THE INDIFFERENCE VALUE OF THE WEAK
INFORMATION

FABRICE BAUDOIN AND OLEKSII MOSTOVYI

ABSTRACT. We propose indifference pricing to estimate the value of the
weak information. Our framework allows for tractability, quantifying
the amount of additional information, and permits the description of
the smallness and the stability with respect to small perturbations of
the weak information. We provide sharp conditions for the stability with
counterexamples. The results rely on a theorem of independent interest,
where stability and asymptotics of the optimal investment problem with
respect to small changes of the physical probability measure. We also
investigate contingent claims that are indifference price invariant with
respect to changes in weak information. We show that, in incomplete
models, the class of information-invariant claims includes the replicable
claims, and it can be strictly bigger. In particular, in complete models,
all contingent claims are information invariant. We augment the results

with examples and counterexamples.

1. INTRODUCTION

Asymmetry of information is a very active area of mathematical finance
and related areas. Going back to [Marb9|, [Arr72], [Gou74], [KylI85], and
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[Bac92|, among others, the topic resulted in numerous results on the asym-
metry of information and related subjects. One of the mainstream ap-
proaches relies on enlargements of filtrations, where the mathematical foun-
dations have been largely developed by the French school of probability.
The financial applications of this theory, known as strong information mod-
eling in the terminology of [Bau03|, have propagated to a range of top-
ics in mathematical finance, including arbitrage theory, pricing and hedg-
ing, characterizations equilibria, optimal investment, and others. We re-
fer to [KP96|, [ABS03], [KHO04], [AI05], [Cam05], [ADIO6],[CCO07], [Karl0],
[DMNT0], [CX13], [CTALS], [CD16], [AFK16], [AJ17], [ACDJI7], [ERZIT],
[ACDJIg|,[ACDJI19], [BG20], [ER20], [CCF20], [DRR20], [CD21], and [DRR22]
for an incomplete list of references on these subjects.

In the present work, we propose to use

(i) indifference pricing in the context of

(ii) the weak information approach from [Bau03]

to quantify the value of information. For (i), in contrast, e.g., to the changes
in the value function with and without extra information that is used in
a [AIS98], [Bau03|, [AIO5], [ERZ1T], [CCF20], and [ER20], among others,
using indifference pricing allows to assign different value of information be-
tween different securities. In particular, there are some contingent claims
that are not affected by the additional information.

For (ii), in contrast to the strong information modeling, the weak infor-
mation approach does not require changing the filtration but relies on alter-
ations of the physical probability measure. It permits the recovery of many
results from the initial enlargements of filtrations and beyond, see [Bau(2]
and [Bau03|, and allows for multiple desired features of the value of infor-
mation problem. For example, smallness or even continuity with respect to
changes in the information can be naturally discussed in the context of our
framework. This is in contrast to the approach based on the enlargement of
filtrations, see, e.g., deep yet technically involved [Karl0], where continuity
with respect to small changes in the filtration is analyzed. Here, we note
that continuous behavior with respect to small changes in the initial data is

a part of the well-posedness of a problem in the sense of Hadamard.
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In addition to proposing the framework via (i) and (ii), our contributions

also include

(iii) sharp stability results (with counterexamples in Section [5) with
respect to small perturbations of the physical measure,
(iv) characterizations of indifference price invariant contingent claims

under changes of the weak information.

The results in (iii) are of independent interest, and they are based on techni-
cal proofs of the convergence of the value function, optimizers, and indiffer-
ence prices under small perturbations of the physical probability measure.
Here, we introduce the integrability conditions and, under these conditions,
prove convergence of the value functions, their optimizers, and indifference
prices under small perturbations of physical probability measure. We aug-
ment this analysis with counterexamples.

For (iv), we show that the class of indifference price invariant contingent
claims includes all bounded claims in complete markets. In incomplete mar-
kets, we prove that the set of indifference prices invariant claims includes
all bounded replicable contingent claims. Depending on a particular mode,
this set can equal the set of replicable claims, or it can be strictly bigger
and might include even all bounded contingent claims. We illustrate these
assertions with positive examples.

The remainder of this paper is organized as follows: in Section [2] we
formulate the model and state the stability results, whose proofs are given
in Section [3} In Section [4, we discuss the price invariant contingent claims
in both complete and incomplete markets, establish a connection to the
framework in [Bau03], and provide positive examples. We conclude the

paper with Section |5, which contains counterexamples.

2. THE MODEL AND THE STABILITY RESULTS

Let us consider a probability space (€2, F,P), equipped with the filtration
("rt)te[o,T}’ where T' € (0, 00) is the time horizon, F satisfies the usual condi-
tions, and Fy is a trivial o-algebra. Let S be a d-dimensional semimartingale
denoting the price process of the risky assets. We suppose that there is also

a riskless asset whose price process equals 1 at all times. Let us define the
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family of nonnegative self-financing wealth processes as

X(x)={X>0: X=x+H-S, where H is predictable
(2.1)
and S-integrable}, x> 0.
We remark that the wealth processes of the form X + g, where xy € R and

X € U X(x), are called admissibl
x>0
A stochastic utility field is a mapping U = U(w,x) : Q x [0,00) —

R U {—o0} satisfying the following assumption.

Assumption 2.1. For every w € Q, U(w,-) is a strictly increasing, strictly
concave, continuously differentiable on (0, c0) function that satisfies the In-
ada conditions at 0 and oo; for every z > 0, U(-, x) is measurable. At 0, we

suppose by continuity that U(-,0) = liﬂgl U(-,x); this value might be —oo.
X

2.1. Weak anticipation. Let P be a Polish space, e.g., P = R", P =
C (R4, R"), for some n € N, etc., endowed with its Borel o-algebra B(P).
Next, let Y : Q — P be an F-measurable random element. In the simplest
case, Y can be the value of the stock price at time 7.

Let us consider an insider who is weakly informed of Y, that is, he or
she has knowledge of the filtration (F),cfoq) and of the law of Y. So,
we associate a probability measure v on (P,B(P)). We assume that v is
equivalent to P and note that in [Bau03], more conditions are imposed.
Following [Bau03, Definition 7], one can set a probability measure P¥ on
(Q,F) via

PY(A) = /PIP’[A\Y =ylv(dy), Ae€F,

which is called, in [Bau03], the minimal probability measure associated with
the weak information (Y, v).

