
inv lve
a journal of mathematics

msp

Fair pricing and hedging under small perturbations of the
numéraire on a finite probability space

William Busching, Delphine Hintz,
Oleksii Mostovyi and Alexey Pozdnyakov

2022 vol. 15, no. 4



msp
INVOLVE 15:4 (2022)

https://doi.org/10.2140/involve.2022.15.649

Fair pricing and hedging under small perturbations
of the numéraire on a finite probability space

William Busching, Delphine Hintz,
Oleksii Mostovyi and Alexey Pozdnyakov

(Communicated by Robert B. Lund)

We consider the problem of fair pricing and hedging in the sense of Föllmer
and Schweizer (1989) under small perturbations of the numéraire. We show that
for replicable claims, the change of numéraire affects neither the fair price nor
the hedging strategy. For nonreplicable claims, we demonstrate that is not the
case. By reformulating the key stochastic control problem in a more tractable
form, we show that both the fair price and optimal strategy are stable with
respect to small perturbations of the numéraire. Further, our approach allows
for explicit asymptotic formulas describing the fair price and hedging strategy’s
leading order correction terms. Mathematically, our results constitute stability and
asymptotic analysis of a stochastic control problem under certain perturbations
of the integrator of the controlled process, where constraints make this problem
hard to analyze.

1. Introduction

In complete market models, the benchmark arbitrage-free pricing and hedging
approach is based on replication, and it typically results in a unique price of a given
security. It is proven in [Geman et al. 1995] that, in such settings, a change of
numéraire affects neither pricing nor hedging. This result allows for more efficient
pricing methodologies based on various changes of numéraire that are particularly
evident for pricing and hedging of interest rate derivatives, where completeness
of the underlying model is often embedded in the model assumption. We refer to
[Brigo and Mercurio 2006] for more details.
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In incomplete markets, the situation is more complicated, in general. While
there is still a class of derivative securities that is replicable, and the assertions of
[Geman et al. 1995] apply to them, there are many other contingent claims that are
nonreplicable and for which even the notion of a price becomes more complicated.
As the arbitrage-free price is not unique for nonreplicable claims, other pricing
methods have been introduced to overcome the nonuniqueness issue. Among them
is fair pricing; see [Föllmer and Schweizer 1989]. It allows for regaining uniqueness
of a (fair) price for a wide class of nonreplicable contingent claims.

As a numéraire is present in essentially every financial model, it is important to
understand the response of the pricing and hedging methodologies to perturbations
of the numéraire. In this work, we aim at understanding how fair pricing and
hedging change under the small perturbations of numéraire. Working in settings
with multiple stocks, we show that for replicable claims, fair pricing and hedging
do not change, while for nonreplicable claims, we obtain explicit formulas for the
first-order corrections for both the fair price and the hedging strategy. We work with
a fairly general parametrization of perturbations of the numéraire. Also, regardless
of the exact form of such perturbations, we show the stability of fair pricing and
hedging with respect to small changes of numéraire.

Mathematically, we study the sensitivity of a solution of a stochastic control
problem to small perturbations of the controlled process. In the settings of a finite
probability space, we identify the conditions for the results to hold, which are
represented via the invertibility of certain conditional covariance matrices. This
condition is closely related to the nonredundancy of a given set of driving stochastic
processes. In the core of our computations is a reformulation of this stochastic
control problem from the one where we seek an optimal strategy among the ones
satisfying the hard-to-deal with self-financing constraints to the one where these
constraints become essentially vacuous. Our examples support the main results
by showing that, for nonreplicable claims, both the fair price and hedging strategy
change under a perturbation of the numéraire, as well as that the change of numéraire
is fairly different from a seemingly related change of interest rate.

Our results complement the ones in [Monat and Stricker 1995], where the stability
of fair pricing is established with respect to perturbations of the claim’s payoff, as
well as [Biagini and Pratelli 1999], by proving first-order corrections to the fair price
and hedging strategy for nonreplicable claims in discontinuous stock-price settings.
Historically, [Merton 1973] was one of the first to complete a change in numéraire,
although the term numéraire was never formally defined in that work, and then
[Margrabe 1978] focused on and clarified the term numéraire and its uses. The work
[Geman et al. 1995] summarizes the history of the numéraire and gives convincing
examples of its usages. We refer to [Karatzas and Kardaras 2021] for a recent litera-
ture overview and multiple contemporary results involving the concept of numéraire.
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The remainder of this paper is organized as follows: In Section 2, we specify the
mathematical model, introduce the notions of fair pricing and hedging, and relate
them to the Föllmer–Schweizer decomposition. In Section 3, we present the notion
of numéraire and establish some important related results that are subsequently
used in Section 4 to characterize fair pricing and hedging under a new tradable
numéraire. We provide examples in Section 5. In Section 6, we consider the stability
of our solution under small perturbations of the numéraire; in Section 7, we obtain
explicit formulas for the first-order correction terms of each component under small
perturbations of the numéraire.

2. Fair pricing and hedging

This section aims to discuss the fair pricing and hedging in the settings with multiple
stocks, making a digression and considering the case separately with one stock,
where the computations become a bit simpler. Consider an economy indexed over
discrete time, with uncertainty represented by a finite probability space (�, F, P).
The flow of information to all agents in this economy is represented by the filtration
F = (Fn)n=0,1,...,T with fixed T ∈ Z+. Assume that F0 is trivial, containing only ∅
and �, and that FT is the power set of �.

We begin by supposing there is a bank account S0 with a price process equal to
one at all times. We use this bank account as a numéraire in our introduction of
the Föllmer–Schweizer decomposition, while noting that our subsequent analysis
enables us to consider a more general tradable numéraire in the same circumstances.
Let S = (Sn)n=0,1,...,T be a d-dimensional vector-valued F-adapted process, i.e.,
each Sn is Fn-measurable, and let Si describe the evolution of the i-th stock,
i ∈ {1, . . . , d}. We take S to describe the discounted price process of d stocks, and
we denote the vector-valued increments of S by 1Sn := Sn − Sn−1 for n = 1, . . . , T.

