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Abstract We consider the problem of optimal investment with intermediate con-
sumption in the framework of an incomplete semimartingale model of a financial
market. We show that a necessary and sufficient condition for the validity of key as-
sertions of the theory is that the value functions of the primal and dual problems are
finite.
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1 Introduction

A fundamental problem of mathematical finance is that of an investor who wants to
invest and consume in a way that maximizes his expected utility. The first results
for continuous-time models were obtained by Merton [28, 29] in a Markovian setting
via dynamic programming arguments. An alternative martingale approach was devel-
oped among others by Cox and Huang [7, 8], Karatzas, Lehoczky and Shreve [21],
and Karatzas and Shreve [19] for complete markets and by Karatzas, Lehoczky,
Shreve and Xu [22], He and Pearson [14, 15], Kramkov and Schachermayer [25, 26],
Karatzas and Zitkovié [20] and Zitkovi¢ [37] in the incomplete case. The main focus
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here was to establish conditions under which “key” results hold, such as the existence
of primal and dual optimizers.

When the consumption occurs only at maturity and the utility function is deter-
ministic, a necessary and sufficient condition has been obtained in Kramkov and
Schachermayer [26]. It is stated as the finiteness of the dual value function. In the
case of intermediate consumption and stochastic field utility, the latest sufficient con-
ditions are due to Karatzas and Zitkovi¢ [20] and Zitkovié [37]. They are formulated
in the form of several regularity assumptions such as a uniform asymptotic elasticity.
The results of [20] gave a foundation upon which the problem of robust utility maxi-
mization is considered in [38]; robust utility maximization is also studied in [3, 6, 13,
23, 30, 33].

This paper obtains necessary and sufficient conditions in the general framework
of an incomplete financial model with a stochastic field utility and intermediate con-
sumption occurring according to some stochastic clock. As in [26], we assume that
the dual value function is finite (from above). It turns out that the only other condition
we need is the finiteness of the primal value function (from below). In particular, our
results do not rely on the asymptotic elasticity of the utility.

Using the notion of a stochastic clock, we treat multiple utility maximization prob-
lems in one formulation; the examples of such problems are contained at the end of
Sect. 2. The term stochastic clock is introduced by Goll and Kallsen [12] and is used
in different settings in [2, 4, 20, 37, 38].

In order for our framework to include certain classical problems, such as Mer-
ton’s [28] formulation of optimal consumption over an infinite time horizon, we
consider an infinite-horizon model and relax the no-arbitrage assumption from
the existence of an equivalent local martingale measure (which is used, e.g.,
in [20, 25, 26, 37] in finite-horizon frameworks) to the existence of an equivalent
martingale deflator. This leads to additional technical difficulties in establishing bipo-
lar relations between the primal and dual domains, such as an extension of the dual
superreplication characterization of Delbaen and Schachermayer [10, Theorem 5.12]
to our setting. This is the subject of Lemma 4.2, whose proof relies on the optional
decomposition theorem of Follmer and Kramkov [11].

The proofs of the main theorems are based on their abstract versions. In turn,
consideration of the abstract theorems is built upon the standard machinery of convex
duality, in particular the results of Kramkov and Schachermayer [26]. However, since
the transition from deterministic to stochastic utility is not always seamless, some
crucial steps in the proofs require special treatment.

More specifically, the proof of existence of solutions to the abstract primal and
dual problems relies on establishing the uniform integrability of the negative part
of the conjugate function composed with the elements of the dual domain. This is
the subject of Lemma 3.5. Conjugacy relations between the abstract primal and dual
value functions are proved in Lemma 3.9 via the minimax theorem and an application
of change of numéraire ideas. In the proofs of these lemmas, the assumption about
the finiteness of both value functions is used. The connection of the main theorems
with their abstract counterparts is established in Proposition 4.4, where we prove
the bipolar relations between the primal and dual domains via the superreplication
characterization (Lemma 4.2) and the bipolar theorem of Brannath and Schacher-
mayer [5].
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Optimal investment with intermediate consumption 137

As an application, we demonstrate how existence and uniqueness results can be
obtained for a utility maximization problem under a change of numéraire via an ap-
plication of Theorem 2.3. This constitutes Example 4.5.

We believe that the results of the present paper provide a convenient set of condi-
tions for studying other important problems in mathematical finance, such as robust
utility maximization and optimal investment with random endowment, as well as for
analyzing utility-based pricing, large markets, and existence of equilibria in incom-
plete models.

The remainder of the paper is organized as follows. In Sect. 2, we describe the
model and state the main results. Their proofs are given in Sect. 4. The abstract ver-
sions of the main theorems are presented in Sect. 3.

2 Main results

A model of a security market consists of d 4 1 assets: one bond and d stocks. We
assume that the bond is chosen as a numéraire and denote by § = (Si)lsi <4 the
discounted price processes of the stocks. We suppose that S is a semimartingale on
a complete stochastic basis (£2, F, (F1)e[0,00), P) With an infinite time horizon, and
Fo is the completion of the trivial o -algebra.

Define a portfolio IT as a triple (x, H,c), where the constant x is an initial
value, H = (H")j<;j<q4 is a predictable S-integrable process of stocks’ quantities,
and ¢ = (¢;)s>0 is a nonnegative and optional process that specifies the consumption
rate in the units of the bond.

