspecification of the initial data on
the expected utility maximization problem. This in particular applies to models, which allow
for explicit solutions, see e.g., [6,8,14,15,25,34,36], and to so-called asymptotically complete
models, see [32,33]. In many cases, a closed-form solution ceases to exist under perturbations
of model parameters. Note that [14,25], and [34] deal with a general utility function. This, in
particular, emphasizes the importance of non confining oneself to power or logarithmic utilities.

In order to obtain the asymptotic expansions mentioned above, we introduce a linear
parametrization of returns of a perturbed family of numéraires such that the corresponding
numéraires are positive wealth processes for the values of the parameter being sufficiently close
to 0. Note that positivity is a necessary condition for a process to be considered a numéraire.
Even though, in principle, by a numéraire one can choose any strictly positive semimartingale,
in this work, we focus on tradable numéraires, in the terminology of [1], i.e., the ones can
be obtained as outcomes of trading strategies. Such a choice is standard in the mathematical
finance literature, see for example [1,20,24,25].

In the case when the stock price process is one-dimensional and continuous, our structure
of perturbations is closely connected to distortions of the finite-variation part of the return
of the stock (as in [29]) and perturbations of the volatility (as in [12]), see the discussion in
Section 6.5. The proofs rely on the auxiliary minimization problems, which in turn are closely
related to the ones in [3,4,7,17,27,31], see also an overview of several approaches to quadratic
problems in [30]. Asymptotics analysis based on Malliavin calculus is implemented in [28].
Simultaneous primal-dual asymptotic expansion method in mathematical finance has been
(arguably) introduced in [9] in the context of a utility-based pricing problem. Related analysis
has been performed (at approximately the same time) in [10,19]. The first-order differentiability
of the value functions with respect to the perturbations of the initial wealth and convergence
of the optimizers are established in [23], whereas twice-differentiability is investigated in
[24].
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As we expand the value function also in the initial wealth, analysis from [24] turns out to
be very helpful in the present work. On the other hand, Remark 4.3 gives corrections to the
optimal trading strategy, such that the corresponding wealth processes match the indirect utility
up to the second order. This complements the results in [24]. In this part, a representation of
the base return process and in terms of its semimartingale characteristics is crucial.

The closest paper (to the best of our knowledge), mathematically, is [29], which deals with
different perturbations, namely of the market price of risk, and where the underlying framework
includes a continuous and one-dimensional stock price process. In the present paper, we impose
neither one-dimensionality nor continuity of the stock (and the perturbations are different from
the ones in [29]).

The remainder of this paper is organized as follows. In Section 2, we present the model,
in Section 3 we formulate auxiliary minimization problems and state the expansion theorems;
Section 4, contains an explicit construction of nearly optimal wealth processes and corrections
to the optimal strategies that allow for matching the primal value function up to the second
order. In Section 6, we give proofs of these results. In Section 5, we relate the expansion
theorems to the existence of a risk-tolerance wealth process, and we conclude the paper with
Section 7, where we show the necessity of Assumptions 2.3 and 2.8, under which the expansion
theorems are proven.

2. Model

2.1. Parametrized family of stock prices processes

Let us consider a complete stochastic basis (Q, F AF her0.115 IE”), where T € (0, o0) is the
time horizon, F satisfies the usual conditions, and JFy is a trivial o -algebra. For the 0-model, we
assume that there are d traded stocks, whose returns are modeled via a general d-dimensional
semimartingale (p!, ..., p¢), as well as a bank account, whose price is equal to 1 at all times.
We set R = (0, p', ..., p%) and suppose that (every component of) Ry = 0.

The numéraire of 0-model is N° = 1, equivalently the numéraire, whose return equals zero
and whose initial value equals 1. For perturbed models, we introduce linear perturbations of
the returns of the numéraires, which are given by

g0 - R, &€ (—e&o,e&), 2.1

where 6 is some predictable and R-integrable process that represents the proportions of a
wealth process invested in the corresponding stocks for some portfolio (i.e., 80 = 1 — Zf:, o,
t € [0, T]) and that satisfies Assumptions 2.3 and 2.8, and g is a positive constant specified
via Assumption 2.3. Equivalently, (2.1) can be restated in terms of the parametrized family of

numeéraires (N°)ee(—gp,¢), that satisfy
N =E((e0)-R), €€ (—¢&p,%0), 2.2)

where £ denotes the stochastic exponential. Thus, the family of stock price processes under
numéraires N°® is given by

1 d
Sa:(i 5<p>,...,5<p>), o € (—e0.c0).

N&' Ne Ne
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2.2. Primal problem
Let U be a utility function satisfying Assumption 2.1.

Assumption 2.1. The function U: (0, c0) — R is strictly increasing, strictly concave, two
times continuously differentiable, and is such that for some positive constants ¢; and ¢, we
have

U"(x)x
U'(x)
The admissible wealth processes are given by

c1 < Alx) = — <.

Xx,e)={x+H- -8 >0: His S° — integrable}, (x,¢) € [0, 00) X (—&y, &9)-
The primal value functions (parametrized by ¢) are given by

u(x,e)= sup E[UX7p)], (x,¢)e€(0,00) % (—&p,&p)- 2.3)
XeX(x,e)

We use the convention
E[UX7)] = —o0, if E[U (X7)]= o0,

where U~ is the negative part of U.
2.3. Dual problem

Analysis of (2.3) is performed via the dual problem. As usually, let us set
V(y,e) ={Y >=0: Y is a supermartingale starting at y,
and such thatXY = (X;Y;),5( is a supermartingale 2.4
foreach X € X(1,¢)}, (y,¢)€]0,00) x (—e&g, &))-

Remark 2.2. Definition (2.4) is an alternative version of a two-step natural definition of the
dual domain, where in the first step one defines ) (y, 0) as above and then sets Y(y,¢) =
Y(y, 0)N®. However, Lemma 6.1 asserts that both constructions are equivalent.

We set the convex conjugate to U as

V(y)=sup(Ux) —xy), y €0, 00).

x>0

Let us recall that for every x > 0 with y = U’(x), we have
U0V (y) = —1.
Setting

Viyy 1
Vi) A®)
we deduce from Assumption 2.1 that

B(y) :=

1 1
—=By)=—, y=>0.
(&) C1
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The corresponding dual value functions are set as
v(y,e) = _inf E[V (¥r)], (v, ¢€) € (0,00)x (—&o, &) 2.5
YeY(y.e)

With VT denoting the positive part of V, if
E[VY(Yr)] =00 weset E[V (Y7)]:=o0

2.4. Technical assumptions

For nondegeneracy of 0-model, we suppose that
there exists x > 0 such that u(x,0) < oo. (2.6)

One needs to ensure that the perturbations of the form (2.1) (or equivalently in the
form (2.2)) are such that the resulting processes N°® are nonnegative at least for & be-
ing sufficiently close to 0, as a necessary way of making N®’s numéraires. This can be
achieved via the following condition. Example 7.2 demonstrates the necessity of a boundedness
Assumption 2.3.

