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Abstract. We develop a second-order sensitivity theory for stochastic control problems arising

in portfolio optimization under perturbations of the objective function. Specifically, we consider

utility maximization in incomplete semimartingale markets subject to smooth perturbations of

investor preferences and establish second-order envelope theorems for the associated primal and

dual value functions.

Our approach combines a perturbation theory for convex conjugates with the duality meth-

ods of stochastic control. We derive explicit first- and second-order asymptotic expansions for

perturbed conjugate functions and use them to obtain second-order expansions of the value

functions together with first-order expansions of the corresponding optimizers. The result-

ing second-order coefficients are characterized by quadratic minimization problems and admit

alternative representations in terms of risk-tolerance wealth processes, when available, and

Kunita–Watanabe decompositions. The perturbation theory for convex conjugates developed

here may be of independent interest in convex and variational analysis.

1. Introduction

Envelope theorems are a cornerstone of optimization theory, providing sensitivity formulas for

optimal values under perturbations of the objective function. While such results are classical in

finite-dimensional settings, their extension to stochastic control problems is significantly more

delicate. From a broader perspective, the problem can be viewed as a parametrized stochastic

control problem, where perturbations act at the level of the objective functional rather than the

system dynamics. In continuous-time portfolio optimization, even first-order envelope theorems

require a careful interplay between duality methods and martingale techniques, as perturbations

affect both the objective function and the optimizer. Obtaining second-order information is

substantially more challenging and requires a refined combination of asymptotic analysis and

structural properties of the problem.

This paper develops a second-order sensitivity theory for stochastic control problems arising

in portfolio optimization in incomplete semimartingale markets under perturbations of investor

preferences. More specifically, we consider smooth perturbations of the utility function and
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establish second-order envelope theorems for the associated primal and dual value functions,

together with first-order expansions of the corresponding optimizers.

The motivation for such results is twofold. First, second-order sensitivity plays a central

role in the asymptotic analysis and stability theory of utility maximization, complementing the

well-developed first-order framework. Second, these expansions provide a natural mathematical

framework for sensitivity of indifference prices and value functions with respect to preference

parameters (often referred to as preference-based “Greeks”), where sensitivities arise alongside

classical model perturbations. A growing body of work has studied sensitivity with respect

to perturbations of market inputs, including changes in model coefficients and semimartingale

characteristics (see, e.g., [MS19, MS24]). In contrast, perturbations of preferences act directly

at the level of the objective function, leading to fundamentally different structures and requiring

new analytical tools. The present paper develops a complementary perspective by focusing on

preference perturbations and establishing a second-order sensitivity framework tailored to this

setting.

A key feature of our approach is the interplay between two components. On the deter-

ministic side, we develop a perturbation theory for convex conjugates, deriving explicit first-

and second-order asymptotic expansions for perturbed conjugate functions. Classical stability

properties of convex conjugation and infimal convolution under variational convergence are well

understood; see, for example, [Mor70, Att84, RW98, Mor06], while perturbation analysis and

envelope theorems have been extensively studied in optimization theory; see [BS00, MS02].

However, explicit second-order expansions for convex conjugates—equivalently, for infimal con-

volutions—appear to be largely unavailable in this generality. Related notions of second-order

epi-differentiability and proto-differentiability have been extensively investigated in variational

analysis; see, e.g., [Roc88, PR96, PRT00]. The results obtained here provide such expansions in

a form suitable for stochastic control applications and yield a perturbation theory of indepen-

dent interest in convex and variational analysis, with explicit first- and second-order expansions

for the associated convex conjugates derived in Appendix A.

On the stochastic side, we combine these deterministic expansions with duality methods for

portfolio optimization and the quadratic analysis of [KS06a]. This interaction allows us to lift

second-order expansions to the level of stochastic control and to obtain tractable characteri-

zations of the resulting sensitivity coefficients. The analysis reveals a Hilbert space structure

underlying second-order sensitivity, governed by orthogonal decompositions of square-integrable

martingale spaces under suitable endogenous probability measures and numéraires.

Our main results establish:

(1) A perturbation theory for convex conjugates, providing explicit first- and second-order

expansions and derivative formulas for the associated conjugates;
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(2) Second-order expansions for the primal and dual value functions with respect to both

initial wealth and the preference perturbation parameter;

(3) Quadratic minimization representations for the second-order coefficients in terms of

orthogonal projections in martingale spaces;

(4) First-order expansions of the optimal terminal wealth and state-price density, with

derivatives characterized by the same quadratic minimization problems;

(5) Alternative representations of the sensitivity coefficients via risk-tolerance wealth pro-

cesses and Kunita–Watanabe decompositions;

The perturbations are naturally encoded by the ratio of marginal utilities evaluated at the

optimal terminal wealth, which serves as a fundamental perturbation variable. Remarkably, the

second-order coefficients depend only on its orthogonal projections, revealing a unified Hilbert

space structure underlying the sensitivity analysis. The results provide explicit second-order

envelope theorems for stochastic control problems under preference perturbations in a general

semimartingale setting, together with a systematic perturbation theory for convex conjugates

adapted to this context.

The remainder of the paper is organized as follows. Section 2 contains the model formu-

lation. Section 3 contains the main results, including second-order envelope theorems for the

value functions and first-order expansions of the optimizers. Section 4 contains the proofs.

Section 5 provides an alternative description of the second-order coefficients in terms of risk-

tolerance wealth processes and Kunita–Watanabe decompositions. Appendix A contains first-

and second-order expansions for perturbed convex conjugates.

2. Model formulation

We consider a financial market consisting of one riskless asset, whose discounted price is

normalized to one, and (d) risky assets whose discounted price process S = (S1, . . . , Sd) is a

semimartingale on a filtered probability space (Ω,F , (Ft)0≤t≤T ,P), where the filtration satisfies

the usual conditions.

For x > 0, let

X (x) := {X ≥ 0 : X = x+H · S for some predictable S-integrable process H}

denote the family of nonnegative wealth processes with initial wealth x. For y > 0, let

Y(y) := {Y ≥ 0 : Y0 = y, XY is a supermartingale for every X ∈ X (1)}

denote the family of supermartingale deflators. Throughout the paper we assume the absence

of arbitrage in the sense of [KK07] that is equivalent to

(1) Y(1) ̸= ∅.
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Let U : (0,∞) → R be a utility function satisfying the Inada conditions

U ′(0) = ∞, U ′(∞) = 0,

and let

V (y) := sup
x>0

(
U(x)− xy

)
, y > 0,

be its convex conjugate.

We consider perturbations of preferences of the form

(2) U ε := U + εŨ , ε ∈ R,

where Ũ is another utility function. The corresponding convex conjugate is given by

V ε(y) := sup
x>0

(
U ε(x)− xy

)
, y > 0.

For (x, ε) ∈ (0,∞)× R, we define the primal value function

(3) u(x, ε) := sup
X∈X (x)

E[U ε(XT )],

and the dual value function

(4) v(y, ε) := inf
Y ∈Y(y)

E[V ε(YT )].