Multiple results for the initial enlargement of filtration can be recovered
from the weak anticipation approach. These include the semimartingale
decomposition in the Jacod theorem and results on stochastic differential
equations, among others. We refer to [Bau02] and [Bau03] for more details,

where additionally dynamic conditioning, modeling weak information flow,

IThis notion is used, in particular, in Definition below to describe bounded repli-

cable contingent claims.
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and even connections to the theory of Schrédinger processes are developed.

2.2. Our formulation. The weak anticipation approach allows us to con-
sider small perturbations of information by supposing that P is close in
some sense to P. In turn, this leads to the concepts of continuity and sta-
bility of various problems with respect to small changes in information that
can be modeled via alterations of the physical probability measure.
Therefore, we can consider a sequence of equivalent probability measures
on one fixed probability space, converging to a physical probability measure
P, and see how various problems related to indifference pricing respond.
For the notion of convergence of probability measures on a fixed space, we
propose the total variation norm. These considerations are represented by

the following assumption.

Assumption 2.2. Let us consider a sequence of probability measures P",

dapn
dP

corresponding Radon-Nikodym derivatives. We suppose that

n € N, equivalent to P, and let Z%} := n € N, be the sequence of the

: n __ - . o]
P nh_{gOZT—l—'ZT'
Remark 2.3. Assumption by means of Scheffe’s lemma implies that

LY(P)- lim Z} = 1.

n—oo

We refer to [JS03, Section V.4] for characterizations of such a convergence.

Let us denote N* := N U {oco}, P* := P, and consider the following

problems.

(2.2) up(z):= sup Epn [U(X7)], (x,n)€ (0,00)x N*.
XeX(x)

Here, we use the convention

(2.3) Epn [U(X7)] = —00 if Epn [U™(X7)] = 0.

Let us further set
(2.4)
V'y)={Y >0: Yo <yand XY = (XiYi)ejo,r 75 @

P"-supermartingale for every X € X(1)}, (y,n) € [0,00) x N¥,
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where, for every y > 0, below we denote Y*°(y) by V(y) for brevity.

V(w,y) :==sup (U(w,z) —zy), (w,y) € Qx][0,00),

x>0
and
(2.5) vp(y) == inf  Epn [V(Y7)], (y,n) € (0,00) x N¥,
Yeyn(y)

where we use the convention
(2.6) Epn [V(Yr)] = 00 if  Egn [VF(Yy)] = 0.

To ensure that the base dual problem, that is, the one corresponding to

n = 00, is non-degenerate, let us suppose that
(noArb) Y(1) contains a strictly positive element.

This is the celebrated condition of no-unbounded profit with bounded risk

(NUBPR). Further, let us impose the following assumptions.

Assumption 2.4. For every x > 0, there exists X € X(z), such that
ZRU~(X7), n € N, is uniformly integrable.

Remark 2.5. If U is deterministic, Assumption holds trivially under
Assumption 2.2

Assumption 2.6. For every y > 0, there exists Y € )(y), such that
ZrvT (%), n € N, is uniformly integrable.
T

Remark 2.7. Let us consider the following condition
(2.7) up(z) > —00 and wvp(z) <oo, z>0, neN

which implies that for every y > 0, there exists Y € Y(y), n € N, such that
ZrvT (%), n € N*, is a subset of L!(P). Assumptionis closely related
T

yet stronger.

Next, we state our convergence results.
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2.3. Convergence of the value functions.

Proposition 2.8. Let us consider problems and under Assump-
tions and . Then, we have
(1) condition holds, and for every n € N*, u, and v, are finite-
valued on (0, 00).

(2) the value functions converge pointwise, that is

(2.8) lim wu,(2) = uso(z) and li_)m Un(2) =v0(2), 2z >0.
n—oo n—oo

2.4. Convergence of the optimizers.

Proposition 2.9. Let (zp)nen be a sequence of strictly positive numbers

converging to zo > 0. Then, under the conditions of Proposition for
every (zn,n), n € N*, the optimizers to (2.2)), denoted by X”(zn), and ([2.5)),

denoted by ?"(zn), exist, are unique, and satisfy

(2.9) XP(200) =P- lim X}(zp) and Y(z0) = P- lim Y (zp).

n—oQ n—oo

2.5. Convergence of the indifference prices. Let us recall the definition
of indifference prices. Fix f € L (Q, F,P). Then, for every (z,q) € R?, let

us denote
(2.10) X(zx,q) = {X =x+H-S: X>-2(X)and X1+ qf > O},

where 2/(X) is some non-negative constant, which can be different from x

and which can depend on X.

Definition 2.10. Following [KK21l page 157}E|, we define the indifference
price of f corresponding to the initial wealth z, a utility stochastic field U,
and a probability measure Q is a constant IT = II (f, z, U, Q), such that

(2.11) Eq [U(Xr +qf)] Su(z), qeR, X e&X(r—dllq),

where u(x) is given by ([2.2)) corresponding to the stochastic utility field U

and the probability measure Q, that is u(z) = sup Egq [U(X7)], z > 0.
XeX(x)

To focus on probability measures and utility stochastic fields that lead to
well-posed problems of computing the indifference prices, we introduce the

class of utility stochastic fields that have finite both primal and dual value

2This definition, in a different form, goes back to [Dav97].
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functions under a given probability measure Q, satisfy (2.7]) for one fixed n,
that is

(2.12) sup Eq[U(X7)] > —00, x>0,
XeX(x)

2.13 inf Eg|[V(Yr)] < oo, > 0,

213) dut Eq[V(Ve <.

where Y@’s are given by (2.4)), with one fixed Q being used instead of P™’s.

Definition 2.11. Let a given probability measure Q be fixed. We define
the class of utility stochastic fields satisfying (2.12) and whose conjugate

satisfies by FV(Q).

One can see that FV(Q) # 0 for every Q ~ P, as FV(Q) includes all
deterministic Inada utility functions, whose convex conjugates are bounded

from above.

Proposition 2.12. Let the assumptions of Proposition|2.8, and let us con-
sider a sequence of strictly positive numbers x,, converging to x > 0. Let
Yn =1, (), n € N*, and suppose that Y™(y,) is a P"-martingale, n € N*.
Then, for every bounded contingent claim f, x > 0, probability measure Py,
and U, € FV(P,), the indifference prices {pn} = {I(f,zpn,Upn,Pp)} are

singletons, n € N*, and we have

(2.14) lim p, = poo,
n—oo

where each p, has the representation

Y7 (yn) p
Yn

Y (yn)

(2.15) pn = Epn =E Z;ﬁTf] , neN
Y

n

2.6. On sufficient conditions for the martingale property of the
dual minimizer. Sufficient conditions for the martingale property of the
dual minimizer are obtained in the following works. If the returns of risky as-
sets are modeled with Levy processes and with power deterministic utilities,
the martingale property is established in [Kal00]; if the returns are driven
by the processes with independent increments (PII) in the sense of [JS03|
Chapter II], and in power utility settings, the martingale property of the
dual minimizer is obtained in [KMKI10]; characterizations of the martingale

property via the reverse Holder inequality are obtained in [Nutl0]. Beyond
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the power/logarithmic utilities, [MSZ24] connects the martingale property
to the stochastic dominance of the dual domain of any order from second

and higher up to and including the infinite order.