Assumption 2.3.  We suppose that there exists &9 > 0 such that the jumps of the process
R := —6 - R are bounded by ﬁ, ie.,
5 1
|AR| < 55, 1€[0,T].

&

Note that Assumption 2.3 implies that N® in (2.2) is a strictly positive process P-a.s., for
every € € (—&o, &0).

2.5. Absence of arbitrage

The absence of arbitrage opportunities in the 0-model in the sense of no unbounded profit
with bounded risk follows from condition (2.7), which by the results of [20] can equivalently
be stated as

Y(1, 0) contains a strictly positive element. 2.7

We refer to [20] for characterizations of no unbounded profit with bounded risk condition,
which is also equivalent to the existence of a strict sigma-martingale density, see [35] for
details.

Remark 2.4. Condition (2.7) and Lemma 6.1 imply no unbounded profit with bounded risk
for every ¢ € (—e&y, &), thus

Y(,¢e)#0, &€ (—e&,&0).

Remark 2.5. Assumption 2.1 implies that U satisfies the Inada conditions and that asymptotic
elasticity of U (in the sense of [23]) is less than 1, see [24, Lemma 3] for the proof. Therefore,
under (2.2), (2.6), and (2.7), existence and uniqueness of a solution to (2.3) for every x > 0 and
other standard assertions of the utility maximization theory follow from the abstract theorems
in [23].
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Remark 2.6 ([/S, Theorem 2.1]). gives a characterization of no unbounded profit with
bounded risk condition in terms of the existence of local martingale deflators (as opposed to
supermartingale deflators in [20]).

For every x > 0, under Assumption 2.1, (2.6), and (2.7) it follows from Remark 2 5, that
y = ux(x 0) exists and is unique and there exist unique solutions to (2.3) and (2.5), X (x,0)
and Y (y, 0), respectively, such that X (x, O)Y (v, 0) is a uniformly integrable martingale under
P. For x > 0, and with y = u,(x, 0) we define a probability measure R via

dR(x) _ Xr(x,0)¥7(y, 0)
ap Xy '
Note that, R(x) defined in (2.8) coincides with the measure R(x) in the notations of [24,25] and
with measure R(x, 0) in terminology of [29], and that R(x) naturally appears in the asymptotic
analysis of optimal investment, see [24,25], and [29].

Since we consider an expansion also in the initial wealth, in order for the value function u to
be twice differentiable in the first argument (which corresponds to the initial wealth x), we need
to impose the sigma-boundedness assumption, see [24, Definition 1] for the definition, also [25]
and [2] contain discussions on this subject and applications of sigma-bounded processes to the
problem of the expected utility maximization.

(2.8)

Assumption 2.7. Let x > 0 be fixed. We suppose that the process
SY(X’O) — < X xg(pl) xg(pd)>
T\ X, 0 X(x,00 T X(x,0)

is sigma-bounded.

When using S’?("*O), we discount the assets by the normalized primal optimizer for the 0-
model. We also need the following integrability assumption on perturbations, whose necessity
is demonstrated in Example 7.1.

Assumption 2.8. Let x > 0 be fixed. There exists ¢ > 0, such that

ERM [exp {c (|RT| + [R, R]T)}] < 00.

3. Expansion theorems

We begin with an envelope theorem.

Theorem 3.1. Let x > 0 be fixed, assume that (2.6) and (2.7) as well as Assumptions 2.1, 2.3,
2.7, and 2.8 hold, and let y = u,(x, 0). Then there exists € > 0 such that for every ¢ € (—¢, &),
u(-, ) and v(-, €) are finite-valued functions. The functions u and v are jointly differentiable
(and, consequently, continuous) at (x,0) and (y, 0), respectively. We also have

Vu(x, 0) = <u£(§’0)> and Vu(y,0) = (vs(;xo)), (3.1)

where

us(x,0) = ve(y, 0) = xyER® [RT] .
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Note that, the key formula in Theorem 3.1 is the expression for u.(x, 0). In the case when
Y (y,0) is a uniformly integrable martingale itself, this process is often used to define a new

measure Q(y) via dQ(y ) = Y() 9 Then, the first-order derivatives in & can be restated as

ue(r,0) = vy, 0) = yEO [ £7(r, )Ry |.

For a given x > 0, in order to obtain the second-order terms in quadratic expansions of the
value functions, we introduce HS(R(x)), the space of square integrable martingales under R(x)
that start at 0. We recall that SX*0 was defined in Assumption 2.7 and, with y = u.(x, 0),
we set

./\/12(x 0) = [M € H%(R(x)) “M=H - S?(x,o)} ’
N3(y,0) == {N € HY(R(x)) : MN is R(x) — martingale for every M € M*(x,0)}.

Auxiliary optimization problems

Recalling that A and B denote the relative risk aversion and the relative risk tolerance of
U, respectively, following [24], for a fixed x > 0 (with y = u,(x, 0)), we set

a(x,x)= inf ERO[AX7(x,0)( + Mr)], (3.2)
MeM?2(x,0)

b(y,y):= inf E*Y[BTr(y, )1+ Np)]. (3.3)
NeN?2(y,0)

We refer to [24] for the details behind the derivation of (3.2) and (3.3). Note that (3.2) and
(3.3) govern the second-order derivatives of # in x and v in y, respectively.

Remark 3.2. Existence and uniqueness of a solution to every quadratic minimization problem
in this paper follows from the closedness of its domain (in the appropriate sense), convexity
of the objective, and Komlos’ lemma, see [24, Lemma 2].

Let us also set
F:=R; and G :=[R,Rlr. (3.4)

We consider the following minimization problems:

a(e, ) = inf  EFW [AX7(x, )My +xF)? — 2xFM7 — x*(F* + G)],
MeM?2(x,0)
(3.5)
b(e,e) = inf EFW[BYr(y,0)(Nr — yF)* +2yFNr — yX(F* - G)]. 3.6)
NeN2(y,0) ’

Quadratic minimization problems (3.5) and (3.6) govern the second-order correction terms
associated with perturbations in ¢ in the expansion for u and v, where the exact structure
is given through Theorem 3.3. Let M'(x, 0) and N'(y, 0) designate the unique optimizers to
(3.5) and (3.6) respectively. Then, we define

a(x, &) = E*Y [-x F(1 + M} (x, 0))

(3.7)
+AX 7 (x, ) F + ME(x, 0)(1 + M2(x, 0))],
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b(y, &) = EF [yF(1 + N (y, 0))
+BYr(y, 0)(—yF + Ni(y, 0))(1 + N2(y, 0)] -

Theorem 3.3 contains the quadratic expansions of the value functions.