For ε = 0, we write

u(x) := u(x, 0), v(y) := v(y, 0),

and assume that

(5) v(y) = v(y, 0) < ∞, y > 0.

Assumption 2.1. There exists ε0 > 0 such that, for every |ε| < ε0, the utility function

U ε := U + εŨ defined in (2) satisfies the Inada conditions and has relative risk aversion

Aε(x) := −x(U ε)′′(x)

(U ε)′(x)
, x > 0,

uniformly bounded away from zero and infinity. That is, there exist constants 0 < a ≤ b < ∞
such that

a ≤ Aε(x) ≤ b, x > 0, |ε| < ε0.

For fixed x > 0 and y = ux(x, 0), we denote by

X̂ = X̂(x)

and

Ŷ = Ŷ (y)

the primal and dual optimizers corresponding to the unperturbed problem.
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3. Second-order analysis

3.1. Perturbation directions. The key role in the second-order analysis is played by the

sets M2 and N 2 or complementary and orthogonal martingales under the probability measure

defined via
dR
dP

=
X̂T (x, 0)ŶT (y, 0)

xy
.

M2 and N 2 are introduced in [KS06a] in a two-step procedure. First, while the original assets

are
(
1, S1, . . . , Sd

)
, we change numéraire to

(6) SX :=

(
x

X̂
,
xS1

X̂
, . . . ,

xSd

X̂

)
,

and second, we define

M2 :=
{
M ∈ H2

0(R) : M = H · SX for some H
}
,

where H2
0(R) is the set of square-integrable martingales under R with the initial value 0. The

complement of M2 in H2
0(R) is denoted by N 2, that is

N 2 := {N ∈ H2
0(R) : MN is a R martingale for every M ∈ M2}.

The second-order expansions naturally depend only on the induced perturbations under the

numéraire X̂ and the measure R. Therefore, it is convenient to formulate the expansions in

terms of the Hilbert spaces M2 and N 2. In order for M2 and N 2 be complementary in H2
0(R),

we need the following assumption.

Assumption 3.1. Let us suppose that SX is sigma-bounded in the sense of [KS06a, Definition

1].

The primal perturbations correspond to martingales in M2, whereas the dual perturbations

correspond to orthogonal martingales in N 2. The orthogonality representation

H2
0(R) = M2 ⊕N 2

plays a central role in the duality relations below.

Let us denote by M∞ the family of uniformly bounded wealth processes under the numéraire

X̂ with initial value 0, that is the family of semimartingalesM such that for some δ = δ(M) > 0,

we have

X(1 + δM) ∈ X (x) and X(1− δM) ∈ X (x).

By N∞ we denote the family of semimartingales N such that for some δ = δ(N) > 0, we have

Y (1 + δN) ∈ Y(y) and Y (1− δN) ∈ Y(y).

Let

(7) fT :=
Ũ ′(X̂T )

U ′(X̂T )
.
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We assume throughout that

(8) fT ∈ L2(R).

This is natural, since the quadratic minimization problems below (10) and (14) defining uεε

and vεε contain fT as the forcing term.

3.2. Second-order derivatives and quadratic expansions. Let us set

(9) uxx(x, 0) = − inf
M∈M2

y

x
ER [A(XT (x, 0)) (1 +MT )

2] .
(10) uεε(x, 0) = − inf

M∈M2

y

x
ER

[
A(XT (x, 0))M

2
T − 2x

Ũ ′(XT (x, 0))

U ′(XT (x, 0))
MT

]
.

With M̂x and M̂ ε denoting the optimizers to (9) and (10), respectively, we get

(11) uxε(x, 0) = −y

x
ER

[
A(XT (x, 0))(1 + M̂x

T )M̂
ε
T − x

Ũ ′(XT (x, 0))

U ′(XT (x, 0))
(1 + M̂x

T )

]
.

Remark 3.2. (Consistency check) In the particular case Ũ = U , as Ũ ′(XT (x,0))
U ′(XT (x,0))

≡ 1, for every

M ∈ M2, the second term in (10) becomes

y

x
ER

[
2x

Ũ ′(XT (x, 0))

U ′(XT (x, 0))
MT

]
= 0,

as M is a square-integrable martingale under R, (10), in this case, becomes

uεε(x, 0) = − inf
M∈M2

y

x
ER [A(XT (x, 0))M

2
T

]
= 0,

where the infimum is reached at M̂ ε ≡ 0. Thus, the quadratic coefficient uεε(x, 0) vanishes, as

expected from the identity

U ε = (1 + ε)U.

This provides a simple consistency check for the representation (10).

Now, let us specify the quadratic expansion terms for the dual value function. Let us first

introduce

B(y) := −(V 0)′′(y)y

(V 0)′(y)
, y > 0,

and observe that if y = U ′(x), then

(12) A(x)B(y) = 1.

Observe that by the envelope theorem type computations, we get

V ε(y) = V 0(y) + εŨ(I(y))− ε2

2

(
Ũ ′(I(y))

)2
U ′′(I(y))

+ o(ε2), y > 0.
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(13) vyy(y, 0) = inf
N∈N 2

x

y
ER
[
B
(
ŶT (y, 0)

)
(1 +NT )

2
]
.

(14) vεε(y, 0) =
x

y
inf

N∈N 2
ER

B(ŶT )

(
NT − y

Ũ ′(X̂T )

U ′(X̂T )

)2
 .

With N̂y and N̂ ε denoting the optimizers to (13) and (14), respectively, let us set

(15) vyε(y, 0) =
x

y
ER

[
B(ŶT )

(
1 + N̂y

T

)(
N̂ ε

T − y
Ũ ′(X̂T )

U ′(X̂T )

)]
.

Remark 3.3. (Consistency check) In particular, if Ũ = U , then

U ε = (1 + ε)U,

and therefore

(16) V ε(y) = (1 + ε)V

(
y

1 + ε

)
.

Consequently,

v(y, ε) = (1 + ε)v

(
y

1 + ε
, 0

)
.

To show the heuristic consistency, assuming enough differentiability of v and differentiating

twice with respect to ε at ε = 0, yields

(17) vεε(y, 0) = y2vyy(y, 0).

On the other hand, if Ũ = U , then

Ũ ′(X̂T )

U ′(X̂T )
≡ 1,

and (14) becomes

(18) vεε(y, 0) =
x

y
inf

N∈N 2
ER
[
B(ŶT )(NT − y)2

]
.

Factoring out y2, using the fact that N → −N
y
is a bijection of N 2 onto itself, and by comparing

to (13), we can rewrite the latter equality as

vεε(y, 0) = y2
(
x

y
inf

N∈N 2
ER
[
B(ŶT ) (NT + 1)2

])
= y2vyy(y, 0),

in agreement with (17). In particular, comparing (13) and (18), we conclude that the minimum

in (18) is attained for

(19) N̂ ε
T = −yN̂y

T ,
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where N̂y is the minimizer to (13). Thus, if Ũ = U , (14) becomes analogous to (13), as

perturbations in ε for the primal objective, translate into the perspective mapping of the dual

objective as in (16).