2.7. On relaxation on the boundedness condition on f in Proposi-
tion The stochastic utility settings considered in the paper, in par-
ticular, allow the relaxation of the boundedness condition on the contingent
claim f in Proposition While, in our view, the complete analysis of
this question is a topic of a separate investigation, we consider the following
example.

Let us suppose that f = max(S} — K,0), which is a payoff of a call
option on a risky asset. In this case, in a wide class of models, for example,
in the classical Black-Scholes model of the stock price, if the strike K is
deterministic, the option f is replicable. This implies that it admits a unique
arbitrage-free price, and its indifference price equals the arbitrage-free price
(see, e.g., the argument in [MS24] Lemma 6.2]).

However, if the dynamic of risky assets admits jumps, as in [Mer76],
[Kou02|, [CK11], and [CT04], or if the strike K > 0 is random, the payoff of
the European call option is nonreplicable, see [Shr04, Chapter 11]. Let S* be
strictly positive and maximal in X (S}), where by the maximality we mean
that S%. cannot be dominated by the terminal value of any other element of
X(S}), as in the Black-Scholes model, and let us suppose, without loss of
generality, that Sé =1

Next, starting from a stochastic utility field U satisfying Assumption 2.1}

we introduce the following auxiliary stochastic utility field
(2.16) Ulw,z) := U(w, Sk(w)z), (w,z) € Qx0,00),

and observe that U also satisfies Assumption Then, we have that

f/(w,y) =V (w, S;é@) , (w,y) € Qx10,00),

is the (pointwise in w) convex conjugate of U(w, ). Next, in ([2.10)), we have
to replace the admissibility, that is, boundedness from below by a constant
by the acceptability in the sense of [DS97], where we say a wealth process
X is acceptable if it can be written as X’ — X”, where X’ is a nonnegative

wealth process, and X" is maximal. Now, for the unbounded f as above,
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we replace (2.10) with
(2.17)

X(z,q) := {acceptable X : Xo =z and X7+ qf >0}, (z,q) € R?.

Next, for every X € X(z,q), (z,q) € R?, such that X (x,q) # 0, from (2.16)),

we obtain

- (X
U+ af) =0 (G +adr ).

Setting

X(z) ::{;(1: XEX(m)}, x>0,

we can restate the primal optimization problem as

u(z) = sup E[U(Xr)

XeX(x)
(2.18) x ]
— sup E[U(sf)]: sup E[U(XT)], z > 0.
XeX(z) T XeX(z)

For the dual optimization problem (without random endowment), with
V() :={Ys': YeVu}, y>0,

we set

= inf E[V(Yp)]= inf E|V(pSkH)| = inf E|V(Yp)|, y>O0.
o) = it BV = il E[V7SH| = il E[VO7)].

The change of numéraire allows us to specify the utility maximization prob-
lem (via (2.16])) with a bounded contingent claim

o
2.19 ==
(2.19) Fimdr
as follows. With X (z,q)’s being defined in (2.17)), we set
~ X
(2.20) X(m,q):{slz XGX(m,q)},

where, by the maximality of S in X (1) = X(1,0), we note that maximal
elements of X (1,0) are exactly the maximal elements of X'(1,0) multiplied
by S'. Finally, for every X € X(xz,q), (x,q) € R?, with X := %, we have

B0 +af) =B |0 (52 )| - B [0 (X +a)].

where the latter expression is given in terms of a bounded f . This allows us

to start from unbounded contingent claim f = max(S} — K, 0) by changing
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numéraire to S' and via introducing another Inada utility stochastic field in
to reformulate the notion of an indifference price in Definition m
particularly , in terms of a bounded contingent claim f given in
and stochastic Inada utility field defined in .

In more detail, extending Definition [2.10] to unbounded contingent claims
in the context of this section, particularly to f = max(St — K,0), we can
define an indifference price of f corresponding to the initial wealth z, a
utility stochastic field U, and a probability measure QQ, to be a constant
I=T1I(f,z,U,Q), such that

(2.21) E[U(Xr +qf)] Sulz), qeR, XeX(x—qdllq),

where u(x) is given by ([2.18)). This constant IT is also given by II ( f.z,U, Q)
in the sense of Definition see (2.11)), that is II satisfies (2.21)) if and
only if II satisfies

(2.22) Eq [0(Xr +4f)] <ulx), qeR, XeX(z-qlq),

where U is set in (2.16), u(z) is still given by ([2.18)), f is defined in (2.19)),
and X (z,q)’s are specified in (2.20).
We conclude that (2.16]), (2.19)), (2.20]), and (2.22]) allow us to characterize

the indifference price of unbounded f via the results of the remainder of this

paper obtained for bounded contingent claims.

3. PROOFS

The proof of Proposition [2.8]is given via the following lemmas. We begin
with a structural lemma that establishes a relationship between the domains

of the dual problems.

Lemma 3.1. Let us suppose that Assumption and (noArb|) hold and
consider sets Y™, n € N*, defined in (2.4). Then, we have

Y Y;
() {Zn Zt t€[0,T) ()}
V) = {Y"2" = M ZD) e Y€V W)}, (5m) € (0,00) x IV,
that s

Yre)d'y) < Y"Z"e)Y(y), (y,n)e€ (0,00)x N,
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as well as
Y n .
Ye)dy < Zn e V'(y), (y,n)e€ (0,00)x N*.

Proof. The assertions immediately follow from ([2.4) and Assumption via
[KS98, Lemma 3.5.2]. O

Lemma 3.2. Under the assumptions of Proposition 2.8, we have that con-
dition (2.7) holds, and furthermore, for every n € N*, u, and v, are finite-

valued on (0, 00).