Let ξ = (ξn)n=1,...,T represent a d-dimensional trading strategy corresponding
to the number of shares of stocks held at any time n. We restrict the strategies to
the ones that are predictable and self-financing, in the following senses: since our
position in the stock market at time n must be chosen at time n − 1, we say that ξ

is predictable, namely, that ξn is Fn−1-measurable for each n ∈ {1, . . . , T }. Let ξ 0

denote the positing in the bank account, and denoting ξ̄ := (ξ 0, ξ), S̄ := (1, S), we
call a strategy ξ̄ to be self-financing if

ξ̄n · S̄n = ξ̄n+1 · S̄n, n ∈ {1, . . . , T − 1}, (1)

where · denotes the scalar product in Rd+1; below we also use the same symbol for
the scalar product in Rd .

Remark 2.1. Condition (1) implies that the accumulated gains and losses resulting
from the asset price fluctuations are the only sources of changes in the portfolio
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value. It can be restated in the equivalent forms

ξ̄n+1 · S̄n+1 − ξ̄n · S̄n = ξ̄n+1 · (S̄n+1 − S̄n), n ∈ {1, . . . , T − 1}, (2)

ξ̄n · S̄n = ξ̄1 · S̄0 +

n∑
k=1

ξ̄k · (S̄k − S̄k−1), n ∈ {1, . . . , T }, (3)

where (3) follows from summation over (2) and ξ̄1 · S̄0 is the initial wealth. We
refer to [Föllmer and Schied 2016, p. 293] for more details. Below, we use the
self-financing condition in the form (3).

Let 2 be the set of all predictable d-dimensional processes (that vacuously corre-
spond to self-financing trading strategies). For ξ ∈ 2, we define the gains process

Gn(ξ) =

n∑
j=1

ξ j · 1S j , n ∈ {1, . . . , T }, (4)

which can be thought of as gains in wealth up to time n for a self-financing trading
strategy. Here and below, 1Wn = Wn − Wn−1 for every process W. An important
observation is that, on the right-hand side of (4), as S0

≡ 1, one can equivalently
use ξ̄ j · 1̄S j ; however, the self-financing condition for such ξ̄ must hold in this case.

Let V0 denote the initial capital invested in the market at time n = 0. Then
the total output from the trading process at time n is given by V0 + Gn(ξ). Now
suppose there exists a derivative security that pays a value H at the final time T. To
successfully hedge this security, we wish to trade in such a way that the trading
output at time T is as close as possible to the payout of the derivative security. One
way to ensure this is to minimize the expected quadratic cost incurred from hedging
the security — namely, by solving the minimization problem

min
V0∈R
ξ∈2

E[(H − V0 − GT (ξ))2
]. (5)

Following [Föllmer and Schweizer 1989], the V0 in (5) is called fair price. We also
call the optimal ξ the fair price-based hedging strategy. To characterize them, we
introduce the discrete Föllmer–Schweizer decomposition, following [Föllmer and
Schweizer 1989; Monat and Stricker 1995].

Theorem 2.2. Let S = M + A be the semimartingale decomposition of S into a
martingale M and a predictable process A. Then every square-integrable and
FN -measurable contingent claim H admits a decomposition

H = V0 +

T∑
k=1

ξk · 1Sk + LT (6)

for some V0 ∈ R, a process ξ ∈ 2, and a martingale L , where
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(1) L and every component of M are orthogonal, meaning E[1Ln1M i
n |Fn−1]= 0

for n ∈ {1, . . . , T } and i ∈ {1, . . . , d};

(2) E[L0] = 0.

Following this decomposition, successful hedging of a contingent claim H
requires the minimization of the unhedgeable LT term. In turn, this is closely
related to the concept of local risk minimization; see [Biagini and Pratelli 1999].

Remark 2.3. When S is a martingale, (6) is the Galtchouk–Kunita–Watanabe
decomposition; see [Kunita and Watanabe 1967; Galtchouk 1975].

The Föllmer–Schweizer decomposition is crucial in obtaining optimal solutions ξ

and V0 to (5). Indeed, following [Föllmer and Schweizer 1989], for d = 1 (that is,
with one risky asset), the recursive formula for ξ is given by

ξn =
CovFn−1

(
H −

∑N
k=n+1 ξk1Sk, 1Sn

)
VarFn−1[1Sn]

, n ∈ {1, . . . , T }, (7)

where CovFn−1 and VarFn−1 denote the conditional covariance and variance, respec-
tively.

It is this optimal strategy that we examine under a change of numéraire in the
next section. Note that, in (7), we need the process VarFn−1[1Sn], n ∈ {1, . . . , T },
to be strictly positive.

Remark 2.4. With multiple risky assets, this condition is replaced with the in-
vertibility of conditional covariance matrices with probability 1. This condition is
closely related to the nonredundancy of given stocks. However, the stability and
asymptotic analysis are only imposed for the base model corresponding to ϵ = 0.

3. Change of numéraire

To establish the machinery to change to a general numéraire, we begin by defining
the set of general wealth processes starting from x to be

X (x) :=

{
x + Gn(ξ) = x +

n∑
k=1

ξk · 1Sk
∣∣ ξ ∈ 2, n ∈ {0, . . . , T }

}
, x ∈ R. (8)

A numéraire, most generally, can be defined as any strictly positive nondividend-
paying asset. We focus on a tradable numéraire: that is, the ones where N is a
strictly positive element of X (1). That is, N has the form

Nn = 1 +

n∑
k=1

ηk · 1Sk, n ∈ {0, . . . , T }, (9)

for some η ∈ 2. The normalization condition N0 = 1 is common in the literature.
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The Föllmer–Schweizer decomposition discussed above utilizes an unchanging
bank account as a numéraire; i.e., N ≡ 1 is constant at all times [0, T ]. Indeed, a
numéraire N ≡ 1 is implicit in many results in the field.