(3.8)

Theorem 3.3. Let x > 0 be fixed. Assume all conditions of Theorem 3.1 hold, with
y = ux(x, 0). Let us define

Hy(x,0) = —2 (“(x’ X)) a(x, 8)> , 3.9)

x \a(x,e) a(e,e¢)

where a(x, x), a(e, €), and a(x, ) are specified in (3.2), (3.5), and (3.7), and, respectively,

_ X (bly,y) by, e)
Hy(y,0) = y (b(y,g) b(e, 8))’

where b(y,y), b(e, ), b(y, ) are defined in (3.3), (3.6), and (3.8). Then, the second-order
expansions around (x, 0) of u are given by

ulx + Ax, &) = u(x,0)+ (Ax &)Vu(x,0) + %(Ax &)H,(x,0) <A8x> + 0(Ax? + &2),
likewise, the quadratic expansion around (y, 0) of v is

vy + Ay, &) = v(y, 0) + (Ay  &)Vu(y,0)+ 3(Ay &)Hy(y,0) <A8y> + o(Ay* + &%),

Remark 3.4. Similarly to [29], slightly abusing the language and without necessarily having
twice differentiability of # and v, we call by H,(x, 0) and H,(y, 0) their respective Hessians.

Theorem 3.5 gives a relationship between the auxiliary value functions as well as between
the optimizers to auxiliary minimization problems (3.2), (3.3), (3.5), and (3.6).

Theorem 3.5. Let x > 0 be fixed, the assumptions of Theorem 3.1 hold, and y = u,(x,0).
Then, the auxiliary value functions satisfy

a(x,x) 0 b(y,y) 0Y (1 0
a(x, €) —;—f b(y, ¢) _% —\0 1

Yae, &)+ Lb(e, &) = alx, £)b(y, ).
x y

and

The minimizers to auxiliary minimization problems (3.2), (3.5), (3.3), and (3.6) are related via
the following formulas:

a(x,x) 0 N, O +1\ = MO(x,0)+ 1
<a(x, €) —;—‘.) (N}{y,O) - yF) =A(Xr(x,0) (M;T(x, 0) +xF> ’

b(y,y) 0 1+ MAx,00\ _ 1+ Ny, 0)
<b(y, 5) —f) (xF + MG, 0)) = B(Yr(y,0)) (—yF + NGy, 0)) :

I\{greover, the proﬂuct of any process in {?(x, )M (x, 0), 5(\()6, 0O)M!(x,0), 5(\(x, 0)} and in
{Y(y,00N°y,0), Y(y,0)N'(y,0), Y(y,0)} is a P-martingale.
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Theorem 3.6 gives the derivatives of the optimizers via solutions to auxiliary minimization
problems (3.2), (3.3), (3.5), and (3.6).

Theorem 3.6. Let us suppose that x > 0 is fixed and the assumptions of Theorem 3.1 hold.
Then, with

X5 (x,0) = (1+ Mx,0)) and Xi(x,0):=

XT(;Ca 0) (xF + Mp(x,0)),

Xr(x,0)
X

we have

lim — |X7(x + Ax, &) — X7(x, 0) — Ax X5 (x, 0) — £X5(x, 0)| = 0.
IAXI+I8H0|Ax|+|e|| 7 )~ Xr(x,0) r(x, 0) 7(x, 0)|

(3.10)
Likewise, denoting y = u,(x, 0) and with
: Yr(y. 0) Yr(y.0)
Y2(3.0) = ———=(1 + N2(y.0) and Yi(y,0) = ———"—(yF — N}(y.0),
we have

lim —— |Yr(y + Ay, &) — Yr(y,0) — AyY2(y, 0) — eYi(y, 0)| =0,
IAyI+|a\—>0|Ay|+|8|| kv Y8 = Yr(y,0) yYr(y,0) 73, 0)]

(3.11)
In both (3.10) and (3.11), the convergence is in P-probability.

4. Construction of nearly optimal wealth processes

Here x > 0 will be fixed 7 will denote the optimal proportion invested in stock for 0-model
and initial wealth x, i.e., 7T satisfies

X(x,00=xEF - R),

where R = (,00, ,01, e, ,od), ,00 = 0. For the results below, we will need a representation of
R in terms of its predictable characteristics. Notation-wise here, we follow [16]. Thus, we fix
the truncation function h(x) : x — x1y<1} and denote by R¢ the continuous martingale part
of R, by B the predictable finite variation part of R (corresponding to the truncation function
h), by u the jump measure of R, i.e., a random counting measure on [0, T'] X R4 defined by

w (0,11 x E) = Y limop(4ARy), t€[0,T],ECRY,

O<s<t

where 1 is the indicator function of a set E, by v we denote the predictable compensator of u,
i.e., a predictable random measure on [0, T1xR?, such that, in particular, (x 1 <1))*(x—v) is a
purely discontinuous local martingale. Setting the quadratic covariation process C := [R¢, R¢]
of R¢, we call (B, C,n) the triplet of predictable characteristics of R (associated with the
truncation function £).

It is well-known (see for example [16]), that semimartingale R can be represented in terms
of (B,C,n) as

R =R+ B+ (xluzn) * (0 — ) + (¥1a=1)) * .
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Note that predictable characteristics (B, C, v) are unique up to a P-null set. Moreover, let us
define a predictable scalar-valued locally integrable increasing process A as

A= Z Var(B') + Z C + (min(1, |x|?)) % v,
i<d i<d
where Var(B?) denotes the variation process of B/, i = 1,...,d. Then B, C, and v are
absolutely continuous with respect to A, therefore

B=b-A, C=c-A, and v=rn-A,

where b is a predictable R¥-valued process, ¢ is a predictable process with values in the set
of nonnegative-definite matrices, and v is a predictable Levy-measure-valued process. Let us
define a vector-valued process R as

R® = R—_(7)-A— (1f;§xx) 10 4.1y

Note that, the process R™ governs the return of the traded assets under the numeraire
X(x 9 — 5 (7 - R). Here end below superscript T denotes the transpose of a vector. Also note
that R} is a semimartingale as

3 (F55) @ol? < oo

i=0 s<-

Let M(x) denote the set of uniformly bounded elements of M?(x).

Lemma 4.1. Let us assume that the assumptions of Theorem 3.1 hold Then every element of
M (x) be represented as a stochastic integral with respect to R\T

Proof. Let M € M™>(x). Then for a sufficiently large constant C’ > 0, we have
C'E(@@-R)

0<C'+M=C+H =", 4.2
+ + fG R (4.2)
for some predictable and R-integrable process 7. First, as A(T - R) > —1, we have
E(@-R
EER e,
E(@-R)
where

D=7 -R-7-R—[( R ~@ R’ @-RF]-Y <A(ﬁ Re—T RO =R

<

which is a (well-defined) semimartingale in view of finiteness of ), _ (A7 - R;)? and > (AT

R,)?, see [20, Lemma 3.4]. Therefore, we can restate gg as
& (71’ R)
=E((7 —7)- R 4.3)

Using representation (4.3), in (4.2) we obtain

C+M=CE(7R-7)- RT)=C"+C {5 (7 —7)-R™_(7 - ﬁ)} - R%,
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Solving for M, we get
M= {c/g (7 —7)-R%)_ (7 — ﬁ)} R,
which completes the proof. [

Let M° and M! denote the solutions to (3.2) and (3.5), respectively. It follows from
[24, Lemma 6] that there exist sequences (MO’”)nzl and (M 1’"),,21 in M®(x), such that

lim MY" = M9 and lim M;" = M}, P-as.

n— 00 n—0oo

We suppose that M%" is bounded by n, n > 1, this without loss of generality. Therefore, the
jumps of M%" are bounded by 2n and the quadratic variation of M%" is locally bounded, where

Ty =inf{t > 0: [M*"], =k}, k=1,
is a localizing sequence for [M°"]. Note that [MO’”]Tk < k + 4n?. Let us define

MO = MO 1[0, T],n =1

min(t,7)?