Proof. Let us fix n € N* and z > 0. From conjugacy between U and V', we
get,

U(z) SV(y) +ay, (z,y) € R,
and thus for X € X(z) and Y € )Y(z) as in Assumptions and
respectively, using Lemma 3.1, we get

Y,
(3.1) Z0U(X7) < 20V (ZTJ + XrYy, Pas.
T

Let us consider Z}2U (X7). Taking the expectation, we get
(32)  wil2)>E[Z}U(Xr)] 2 E (23 (-U(X1)] > —o0,

where, in the last inequality, we have used Assumption 2.4 Likewise, in the
right-hand side of (3.1)), taking the expectation, we obtain

Y, Y,
(3.3) vn(2) <E [Zgiv <T>] <E [Z%VJF <T)] < o0,
Zn Zn
where the last inequality follows from Assumption 2.6 As z > 0 and n € N*

are arbitrary, (3.2) and (3.3]) imply (2.7). Furthermore, one can show that

(3.4) un(2) <vp(2) + 2%, 2>0, neN-.

Then, (3.2) and (3.3)) together with (3.4) imply that w, and v, are finite-
valued on (0, c0). O

@

Lemma 3.3. Under the conditions of Proposition |2.8, we have

(3.5) liminf u,(z) > us(z), x> 0.

n—oo
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Proof. Let us fix x > 0 and € € (0,x), and consider X € X(¢), such that
ZRU~(Xr), n € N, is uniformly integrable. The existence of such X follows
from Assumption With X2°(z — €) denoting the optimizer associated

with us at (z —€), we have
(3.6) tn(z) > E [Zg,zU(XT + X (- 5))] . neN-.
Next, from the monotonicity of U, we get
23U (X + X§°(x — €)) < ZJU~(Xp), ne N,
and therefore, using Assumption we get
(3.7) ZRU~ (Xp + X°(x — €)), n € N*, is uniformly integrable under P.
Consequently, from and , using Fatou’s lemma, we get

liminf u,(z) > liminf E [Z{,EU(XT + XXz — 5))}

n—oo n—oo

> E[U(Xr + XF(2—0)] 2 E[UEF@ - )] = usslz ).

As € > 0 is arbitrary, by taking the limit as € | 0, and using continuity of
Uoo at  (by the finiteness of uq, established in Lemma and concavity),
we conclude that (3.5) holds.

([

Lemma 3.4. Under the conditions of Proposition 2.8, we have

(3.8) lim sup vy (y) < voo(y), y > 0.

n—o0

Proof. Let us fix y > 0 and ¢ € (0,y) and denote Y°(y — ¢) the dual

minimizer corresponding associated with v at (y —e). Then, using Lemma
for every Y € ), we get

Yo + VO (y —
Z:’ﬁV(gTJF Tn(y 5)>], n e N*.
ZT

(3.9) un(y) <E

By the monotonicity of V', we get

Vi + Yy — Y,
(3.10) A 7as (6 T 7 g €>> < Zpvt (}f) , neN".
T T
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With Y being as in Assumptionfor y = ¢, let us consider Y = ¥ Then it

€

follows, from (3.10)) and Assumption that the sequence ZJ:V " <%+}§f¢w> ,

T
n € N*, is uniformly integrable. Therefore, using Fatou’s lemma, we obtain

v <5YT + Y (y — 5))]
Z

limsup v, (y) < limsupE

<E[V (Vr+ VR -9)] <E[V (Y@ -2)] = vely—2).

As e > 01in (3.11)) is arbitrary, taking the limit as £ | 0 and using the conti-
nuity of v at y, by its finiteness, established in Lemma and convexity,

we get (3.8).

O

Proof of Proposition[2.8. For n = oo, let us fix x > 0 and let y = ul ().
We notice that the differentiability of us follows from [Mos15, Theorem 3.2]

Then, we have

(3.12) Uoo(@) < liminfuy(z) < limsup v (y) + 2y < voo(y) + 2y = uco(2),

n—00 n—o00

where, in the first inequality, we used Lemma [3.3} in the second - conjugacy
relations; in the third - Lemma and in the (last) equality - [Mosl5|
Theorem 3.2]. As z > 0 is arbitrary and, by [MosI5, Theorem 3.2}, ul_
satisfies the Inada conditions, by the choice of x > 0, y in can take
any value in (0, 00), we deduce that holds. O

Proof of Proposition [2.9. First, for every (z,,n), n € N*, the existence and
uniqueness of optimizers to (2.2]) and (2.5)) follows from Proposition and
[Mos15, Theorem 3.2]. Next, for strictly positive x and y, let us denote

o) =3 (V) + V) - v (T3

(3.13) _ /0 b % { (v’ <z + y;””) _ v’(z)> Lot (21}, 201 (2

i <V, <Z * 362_y> B V,(Z)> 1{x>y}(2)1[y,z-2+y](z)} dz,

then, by the convexity of V., I' > 0, and, for  # y, by the strict convexity
of V, I' > 0. Next, let us define

(3.14) =1 /\g inf (V’ (z + g) - V’(z)) , 0>0,

1,96
2<5+3
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Then, from the strict monotonicity of V/ and the Inada conditions, one can
show that ¢° > 0, P-a.s., for every § > 0.

Let € > 0 be fixed and let Y™ ¢ )Y (2%) be such that Y™ satisfies As-
sumption m € N, and we also set Y*° = 0 and recall from Assumption
2.2]that Z2° = 1. Next, let us define

m
(3.15) A = Y (2,) + Z—T% (n,m) € (N*)?,
where, we recall that )A/{J’(zn) are the (dual) minimizers to (2.5)) corresponding

to n and z,; that is, in (2.5)), we have
Un(zn) = Epn [v (?T"(zn))] , neN-

Assume by contradiction that )?:,?(zn) does not converge in probability to
?TOO (200)- Then, in view of Assumption there exists 0 > 0, such that

. Yo
limsupP | |Y7 (2zn) — w
ZT

n—o0

>5]>5,

which, in view of the construction in (3.15)), we can rewrite as

co,m
(3.16) limsup P [ R T (5} >9, forevery meN.
n—00 ZT
hoo,m

Here we stress that A™™ — 2

T
passing, if necessary, to a smaller 6 > 0, from (3.16|) and Lemma we get
(3.17)

does not depend on m € N*. Next, by

pIem . o0sm i

lim sup P [ Zn

n—oo

I Y2(200) ymooq
>6, Yi(z)+ L2242y Lol >0

Let us denote

(3.18)
1 ~ Y:2(200) ymooq

Ay = QAW = B > 5 V() + L2 42 ) 2L <o b neN
21 21 n«% Zr 0

Then, we can rewrite (3.17) as

(3.19) limsup P[4,,] > § > 0.

n—oo
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Using Assumption and since ¢?, defined in (3.14)), takes values in (0, 1],
from (3.19)), we geﬂ