By a change in numéraire, we mean a change of units in which a price process
of the traded securities, S̄ = (1, S), is measured. Note that this process includes
the bank account with value one across our time horizon as well as d stocks — all
encoded in a vector S̄. We denote the (d+1)-dimensional price process of traded
securities under a change of numéraire by

SN
:=

(
1
N

,
S
N

)
.

Under the new numéraire, it is natural to introduce the set of wealth processes
analogous to (8); this is done in (10) below. To emphasize the self-financing
constraints under a change of numéraire, first, we notice that one can rewrite (8) as

X(x)=
{

x+

n∑
k=1

ξ̄k ·1S̄k
∣∣ξ̄ is predictable and self-financing, n∈{0, . . . ,T }

}
, x∈R.

This allows us to naturally extend (8) to the set of wealth processes under the
numéraire N as

X N(x) :={
x+

n∑
k=1

ξ̄k ·1SN
k

∣∣ξ̄ is predictable and self-financing, n∈{0, . . . ,T }

}
, x∈R, (10)

where the self-financing condition, analogous to (1), must now hold under the
numéraire N, that is,

ξ̄n · SN
n = ξ̄n+1 · SN

n , 1 ≤ n ≤ T − 1, (11)

or, similarly, along the lines of Remark 2.1,

ξ̄n · SN
n = ξ̄1 · SN

0 +

n∑
k=1

ξ̄k · (SN
k − SN

k−1), n ∈ {1, . . . , T }, (12)

where ξ̄1 · SN
0 is the initial wealth.

We begin with a convenient result, analogous to Lemma 6.1 of [Mostovyi 2020],
which demonstrates that wealth processes under a change of tradable numéraire
adjust in an expected way. In particular, the replicable claims stay replicable under
a change of numéraire. The proof of this result is similar to the proof of Lemma 4.2
below, and it is skipped.

Lemma 3.1. Consider a stock price process under a change of numéraire
SN

= (1/N , S/N ). Let us fix x ∈ R and consider the sets of wealth processes under
the old and new numéraires X (x) and X N (x) given by equations (8) and (10),
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respectively. Then, we have

X N (x) =
X (x)

N
=

{
X
N

=

(
Xn

Nn

)
n∈{0,...,T }

∣∣∣ X ∈ X (x)

}
. (13)

4. Fair pricing and hedging and a numéraire change

We now turn to the question of applying the Föllmer–Schweizer decomposition-
based hedging mechanism in an environment with a new numéraire. This has to
be done with care. First, let us observe that the objective function in (5) can be
rewritten as

min
X∈

⋃
x∈R X (x)

E[(H − XT )2
]. (14)

As the contingent claim H measured under the new numéraire to N is worth H/N,
using the notation of the previous section, the natural formulation of (5) under N
becomes

min
X N ∈

⋃
x∈R X N (x)

E

[(
H
NT

− X N
T

)2]
. (15)

Recalling the definition of X N (x) (including the self-financing condition (11)), the
latter minimization problem (15) can be restated as

minimize E

[(
H
NT

−
V0

N0
−

T∑
k=1

ξ̄k · 1SN
k

)2]
,

subject to V0 ∈ R, ξ̄ is predictable and satisfies (11).

(16)

The optimal V0 and ξ̄ to (16) (whose existence is proven below) are defined to be
the fair price and the fair price-based hedging strategy (or simply, the hedging
strategy) under the numéraire N.

One can see that the self-financing constraint (11) enters problem (16) and makes
it harder to analyze. Whereas in (5), we considered a risk-free asset, whose incre-
ments 1S0

≡ 0 at all times as a component of 1S̄, and 1SN has no zero component,
in general, since a tradable numéraire may change over time. In the change of
numéraire case, the optimal ξ̄ then additionally depends on the risk-free asset, which
may evolve over time. The component of ξ̄ corresponding to investment in the risk-
free asset cannot, therefore, be chosen essentially after solving (16) in a way to make
the optimal ξ̄ self-financing, as the self-financing condition (11) is a constraint on our
minimization problem (16). The following lemma demonstrates how we can bypass
this issue by reformulating the minimization problem (16) in a more convenient way.

Let us consider

min
V0∈R
ξ∈2

E

[(
H − V0 −

∑T
k=1 ξk · 1Sk

NT

)2]
, (17)
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and let W ∈
⋃

x∈R X (x) and W N
∈

⋃
x∈R X N (x) denote the optimal wealth pro-

cesses to (16) and (17), respectively.

Lemma 4.1. Let N be a tradable numéraire. Then, (16) is equivalent to (17)
in the sense that the objective functions are equal, and there is a one-to-one
correspondence between the optimal wealth processes to (16) and (17), which
are unique with probability 1, and we have

W N
=

W
N

. (18)

Proof. Observe that the expression X N
:= V0 +

∑T
k=1 ξ̄k · 1SN

k is in X N (V0).
Applying (13), we have X N

= X/N for some X of the form Xn = V0+
∑n

k=1 ξk ·1Sk ,
where n ∈ {0, . . . , T }, such that X ∈ X (V0). Note that the ξ that gives rise to each
wealth process may be different, but V0 must be the same in both, due to the
normalization condition N0 = 1 and Lemma 3.1. Then (16), or rather the equivalent
problem (15), becomes

min
X N ∈

⋃
V0∈R X N (V0)

E

[(
H
NT

− X N
T

)2]
= min

X∈
⋃

V0∈R X (V0)
E

[(
H
NT

−
XT

NT

)2]

= min
V0∈R
ξ∈2

E

[(
H −V0 −

∑T
k=1 ξk ·1Sk

NT

)2]
, (19)

which is (17). The chain of equalities above shows the objective functions in (16)
and (17) are equal. Next, using the direct method from the calculus of variations and
strict convexity of the function x 7→ x2, x ∈ R, appearing in the objective, one can
show the existence and uniqueness of the optimal self-financing wealth processes
under the corresponding numéraires that are the minimizers to (16) and (17). The
computations above, in particular (19) and Lemma 3.1, imply (18). □

To emphasize the self-financing constraints, similarly to reformulation (16), one
can restate (17) as

minimize E

[(
H − V0 −

∑T
k=1 ξ̄k · 1S̄k

NT

)2]
,

subject to V0 ∈ R, ξ̄ is predictable and satisfies (1).
(20)

The following lemma establishes a relationship between the optimal hedging strate-
gies for (16) and (20).