Then M°" is bounded by n, its quadratic variation is bounded n + 4n2, and its jumps are
bounded by 2n. Moreover, by construction we have

lim ]\712’" = Mg, P-a.s.

n—o00o

A~nalog0usly, we can construct a sequence M Lo p > 1, of martingales under R(x), such that
M'" is bounded by n, its quadratic variation is bounded by n +4n?, and its jumps are bounded
by 2n, n > 1, and such that

lim M}’" = M}, P-a.s.

n—oo
Lemma 4.1 implies the existence of predictable R'!-integrable processes y*" and y'”,
n > 1, such that
770, 7L
yor g = M e My “4)
X X
We define the family of processes (R').c(_¢y.e0) @S
0 —  p_ A 6 x )
R = R—c¢(cd)-A—c¢ (ng;xx * L, 4.5)

where R¥*% governs the returns of the traded assets under N¢, and similarly to the verification
after (4.1), one can show that R%? is a semimartingale for every & € (—e&, &). Finally, let us

define the family (f( Ax"*”) as

(Ax,e,n)e(—x,00)x(—&p.0)xN

XA%en = (x + A0E ((F + Axy®" +e(—60 + ') - R¥%). (4.6)

Theorem 4.2. Let x > 0 be fixed and the assumptions of Theorem 3.1 hold. Then we have.
(1) For every n € N, there exists § = §(n) > 0, such that,
XAven ¢ X(x + Ax,g), (Ax, €) € Bs)(0,0),
where Bs,)(0, 0) denotes a ball of radius 5(n) centered at (0, 0).
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(2) There exists a function n = n(Ax, €) : (—x, 00) X (—&g, &9) — N, such that
E [U (XTA"*S’”M"’S))] = u(x + Ax, &) — 0o(Ax> + £2). 4.7

(3) The processes X2%enAxE) s from the previous item have the following proportions
invested in the corresponding stocks:

((1 —o)l + eeiT) (T + AxyOmAre) 4 g(— + p!nArey) (4.8)

where I is (d + 1) x (d + 1) identity matrix and 017 is the outer product of 6 and the
vector, whose every component equals 1.

Remark 4.3. By taking ¢ = 0, Theorem 4.2 gives corrections to optimal proportions invested
in stock with respect to perturbations of the initial wealth only. In this case the nearly optimal
family of wealth processes is given by

XA = (x + Ax)E ((ﬁ + Axyo’") . R) , (Ax,n) € (—x,00) x N,
where %" are given in (4.4). Theorem 4.2 asserts that there exists a function n = n(Ax) :
(—x,00) = N, such that

E [U (XTA”“A”)] — u(x + Ax, 0) — o(Ax2).

This allows to construct corrections to optimal trading strategies in the settings of [24].

5. Relationship to the risk-tolerance wealth process

We recall here that for an initial wealth x > 0, the risk-tolerance wealth process is defined
as a maximal wealth process R(x), such that
U'(Xr(x,0))
U"(X7(x,0))’

i.e. it is a replication process for the random payoff given by the right-hand side of (5.1).
The term risk-tolerance wealth process was introduced in [25] in the context of asymptotic

analysis of utility-based prices, in general it may not exist. For x > 0 and with y = u,(x, 0),

following [25], we change numéraser in the 0-model to 7750(()‘;), that is we set

RO . (RO(X) Ro(x)E(p") Ro(x)é'(pd))
AR Rx T R )
Next, we define
dRx)  Rr(x) Yr(y,0)
dP 7 Rox) y

Rr(x)=— (5.1

and
M(x,0) = (M e BBy : M =H SR,

a space of square-integrable martingales under IRS()Q starting from 0, and denote by N 2(y,0)
the orthogonal complement of M?(x,0) in Hé(R(x)). Theorem 5.1 relates the structural
properties of the approximations in Theorems 3.3, 3.5, and 3.6 to a Galtchouk—Kunita—
Watanabe decomposition (under the numéraire 77;0(8) and measure R(x)), provided that R(x)
exists. Theorem 5.1 is stated without a proof, as line by line adaptation of the proof of
[29, Theorem 8.3] applies here.
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Theorem 5.1. Let us suppose that (2.6), (2.7), and Assumption 2.1 hold, x > 0 is fixed and
the risk-tolerance process R(x) exists. Consider the (square-integrable) martingale

P, =" [xF (A7 (x,00) = 1)|F], 1€[0,T],
and its the Galtchouk—Kunita—Watanabe decomposition specified as
P=P—M —N', (5.2)

where Py € R, M! e /\72()6, 0), and, for y = u,(x, 0), N' e /\N/Z(y, 0). Then, one can recover
M'(x,0) and N'(v, 0), the optimal solutions to the auxiliary minimization problems (3.5) and
(3.6), through the Galtchouk—Kunita—Watanabe decomposition (5.2) as follows (by going back
to the original numéraire):

~ X,(x,0) ~ x
M ==L M'(x,0), N!'=ZN'(y,0), rel0,T].
C= R MO Ne=INiGh O, el T
With
2
Ca ::szR(x)[Fz—G——AF ]
A(X7(x,0))

Cp = y?ER® [G+ FF(1-A (&\T(X, 0))].

the components of the respective Hessian terms in the second-order expansion of u and v, are
given by

ale, &) = R(;(x) P} + R(;(X)IER(") [(ﬁ})z] +C,

_ Ro(x) ) LI}f E]ﬁ(x) I:(MT +xF (—1 + A (?T(x, O))))Z] + Cav
X MeM2(x,0)

and

ble, &) = R(;(x) (%)2 P+ —RO(;C’ 0 ()Xc)2 B [(#11)°] + ¢,

RO(X) . D'i(x) ~ = 2
= f E N F(—-14+A(X 0 Cp.
LU [( I+ YF (=14 A (Xr(x, >)))]+ )

We also have
yPo

a(x,e)= Py and b(y, &)= ———.
xa(x, x)

The conclusions of Theorem 3.3, with these notations, hold true.

Remark 5.2. In many references, in order to call (5.2) the Kunita-Watanabe decomposition
of P, one additionally needs N' to be orthogonal to S”), which amounts to N'S™ being
a martingale under R(x). Some authors, see e.g., [25, p. 2181], do not require this.

6. Proofs

6.1. Characterization of primal and dual admissible sets

An important characterization of the primal and dual admissible sets after perturbations is
contained in the following lemma.