We summarize that, if Ũ = U , similarly to (16), (14) reproduces the identity

(20) v(y, ε) = (1 + ε)v

(
y

1 + ε
, 0

)
,

and, additionally, (13) and (14) satisfy

vεε(y, 0) = y2
(
x

y
inf

N∈N 2
ER
[
B(ŶT ) (NT + 1)2

])
= y2vyy(y, 0),

which can also be heuristically obtained from differentiation in (20). This provides a consistency

check for the dual representation.

Theorem 3.4. Let x > 0 be fixed. Suppose that (1), (5), (8), and Assumptions 2.1 and 3.1

hold. Assume, in addition, that

(21) Ũ(X̂T ) ∈ L1(P ), Ũ ′(X̂T )X̂T ∈ L1(P ).

Then, we have

(22)

u(x+∆x, ε) =u(x, 0) +

(
y

E
[
Ũ(X̂T (x, 0))

])⊤(
∆x

ε

)

+
1

2

(
∆x

ε

)⊤(
uxx(x, 0) uxε(x, 0)

uxε(x, 0) uεε(x, 0)

)(
∆x

ε

)
+ o(∆x2 + ε2).

(23)

v(y +∆y, ε) =v(y, 0) +

(
−x

E
[
Ũ(X̂T (x, 0))

])⊤(
∆y

ε

)

+
1

2

(
∆y

ε

)⊤(
vyy(y, 0) vyε(y, 0)

vyε(y, 0) vεε(y, 0)

)(
∆y

ε

)
+ o(∆y2 + ε2).

The first-order sensitivity of the value functions with respect to perturbations of preferences

admits a particularly simple form. The following envelope-type theorem is the corollary of

Theorem 3.4, and follows immediately from the second-order expansions established in Theo-

rem 3.4.

Corollary 3.5. Let x > 0 be fixed. Suppose that the assumptions of Theorem 3.4 hold. Then,

the primal value function satisfies

u(x, ε) = u(x, 0) + εE[Ũ(X̂T (x))] + o(ε), ε → 0,

where X̂(x) is the optimizer corresponding to the utility function U . In particular,

uε(x, 0) = E[Ũ(X̂T (x))].
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Similarly, if y = ux(x, 0), then

v(y, ε) = v(y, 0) + εE[Ũ(X̂T (x))] + o(ε), ε → 0,

and

vε(y, 0) = E[Ũ(X̂T (x))].

Remark 3.6. The identities

uε(x, 0) = vε(y, 0) = E[Ũ(X̂T )]

may be viewed as envelope theorems for the primal and dual optimization problems. In partic-

ular, the derivative of the value function with respect to the preference parameter is obtained

by differentiating the objective function while keeping the optimizer fixed. A related envelope

theorem for convex conjugates is presented in Appendix A.

Theorem 3.7. Let x > 0 be fixed and suppose that assumptions of Theorem 3.4 hold. Then,

for y = ux(x, 0), we have

(24)

uxx(x, 0) = − 1

vyy(y, 0)
,

uxε(x, 0) = −vyε(y, 0)

vyy(y, 0)
= uxx(x, 0)vyε(y, 0),

uεε(x, 0) = vεε(y, 0) + vyε(y, 0)uxε(x, 0),

and

(25) 1 + N̂y
T = −A(X̂T )(1 + M̂x

T ),

and

(26) N̂ ε
T − y

Ũ ′(X̂T )

U ′(X̂T )
= −A(X̂T )M̂

ε
T + x

Ũ ′(X̂T )

U ′(X̂T )
.

Theorem 3.8 (First-order derivatives of the optimizers). Let x > 0 be fixed and suppose that

assumptions of Theorem 3.4 hold. With X̂T (x, ε) and ŶT (y, ε) denoting the primal and dual

optimizers, as (∆x, ε) → (0, 0), we have

1

|∆x|+ |ε|

∣∣∣∣X̂T (x+∆x, ε)− X̂T

(
1 +

∆x

x
(1 + M̂x

T ) +
ε

x
M̂ ε

T

)∣∣∣∣→ 0

in P-probability. Similarly, as (∆y, ε) → (0, 0),

1

|∆y|+ |ε|

∣∣∣∣ŶT (y +∆y, ε)− ŶT

(
1 +

∆y

y
(1 + N̂y

T ) +
ε

y
N̂ ε

T

)∣∣∣∣→ 0

in P-probability.
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4. Proofs of the main results

We will need the following lemma, which is a consequences of [MS19, Lemma 4.12].

Lemma 4.1. Suppose U θ has relative risk aversion uniformly bounded away from zero and

infinity. Then for every compact interval K ⊂ (0,∞), there exists CK > 0 such that

Iθ(λy) ≤ CKI
θ(y), λ ∈ K.

Lemma 4.2. Let x > 0 be fixed and suppose that assumptions of Theorem 3.4 hold. Then, we

have

u(x+∆x, ε) ≥u(x, 0) +

(
y

E
[
Ũ(X̂T (x, 0))

])⊤(
∆x

ε

)

+
1

2

(
∆x

ε

)⊤(
uxx(x, 0) uxε(x, 0)

uxε(x, 0) uεε(x, 0)

)(
∆x

ε

)
+ o(∆x2 + ε2).

Proof. Let us fix predictable S-integrable Hx and Hε such that
(

x(1+Hx·S)
X̂

)
and xHε·S

X̂
are

bounded.

Let

XT (∆x, ε) := X̂T +∆x(1 +Hx · ST ) + ε(Hε · ST ).

Equivalently, writing

P x :=
x(1 +Hx · ST )

X̂T

, P ε :=
x(Hε · ST )

X̂T

,

we have

XT (∆x, ε) = X̂T

(
1 +

∆x

x
P x +

ε

x
P ε

)
.

For fixed ∆x and ε, define

η :=
∆x

x
P x +

ε

x
P ε

and consider

g(z) := U zε
(
X̂T (1 + zη)

)
, z ∈ [0, 1].

Since

U zε = U + zεŨ ,

we have

g(z) = U
(
X̂T (1 + zη)

)
+ zεŨ

(
X̂T (1 + zη)

)
.

Then

g(0) = U(X̂T ),

and

g(1) = U ε(X∆x,ε
T ).
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A direct differentiation gives

g′(z) = U ′(X̂T (1 + zη)
)
X̂Tη + εŨ

(
X̂T (1 + zη)

)
+ zεŨ ′(X̂T (1 + zη)

)
X̂Tη.

In particular,

g′(0) = U ′(X̂T )X̂Tη + εŨ(X̂T ).

Since U ′(X̂T ) = ŶT , this yields

E[g′(0)] = y∆x+ εE[Ũ(X̂T )].

Next,

g′′(z) = U ′′(X̂T (1 + zη)
)
X̂2

Tη
2

+ 2εŨ ′(X̂T (1 + zη)
)
X̂Tη

+ zεŨ ′′(X̂T (1 + zη)
)
X̂2

Tη
2.

Therefore,

g′′(0) = U ′′(X̂T )X̂
2
Tη

2 + 2εŨ ′(X̂T )X̂Tη.