Lemma 4.2. Let W N
n = V0 +

∑n
k=1 ξ

(1)
k · 1SN

k and Wn = V0 +
∑n

k=1 ξ
(2)
k · 1S̄k ,

where n ∈ {0, . . . , T }, be the optimal self-financing wealth processes for (16)



FAIR PRICING AND HEDGING UNDER SMALL PERTURBATIONS 657

and (20), respectively. Then, we have

ξ (1)
n · 1S̄n = ξ (2)

n · 1S̄n, n ∈ {1, . . . , T }, (21)

ξ (1)
n · 1SN

n = ξ (2)
n · 1SN

n , n ∈ {1, . . . , T }. (22)

In particular, one can use the same strategy to optimize both (16) and (20).

Remark 4.3. Lemmas 4.1 and 4.2 assert that, for replicable claims (that is, the
ones that are represented by a terminal value of an element of

⋃
x∈R X (x)) change

of numéraire affects neither the fair price nor the hedging strategy.

Proof of Lemma 4.2. As, by Lemma 4.1, NnW N
n = Wn , n ∈ {0, . . . , T }, we get

1Wn = 1(W N
n Nn),

that is,

ξ (2)
n · 1S̄n = W N

n−11Nn + Nn−11W N
n + 1W N

n 1Nn

= W N
n−11Nn + (Nn−1 + 1Nn)ξ

(1)
n · 1SN

n

= W N
n−11Nn + ξ (1)

n · (Nn−11SN
n + 1SN

n 1Nn). (23)

As S̄n = SN
n Nn , we get

1S̄n = 1(SN
n Nn) = SN

n Nn − SN
n−1 Nn−1 = SN

n−11Nn + Nn−11SN
n + 1SN

n 1Nn,

and thus
Nn−11SN

n + 1SN
n 1Nn = 1S̄n − SN

n−11Nn.

This allows us to rewrite (particularly, the last term in) (23) as

ξ (2)
n · 1S̄n = W N

n−11Nn + ξ (1)
n · (1S̄n−1 − SN

n−11Nn)

= ξ (1)
n · 1S̄n + (W N

n − ξ (1)
n · SN

n )1Nn

= ξ (1)
n · 1S̄n +

(
V0 +

n∑
k=1

ξ
(1)
k · 1SN

k − ξ (1)
n · SN

n

)
1Nn. (24)

Notice that the self-financing condition for ξ (1), particularly in the form (12), implies

V0 +

n∑
k=1

ξ
(1)
k · 1SN

k − ξ (1)
n · SN

n = 0,

which is precisely the term in the parentheses in the last line of (24). This allows
us to rewrite (24) as (21). We obtain (22) similarly. □

Next, we apply Lemmas 4.1 and 4.2 to characterize Föllmer–Schweizer de-
composition under a change of numéraire. For simplicity of notation, for random
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variables X and Y, let us introduce

CN
Fn

(X, Y )

:= EFn

[(
X

NT
−

EFn [X N−2
T ]

NT EFn [N−2
T ]

)(
Y
NT

−
EFn [Y N−2

T ]

NT EFn [N−2
T ]

)]
, n ∈ {1, . . . , T }, (25)

and consider the matrix-valued process

Cn := (CN
Fn−1

(1Si
n, 1S j

n ))i, j=1,...,d , n ∈ {1, . . . , T }. (26)

If Cn is invertible with probability 1 for all n, we can define recursively, backward-
in-time, vector-valued processes ξ and c as

ξn := [Cn]
−1cn, n ∈ {T, . . . ,1}, where

cn :=

{
(CN

FT −1
(H,1Si

T ))i=1,...,d if n = T,(
CN
Fn−1

(
H−

∑T
k=n+1 ξk ·1Sk,1Si

n
))

i=1,...,d if n ∈ {T −1, . . . ,1}.

(27)

For ξ given by (27), let us also set

Vn = EFn

[(
H −

T∑
k=n+1

ξk · 1Sk

)
N−2

T

EFn [N−2
T ]

]
, n ∈ {0, . . . , T − 1}. (28)

Theorem 4.4. Consider a model with T periods and d stocks. Let us consider C,
defined in (26), and assume that [Cn]

−1 exists for every n ∈ {1, . . . , T }. Then V0,
defined in (28), is the fair price, and ξ , defined in (27), is the ( fair price-based)
hedging strategy under the numéraire N, i.e., the optimizers to (17). We also have

H
NT

= V0 +

T∑
k=1

ξk · 1SN
k + LT , (29)

where L is the unhedgeable part that satisfies properties (1) and (2) in the statement
of Theorem 2.2.

Remark 4.5. The process V defined in (28) can be thought as the conditional fair
price process under the numéraire N , where Vn , n ∈ {0, . . . , T − 1}, is the fair
price under the information available up to time n. We can further extend V to T,
by setting VT = H/NT . In particular, at n = 0, V0 is the conditional fair price under
trivial information represented by F0. This is consistent with the (usual, or rather
unconditional) fair price.

Remark 4.6. Invertibility of Cn for every n ∈ {1, . . . , T } is closely connected to
the nonredundancy of d stocks.

Proof of Theorem 4.4. The proof proceeds recursively, backward in time. For
brevity of the exposition, we focus on the main step and consider the minimization
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problem at time n ∈ {0, . . . , T − 1}, and if n + 1 < T, assume we have already
found ξn+2, . . . , ξT . Let us define

Ṽn+1 := H −

T∑
k=n+2

ξk · 1Sk . (30)

Now, at time n, we want to minimize

EFn

[(
Ṽn+1 − Vn − ξn+1 · 1Sn+1

NT

)2]
, (31)

where the minimization is taken over all random variables Vn and ξn+1 measurable
with respect to Fn .