(3.22) limsup E[C°Z214,] > 0.

n—o0

Recalling that A,’s are defined in (3.18)), ¢° - in (3.14)), and I's in (3.13)),

one can see that, on A,, ' (h”’m,hm’m%%> > (% m € N. Therefore, we

obtain

(3.23)
1
lim sup Epn [F <h"’m, hoo’mn)] > limsupE[¢°Z*14,] >0, meN,
n—oo ZT n—00

where, in the last inequality, we have used (3.22). As limsupE[¢(°Z}1 4, ]

n—oo

does not depend on m € N, we further obtain from (3.23|) that

1
(3.24) lim sup lim sup Epn [F (h”vm, hoo;mﬂ >0,

m—00  M—00 Z%

Next, from the definition of T" in (3.13)), we get

n,m oco,m 1
1 1 R+ WO g 1
(v hn,m Vv hoo,m =V T T hn,m hoo,m
2( (B % ( ZT)> ( 2 i ( | Z%)’

(n,m) € N?, P-as..

Taking the expectations under the respective P™’s, we obtain

(3.25)
% <Eﬂm [V (™)) + Egn [V (hm’mzl;;ﬂ)

n,m oco,m 1
(e g
2

3The short proof of (3.22)) is given in this paragraph: if, by contradiction, we suppose
that

1
+ E]Pn |:F <hn7m, hOO,mn>:| s (n, m) S Nz.
ZT

(3.20) limsupE[¢C°Z14,] =0,

n—oo

then, in particular, we have

(3.21) P- lim ¢°ZF1a4, =0.

n— o0

As ¢°Z%, n € N, are strictly positive and converge to ¢ in probability P, we have

Therefore, we deduce from (3.21) that 14,,, n € N, converge to 0 in probability P, and, by
the Dominated Convergence Theorem, also in L' (P). This contradicts to (3.19).
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Next, for every n € N*| since via Lemma we have that hoo’mzi% is a
terminal value of an element of Y" (zoo + 2%) that is feasible element for
(2.5) at (n, Zoo + 2%), we can bound the right-hand side of (3.25]) from below
by vn (252 + 52) + Epn [T (R, hem L) |, to obtain

Zi

% (Epn [V (h™™)] + Epn [V (hoole%)D

2"+ 200 | € 1 2
> | ——— 4+ — Epn [T | A™™ R — |1, (n, N-.
2 () e [r (g )] o

(3.26)

From Proposition (see (2.8)) and [Roc70, Theorem 10.8], we get

(3.27) lim vy, (2) = Voo (200)-

n—oo

Let us fix m € N. Then, from (3.27)), (3.15)), and the monotonicity of V', we

obtain

Voo(Z00) = lim v, (2,) = lim Epn [V (i}:ﬁ(zn))}

n—oo n—oo

(3.28) ~ v
Z hm sup E]pm |:V <Y773’(2:n) —+ T>:| — hm sup E[Pn [V (hn,m)] )

n—00 Z% n—00

We note that the upper bound in (3.28)), voo (200 ), does not depend on m €
N and that (3.28) gives an asymptotic bound for the first term in (3.26]),
lim sup Epn [V (R™™™)].
n—oo
For the same fixed m € N, let us establish an upper asymptotic bound for
. . coym 1 . .
the second term in ([3.26), lim sup Epn [V (h Z;i)} Using Assumption

n—oo

[2.6] and Fatou’s lemma, similarly to the proof of Lemma [3.4] we get

1
lim sup Epn [v (hoo’mznﬂ <E[V (h™™)]
(3.29) n—oo T

=E [V (?790(200) + Y{“”)} <E [V (?jgo(zw)ﬂ = Uoo(200)5

where, in the last inequality, we also used the monotonicity of V. Let us
observe that the terminal upper bound in (3.29)), Voo (200 ), does not depend

onm € N.
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From (3.26)), (3.28)), and (3.29), we get

o= o vy ()

n 1
(3.30) > limsup (vn (222 4 =) 4 Ep | T (o, poom

€ . 1
= Vo (zoo + 27m) + hzr;s;gp[EPn [F <h”’m,h°°’mz%)] , méeN.

Therefore, rearranging terms in in (3.30)), taking lim sup, and using ({3.24)),

m—0o0
we conclude that

0< linr?jgop li7rln_>5£p Epn [F (h"’m, hoo’mZ1n>] < limsup (UOO(Z) — Voo (zoo + 2%)) ,
T m—r0o0

which, however, contradicts the continuity of v at zo, that follows from

the finiteness of vy, established in Proposition 2.8 and convexity of vn.

We obtain that

(3.31) P- lim Y2 (zn) = Y72 (200).

Now, let y, = ul,(z,), n € N*. We note that y,’s are well-defined by the
differentiability of u,’s, which follows from Proposition item (1), and
[Mos15, Theorem 3.2]. Then, by Lemma 2.8 item (2), and [Roc70}, Theorem
25.7], we deduce that the sequence y,, n € N, converges to y~. Replacing
zp’s with y,,’s in the argument above, similarly to , we get
(3.32) P- lim Y7 (yn) = Y22 (Yoo)-

n—oo

Since, by [Mos15, Theorem 3.2] we have
X0 (zm) = V' (Vi (), neN,

we deduce from the continuity of —V'(w, ), w € ©, and (3.32)) that

~

P- lim X2(zn) = X53°(200).

n—oo

O

Proof of Proposition[2.13 Let us observe that by Lemma the sequence
Yn, n € N, converges to Yoo, and the terminal values of the dual minimizers

converge in probability, that is

P- lim Y7 (yn) = Y2 (Yoo

n—o0
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This, together with Assumption [2.2] implies that

_ i)
Un Yoo

on
(3.33) P- tim zp 2 W)

n—o0

Now, from the martingale property of the dual minimizers, following [MS24],
Theorem 4.2] one can show that the representation holds.

Next, applying the martingale property of dual minimizers again, we de-
duce that

=E

Yoo
and therefore, in view of (3.33) and Scheffe’s lemma, we deduce that the
sequence Z%%, n € N, is uniformly integrable under P and the conver-

gence in also holds in L' (P). Therefore, for every bounded contingent
claim f, the sequence Z%% f, n € N, is also uniformly integrable under
P and since, by , it converges to Z%O% f in probability P, the con-
vergence also takes place in IL!(IP). Together with earlier established ,
this implies (2.14).

yn
1= lim Epn [T(y”)

n—o0 yn

?f%yoo)]

O

4. INDIFFERENCE PRICE INVARIANCE

In this section, we take a closer look at the contingent claims whose

indifference price does not depend on the choice of the probability measure.