O. Mostovyi / Stochastic Processes and their Applications 130 (2020) 4444-4469 4457
Lemma 6.1. Under Assumption (2.7), for every ¢ € (—&y, &), we have

X(l,s)zX(l,O)ﬁ, 6.1)

Y, &)= Y(1,0)N", (6.2)
where we have used the following notations
1 X X,
X(1,0)0— = —=<—F> : XeX(1,0) ¢,
N® N¢ Ni /ieo.m)
YA, ON* = [YN" = (YiN]), oyt ¥ € V(L0
In particular, both X(1, €) and Y (1, ) are non-empty and no unbounded profit with bounded

risk holds for every & € (—&q, &¢).

Proof. Let us fix ¢ € (—&g, €0). Then, for an arbitrary predictable and S°-integrable process
¥, such that A(y - §%) > —1, let us set X := & (Y - §¢). Then X* € X(1, ¢). Let us consider
X0 .= x°¢ (—SR). One can see that X° € X'(1, 0). This implies that

X(1, &)N C X(1,0).

Similarly, one can show the reverse inclusion. Ther~efore, (6.1) is valid. 3

Let us ﬁx~Y € Y(1,0) and take an arbitrary X° € X(1,¢). By (6.1), X*N® € X(1,0).
Therefore, Y X° N is a supermartingale. We deduce that Y N® € )Y(1, ¢). As a consequence,
we have

Y(A,0N C YV, e).
In a similar manner, one can show that Y (1, 0)N¢ D )J(1, ¢). As a result, (6.2) holds. [

We will need the following lemma from [29].

Lemma 6.2 (Mostovyi, Sirbu, 2017). Under Assumption 2.1, for every z > 0 and x > 0, we
have

U'(zx) <max (272, 1) U'(x) < (272 + 1) U'(x),
—V'(zx) < max (z‘%, 1) (—V'(x)) < (z‘ﬁ + 1) (—V'(x)).

For brevity of notations in the proof of Lemma 6.3, we denote by G¢ the continuous part of

[R, R] evaluated at T and let H;, where H; takes values in [—ﬁ, ﬁ] i € N, are the jumps
of R up to 7. Note that, with G being defined in (3.4), we have
G+ H!=G. P-as. 6.3)
i=1
We define

N¢ := exp <—8F — %ngc + Z (log(1 — eH;) + 8H,')> , &€ (—e&, &),
i=1

and observe that the series Y o, (log(1 — e H;) + e H;) converges absolutely for every ¢ €

(—¢o, £0), P-a.s., in view of (6.3) and since |log(l + x) — x| < x? for every x € [—1, 1].
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Lemma 6.3. Let x > 0 be fixed and the conditions of Theorem 3.1 hold, and ly =u +(x,0). Let
o and o' be the terminal values of some elements of M™®(x). With & = X 7(x, 0) denoting
the solution to (2.3) corresponding to x > 0 and ¢ = 0, we define

0 1
(s, t) = (x+s(l+ot )+ ta )N
U)(S, t) =E U(%‘I//(Sv [)) s (S, t) S R x (_807 80)'
Then w possesses the second-order expansion at (0, 0), given by
w(s, ) = w(0,0)+ (s HVw©,0)+3(s 1HH, (j) + o +5%);
here the components of the gradient are given by
wy(0,0) = uy(x,0) and w,(0,0) = xyE*™ [F],

and where the Hessian is of the form

H. = w”(O, 0) ws,(O, 0)
v w&‘t(oa 0) Wyt (0, O) ’

where

w,,(0,0) = —2E* [4@)(1 +a")].
wy(0,0) = —2EEO [AE)F + &)1 +a%) — xF(1 + a%)],
X
w0, 0) = —%ER(” [AE)@' + xF) — 2xFa' — xX(F> + G)],

are the second-order partial derivatives of w at (0, 0).

Proof. From boundedness of o and «!, it follows that there exists a constant & €
(0, min(gg, 1)), such that
X

e(le®+1+]a']) <= (6.4)

Let us fix an arbitrary (s, t) € B.(0, 0) and define

V(2) =z, 21), ze(=1,1).

As by construction of (Hy)en, see (6.3), we have that Zk>1 (log(1 — tHy) + tHy) converges

—tH}
for every t € [—¢/2, /2], P-a.s., and the series of term by term derivatives, Zk>1 ; [t o

H2
converges uniformly in ¢ € [—¢/2, £/2], where litfik is continuous in ¢t on [—&/2, ¢/2] for
every k > 1, we deduce that

9 H?
- log(l —tH) +tH) =ty —*— te(—¢/2,¢/2),
8t};‘wa )+ 1 Hy) ;l_mk € (—¢/2,¢/2)
and we get
. H? 1+a°
Vs, t)——+w(s t)<F+tG +tk2>l: H) and  Y,(s, 1) = N
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Consequently, we obtain

T'(2) = Wy(s2, 12)s + Vi (52, t2)t

1+a° ol H? (6.5)
= —>s+ — + Y ()| F+2tG° 4zt —— ]
xN¥ (XNZ W( ) ( Z 1 —ztH;

k>1

.. . H? . .
Similarly, since P-a.s., Zkil 1:7’;1]( conver%es for every t € [—¢&/2, /2], since the series of
. .. H . .
term by term partial derivatives, Zkzl W, converges uniformly in ¢t € [—¢/2, /2], and
2
from continuity of

a I;IH 7 in t on [—&/2, ¢/2] for every k > 1, we deduce that

9 1t Hj H?
n. = T 9 t - 27 2 ’
5 (;1—tHk> Z(l—tHk)z €(—¢/2,¢/2)

k>1

and we get

2a! H?
1) = F+1tG® +1¢ k
Vuls, 1) fo( et Zl—tHk)

2\’ 2
+ (s, ) (FHGCHZl_ H) *Org h;HkY ’

k>1 k>1

1 +a° H}?
5 3t = F tG‘ t
Vs ) = —= ( +1G + Zl—tHk>

and also (s, t) is identically equal to 0. Therefore, we get

U'(2) = 12U (25, 2t) + 205, (25, 2t) + 255 (25, 21)

2a! H2
= F tG¢ t _—
(xNU< +z +z Zl—thk>

k>1

B H2 2 H2 )
+(z) F+z2tG +Zl‘2m +Zm t

k>1 k>1

14a° H?
+2 F+ 721G+ zt ——)ts
xN# ( gl—thk>

Setting W(z) .= U (IZ(Z)%' ), where z € (—1, 1), by pointwise differentiation, we get
W'(2) = E0' (DU €V (2),

W'(2) = (E9/(2)" U"EV () + EV" QU ET ().
Let us define

J=1+|F|+G.

(6.6)

aG ety | <2021G, ze (=L,
k>1
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from (6.5) using (6.4) and since

L TR <2, ze-11)

2 f— Z f— 2’ Z 9 9
One can see that there exists a constant b; > 0, for which we have

V() < biJexp(bie]), and ¥(x)"2 +1 < bexp(bie]), ze€(—1,1).