Using the first-order conditions, we take the partial derivative of the objective
function in (31) with respect to Vn , to obtain

∂

∂Vn
EFn

[(
Ṽn+1−Vn −ξn+1 ·1Sn+1

NT

)2]
= −2EFn

[
Ṽn+1−Vn −ξn+1 ·1Sn+1

N 2
T

]
= 0,

and therefore, we get

Vn =
EFn [Ṽn+1 N−2

T ] − ξn+1 · EFn [1Sn+1 N−2
T ]

EFn [N−2
T ]

,

which, in view of (30), is exactly (28). Next, we substitute this Vn back into our
objective function (31), and take partial derivatives with respect to each component
of ξ to obtain, for j ∈ {1, . . . , d},

∂

∂ξ j EFn

[(
Ṽn+1

NT
−

EFn [Ṽn+1 N−2
T ]

NT EFn [N−2
T ]

− ξn+1 ·

(
1Sn+1

NT
−

EFn [1Sn+1 N−2
T ]

NT EFn [N−2
T ]

))2]
= 0.

Computing these derivatives and using the notation specified in (25), we find that

d∑
i=1

ξ i
n+1C

N
Fn

(1Si , 1S j ) = CN
Fn

(Ṽn+1, 1S j ), j ∈ {1, . . . , d}.

Recalling the notation for C in (26) and for c in (27), we can rewrite the latter
equation as

Cn+1ξn+1 = cn+1.

Now, using the assumed invertibility of Cn+1, we have

ξn+1 = [Cn+1]
−1cn+1,

which gives ξ in (27). Now, from Lemmas 4.1 and 4.2, one can show (29). □
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S0 = 2

uS0 = 4

cS0 = 2

d S0 = 1

Figure 1. A one-period trinomial model.

5. Examples

To illustrate the results and to highlight some special features related to fair pricing
under the change of numéraire, we consider the following examples, where we find
the optimal trading strategy and the corresponding fair price using Theorem 4.4.
Key features of the results can be illustrated in a one-period trinomial model with
one risky asset. Let the initial stock price S0 equal 2. Also, let an increase in stock
price happen by the factor of u = 2, a lack of movement be c = 1, and the down
movement occur by the factor d =

1
2 so that uS0 = 4, cS0 = 2, and d S0 = 1 and so

on; see Figure 1. Let the probability of an up move occurring be 1
6 , the probability

of a down move be 1
3 , and the probability of the stock staying steady be 1

2 .
The following example shows that for nonreplicable contingent claims, the fair

price and the optimal strategy in the sense of optimization problem (17) change
with N.

Example 5.1. We demonstrate the results of Section 3 as applied to the trinomial
model, obtaining the optimal hedging strategy and initial capital once a change of
numéraire has been enacted.

(a) Consider a tradable numéraire given by 1 +
1
21S. Let H be a European call

option which yields max{0, K −S1}, where S1 is the value of the stock at time 1 and
K = 3 is the strike price. Then, using Theorem 4.4 for the one-period, one-stock
case, we deduce

ξ1 =
CN
F0

(H, 1S1)

CN
F0

(1S1, 1S1)
=

E

[
(HE[N−2

1 ]−E[H N−2
1 ])(1S1E[N−2

1 ]−E[1S1 N−2
1 ])

(N1E[N−2
1 ])2

]
E

[(
1S1E[N−2

1 ]−E[1S1 N−2
1 ]

N1E[N−2
1 ]

)2] .

Computing the expectations using the values above gives

E[N−2
1 ] =

(
1

1 +
1
2(2)

)2
1
6

+

(
1

1 +
1
2(0)

)2
1
2

+

(
1
1
2

)2
1
3

=
45
24

.

Substitution yields
ξ =

75
576

≈ 0.13021.
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This would indicate that the optimal amount of stock to buy at time 0 is approxi-
mately 0.13021 of a share. The same process can be used to find V0. Calculating
the expectations gives

V0 =
471
4320

≈ 0.10903.

(b) Comparison with optimal strategy when N ≡ 1. For comparison, we now
assume the numéraire N ≡ 1 and use the original one-period, one-stock formulas
for the optimal trading strategy and initial value. The choice of N ≡ 1 simplifies
the formulas for the optimal trading strategy ξ and the fair price V0 to the following
equations for the one-period, one-stock case:

ξ1 =
Cov(H, 1S1)

Var(1S1)
=

E[(H − E[H ])(1S1 − E[1S1])]

E[(1S1 − E[1S1])2]
,

V0 = E[H ] − ξ1E[1S1].

(32)

Using the same method and information described above, the optimal trading
strategy under the numéraire N ≡ 1 is 1

3 and the fair price is 1
6 . Notice that this

differs from the optimal strategy and fair price under a different numéraire. Thus,
the choice of the numéraire affects the optimal strategy and the fair price.

The following example shows that changes of numéraire are different from the
changes of interest rates, in general.

Example 5.2. There is the relatively common supposition that a change in the
numéraire relates to a change in the interest rate, or at the very least, that per-
turbations of both act similarly. In this example, we include calculations on the
interest rate in order to lay the groundwork for the understanding that perturbations
of the interest rate and perturbations of the numéraire are not related, in general.
In one-period settings, let us consider the model of the stock price as in Example 5.1,
and let us suppose that the interest rate is a constant r > 0 (instead of 0, as in part (b)
of Example 5.1). Formulating the optimization problem similarly to (17), where
the role of N is played by the bank account, leads to the computations performed
in [Föllmer and Schweizer 1989, Section 2], which assert that the optimal ξ does
not change compared to (32), whereas the fair price V0 is given by

V0 = E

[
H

1 + r

]
− ξ1E

[
S1

1 + r
− S0

]
,

which is different from V0 specified through Theorem 4.4, in general, even nota-
tionally, as r does not enter (17). This simple example shows that the perturbations
of the interest rate are different from the perturbations of the numéraire.
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6. Stability under perturbations of the numéraire

We now address the stability of the Föllmer–Schweizer decomposition under pertur-
bations of the numéraire. Stability has already been shown for perturbations of VT

in [Monat and Stricker 1995] and for perturbations of S in [Boese et al. 2020]. We
consider a family of F-adapted strictly positive numéraire processes parametrized
by ϵ, writing (N ϵ)ϵ∈(−ϵ0,ϵ0) for some ϵ0 > 0. A specific example of such a family
is given in the following section, but for now we only suppose that

lim
ϵ→0

N ϵ
n (ω) = N 0

n (ω) = 1 for every n ∈ {0, . . . , T } and ω ∈ �. (33)

Remark 6.1. We stress that, in (33) and below, the limits should be understood in
the following sense: We fix n and ω, then we take a limit as ϵ → 0. Thus, the limit
in (33) and other limits below hold for every ω ∈ �. In particular, the set of ω, for
which (33) and other limits below exist, has probability 1.