By Taylor’s formula with integral remainder,

g(1) = g(0) + g′(0) +

∫ 1

0

(1− z)g′′(z) dz.

Equivalently,

g(1) = g(0) + g′(0) +
1

2
g′′(0) + r(∆x, ε),

where

r(∆x, ε) :=

∫ 1

0

(1− z)
(
g′′(z)− g′′(0)

)
dz.

Thus,

U ε(X∆x,ε
T ) = U(X̂T ) + U ′(X̂T )X̂Tη + εŨ(X̂T )

+
1

2
U ′′(X̂T )X̂

2
Tη

2 + εŨ ′(X̂T )X̂Tη + r(∆x, ε).

Since

η =
∆x

x
P x +

ε

x
P ε,

the second-order part expands as

1

2
U ′′(X̂T )X̂

2
Tη

2 =
1

2
U ′′(X̂T )

(
∆x(1 +Hx · ST ) + ε(Hε · ST )

)2
=

1

2
U ′′(X̂T )(1 +Hx · ST )

2∆x2

+ U ′′(X̂T )(1 +Hx · ST )(H
ε · ST )∆x ε

+
1

2
U ′′(X̂T )(H

ε · ST )
2ε2.

Also,

εŨ ′(X̂T )X̂Tη = Ũ ′(X̂T )(1 +Hx · ST )∆x ε+ Ũ ′(X̂T )(H
ε · ST )ε

2.
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Combining these terms gives

U ε(XT (∆x, ε)) = U(X̂T ) + U ′(X̂T )(1 +Hx · ST )∆x

+
(
U ′(X̂T )(H

ε · ST ) + Ũ(X̂T )
)
ε

+
1

2
U ′′(X̂T )(1 +Hx · ST )

2∆x2

+
[
U ′′(X̂T )(1 +Hx · ST )(H

ε · ST ) + Ũ ′(X̂T )(1 +Hx · ST )
]
∆x ε

+
1

2

[
U ′′(X̂T )(H

ε · ST )
2 + 2Ũ ′(X̂T )(H

ε · ST )
]
ε2

+ r(∆x, ε).

Here, let us observe that with

Xz
T = X̂T

(
1 +

z

x
(∆xP x + εP ε)

)
,

we have

r(∆x, ε) =
1

x2

∫ 1

0

(1− z)
[
U ′′(Xz

T )− U ′′(X̂T )
]
X̂2

T

(
∆xP x + εP ε

)2
dz

+
2ε

x

∫ 1

0

(1− z)
[
Ũ ′(Xz

T )− Ũ ′(X̂T )
]
X̂T

(
∆xP x + εP ε

)
dz

+
ε

x2

∫ 1

0

(1− z)zŨ ′′(Xz
T )X̂

2
T

(
∆xP x + εP ε

)2
dz.

Let

ρ :=
√
∆x2 + ε2.

Since P x and P ε are bounded, there is a constant C > 0 such that

|η| =
∣∣∣∣∆x

x
P x +

ε

x
P ε

∣∣∣∣ ≤ Cρ.

For (∆x, ε) sufficiently small, we also have

1 + zη ∈ [1− δ, 1 + δ], z ∈ [0, 1].

Recall that

Xz
T = X̂T (1 + zη).

We write

r(∆x, ε) = r1(∆x, ε) + r2(∆x, ε) + r3(∆x, ε),

where

r1(∆x, ε) :=

∫ 1

0

(1− z)
[
U ′′(Xz

T )− U ′′(X̂T )
]
X̂2

Tη
2 dz,

r2(∆x, ε) := 2ε

∫ 1

0

(1− z)
[
Ũ ′(Xz

T )− Ũ ′(X̂T )
]
X̂Tη dz,

r3(∆x, ε) := ε

∫ 1

0

(1− z)zŨ ′′(Xz
T )X̂

2
Tη

2 dz.
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We first consider r1. Since Xz
T/X̂T ∈ [1 − δ, 1 + δ], the boundedness of the relative risk

aversion of U implies

|U ′′(Xz
T )|(Xz

T )
2 ≤ CU ′(X̂T )X̂T .

Equivalently,

|U ′′(Xz
T )|X̂2

T ≤ CU ′(X̂T )X̂T = CŶT X̂T .

The same bound holds with Xz
T replaced by X̂T . Hence∣∣∣U ′′(Xz

T )− U ′′(X̂T )
∣∣∣ X̂2

T ≤ CX̂T ŶT .

Since

E[X̂T ŶT ] = xy < ∞,

and Since

Xz
T → X̂T a.s.,

and U ′′ is continuous,

U ′′(Xz
T ) → U ′′(X̂T ) a.s.

Vitali’s theorem gives

E
[∣∣∣U ′′(Xz

T )− U ′′(X̂T )
∣∣∣ X̂2

T

]
→ 0.

Since η2 ≤ Cρ2, it follows that

E[|r1(∆x, ε)|] = o(ρ2).

For the second term, since Xz
T/X̂T ∈ [1− δ, 1 + δ], the power estimates implied by bounded

relative risk aversion of Ũ give

Ũ ′(Xz
T )X

z
T ≤ CŨ ′(X̂T )X̂T .

Thus, ∣∣∣Ũ ′(Xz
T )− Ũ ′(X̂T )

∣∣∣ X̂T ≤ CŨ ′(X̂T )X̂T .

By assumption,

Ũ ′(X̂T )X̂T ∈ L1(P).

Since

Xz
T → X̂T a.s.,

and U ′ is continuous,

Ũ ′(Xz
T ) → Ũ ′(X̂T ) a.s.,

Vitali’s theorem yields

E
[∣∣∣Ũ ′(Xz

T )− Ũ ′(X̂T )
∣∣∣ X̂T

]
→ 0.

Moreover,

|ε| |η| ≤ Cρ2.

Therefore,

E[|r2(∆x, ε)|] = o(ρ2).
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Finally, for r3, using bounded relative risk aversion of Ũ , we have

|Ũ ′′(Xz
T )|(Xz

T )
2 ≤ CŨ ′(Xz

T )X
z
T .

Since Xz
T/X̂T ∈ [1− δ, 1 + δ], it follows that

|Ũ ′′(Xz
T )|X̂2

T ≤ CŨ ′(X̂T )X̂T .

Hence

|r3(∆x, ε)| ≤ C|ε|ρ2Ũ ′(X̂T )X̂T .

Therefore,

E[|r3(∆x, ε)|] = O(|ε|ρ2) = o(ρ2).

Combining the estimates for r1, r2, r3, we obtain

E[|r(∆x, ε)|] = o(∆x2 + ε2), (∆x, ε) → (0, 0).

Consequently,

E [U ε(XT (∆x, ε))] = u(x, 0) + y∆x+ εE[Ũ(X̂T )]

+
1

2
E
[
U ′′(X̂T )(1 +Hx · ST )

2
]
∆x2

+
(
E
[
U ′′(X̂T )(1 +Hx · ST )(H

ε · ST )
]
+ E

[
Ũ ′(X̂T )(1 +Hx · ST )

])
∆x ε

+
1

2

(
E
[
U ′′(X̂T )(H

ε · ST )
2
]
+ 2E

[
Ũ ′(X̂T )(H

ε · ST )
])

ε2

+ o(∆x2 + ε2).