4.1. Complete Models. Let work under P, and denote by M the set of

equivalent to P separating measures for S, and suppose that
(4.1) M £,

which is equivalent to assuming and additionally requiring that
Y(1) contains a strictly positive martingale. Here we show that in complete
models, the indifference price of every bounded contingent claim is unique
and coincides with the arbitrage-free price. In fact, the converse is also true.

This is the subject of the following proposition.

Proposition 4.1. Let us suppose that S satisfies (4.1) and consider a prob-

ability measure Q ~ P. Then, the following conditions are equivalent:

(i) the model is complete,
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(ii) for every bounded contingent claim f, the indifference price depends
neither on x > 0, U € FV(Q), Q, nor on & >0, U € FV(P), P, and

we have

(42) H(f7$7Uv@) :E@ [f] :H(fv‘%aUJP))a

where @ is the unique separating measure for S and Il is defined in

Definition [2.10

Proof. Let us introduce

DU .= {77 € LS)F(Q,}',IP’) < Zg, for some Q € M} .

(i) = (ii). One can see that D is a convex and solid hull of the set of
the Radon-Nykodim derivatives of the elements of M with respect to P. It
follows from the argument in [KS99]; see the proofs of Lemmas 4.1 and 4.2,
that DU is also closed in LO(2, F,P). We observe that the completeness
of the model implies that D? has a unique P-a.s. maximal element. Let
us denote this element 7. As M # (), it follows that Eg[n] = 1 and that
17 > 0, Q-a.s.. Therefore, we can define a probability measure @ ~ P via its
Radon-Nykodim derivative that satisfies % = 7. One can see that @ is a
separating measure for S that is unique by the completeness assumption.

Now, let us fix f € L>*°(Q,F,P). Then, for every y > 0 and U € FV(Q),
where FV(Q) is defined in Definition by the maximality of 7 in DY,
we obtain that y7) is the dual minimizer at y. As Eq [)] = 1, we deduce that
the indifference price of f at = > 0 associated with U € FV(Q) and Q is
given by

I(f,z,U,Q) =Eg [f], x>0, UeFVQ).

As a similar argument can be carried out under the probability measure [P,
we conclude that (i) holds.

(ii) = (7). Let (i7) holds. Assume by contradiction that the model is
incomplete. Let V be a bounded from the above deterministic function
on [0,00), such that —V satisfies Assumption and let U its convex
conjugate. As U is non-random and V is bounded from above, one can
show that U € FV(Q)NFV(P). Let us work under the probability measure

Q and consider the utility maximization problem and its dual under Q, that
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(4.3) sup Eg {U(XT)] , x>0,
XeX(x)

and

4.4 inf Eg|V(Yr)|, y>0.

(4.4) ,dnf B V0|, oy

As U € FV(Q) N FV(P), from [MosI5, Theorem 3.2], we deduce that there
exists a unique solution to at y =1, YQ e VQ(1). By the incomplete-
ness of the model assumption, there exists an element Y € Y@(1) such that
A= {YT > ?}Q} has Q[A] > 0. Let us set

L1t (7 (72) =V 1)) 14] |
2k [(V (vr) -V (V)) 1]

As both the numerator and denominator are strictly positive and finite-

valued (by the boundedness of V), we have that a > 0. Next, we define

Uw,z) :==U(z)la + aU(z)1ge, (w,z) € Qx[0,00).
Then, U satisfies Assumption 2T} and its convex conjugate V is given by
V(w,y) =V()la+aV(y)la, (w,y)€Qx[0,00).
Therefore, we have
B [V (7)) =Be |(V (V) - V() 1]
+aBq | (V (V) = V(¥1)) 1ac| +Bq [V (v7)]
—=Eq [V (Yr)| + 3Bq [(V (V) = V(¥1)) 14| > Eg [V(¥r)].

where, in the inequality, we have used the definition of a. Therefore, YQis
not a minimizer to the dual problem with the value function V under the
probability measure Q at y = 1, that is to
(4.5) Cinf Eg [V(?T)} .

YeyQ(1)
The construction of V' implies that V' € FV(Q). Therefore, by [Mosl5,
Theorem 3.2], there exists a unique minimizer to (4.5). Let us denote it
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by Y. Then, from the respective optimality of ¥ and Y? to minimization

problems associated with the value functions V and V, accordingly, we have

Q[?}@>YT} >0 and @[YT>?}Q} > 0.
Let us consider a bounded contingent claim f given by

e 7! (v Q %

f = min (1, _V'(Y9), —V’(YT)> L fps )
Under the measure Q, let us consider the primal problems with the utilities
U and U, respectively. The construction of U and U implies that (2.12))
holds for both primal value functions. Then, with conjugates stochastic
fields V and V/, let us consider the dual problems and denote the dual value
functions by ¥ and v, respectively. One can see that (2.13) holds for both
dual value functions. In view of (2.12) and (2.13]), the results of [MosI5,
Theorem 3.2] apply, and therefore ¢ and v are differentiable. and the initial
wealth —?/(1) and —v’(1). Then, 0 < f < —XN/’(}A’}Q) and 0 < f < —V'(Yp),
where —V” (}A/%Q) and —V'(Yr) are the terminal values of the optimal wealth
processes, which are maximal in X' (—2'(1)) and X (—v'(1)), respectively.

Therefore, one can show that the indifference prices of f associated with U

and U are given by
N(f,~#(1),0,Q) = Eg [V2f] and TI(f,~'(1),U,Q) = Eq [Vrf].
Furthermore, from the construction of f, we get
0 < B [(F2 — Yr)f| = TI(f, (1), 0,Q) - 1(f, ~/(1), U, Q).

Therefore, the indifference price invariance fails in the sense that (4.2)) does
not hold. This is a contradiction. We conclude that the model is complete.
O

4.2. Connection to the results in [Bau03]. A large class of examples
where our results apply and are relevant is given by the financial markets
for weakly informed insiders, as in [Bau03]. We first recall the framework of
[Bau03].

Let T' > 0 be a constant finite time horizon. In this section, we work on a

continuous-time, arbitrage-free financial market. Namely, let (2, (F;)o<t<7, P)
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be a filtered probability space that satisfies the usual conditions (i.e., the fil-
tration F is complete and right-continuous) and such that, moreover, the fil-
tration F is quasi-left-continuous. We assume that there are d basic tradable
assets, the price process of which is am F-adapted positive local martingale
(St)o<t<t - In addition, we assume that S is square-integrable and that Fy is
trivial, which implies that Sy is constant. We assume that (€, (F)o<t<7, P)
is complete in the sense that (S;)o<i<7 enjoys the predictable representation
property.