Theorem 6.2. For some ϵ0 > 0, let us consider a family of numéraire processes1

((N ϵ
n )n∈{0,...,T })ϵ∈(−ϵ0,ϵ0) satisfying (33). Let us suppose that, for every n∈{1, . . . ,T },

(CovFn−1(1Si
n, 1S j

n ))i, j=1,...,d is invertible with probability 1.2 Then there exists
ϵ̄0 ∈ (0, ϵ0] such that, for every random variable H and ϵ ∈ (−ϵ̄0, ϵ̄0), the as-
sumptions of Theorem 4.4 are satisfied. Furthermore, the corresponding family of
numéraire adjusted Föllmer–Schweizer decompositions3

H
N ϵ

T
= V ϵ

0 +

T∑
k=1

ξ ϵ
k · 1SN ϵ

k + Lϵ
T , ϵ ∈ (−ϵ̄0, ϵ̄0),

where ξ ϵ are given via (27), satisfies

lim
ϵ→0

ξ ϵ
n = ξ 0

n , n ∈ {1, . . . , T },

lim
ϵ→0

1SN ϵ

n = 1S̄n, n ∈ {1, . . . , T },

lim
ϵ→0

V ϵ
0 = V 0

0 ,

lim
ϵ→0

Lϵ
n = L0

n, n ∈ {0, . . . , T }.

Proof. The proof goes recursively, backward in n. First, consider n = T. Since we
are working on a finite probability space, via the definition of conditional expectation
and (33), we get

lim
ϵ→0

EFT −1[N ϵ
T ] = EFT −1[N 0

T ] = 1,

1Strict positivity for each ϵ ∈ (−ϵ0, ϵ0) is embedded in the definition of the numéraires.
2This conditional covariance matrix-valued process is C defined in (26) for N 0

≡ 1.
3These decompositions are given via (29) in Theorem 4.4.
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and by continuity of f (x) = x−2 on (0, ∞), we obtain

lim
ϵ→0

EFT −1[(N ϵ
T )−2

] = EFT −1[(N 0
T )−2

] = 1.

Moreover, this implies for random variables X and Y, both not depending on ϵ, that
we have

lim
ϵ→0

CN ϵ
T

FT −1
[X, Y ]

= lim
ϵ→0

EFT −1

[(
X

N ϵ
T

−
EFT −1[X (N ϵ

T )−2
]

N ϵ
T EFT −1[(N ϵ

T )−2]

)(
Y
N ϵ

T
−

EFT −1[Y (N ϵ
T )−2

]

N ϵ
T EFT −1[(N ϵ

T )−2]

)]
= EFT −1

[
lim
ϵ→0

(
X

N ϵ
T

−
EFT −1[X (N ϵ

T )−2
]

N ϵ
T EFT −1[(N ϵ

T )−2]

)(
Y
N ϵ

T
−

EFT −1[Y (N ϵ
T )−2

]

N ϵ
T EFT −1[(N ϵ

T )−2]

)]

= EFT −1

[(
X

limϵ→0 N ϵ
T

−
limϵ→0 EFT −1[X (N ϵ

T )−2
]

limϵ→0 N ϵ
T limϵ→0 EFT −1[(N ϵ

T )−2]

)
×

(
Y

limϵ→0 N ϵ
T

−
limϵ→0 EFT −1[Y (N ϵ

T )−2
]

limϵ→0 N ϵ
T limϵ→0 EFT −1[(N ϵ

T )−2]

)]

= EFT −1

[(
X

N 0
T

−
EFT −1[X (N 0

T )−2
]

N 0
T EFT −1[(N 0

T )−2]

)(
Y
N 0

T

−
EFT −1[Y (N 0

T )−2
]

N 0
T EFT −1[(N 0

T )−2]

)]
= EFT −1[(X − EFT −1[X ])(Y − EFT −1[Y ])]

= CovFT −1[X, Y ], (34)

which holds for every ω ∈ �. Thus, the continuity of CN ϵ
TFT −1

[X, Y ] in ϵ, and
invertibility of CN 0

n , for every n ∈ {1, . . . , T }, imply that there exists ϵ̄0 ∈ (0, ϵ0)

such that CN ϵ
n is invertible for every ϵ ∈ (−ϵ̄0, ϵ̄0) and every n ∈ {1, . . . , T }. Such

invertibility also implies continuity of [(CN ϵ
TFT −1

[1Si
T , 1S j

T ])d
i, j=1]

−1 at ϵ = 0, that is,

lim
ϵ→0

[(CN ϵ
T

FT −1
[1Si

T , 1S j
T ])d

i, j=1]
−1

= [(CN 0
T

FT −1
[1Si

T , 1S j
T ])d

i, j=1]
−1.