By the sigma-boundedness assumption, bounded wealth ratios are dense in the corresponding

weighted L2(R) spaces. Therefore, applying the preceding expansion to bounded approximating

sequences for the optimizers Ĥx and Ĥε, and passing to the limit in the quadratic forms, yields

the asserted lower bound. □

Lemma 4.3. Under the conditions of Lemma 4.2, we have

v(y +∆y, ε) ≤v(y, 0) +

(
−x

E
[
Ũ(X̂T (x, 0))

])⊤(
∆y

ε

)

+
1

2

(
∆y

ε

)⊤(
vyy(y, 0) vyε(y, 0)

vyε(y, 0) vεε(y, 0)

)(
∆y

ε

)
+ o(∆y2 + ε2).

Proof of Lemma 4.3. Let us fix (bounded) Ny ∈ N∞ and N ε ∈ N∞, and consider

(27) Y (y +∆y, ε) = Ŷ

(
1 +

∆y

y
(1 +Ny) +

ε

y
N ε

)
.

Since Ny, N ε ∈ N∞, there exists δ > 0 such that for all sufficiently small (∆y, ε), the process

1 +
∆y

y
(1 +Ny) +

ε

y
N ε
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remains strictly positive and preserves the supermartingale property ofXY for everyX ∈ X (1),

hence Y (y +∆y, ε) ∈ Y(y +∆y). That is, there is a ball Bδ in R2 of a positive radius δ such

that for every (∆y, ε) ∈ Bδ, we have that

Y (y +∆y, ε) ∈ Y(y +∆y).

For a fixed (∆y, ε) ∈ Bδ, let us define

h(z) := V zε (YT (y + z∆y, zε)) , z ∈ [0, 1].

Let us write

Dy := 1 +Ny, Dε := N ε,

and define

(28) η :=
∆y

y
Dy +

ε

y
Dε.

Then

YT (y + z∆y, zε) = ŶT (1 + zη).

Therefore,

h(z) = V zε
(
ŶT (1 + zη)

)
.

Taylor’s formula gives

h(1) = h(0) + h′(0) +
1

2
h′′(0) + r(∆y, ε),

where

r(∆y, ε) =

∫ 1

0

(1− z)
(
h′′(z)− h′′(0)

)
dz.

Since

h′′(z) = V zε
yy (Y

z
T )Ŷ

2
T η

2 + 2εV zε
yε (Y

z
T )ŶTη + ε2V zε

εε (Y
z
T ),

we write

(29) r(∆y, ε) = r1(∆y, ε) + r2(∆y, ε) + r3(∆y, ε),

where

(30) r1(∆y, ε) :=

∫ 1

0

(1− z)
[
V zε
yy (Y

z
T )− V 0

yy(ŶT )
]
Ŷ 2
T η

2 dz,

(31) r2(∆y, ε) := 2ε

∫ 1

0

(1− z)
[
V zε
yε (Y

z
T )− V 0

yε(ŶT )
]
ŶTη dz,
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and

(32) r3(∆y, ε) := ε2
∫ 1

0

(1− z)
[
V zε
εε (Y

z
T )− V 0

εε(ŶT )
]
dz.

Let

ρ :=
√

∆y2 + ε2.

and recall that η is given in (28). Since Dy and Dε are bounded, there is a constant C > 0

such that

|η| ≤ Cρ.

For (∆y, ε) sufficiently small, we also have

1 + zη ∈ [1− δ, 1 + δ], z ∈ [0, 1].

Set

Y z
T := ŶT (1 + zη), θ := zε, Xz

T := Iθ(Y z
T ).

By Assumption 2.1, there exists ε0 > 0 such that, for every |θ| < ε0, U
θ is an Inada utility

and

0 < a ≤ Aθ(x) ≤ b < ∞, x > 0.

Then the standard power estimates for utilities with bounded relative risk aversion, e.g., as in

Lemma 4.1, imply that, locally uniformly in

|θ| < ε0, ξ ∈ [1− δ, 1 + δ],

we have

Iθ(ξy) ≤ CIθ(y), Iθ(y) ≤ CI0(y).

Consequently,

Xz
T = Iθ(ŶT (1 + zη)) ≤ CX̂T .

Let us consider (29). First, using

V θ
yy(y) = − 1

(U θ)′′(Iθ(y))

and

Aθ(x) = −x(U θ)′′(x)

(U θ)′(x)
,

we obtain

V θ
yy(Y

z
T )Ŷ

2
T =

1

1 + zη

Xz
T ŶT

Aθ(Xz
T )

.

Hence

V θ
yy(Y

z
T )Ŷ

2
T ≤ CX̂T ŶT .

Since

E[X̂T ŶT ] = xy < ∞,
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the family {
V θ
yy(Y

z
T )Ŷ

2
T : z ∈ [0, 1], |∆y|+ |ε| < δ

}
is uniformly integrable. Also,

V θ
yy(Y

z
T ) → V 0

yy(ŶT ) a.s.

Therefore, by Vitali’s theorem,

E[|r1(∆y, ε)|] = o(ρ2).

For the second term, note that

V θ
yε(Y

z
T ) =

Ũ ′(Xz
T )

(U θ)′′(Xz
T )

= −Ũ ′(Xz
T )X

z
T

Aθ(Xz
T )Y

z
T

.

Thus ∣∣V θ
yε(Y

z
T )
∣∣ ŶT ≤ CŨ ′(Xz

T )X
z
T .

By the bounded relative risk aversion of Ũ and the comparison Xz
T ≤ CX̂T , we have

Ũ ′(Xz
T )X

z
T ≤ CŨ ′(X̂T )X̂T .

As, by assumption of this lemma, we have

Ũ ′(X̂T )X̂T ∈ L1(P),

we obtain uniform integrability of{∣∣V θ
yε(Y

z
T )
∣∣ ŶT : z ∈ [0, 1], |∆y|+ |ε| < δ

}
.

Since

V θ
yε(Y

z
T ) → V 0

yε(ŶT ) a.s.,

Vitali’s theorem yields

E[|r2(∆y, ε)|] = o(ρ2).

Finally,

V θ
εε(Y

z
T ) = −

(
Ũ ′(Xz

T )
)2

(U θ)′′(Xz
T )

=

(
Ũ ′(Xz

T )
)2
Xz

T

Aθ(Xz
T )Y

z
T

.

Hence ∣∣V θ
εε(Y

z
T )
∣∣ ≤ C

(
Ũ ′(Xz

T )
)2
Xz

T

Y z
T

.