Therefore, from (6.19) using Lemma 6.2, we obtain

BV expbied) = swp U'OF (T + 1) [T@] = sp W@ 67)

ze(—-11 ze(—1,1
Similarly, from (6.19) applying Assumption 2.1 and Lemma 6.2, one can show that there exists
a constant b, > 0, for which we have
byU'(§)6J exp(bae ) = sup |[W"(2)]. (6.8)
ze(—=1,1)
Assembling (6.7) and (6.13), we conclude that
U'(§)& (b7 exp(2bieJ) + by J? exp(baeJ)) = sup (IW'(2)| + W (2)]).
ze(—=1,1)
Consequently, as 1 < J < J2, one can find a constant b > 0 such that for every z; and z, in
(=1, 1), we get
bU'(&)E T explbel) 21 — 22| = IW(z1) — W@l + |W'(z1) — W'(z2)|. 6.9)

Holder’s inequality (possibly for a smaller €) together with Assumption 2.8 asserts the right-
hand side of (6.9) integrable. Since the bound in (6.9) is uniform in (s, t) € B,(0, 0), applying
the dominated convergence theorem we deduce the assertions of the lemma. [

6.2. Proofs of Theorems 3.1, 3.3, 3.5, and 3.6

Let us consider the closures in LO(P) of the convex solid hulls of the terminal values of
elements of the primal and dual domains for the O-models, that is of {X7 : X € X(1,0)} as
well as {Y7 : Y € Y(1, 0)}. From (2.7), it follows that they satisfy [29, Assumption 5.1]. Using
Lemma 6.1, we get

{)1\(7_; X e X(l,O)} ={Xr: XeX(,e)},
(YrN{: Y eYA,0)={Yr: Y eV, e}, &e(—&,en).
Consequently, the respective closures of convex solid hulls of
{(Xr: XeX(,e)} and {Y7: Y €)Y, ¢)}

also satisfy [29, Assumption 5.1] for every ¢ € (—&o, &9).
From Assumption 2.7 and [24, Lemma 6], we deduce that the sets M?(x) and N?(x)
satisfy [29, Assumption 5.3]. With the notations (3.4), using Assumption 2.3, we get
13 1 2
max ( Nj, e <exp(leF|+&°G), &€ (—&, &).
T
Therefore, Assumption 2.8 is analogous to [29, Assumption 5.2].

In view of Lemma 6.3, from which the greatest lower bound for the quadratic expansion of u
can be obtained, the least upper bound for v can be obtained similarly. Moreover, even though
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in [29] and the present paper, the perturbations are different, the second-order expansions for
the value functions, which stem from Lemma 6.3 and its consequences, coincide (here and
in [29]). Now, in view of the structures of perturbations represented by Ni here and by L°
in [29, p. 14], the assertions of Theorems 3.1, 3.3, 3.5, and 3.6 follow from the line by line
adaptation of the proofs of [29, Theorem 5.4, Theorem 5.6, Theorem 5.7, and Theorem 5.8],
respectively. Further details are not included for the brevity of the exposition.

6.3. Proofs of the assertions from Section 4

In order to prove Theorem 4.2, first, the following technical lemma has to be estgblished.
For (Ax, e,n) € (—x, 00) x (—&g, &09) X N, let us recall that Vu(x, 0), H,(x, 0), and X Arenrg
are defined in (3.1), (3.9), and (4.6), respectively, and set

u(x, 0) + (Ax  &)Vu(x,0) + L(Ax  &)H,(x,0) (Asx) -E [U (XTA‘)}

F(Ax,e,n) = (6.10)

Ax? + g2

Lemma 6.4. Let us fix x > 0 and suppose the validity of the assumptions of Theorem 3.1.
Let us consider f defined in (6.10). Then, there exists a function g, which is monotone and
such that

gn)y> lim f(Ax,e,n), neN, (6.11)
|Ax|+|e]—0
as well as
lim g(n) = 0. (6.12)
n—oo

Proof. Using the argument of Lemma 6.3, we essentially get the assertions of the lemma.
Therefore, we only present the key steps. For a fixed ¢ > 0, let us define

x + Ax € ((Axy®" +ey'n) - RT

Y(Ax, €)= - ( J/g @) )~/R) )
w(Ax, &) =E[UX7(x, 0¥ (Ax,8)], (Ax,e) € (—x, 00) X (—&, &),

Let us choose ¢’ > 0, then let us pick (Ax, €) € By(0, 0), and then set
V() = ¥(Ax,28), ze(—1,1).

Setting W(z) :=U (J(z)f(\ 7(x,0)), where z € (—1, 1), by pointwise differentiation, we obtain
W'(2) = U'(F (X1 (x, )P (@)X (x, 0),
W'(2) = UG @)X 1, 0) ('@ X7(x, 0))" + U'(F@Xr(x, )" @)X r(x, 0).

Following the argument in Lemma 6.3, boundedness of y*" - R} = MOn yln . RITN — ppln,
their quadratic variations and jumps, via Assumption 2.8 and Lemma 6.2, implies that for some
random variable 1 depending on &’ and which is in L!(P) for a sufficiently small &', we have

IW(z1) — W)l + |[W(z1) — W(z2)| < nlzi — 2 .

The derivatives of W plugged inside the expectation result in the exact form of the gradient
Vu(x,0) and the Hessian H/(x,0), such that lim,_, o, H)(x,0) = H,(x,0). This results in
the existence of a function g satisfying (6.11) and (6.12). Finally, g can be selected to be
monotone. [

)
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Proof of Theorem 4.2. Let us fix n € N and consider
()/O,n + yl,n) . R[ﬁ} — MO,n +M1,n c MDO(x)

By construction, the jumps of this process are bounded by 4n. Therefore, setting §(n) =
min (g, 3-), we obtain that for every (Ax, &) € Bs,)(0, 0), the jumps of

AxM®" + eM"" and (£0)- R

take values in (—1, 1). Consequently, for every (Ax, €) € Bs)(0, 0), we get
E((Axy™ +ey'™) - RT) >0 and & ((e0)  R) > 0.

Therefore, via direct computations, we obtain

g((AxyO,n +8)/l’n) . R[ﬁ}) B g((ﬁ—l— Axyo,n +8)/]’n)‘ R) B XAx,e,n

0<EF-R - = .
<&@-B) £((0)-R) £((0)-R) X+ Ax
In view of Lemma 6.1, this implies that
XAven ¢ X(x + Ax,e), (Ax, &) € Bsu(0,0). (6.13)

This completes the proof of the first assertion of the theorem.

In order to prove the second assertion, we proceed as follows. Using Lemma 6.4, we assert
the existence of a monotone function g satisfying (6.11) and (6.12) for f defined in (6.10).
We set

O(n) = {(Ax,¢e): f(@tAx,te,n) <2g(n), foreveryt e[0,1]}, neN,

m(n) = 2inf{m >n: Byu(0,0) C @(n)} , neN.