Consequently, from (34), we deduce that

lim
ϵ→0

ξ ϵ
T = lim

ϵ→0
[(CN ϵ

T
FT −1

[1Si
T , 1S j

T ])d
i, j=1]

−1(CN ϵ
T

FT −1
[H, 1Si

T ])d
i=1

= [( lim
ϵ→0

CN ϵ
T

FT −1
[1Si

T , 1S j
T ])d

i, j=1]
−1( lim

ϵ→0
CN ϵ

T
FT −1

[H, 1Si
T ])d

i=1

= [(CovFT −1[1Si
T , 1S j

T ])d
i, j=1]

−1(CovFT −1[H, 1Si
T ])d

i=1 = ξ 0
T (35)

for every ω ∈ �. If T = 1, this completes the proof for the stability of ξ . If T > 1,
defining

Aϵ
n := H −

T∑
k=n+1

ξ ϵ
k · 1SN ϵ

k , n ∈ {0, . . . , T − 1}, ϵ ∈ (−ϵ0, ϵ0),
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from (35), we get
lim
ϵ→0

Aϵ
T −1 = A0

T −1, ω ∈ �.

Consequently, as with (34), we obtain

lim
ϵ→0

CN ϵ
T

FT −2
[Aϵ

T −1, 1ST −1]

= lim
ϵ→0

EFT −2

[(
Aϵ

T −1

N ϵ
T

−
EFT −2[Aϵ

T −1(N ϵ
T )−2

]

N ϵ
T EFT −2[(N ϵ

T )−2]

)(
1ST −1

N ϵ
T

−
EFT −2[1ST −1(N ϵ

T )−2
]

N ϵ
T EFT −2[(N ϵ

T )−2]

)]
= EFT −2

[(
limϵ→0 Aϵ

T −1

limϵ→0 N ϵ
T

−
limϵ→0 EFT −2[Aϵ

T −1(N ϵ
T )−2

]

limϵ→0 N ϵ
T EFT −2[(N ϵ

T )−2]

)
×

(
1ST −1

limϵ→0 N ϵ
T

−
limϵ→0 EFT −2[1ST −1(N ϵ

T )−2
]

limϵ→0 N ϵ
T EFT −2[(N ϵ

T )−2]

)]
= EFT −2[(A0

T −1 − EFT −2[A0
T −1])(1ST −1 − EFT −2[1ST −1])]

= CovFT −2[A0
T −1, 1ST −1], ω ∈ �,

and as with (35), we obtain the vector equation

lim
ϵ→0

ξ ϵ
T −1= lim

ϵ→0
[(CN ϵ

T
FT −2

[1Si
T −1, 1S j

T −1])
d
i, j=1]

−1(CN ϵ
T

FT −2
[Aϵ

T −1, 1Si
T −1])

d
i=1

= [( lim
ϵ→0

CN ϵ
T

FT −2
[1Si

T −1, 1S j
T −1])

d
i, j=1]

−1( lim
ϵ→0

CN ϵ
T

FT −2
[Aϵ

T −1, 1Si
T −1])

d
i=1

= [(CovFT −2[1Si
T −1, 1S j

T −1])
d
i, j=1]

−1(CovFT −2[A0
T −1, 1Si

T −1])
d
i=1

= ξ 0
T −1, ω ∈ �.

Proceeding in this manner, one can show

lim
ϵ→0

ξ ϵ
n = ξ 0

n , n ∈ {1, . . . , N }, ω ∈ �. (36)

We also obtain

lim
ϵ→0

1SN ϵ

n = lim
ϵ→0

(
S̄n

N ϵ
n

−
S̄n−1

N ϵ
n−1

)
=

S̄n

limϵ→0 N ϵ
n

−
S̄n−1

limϵ→0 N ϵ
n−1

= S̄n − S̄n−1 =1S̄n,

giving us, via (36), the equality

lim
ϵ→0

n∑
k=1

ξ ϵ
k · 1SN ϵ

k =

n∑
k=1

ξ 0
k · 1S̄k, n ∈ {1, . . . , T }, ω ∈ �. (37)

Therefore, by taking the expectation of

H
N ϵ

T
= V ϵ

0 +

T∑
k=1

ξ ϵ
k · 1SN ϵ

k + Lϵ
T , (38)
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and using limϵ→0 H/N ϵ
= H, E[Lϵ

T ] = 0, and (37), we get limϵ→0 V ϵ
0 = V 0

0 .
Consequently, from convergence of the left-hand side in (38) to H, convergence
of V ϵ

0 to V 0
0 , and (37), we obtain limϵ→0 Lϵ

T = L0
T . Finally, using the martingale

condition EFn [L
ϵ
T ] = Lϵ

n on Lϵ, we conclude the proof with

lim
ϵ→0

Lϵ
n = L0

n, n ∈ {0, . . . , T }. □

7. Asymptotic analysis

In order to quantify how the fair price and trading strategy respond to numéraire per-
turbations, we introduce a (linear) parametrization of a tradable numéraire given by

N ϵ
n = 1 + ϵ

n∑
k=1

ηk · 1Sk, ϵ ∈ (−ϵ0, ϵ0), (39)

where η ∈ 2, and ϵ0 is chosen so that N ϵ > 0 for every ϵ ∈ (−ϵ0, ϵ0). Note that
this satisfies (33), and so Theorem 6.2 is used throughout this section. Now we
define the processes

N ′

n := lim
ϵ→0

N ϵ
n −N 0

n

ϵ
= lim

ϵ→0

1+ϵ
∑n

k=1 ηk ·1Sk −1
ϵ

=

n∑
k=1

ηk ·1Sk, n ∈{0, . . . , T }.

For every ϵ ∈ (−ϵ0, ϵ0), we denote by Cϵ , cϵ , and ξ ϵ the processes defined in (26)
and (27), respectively, corresponding to the numéraire N ϵ . We also set

J ′

n := −2N ′

T + 2EFn [N ′

T ],

C′

n(X, Y ) := −EFn [X J ′

n(Y − EFn [Y ])] − EFn [Y J ′

n(X − EFn [X ])]

− 2EFn [(X − EFn [X ])N ′

T (Y − EFn [Y ])],

C′

n := (C′

n−1(1Si
n, 1S j

n ))i, j∈{1,...,d}, n ∈ {1, . . . , T }.