Using again the local comparison Xz
T ≤ CX̂T , and by the existence of a deterministic constant

C > 1, such that
1

C
ŶT ≤ Y z

T ≤ C ŶT , z ∈ [0, 1],

for all sufficiently small (∆y, ε), and bounded relative risk aversion of Ũ , we get

∣∣V θ
εε(Y

z
T )
∣∣ ≤ C

(
Ũ ′(X̂T )

)2
X̂T

ŶT

.
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But (
Ũ ′(X̂T )

)2
X̂T

ŶT

= X̂T ŶT

(
Ũ ′(X̂T )

U ′(X̂T )

)2

.

Therefore, if

fT :=
Ũ ′(X̂T )

U ′(X̂T )
∈ L2(R),

then

E

[(
Ũ ′(X̂T )

)2
X̂T

ŶT

]
= xy ER[f 2

T ] < ∞.

Thus the family {∣∣V θ
εε(Y

z
T )
∣∣ : z ∈ [0, 1], |∆y|+ |ε| < δ

}
is uniformly integrable. Since

V θ
εε(Y

z
T ) → V 0

εε(ŶT ) a.s.,

Vitali’s theorem gives

E[|r3(∆y, ε)|] = o(ρ2).

Combining the three estimates,

E[|r(∆y, ε)|] = o(∆y2 + ε2), (∆y, ε) → (0, 0).

Therefore, for Y (y +∆y, ε) defined in (27), we obtain

(33)

E[V ε(YT (∆y, ε))] = v(y)− x∆y + εE[Ũ(X̂T )]

+
1

2
E
[
V ′′(ŶT )(1 +Ny

T )
2
]
∆y2

+

(
E
[
V ′′(ŶT )(1 +Ny

T )N
ε
T

]
+ E

[
Ũ ′(X̂T )

X̂T

ŶT

(1 +Ny
T )

])
∆y ε

+
1

2

(
E
[
V ′′(ŶT )(N

ε
T )

2
]
+ 2E

[
Ũ ′(X̂T )

X̂T

ŶT

N ε
T

])
ε2

+ o(∆y2 + ε2).

Therefore, applying the preceding expansion to bounded approximating sequences for the opti-

mizers N̂y and N̂ ε to (13) and (14), and passing to the limit in (33), yields the asserted upper

bound.

□

Proof of Theorem 3.7. The first equality,

uxx(x, 0)vyy(y, 0) = −1,
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follows from [KS06a, Lemma 1 and Theorem 1].To show the second, let us introduce the fol-

lowing notations. With

P x :=
x(1 + Ĥx · ST )

X̂T

= 1 + M̂x
T , P ε :=

xĤε · ST

X̂T

= M̂ ε
T ,

and

Dy := 1 + N̂y
T , Dε := N̂ ε

T − y
Ũ ′(X̂T )

U ′(X̂T )
.

Then, (9) and (11) can be rewritten as

(34) uxx(x, 0) = −y

x
ER
[
A(X̂T )(P

x)2
]
.

(35) uxε(x, 0) = −y

x
ER

[
A(X̂T )P

xP ε − x
Ũ ′(X̂T )

U ′(X̂T )
P x

]
.

and

(36) vyy(y, 0) =
x

y
ER
[
B(ŶT )(D

y)2
]
,

(37) vyε(y, 0) =
x

y
ER
[
B(ŶT )D

yDε
]
.

Using

A(X̂T )B(ŶT ) = 1,

the first-order optimality conditions for the quadratic minimization problems imply the projec-

tion relations

Dy = −A(X̂T )P
x,

and

Dε = −A(X̂T )P
ε + x

Ũ ′(X̂T )

U ′(X̂T )
,

which give (25) and (26), respectively. We note that these identities correspond to the orthog-

onal projections associated with the decomposition

H2
0(R) = M2 ⊕N 2.

Substituting these into the formula for (37), we obtain

vyε(y, 0) =
x

y
ER
[
B(ŶT )D

yDε
]

=
x

y
ER

[
B(ŶT )

(
−A(X̂T )P

x
)(

−A(X̂T )P
ε + x

Ũ ′(X̂T )

U ′(X̂T )

)]

= − vyy(y, 0)

uxε(x, 0)
,

hence

uxε(x, 0) = −vyε(y, 0)

vyy(y, 0)
.
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Similarly one can show that

uεε(x, 0) = vεε(y, 0)−
vyε(y, 0)

2

vyy(y, 0)
,

which is equivalent to

uεε(x, 0) = vεε(y, 0) + vyε(y, 0)uxε(x, 0).

□

Proof of Theorem 3.4. First, from Lemma 4.2, we deduce that

(38)

u(x+∆x, ε) ≥u(x, 0) +

(
y

E
[
Ũ(X̂T (x, 0))

])⊤(
∆x

ε

)

+
1

2

(
∆x

ε

)⊤(
uxx(x, 0) uxε(x, 0)

uxε(x, 0) uεε(x, 0)

)(
∆x

ε

)
+ o(∆x2 + ε2).

Likewise, from Lemma 4.3, we deduce that

(39)

v(y +∆y, ε) ≤v(y, 0) +

(
−x

E
[
Ũ(X̂T (x, 0))

])⊤(
∆y

ε

)

+
1

2

(
∆y

ε

)⊤(
vyy(y, 0) vyε(y, 0)

vyε(y, 0) vεε(y, 0)

)(
∆y

ε

)
+ o(∆y2 + ε2).

Next, from conjugacy between u and v, we get

(40) u(x+∆x, ε) ≤ v(y +∆y, ε) + (x+∆x)(y +∆y).

Using (39), we can rewrite (40) as

(41)

u(x+∆x, ε) ≤v(y, 0)− x∆y + εE
[
Ũ(X̂T (x, 0))

]
+

1

2
vyy(y, 0)∆y2 + vyε(y, 0)∆yε+

1

2
vεε(y, 0)ε

2

+ xy + x∆y + y∆x+∆x∆y + o(∆y2 + ε2).

In turn, from (41) and the assertions of Theorem 3.7, we get

(42)

u(x+∆x, ε) ≤u(x, 0) + εE
[
Ũ(X̂T (x, 0))

]
+ y∆x+∆x∆y

− 1

2

∆y2

uxx(x, 0)
+

uxε(x, 0)

uxx(x, 0)
∆yε

+
1

2
(uεε(x, 0)− vyε(y, 0)uxε(x, 0)) ε

2 + o(∆y2 + ε2).

Now, for

∆y = uxx(x, 0)∆x+ uxε(x, 0)ε,
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(42) gives

(43)

u(x+∆x, ε) ≤u(x, 0) + εE
[
Ũ(X̂T (x, 0))

]
+ y∆x+∆x (uxx(x, 0)∆x+ uxε(x, 0)ε)

− 1

2

(uxx(x, 0)∆x+ uxε(x, 0)ε)
2

uxx(x, 0)

+
uxε(x, 0)

uxx(x, 0)
(uxx(x, 0)∆x+ uxε(x, 0)ε)ε

+
1

2
(uεε(x, 0)− vyε(y, 0)uxε(x, 0)) ε

2 + o(∆x2 + ε2).