Let us consider an JFp-measurable random variable Y taking values in a
Polish space P, where P is endowed with its Borel o-algebra B(P). Given
a probability measure v on (P, B(P)), we consider the set £ of probability
measures on (€2, Fr) such that:

(1) Q is equivalent to P;

(2) The distribution of Y under Q is v.
We assume that &Y is not empty, which reduces to the assumption that v
is equivalent to the distribution of Y under P. We recall that the space
Ar(S) of admissible strategies is the space of R%valued and F-predictable
processes O integrable with respect to the price process S such that © -5 is
a (P, F) martingale.

Let us consider a deterministic Inada utility function U, that is, the one
satisfying Assumption and which does not depend on w. The value of
the information (Y,r) for an insider with initial wealth > 0 was defined
in [Bau03] as:

w(z,v) = inf sup EQ[U(z+0-857),
QEE” ocAp(S)
that is u(x,v) is the minimal gain in the utility associated with the antici-
pation (Y, v).
We have the following result.

Proposition 4.2. Let v,, n € N, be a sequence of probability measures on
(P,B(P)) equivalent to v and such that

d
v- lim W _ 1.
n—oo dy

Let P := %(Y) -P¥, n € N, P® :=P", the assumptions of Proposz'tz'on

hold, and the financial market above is complete. Then, for every x > 0, we



24 FABRICE BAUDOIN AND OLEKSII MOSTOVYI

have

7115{)10 u(x,vy) = u(z,v).

Therefore, the value of the weak information in the sense of [Bau03] is con-

tinuous in the topology of the total variation distance.

Proof. 1t follows from Proposition 1 and Theorem 1 in [BNN04] that

u(z,v,) = sup EY [U(z+0O-S7)].
OcAR(S)

Now, the assertions follow from Proposition [2.8 O

4.3. Incomplete models. We begin with the definition of replicability.

Definition 4.3. A bounded random variable f is replicable if there exists an

admissible wealth process X, such that —X is also admissible and X1 = f.

Next, we show that in incomplete markets, bounded replicable contingent

claims are indifference price invariant.

Lemma 4.4. Let us suppose that a separating measure exists for S. Then,
for every Q ~ P, x > 0, and U € FV(Q), the indifference price for every

bounded replicable contingent claim f satisfies
H(f7x7 U7 @) = X0,
where xq s the initial value of the replicating strategy for f.

Proof. Let us fix a bounded and replicable at the initial price zy contingent
claim f. Recalling the definition of sets X'(z,¢)’s in (2.10)), let us set

u(z,q) == sup Eq[UXr+aqf)], (z,9)€R?
XeX(x,q)

where we use the convention as in (2.3)), and here, if for some (x,q) € R?,
X(z,q) =0, we set u(x,q) := —o0.
Next, for every & # xg, let us consider ¢ = sign(xg — &), and we have

(4.6) u(x — qZ,q) = u(x — q& + qxo,0) > u(x,0), x>0,

as u(-,0) is strictly increasing by [MosI5l Theorem 3.2]. We deduce from
Definition and (4.6) that Z is not an indifference price. In turn, for

T = x(, we have

u(x — ¢, q) = u(r — ¢ + 0q,0) = u(z,0), ¢€R,
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and so, by Definition [2.10} zq is an indifference price for f. O

The following example gives an incomplete model, where the set of con-
tingent claims, whose indifference price does not depend on the reference

probability measure, is exactly the set of replicable contingent claims.

Ezxample 4.5. Let us consider a one-period trinomial model on a probability
space, where Q = {w;}?_,, Fo is trivial, and Fj is the discrete o-field on
Q. Let us suppose that there is a risky asset S that satisfies Sg = 1 and
S1(w;) = si, @ = 1,2,3, where s > sy > s3 > 0 are constants. Let us
suppose that there is also a riskless security whose price is equal to 1 at
both times 0 and 1. Supposing that P(w;) > 0, i = 1,2, 3, results in a very
simple example of an incomplete model.

Let us fix any utility function or stochastic field satisfying Assumption
and let its convex conjugate be denoted by V. Let us introduce the con-
straints that every absolutely continuous martingale measure for S satisfies.

3

(4.7) ZQ(M) = 1, Q(wj) > O,j = 1,2,3, and E@ [51] = SO =1.
i=1

Then, for every y > 0, the dual minimization problem amounts to solv-

ing the following constrained minimization problem over vectors describing

probability measures Q as in (4.7)).

d
min E [V (yQ>] ,
(4.8) dP
subject to (4.7)).

Then, one can show that the minimizer exists and is unique for every y > 0.
Let us denote it by @(y), y > 0.

Next, let us consider a different probability measure P ~ P and possibly a
different utility stochastic field satisfying Assumption[2.I] whose convex con-
jugate is denoted by V. Then, for every y > 0, the dual problem analogous
to can be written as

min E [f/ <yd@>] ,
(4.9) dp
subject to (4.7)).

Let us denote the unique minimizer to [{&.9) by Q(y), y > 0.
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Let us consider a contingent claim f on this probability space. The indif-
ference price invariance amounts to verifying whether the following equality

holds or not.

(4.10) EQ(yl) [f] = EQ(yz) 71,

where y; and gy are positive constants, which are the derivatives of the
corresponding primal value functions at some x1 > 0 and xo > 0. Let us
suppose that these x;’s and, therefore, y;’s are fixed and drop ¥;’s in
for simplicity of notations. One can see that the constraints for

and (4.9) lead to

@(wg) _ S2— 1+ @(wl) (s1 — s2) and @(w2) _ 53— 1+ @(wl) (s1— 33),
52753 53 — 82

as well as to

@(WB) =27 Lt @(Wl) (51 = 52) and @(w2) S 1+ Q(Wl) (51— 53)_

S§2 — 83 83 — 82
Therefore, (4.10) leads to the following description of the indifference price
invariant f = f(w;), i1 =1,2,3.

(4.11) (83 — s2)f(w1) + (51 — 83) f(w2) + (52 — s1) f(w3) = 0,

which are represented by the set of vectors in R? that are orthogonal to
(s3 — 89,81 — 83,82 — 51) . In turn, the replicable claims in this model are

the ones given by

(4.12) f=aS+8, (a,p)cR

One can see that (4.11)) and (4.12)) specify the same class of random variables.
Thus, the class of contingent claims whose indifference price depends neither
on the physical probability measure nor the initial wealth nor the utility
stochastic field in the class FV (under the associated physical measure) is

precisely the class of replicable claims.