For n = T, we introduce

c′

T := (C′

T −1(H, 1Si
T ))i∈{1,...,d}, (40)

ξ ′

T := [C0
T ]

−1(c′

T −C′

T ξ 0
T ). (41)

Continuing recursively, backward in time, for every n ∈ {T − 1, . . . , 1}, we define

A′

n+1 = −

T∑
k=n+1

ξ ′

k · 1S̄k +

T∑
k=n+1

ξ 0
k · 1(S̄N ′)k,

where S̄N ′ is a vector-valued stochastic process (N ′, S1 N ′, . . . , Sd N ′),

C̃ ′

n(X, Y ) := C′

n(X, Y ) + EFn [(A′

n+1 − E[A′

n+1])(Y − EFn [Y ])],
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c′

n :=

(
C̃ ′

n−1

(
H −

T∑
k=n+1

ξ 0
k · 1S̄k, 1Si

T

))
i∈{1,...,d}

, (42)

ξ ′

n := [C0
n]

−1(c′

n −C′

nξ
0
n ), n ∈ {T − 1, . . . , 1}. (43)

The following theorem gives the first-order corrections to the fair price, the hedging
strategy, and the unhedgeable component under small perturbations of the numéraire.

Theorem 7.1. Consider a family of numéraire processes ((N ϵ
n )n∈{0,...,T })ϵ∈(−ϵ0,ϵ0)

given by (39). Let us suppose that (CovFn−1(1Si
n, 1S j

n ))i, j=1,...,d is invertible for
every n ∈ {1, . . . , T } with probability 1.4 Then, for every H, there exists ϵ̄0 ∈ (0, ϵ0]

such that for every ϵ ∈ (−ϵ̄0, ϵ̄0) with probability 1 we have

H
N ϵ

T
= V ϵ

0 +

T∑
k=1

ξ ϵ
k · 1SN ϵ

k + Lϵ
T , (44)

where ξ ϵ are given via (27) with N = N ϵ. The first-order corrections to the optimal
trading strategy ξn , fair price V0, and unhedgeable component Ln are given by

lim
ϵ→0

ξ ϵ
n − ξ 0

n

ϵ
= ξ ′

n, n ∈ {1, . . . , T }, (45)

where ξ ′
n , n ∈ {1, . . . , T − 1}, is given by (43) and ξ ′

T is specified in (41),

lim
ϵ→0

V ϵ
0 − V 0

0

ϵ
= E

[ T∑
k=1

ξ 0
k · 1(S̄N ′)k − HT N ′

T −

T∑
k=1

ξ ′

k · 1S̄k

]
, (46)

and

lim
ϵ→0

Lϵ
n−L0

n

ϵ
= EFn

[ T∑
k=1

ξ 0
k ·1(S̄N ′)k

]
−E

[ T∑
k=1

ξ 0
k ·1(S̄N ′)k

]
−

(
EFn [HT N ′

T ]−E[HT N ′

T ]

+EFn

[ T∑
k=1

ξ ′

k ·1S̄k

]
−E

[ T∑
k=1

ξ ′

k ·1S̄k

])
, n ∈ {0, . . . ,T }. (47)

Proof. The proof parallels the proof of [Boese et al. 2020, Theorem 6.3], so, for
brevity of the exposition, we only outline the main steps. We observe that invertibil-
ity of [C0

n]
−1, n ∈ {1, . . . , T }, and the argument in the proof of Theorem 6.2 imply

that there exists ϵ̄0 ∈ (0, ϵ0] such that [Cϵ
n]

−1 are invertible for every n ∈ {1, . . . , T }

and ϵ ∈ (−ϵ̄0, ϵ̄0). This implies that the assertions of 4.4 apply for every ϵ ∈

(−ϵ̄0, ϵ̄0), and therefore (44) holds. To show equation (45), we proceed recursively,
backward in time, where (45) follows from direct computations.

4This condition is the same as in Theorem 6.2. Again, we only impose it for the base model
corresponding to ϵ = 0.
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Now, we show (46). As E[Lϵ
T ]= 0, for every ϵ ∈ (−ϵ̄0, ϵ̄0), taking the expectation

in (44), we deduce that

V ϵ
0 = E

[
H
N ϵ

T
−

T∑
k=1

ξ ϵ
k · 1SN ϵ

k

]
, ϵ ∈ (−ϵ̄0, ϵ̄0). (48)

One can see that

lim
ϵ→0

1
ϵ

(
E

[
H
N ϵ

T

]
− E

[
H
N 0

T

])
= E[H N ′

T ], (49)

and

lim
ϵ→0

1
ϵ

E

[ T∑
k=1

ξ ϵ
k ·1SN ϵ

k −

T∑
k=1

ξ 0
k ·1SN 0

k

]
=E

[ T∑
k=1

ξ ′

k ·1S̄k−

T∑
k=1

ξ 0
k ·1(S̄N ′)k

]
, (50)

Therefore, using (49) and (50), with (48), we deduce that (46) holds.
Finally, we show (47). Again, we start from (44), which we can rewrite as

Lϵ
T =

H
N ϵ

T
− V0 −

T∑
k=1

ξ ϵ
k · 1SN ϵ

k . (51)

Since Lϵ is a P-martingale, for every ϵ ∈ (−ϵ̄0, ϵ̄0), from (51), we obtain

Lϵ
n = EFn [L

ϵ
T ] = −V0 + EFn

[
H
N ϵ

T
−

T∑
k=1

ξ ϵ
k · 1SN ϵ

k

]
. (52)

For every ω ∈ � and n ∈ {0, . . . , T }, one can see that

lim
ϵ→0

1
ϵ

EFn

[
H
N ϵ

T
−

H
N 0

T

]
= −EFn [H N ′

T ] (53)

and

lim
ϵ→0

1
ϵ

EFn

[ T∑
k=1

ξ ϵ
k ·1SN ϵ

k −

T∑
k=1

ξ 0
k ·1S0

k

]
=EFn

[ T∑
k=1

ξ ′

k ·1S̄k−

T∑
k=1

ξ 0
k ·1(S̄N ′)k

]
. (54)

Therefore, from (52), using (53) and (54), we obtain (47). □
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