Consequently, from Theorem 3.7 (equation (24)), we can rewrite (43) as

(44)
u(x+∆x, ε) ≤u(x, 0) + εE

[
Ũ(X̂T (x, 0))

]
+ y∆x

+
1

2
uxx(x, 0)∆x2 + uxε(x, 0)∆xε+

1

2
uεε(x, 0)ε

2 + o(∆x2 + ε2).

Comparing (38) and (44), we deduce that these inequalities are in fact equalities, and therefore,

(22) holds. (23) can be proven similarly. □

Proof of theorem 3.8. We prove the dual assertion; the primal assertion follows by the same

argument, or equivalently by using the primal-dual relation

X̂T (y, ε) = −V ε
y (ŶT (y, ε)).

Let (∆yn, εn) → (0, 0), and set

ρn := |∆yn|+ |εn|.

Let

Ŷ n
T := ŶT (y +∆yn, εn)

be the true dual optimizer, and define the first-order candidate

Ỹ n := Ŷ

(
1 +

∆yn
y

(1 + N̂y) +
εn
y
N̂ ε

)
.

By construction,

Ỹ n ∈ Y(y +∆yn)

for all sufficiently large n.

First, by the stability of the dual optimizer, see, e.g., [MT24, Theorem 2.4], we have

Ŷ n
T → ŶT in probability.

Next, for every n ∈ N, by strict convexity of V εn , define the random variable

Θn := inf
λ∈[0,1]

V εn
yy

(
λŶ n

T + (1− λ)Ỹ n
T

)
,

where the infimum is understood pointwise. Then

Θn > 0 P-a.s., n ∈ N,
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and Taylor’s formula gives

V εn(Ỹ n
T )− V εn(Ŷ n

T ) ≥ V εn
y (Ŷ n

T )(Ỹ
n
T − Ŷ n

T ) +
1

2
Θn(Ỹ

n
T − Ŷ n

T )
2.

By the optimality of Ŷ n and the bipolar relation,

E
[
V εn
y (Ŷ n

T )(Ỹ
n
T − Ŷ n

T )
]
≥ 0.

Therefore,

E
[
Θn(Ỹ

n
T − Ŷ n

T )
2
]
≤ 2

(
E[V εn(Ỹ n

T )]− v(y +∆yn, εn)
)
.

By Lemma 4.3 applied to the candidate direction (N̂y, N̂ ε), and by the expansion of v in

Theorem 3.4, the right-hand side satisfies

E[V εn(Ỹ n
T )]− v(y +∆yn, εn) = o(ρ2n).

Hence

E

Θn

(
Ỹ n
T − Ŷ n

T

ρn

)2
→ 0.

Set

Zn :=
Ỹ n
T − Ŷ n

T

ρnŶT

.

We claim that Zn → 0 in probability.

Indeed, since

Ŷ n
T → ŶT , Ỹ n

T → ŶT

in probability, for every δ > 0, the following events

An :=

{
1

2
ŶT ≤ λŶ n

T + (1− λ)Ỹ n
T ≤ 2ŶT for all λ ∈ [0, 1]

}
, n ∈ N,

satisfy

P [An] → 1.

On this event, using the uniform boundedness away from zero of the dual relative risk tolerance

Bε, we obtain

Θn ≥ c
X̂T

ŶT

.

Therefore,

Θn(Ỹ
n
T − Ŷ n

T )
2 ≥ cX̂T ŶT

(
Ỹ n
T − Ŷ n

T

ŶT

)2

= cρ2nX̂T ŶTZ
2
n.

Since the previous estimate gives

E
[
Θn(Ỹ

n
T − Ŷ n

T )
2
]
= o(ρ2n),

we get

E
[
X̂T ŶTZ

2
n1An

]
→ 0,

where An denotes the high-probability event above.
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Because

X̂T ŶT > 0 a.s.,

this implies

Zn → 0 in probability.

Hence

1

ρn

(
Ŷ n
T

ŶT

− Ỹ n
T

ŶT

)
→ 0 in probability.

This proves

1

|∆yn|+ |εn|

∣∣∣∣ŶT (y +∆yn, εn)− ŶT

(
1 +

∆yn
y

(1 + N̂y
T ) +

εn
y
N̂ ε

T

)∣∣∣∣→ 0.

The primal proof is analogous. One defines

X̃n
T := X̂T

(
1 +

∆xn

x
(1 + M̂x

T ) +
εn
x
M̂ ε

T

)
,

uses strict concavity of U εn , the optimality of X̂T (x+∆xn, εn), and compares

u(x+∆xn, εn)− E[U εn(X̃n
T )].

The expansion in Lemma 4.4 and Theorem 4.2 imply that this difference is o((|∆xn|+ |εn|)2),
and the local strict concavity estimate then yields the desired convergence in probability.

□

5. Risk tolerance

Following [KS06b], let us assume that there exists a strictly positive wealth process R =

R0 +H · S, such that

(45) RT =
X̂T

A(X̂T )
= −U ′(X̂T )

U ′′(X̂T )
.

Let us define the probability measure R̃ by

dR̃
dP

:=
RT ŶT

R0y
.

We also change numéraire to R

SR =

(
R0

R
,
R0S

1

R
, . . . ,

R0S
d

R

)
and introduce the closed subspace

M̃2 :=
{
H · SR ∈ H2

0(R̃)
}
,

and denote by

Ñ 2 := (M̃2)⊥
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its orthogonal complement in H2
0(R̃). Then the quadratic minimization problems defining

uεε(x, 0) and vεε(y, 0) reduce to orthogonal projection problems in L2
0(R̃). Indeed, with fT

defined in (7) under (8)

fT ∈ L2(R).

Therefore, we have

∞ > ER [f 2
T

]
=E

[
X̂T ŶT

xy
f 2
T

]
= E

[(
−U ′′(X̂T )X̂T

U ′(X̂T )

)(
−U ′(X̂T )

U ′′(X̂T )

)
ŶT

xy
f 2
T

]

=
x

R0

E

[
A(X̂T )

RT ŶT

R0y
f 2
T

]
=

x

R0

ER̃
[
A(X̂T )f

2
T

]
,

and thus, in view of Assumption 2.1, there exists a constant C > 0, such that

ER̃ [f 2
T

]
< CER [f 2

T

]
< ∞.

Next, let us rewrite (10) as

(46)

uεε(x, 0) =− y

R0

inf
M̃∈M̃2

ER̃
[(

M̃T

)2
− 2R0fTM̃T

]
=− y

R0

inf
M̃∈M̃2

ER̃
[(

M̃T −R0fT

)2]
+ yR0E

R̃[f 2
T ]

and let us also restate (14) as

(47) vεε(y, 0) =
R0

y
inf

Ñ∈Ñ 2

ER̃
[(

ÑT − yfT

)2]
.

Let ft := ER̃ [fT |Ft] , t ∈ [0, T ], and consider its Kunita–Watanabe decomposition

f = ER̃[fT ] + M̃ f + Ñ f , M̃ f ∈ M̃2, Ñ f ∈ Ñ 2,

be under R̃. Then the optimizers in the quadratic minimization problems satisfy

(48) M̂ ε =
xR
X̂

M̃ f , N̂ ε = yÑ f ,

Moreover, we have

||M̃ f
T ||

2
L2(R̃) + ||Ñ f

T ||
2
L2(R̃) = V arR̃(fT ).