In the previous example, indifference price invariant claims are exactly
the replicable ones. In general, the class of indifference price invariant (with
respect to changes in the physical probability measure) claims can be strictly

bigger than the class of replicable ones.
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The next example gives an incomplete model, where every bounded con-
tingent claim is indifference price invariant if we restrict ourselves to deter-
ministic utilities, with respect to a particular class of changes of the physical

probability measure P.

Example 4.6. Let us suppose that B and W are independent Brownian
motions on the complete stochastic basis (Q,]—' , (ft)te[o,T]7P)7 where the
filtration (F)icpo,7) is generated by B and W and made right-continuous
and complete, T € (0,00) is a time horizon. Let us suppose that there is a
riskless asset with a price process equal to 1 at all times, and there is one
risky traded asset whose price process is given by
(gt = pdt + odW, te (0,T], Syp=1,
where 4 and o > 0 are constants. Let us introduce the minimal martingale
measure Q, whose Radon-Nikodym derivative with respect to P is given by
d

(4.13) % "y (—§W>T.
Let us consider a deterministic Inada utility function (that is, the one sat-
isfying Assumption and which does not depend on w), whose convex
conjugate V satisfies
(4.14) E {V <y§§)] < oo, y>0.
Following [MSZ24, Example 4.4], one can show that the density of Q is the
dual minimizer for every y > 0.

Next, let us change the probability measure P to P in a way that the
dynamics of S under P is given by

dSy

== fdt + cdWP, te (0,T], So=1,
t

where i € R and Wt@ =Wy + “%ﬂt, t € [0,T], is a Brownian motion under
P. Then, for every deterministic Inada utility function U, whose convex

conjugate V satisfies

_ [~/ dQ
4.15 E|\lV(iy— || < oo, >0,
(115) (152 <

one can show that the density of Q (defined via (4.13)) with respect to P is

the dual minimizer.
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Now, for every f € L>®(Q,F,P), replicable or not, where an example of

a bounded nonreplicable contingent claim is f = 1(p 0}, we have
(4.16) I (f,z,U,P) =Eqg[f] = (f,%,U,P),

where U and U are arbitrary deterministic Inada utility functions, whose

convex conjugates V and V satisfy (4.14) and (4.15), respectively, = and &
are positive constants, Q defined via , and P and P are the probability
measures specified in this example above. We note that and
are adaptations of condition to the present setting of two probability

measures in the case of deterministic utilities U and U.

We conclude that every f € L>°(Q, F,P) is indifference price invariant, in
the sense (4.16]), with respect to a change of probability measure from P to

P that is specified in this example above.

5. COUNTEREXAMPLES

Ezample 5.1. This example shows that without Assumption [2.4] stability
may fail, in particular, the assertions of Proposition 2.8 might not necessarily
hold.

Let us fix a probability space (2, F,P), where the filtration (F)e(o,1] is
the usual augmentation of the filtration generated by a Brownian motion W
and 1 is the time horizon. Let us suppose that there are two traded assets
one riskless with price process equal to 1 at all times and one risky, whose
dynamics is given by

6215: = pdt +odWy, te(0,T], So=1,

where p and o > 0 are constants. Let us set

=1 /2 11\,
Then, one can see that ¢ € L!(P). Now, let us consider a utility stochastic
field

Uw,z) =U(x) — ¢(w), (w,z)€ N x][0,00),

where U is an Inada deterministic utility function. We suppose that U is

negative-valued, e.g., U(ac) = %p, p < 0. One can see that the base model
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satisfies and , as the convex conjugate of U, V', is non-positive-
valued.

Next, let us consider perturbations of the probability measure P, such
that the Radon-Nikodym derivatives of the new probability measures with

respect to IP are given by

27 = /= exp (%wa), neN.

Then, one can see that E[Z]'] = 1, n € N, and P- li_>rn Z7 =1, and so
n—oo
Assumption [2.2] holds.

On the other hand, by direct computations, we have
E[Z{'¢] = 00, mn €N,

and so, for every n € N and every wealth process X € (J X(x), we have
x>0

E (27U (Xr)] = —E[Z7U(X71)]

(5:2) —E (2} (U(Xr) +0)| > E[2}4] = co.

Therefore, Assumption does not hold and, in view of the convention

(2.3), from ([5.2), we have

On the other hand, as ¢ € L}(P), we have that u(x) € (—00,0), = > 0,
which together with implies that the convergence of the primal value
functions in the sense of Proposition item (2), fails. Moreover,
shows that the finiteness of u,, n € N, as in Proposition item (1), fails

too.

As pointed out in Remark Assumption holds under Assumption
if U is deterministic. The next example shows that without Assumption
the assertions of Proposition [2.8] may fail.

Example 5.2. Let us consider the probability space and the financial model
consisting of two assets, as in the previous example. Let us suppose that

the preferences of an economic agent are modeled by a deterministic utility

function U(x) = %p, x > 0, where p € (%, 1). Then, the convex conjugate

of U, V, is given by V(y) = y—;q, y > 0, where ¢ = 1%9 > 1. Under the
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probability measure P, the unique minimizer to the dual problem, for every

y > 0, is given by y%, where

% =£ (_§W>1'

In particular, the dual value function for the base model is finite-valued, as
exp (¢4W1) € LY(P), that is

(5-4) Uso(y) <00,y >0.
Now, with
1
cn=E [exp (—anl{leo}>] ; neN,

let us consider

1 1
Z{L = — exXp < ngl{W1>0}> s n e N.

Cn, n

Then, one can see that Assumption holds. However, we get

¥ y 92 1 [y
+ (Y@ || _ P || _ P
E |ZrV (Z?> —E |2}V (Z{‘> =FE Z{lg (Z{1> ]
2
exp (Lg) y~ 9
(65) _ "/ g [(Z{‘)l_q exp (qﬁwl)}
q g
2
exp (554) v~ g—1
— %_(JE [exp <W131{W1>0} + q”Wlﬂ = 0.
qgcn n ag

This implies that Assumption does not hold. Therefore, in view of the
convention (2.6, using (5.5)), we deduce that

(5.6) vp(y) =00, y>0, neN,

which implies that the finiteness of the dual value functions, as in Propo-
sition item (1), does not hold. Furthermore, from and (5.6), we
conclude that the convergence of the dual value functions in Proposition 2.8
item (2), also does not hold.
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