Note that m(n) < oo for every n € N. With

n(Ax, ) := min {n eN: mn) > (Ax, €) € (—x, 00) x (—¢&p, &),

1
NV Ax? 4 g2 } ’
we have
u(x + Ax,e) — E [U ()}TAx‘E‘"(Ax‘E))]
lim

| Ax|+]e| =0 Ax? + g2

=0. (6.14)

In order to prove the third assertion of this theorem, let us consider

1 d
SSZ(L E(p) 5<p>>,

g e ey

Ne¢’ Ne¢ Ne
the (d + 1)-dimensional stock price process under N°. By direct computations, we get
1 &Y gD _ 1 E(p! £
Ne» TNE vt TNE = \EGOHR EEOHR) " E(&O)R) (6.15)

= (5 ((go —0) - R{EO}) L& ((Ed —£0) - R{EQ})) ’

where e’ is the constant-valued process whose ith component equals 1 and all other components
equal to zero at all times and (R{s‘)})aE (—c0.¢0) defined in (4.5). Therefore, introducing the vector
of returns under the numéraire N°, R®, from (6.15) we get

1
R® = T (" —e0)- R¥9, ... (e — e0) - R¥Y),
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equivalently
1 -
R = 1—(1 —¢elfT) . R¥9, (6.16)

where 1— is a normalization constant.

Following the construction above, see (6.13) and (6.14), for every (Ax,¢) in a certain
neighborhood of the origin, one can find n(Ax, €), such that XAxen(Ax.el g form a family
of wealth processes that match the indirect utility up to the second order. To show that the
corrections to optimal proportions (invested in the corresponding stocks) are given by (4.8),
for every ¢ being sufficiently close to 0 and every Ax > —x, we need to show that X4+’
defined in (4.6) can be represented as

XATEn = (x + Ax)E <<(ﬁ + Axy®" +e(=0 + ") ((1 —e)l + eieT))T : RS) .
(6.17)

- T
Here & (((ﬁ + AxyOn 4 e(—0 + y'm) T ((1 ol + sleT)) : Rs) € X(1, ), by the sub-
sequent argument. We recall that 6) = 1 — Zf;l 0i,t € [0,T], as the £ - R) is a wealth
process of a self-financing portfolio, and therefore,
iTo=1.

Consequently, we have

£ (((ﬁ + Axy™" +e(—0 + yl‘"))T ((1 -l + EIQT)>T : R‘E)

- T
. 107
=£ ((rr + Axy®" 4 e(—0 + )/1’”))—r <I + ﬁ)) -((1 —&)R%)

(6.18)
=& ((T + Axy*" + (=6 + y"™) - R®)
& (7 + Axy®" 4+ ey'") - R

)
£(e0) - R) € X, e,

by Lemma 6.1 and where the third line in (6.18) is exactly o A " from (4.6). Note that in
(6.17), we used the Sherman—Morrison inversion formula, which asserts that

= ! eloT
(]—819 ) i+ o
1—¢170 I—¢
where in the last equality, we have used again 1Mo = 1. Therefore, the invertibility of
(I —¢167) holds if and only if ¢ # 1. Thus, in view of (6.18), the processes in (6.17) match

the indirect utility up to the second order in the sense (4.7). Now, in (6.17) the integrand can
be rewritten as follows.

(@ +Axy™ +e=0+v")" (1 =)l + aieT))T
— ((1 — o)l + aeﬁT) (7 + Axy®" +e(=0 + y'™)).

The latter expression coincides with the one in (4.8), and, in view of (6.17), these are the
proportions invested in traded assets under the numéraire N°. [
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6.4. On perturbations of models that admit closed-form solutions

There are many models that admit explicit solutions, see [6,8,14,15,25,36], and [34] for
their constructions and characterizations. In most cases, these solutions depend heavily on the
exact dynamics of the stock price, and such solutions cease to exist under perturbations of the
model parameters. The results of this paper provide both a stability result (as Theorems 3.1
and 3.6 assert that the value functions and the optimizers of the perturbed models are close to
the ones of the unperturbed models) and a constructive way of obtaining nearly optimal wealth
processes and strategies.

In the preferences are given by power utilities, then closed-form solutions are obtained in,
e.g., [8], among others. In the asymptotic analysis, the corrections associated with perturbations
of the initial wealth are trivial, as we have

X(x,0) = xX(1,0) = xE (T - R).

Thus, for the power utility case, in (4.6), only yl’"’s have to be estimated as yo*" = 0.
The Kunita-Watanabe decomposition provides a characterization of y ", as the risk-tolerance
wealth process exists for the power utility and it is equal to X (1,0) up to a multiplicative
constant. Therefore, the measures R and R coincide. This, in particular, is implicitly used
in [26], in the context of perturbations of the market price of risk.

In the case of general utility functions satisfying Assumption 2.1, models that admit closed-
form or fairly explicit solutions, are also studied, see, e.g., [25] and [29]. By [25, Theorem 6],
a class of models that gives the existence of the risk-tolerance wealth process for every utility
function satisfying Assumption 2.1 is the one, where the dual domain )(1, 0) admits a maximal
element in the sense of the second-order stochastic dominance, i.e., an element Y e Y(1,0),
such that for every ¥ € Y(1, 0), we have

Z Z
/ PlYr > yldy > / P(Y7 > yldy, z>0.
0 0

For example, this holds in a market, where there is a bank account with O interest rate and
only one traded stock, whose return is given by:

p[] ZI’Lt—i_O’BZ! re [03 T]s

for some constants u and o > 0, where the filtration is generated by (B, W) a two-dimensional
Brownian motion. Let us consider a one-dimensional and p'-integrable process 8!, such that

_ il
Assumption 2.8 holds for R = —6' . p! = —@ - R, where 6 = (1 0 . In this case, the

91
corresponding family of numéraires is

NE=E@0' - pl), eeR.

Here ¢y from Assumption 2.3 can be set to 0o, as there are no jumps of the underlying process
p'. For a given x > 0, let us consider 7! and 7 ™!, such that X(x,0) = x& (7' p') and
R(x) = Ro(x)E (nR'l . ,01). Here, both 7! and 7! can be written in terms of the solution
to a heat equation. Using an R(x) local martingale R®! := p! — 7! . [p'] and following
Theorem 5.1, one needs to consider (5.2), which gives the decomposition of the process P,
and which in the present settings becomes

P=P0—¢~RR’1—('0L-W,
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for some processes ¢ and ¢. With

Ri(x) _
L R _ =1
§ O R ORem T
é‘fo =1- ;tl7
Ri(x) . ) ~ 1
U= g o (@ B, @ =D v o

vi=1-" rel0,T],

o

and by defining

0 0
o () s (%),

one can construct y", i = 0,1 and n € N, appearing in (4.6) via setting y*" = y°19 .
and yl’” = yllloqgnl, n € N, where 7,,, n € N, is a localizing sequence for both MO(x, 0) and
[M°(x, 0)] and 0,, n € N, is a localizing sequence for both M'(x, 0) and [M'(x, 0)]. Note that
to get further characterizations of y!”, one typically needs @ to be chosen in a more explicit
(and restrictive) form that admits a characterization of ¢ in terms of a system of ordinary
differential equations in the spirit of [26, Example 5.3]. Then, with such y’"’s, the nearly
optimal wealth processes are given by (4.6), which reads