(49)
uεε(x, 0) =− yR0E

R̃
[(

M̃ f
T − fT

)2]
+ yR0E

R̃[f 2
T ]

=yR0||M̃ f
T ||

2
L2(R̃)

(50) vεε(y, 0) = yR0ER̃
[(

Ñ f
T − fT

)2]
= yR0||M̃ f

T ||
2
L2(R̃) + yR0

(
ER̃ [fT ]

)2
.

vεε(y, 0)− uεε(x, 0) = yR0

(
ER̃[fT ]

)2
.
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In particular, the primal and dual second-order coefficients coincide iff ER̃[fT ] = 0.

Appendix A. Perturbations of convex conjugates

This appendix develops a perturbation theory for convex conjugates underlying the second-

order sensitivity analysis of the main text. While stability properties of convex conjugation

and infimal convolution under variational convergence are classical (see, e.g., [Mor70, Att84,

RW98, Mor06]), notions of second-order epi-differentiability and proto-differentiability have

been extensively studied in variational analysis; see, e.g., [Roc88, PR96, PRT00]. Explicit

second-order expansions for perturbed convex conjugates, however, appear to be less standard.

The results below provide such expansions in a form suitable for applications in stochastic

control.

Let

U ε(x) := U(x) + εŨ(x), x > 0,

where U and Ũ are C2, strictly concave functions on (0,∞), and assume that U satisfies the

Inada conditions.

For y > 0, define the convex conjugate

V ε(y) := sup
x>0

(
U ε(x)− xy

)
.

Denote by

x0 := I(y) := (U ′)−1(y)

the optimizer for the unperturbed problem, that is,

U ′(x0) = y.

Proposition A.1. For every fixed y > 0,

V ε(y) = V (y) + εŨ(x0)−
ε2

2

(Ũ ′(x0))
2

U ′′(x0)
+ o(ε2),

where

V (y) = U(x0)− x0y.

Equivalently,

V ε(y) = V (y) + εŨ(I(y))− ε2

2

(Ũ ′(I(y)))2

U ′′(I(y))
+ o(ε2).

Proof. Let (xε) denote the optimizer in the definition of (V ε(y)) . Then

U ′(xε) + εŨ ′(xε) = y.

We seek a first-order expansion of the optimizer of the form

xε = x0 + εx1 + o(ε).
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Using Taylor expansion,

U ′(xε) = U ′(x0) + εU ′′(x0)x1 + o(ε),

and similarly,

Ũ ′(xε) = Ũ ′(x0) + o(1).

Substituting into the first-order condition gives

U ′(x0) + εU ′′(x0)x1 + εŨ ′(x0) + o(ε) = y.

Since U ′(x0) = y,

U ′′(x0)x1 + Ũ ′(x0) = 0,

hence

x1 = − Ũ ′(x0)

U ′′(x0)
.

Therefore,

xε = x0 − ε
Ũ ′(x0)

U ′′(x0)
+ o(ε).

Now,

V ε(y) = U(xε) + εŨ(xε)− xεy.

Expanding each term around x0,

U(xε) = U(x0) + εU ′(x0)x1 +
ε2

2
U ′′(x0)x

2
1 + o(ε2),

Ũ(xε) = Ũ(x0) + εŨ ′(x0)x1 + o(ε),

and

−xεy = −x0y − εx1y.

Combining terms,

V ε(y) = U(x0)− x0y

+ ε
(
U ′(x0)x1 + Ũ(x0)− x1y

)
+ ε2

(
1

2
U ′′(x0)x

2
1 + Ũ ′(x0)x1

)
+ o(ε2).

Using U ′(x0) = y, the linear terms involving x1 cancel:

U ′(x0)x1 − x1y = 0.

Thus,

V ε(y) = V (y) + εŨ(x0) + ε2
(
1

2
U ′′(x0)x

2
1 + Ũ ′(x0)x1

)
+ o(ε2).

Substituting

x1 = − Ũ ′(x0)

U ′′(x0)
,
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we obtain

1

2
U ′′(x0)x

2
1 + Ũ ′(x0)x1 = −1

2

(Ũ ′(x0))
2

U ′′(x0)
.

Hence,

V ε(y) = V (y) + εŨ(x0)−
ε2

2

(Ũ ′(x0))
2

U ′′(x0)
+ o(ε2).

□

We can now state the following corollary to Proposition A.1.

Corollary A.2. For every y > 0 and every ε for which U ε is an Inada utility, we have

∂

∂ε
V ε(y) = Ũ(Iε(y)),

where

Iε(y) = ((U ε)′)−1(y).

Furthermore,

∂2

∂ε2
V ε(y) = −

(
Ũ ′(Iε(y))

)2
(U ε)′′(Iε(y))

.

In particular, at ε = 0,

∂

∂ε
V ε(y)

∣∣∣
ε=0

= Ũ(I(y)),

and

∂2

∂ε2
V ε(y)

∣∣∣
ε=0

= −(Ũ ′(I(y)))2

U ′′(I(y))
.

Proof. Differentiating the first-order condition

(U ε)′(Iε(y)) = y

with respect to ε yields

∂Iε(y)

∂ε
= − Ũ ′(Iε(y))

(U ε)′′(Iε(y))
.

Since

V ε(y) = U ε(Iε(y))− yIε(y),

the first identity follows from the envelope theorem:

∂

∂ε
V ε(y) = Ũ(Iε(y)).

Differentiating once more gives the second identity. □
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[MS24] O. Mostovyi and M. Ŝırbu. Quadratic expansions in optimal investment with respect to perturbations

of the semimartingale model. Finance Stoch., 28:553–613, 2024.

[MT24] O. Mostovyi and A. Teplyaev. On perturbations of preferences and indifference price invariance.

preprint, 2024.

[PR96] R. A. Poliquin and R. T. Rockafellar. Prox-regular functions in variational analysis. Trans. Amer.

Math. Soc., 348(5):1805–1838, 1996.

[PRT00] R. A. Poliquin, R. T. Rockafellar, and L. Thibault. Local differentiability of distance functions. Trans.

Amer. Math. Soc., 352:5231–5249, 2000.

[Roc88] R. T. Rockafellar. Second-order epi-differentiability and nonlinear programming. Trans. Amer. Math.

Soc., 307:75–108, 1988.

[RW98] R. T. Rockafellar and Roger J.-B. Wets. Variational Analysis. Springer, 1998.

Oleksii Mostovyi, Department of Mathematics, University of Connecticut, Storrs, CT

06269, United States

Email address: oleksii.mostovyi@uconn.edu

http://www2.math.uconn.edu/~mostovyi/indStab.pdf

	1. Introduction
	2. Model formulation
	3. Second-order analysis
	3.1. Perturbation directions
	3.2. Second-order derivatives and quadratic expansions

	4. Proofs of the main results
	5. Risk tolerance
	Appendix A. Perturbations of convex conjugates
	References