Y Axen _ (x + Ax)E ((ﬁ'-l— Axyo,n +e(—0 + J/l,n)) . R{s@l) ,

and where R is specified in (4.5) that in the current settings becomes

0
{e0} _
= (p‘ —89‘~[p1])'

Therefore, we can rewrite the expression for X4%" as

(x + A0E (T + Axt o0 + 6(—0" + 0" 100,)) - (0" — 20" - [p')).,

where 7! is the second component of 7. Note that for the wealth process XAren  the

proportions of the capital invested in the bank account and stock under the numéraire N° are
given by (4.8), which in the current settings reads

((1 — &) (1 — (7" + Ax¢ Lg.0) + £(=0" + V'L 10,0,)) + (1 — 91)> | 6.19)
(1—&) (T' 4+ Ax¢ o,y + (0" + V' 1[0,0,1)) + 6"
Further, with
gihaven .= 21 4 Axg g g, + e(—0" + V' 1j0.0,1).
one can rewrite (6.19) as
~(1,Ax,e,n 1
<(1 a 821(1__8)7;{1,Ax,s,:}):§9(} —0 )> . (6.20)

To recapitulate, in the context of the stochastically dominant model specified above, (6.20) gives
proportions invested in the traded assets under the (perturbed) numéraires N = £(e6' - p')’s,
such that the corresponding wealth processes X4%*"’s match the indirect utility up to the
second order in the sense of Theorem 4.2, see (4.7) in the statement of this theorem.
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6.5. On an alternative parametrization of perturbations and a relation to perturbations of the
drift and/or volatility

In view of the family R¥%, ¢ e (—sg, &y) defined in (4.5), that drive the processes (4.6),
a different type of parametrization of perturbations of the form (4.5) can be used. We will
illustrate this in the settings, where R is continuous. In this case, if 6 is of the form —et,
where v is a one-dimensional bounded and predictable, (Z?zo[pi, o/ ])-integrable process,

and ¢’ is a (constant-valued) vector whose ith component equals 1 and all other components
equal to zero, we have the following dynamics of the returns of the stocks for perturbed models:

RS =pl, if j#i,

d
Ra*f'=pf+ew~(2[pk,pf]>, if =i
k=0

which in turn corresponds to perturbations of the finite-variation part of the ith asset return
only. This allows to consider perturbations of the finite-variation part of the return process.
Moreover, by a different choice of 8, we can achieve simultaneous perturbations of multiple
returns.

The relationship between this parametrization and the one considered in the remaining
part of the paper can be obtained following the argument in the proof of Theorem 4.2, see
(6.16) there. Thus, for perturbations of the form (6.21), under appropriate regularity conditions
(similar to the ones in Theorem 3.1), the expansions of the value functions, derivatives of the
optimal wealth processes, and approximations of trading strategies of the form (4.6) follow
from the results of the present paper.

Let us discuss the relation to the framework in [29], where there is one traded stock, whose
return, p!, follows

pl=M+1r- (M),

6.21)

where M is a continuous local martingale. In this case, (6.21) gives the following dynamics
for the perturbed models

R =p' +ey - (M)
=M+ +ey) - (M),

which is the parametrization of perturbations in [29]. Further, the prototypical wealth process
for a perturbed model, for some 7, is given by

Xt = xE(m-(p' +ey - (M))).

Under the appropriate boundedness of ¥, with 7 = w (A + ¢y), the evolution of X® can be
rewritten as

. A
X _xg((n(x+ew))- (k~(M)+A+81// M))

_ A
:xE(n~<)»-(M)+)L+8w-M)).

This corresponds to perturbations of the martingale part (or volatility) of the return, similar to
the ones in [12].




O. Mostovyi / Stochastic Processes and their Applications 130 (2020) 4444-4469 4467

7. Counterxamples

The following example demonstrates the necessity of Assumption 2.8.

Example 7.1. Let us assume that the market consists of a bond with zero interest rate and
one stock with return B, where B is a Brownian motion on the filtered probability space
(2. F, (F)icroay» P), where 1 is the time horizon and (F;);epo,1] is the usual augmentation
of the filtration generated by B. In this case P is the martingale measure. Let us also suppose

that U(x) = %p, x € (0, 00), where p € (0, 1). An application of Jensen’s inequality implies
that for every y > 0, v(y) = V(y) = %, where g = ﬁ, and (a constant-valued process) y

is the dual minimizer. B B
For the perturbed models, where R = —6 - B is such that R} = |Bl|2+‘3sign(Bl) for some
6 > 0. Then, R(x) =P, x > 0, and for every constant ¢ > 0, we have

EX [exp (c(|Ri| 4 [R, R11)] = E [exp (c|Bi|**’sign(B)))]

= 2= [ exp e
R

=00,

sign(y) — 1y?) dy

i.e., Assumption 2.8 does not hold. Nevertheless, N = & (—¢R) is a strictly positive wealth
process for every ¢ € R and thus a numéraire. For every x > 0 and & # 0, we have

)
1
=K [U (x exp (SRI + é[k’ R]'))]
> %E[exp (epRy)]

P
= %E [exp (ep|Bi 1> sign(B)))]

xP / 248 1.2
= exp (ep|y|" °sign(y) — 5y7) dy
pV 2w Jr ( ? )

= OQ.

The following example shows that without Assumption 2.3, we might have a family of
processes (N®)ge(—ey.e0)» Such that for every e # 0, N7 < 0 with positive probability.

Example 7.2. Let us consider model, where there are three times: 0, 1, and 2, where the
process R is a one-dimensional semimartingale such that
Ry = Ry =1, P-as., and R; equals 3/2 or 1/2 with probability 1/2 each.
Let us also consider a predictable process 6, such that
6, =0, P-as., 6, =n with probability ., n € N.
Then in (2.1), for every ¢ # 0,
P[A((e0)- R); < —1] =P[e62(R — R)) < —1] > 0,

thus, N5 < 0 with positive probability. Therefore, for every ¢ # 0, N° is not a numéraire.
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On the necessity of the remaining assumptions

(1) Conditions (2.6) and (2.7) are necessary for the expected utility maximization problem to

admit standard conclusions of the utility maximization theory, see the abstract theorems
in [23] and [20, Proposition 4.19]. We stress that (2.6) and (2.7) are only imposed for
e=0.

(2) Modeling the evolution of stocks with semimartingales is necessary for the absence of

arbitrage as above, see [21, Theorem 1.3], see also [22, Theorem 1.3] for the case of
the nonnegative stock price process.

(3) If sigma-boundedness in the sense of Assumption 2.7 does not hold, then the second-

order expansion in the initial wealth might not exist, see [24, Example 3].

(4) [24, Example 1 and Example 2] show the necessity of Assumption 2.1 for two-times

differentiability of the value function in x. Note that, by the concavity of the value
function in the x variable, two-times differentiability in the x variable at x > 0 holds
if and only if the value function admits a quadratic expansion at x (in the x variable),
see [13, Theorem 5.1.2].
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