Hereafter we fix a stochastic clock k = («;)s>0, which is a nondecreasing, cadlag,
adapted process such that

k0=0, Plkeo>0]>0 and ks <A 2.1
for some finite constant A. The stochastic clock represents the notion of time accord-

ing to which consumption occurs.
The discounted value process V = (V;);>0 of a portfolio IT is defined as

' !
V;Z=X+/ HudSu—/ cydiy, t=>0.
0 0

A portfolio IT with ¢ = 0 is called self-financing. The collection of nonnegative value
processes of self-financing portfolios with initial value 1 is denoted by X, i.e.,

t
X;:{X30:Xt=1+/ HudSu,tzO}.
0

A pair (H, c) such that for a given x > 0, the corresponding value process V is
nonnegative, is called an x-admissible strategy. If for a consumption process ¢ we
can find a predictable S-integrable process H such that (H,c) is an x-admissible
strategy, we say that c is an x-admissible consumption process.
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The set of x-admissible consumption processes corresponding to the stochastic
clock « is denoted by A(x), that is,

A(x) :={c: cis x-admissible}, x > 0. 2.2)

We write A := A(1) for brevity. Notice that a constant strictly positive consumption
cf:=x/A,t>0,belongs to A(x) for every x > 0.
The set of equivalent martingale deflators is defined as

Z:={Z > 0: Z is a cadlag martingale such that Zo = 1 and
XZ = (X:Z;)r>0 is a local martingale for every X € X'}.

We assume that
Z+0. 2.3)

This condition is closely related to the absence of arbitrage opportunities in the sense
of [18].

We now introduce an economic agent whose consumption preferences are mod-
eled with a utility stochastic field U = U (t, w, x) : [0, 00) x £2 x [0, 00) — RU{—00}
satisfying the conditions below.

Assumption 2.1 For every (f,w) € [0, 00) x §2, the function x — U(t, w, x) is
strictly concave, strictly increasing, continuously differentiable on (0, co) and sat-
isfies the Inada conditions

limU'(t,w,x) =400 and lim U'(t,w,x)=0,
x]0 x—00
where U’ denotes the partial derivative with respect to the third argument. At x = 0,

we have by continuity U (¢, w, 0) = lim, o U (¢, w, x); this value may be —oo. For
every x > 0, the stochastic process U (-, -, x) is optional.

For a given initial capital x > 0, the goal of the agent is to maximize his expected
utility. The value function of this problem is denoted by

o0
u(x):= sup E[/ U(t,a),c,)d/cti|, x > 0. 2.4)
ceA(x) 0

‘We use the convention
o0 0
]E|:/ U(t,a),ct)d/cti| = —00 ifE[/ U_(t,a),c,)d/c,:| = +o00.
0 0

Here and below, W~ and W™ denote the negative and positive parts of a stochastic
field W, respectively.

Our goal is to find conditions on the financial market and the utility field U under
which u satisfies the Inada conditions and the solution ¢(x) € A(x) to (2.4) exists.
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Optimal investment with intermediate consumption 139

Remark 2.2 For simplicity of notations, we assume throughout the paper that the
argument x in U (¢, w, x) represents the consumption in discounted units, that is, in
the number of bonds. This does not restrict any generality. Indeed, suppose that the
investor’s stochastic utility field is given as U=0 (t, w, X), where the consumption
X is measured in the number of units of a different asset, whose discounted value
is given by a strictly positive semimartingale A = (A;);>0. Then we arrive to our
framework by setting

Ut,w,x):=U(t,0,x/ A (0)).

To study (2.4), we employ standard duality arguments as in [25] and [37] and
define the stochastic field V conjugate to U as

V(t,o,y) :=sup (U(t, w, X) —xy), (t,w,y) €10,00) x £2 x [0, 00).

x>0
It is well known that —V satisfies Assumption 2.1. We also denote
Y(y) :=cl{Y : Y is cadlag adapted and
0<Y <yZ (dk x P)-a.e. for some Z € Z}, 2.5)

where the closure is taken in the topology of convergence in measure (d« x IP) on the
space of real-valued optional processes. We write ) := )(1) for brevity.

After these preparations, we define the value function of the dual optimization
problem as

o0
v(y):= inf E [/ Vt,w, Y,)d/c,] , y>0, (2.6)
YeY(y) 0

where we use the convention
o0 o
E[/ V(t,a),Yt)d/cti| = +00 ifE[f V+(t,a),Yt)d/<ti| = 4o00.
0 0
Theorems 2.3 and 2.4 constitute our main results.

Theorem 2.3 Assume that conditions (2.1) and (2.3) and Assumption 2.1 hold true
and suppose

v(y) <oo forally>0 and u(x)>—oo0 forallx >0. 2.7

Then we have:
1. u(x) < oo for all x > 0, v(y) > —oo for all y > 0. The functions u and v are

conjugate, i.e.,

v(y) =sup (u(x) —xy), y>0,

x>0

u(x) = ing (v(y) +xy), x> 0.
y>
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140 O. Mostovyi

The functions u and —v are continuously differentiable on (0, 00), strictly increas-
ing, strictly concave and satisfy the Inada conditions

u' (0) :=limu’(x) = 400, —v/(0) :=lim —v'(y) = 400,
x}0 yi0
u' (00) := lim u'(x) =0, —v'(00) := lim —v'(y) =0.
X—00 y—>00

2. For every x > 0 and y > 0, the solutions ¢(x) to (2.4) and )?(y) to (2.6) exist and
are unique. Moreover, if y = u'(x), we have the dual relations

V() =U'(t.0,&x), >0,

and

E[/O é,<x>?f<y)dx,] — xy.

The finiteness conditions (2.7) are clearly necessary for the conclusions of either
claim 1 or 2. Notice that the condition u#(x) > —oo for all x > 0 holds trivially if the
utility stochastic field U is uniformly bounded from below by a real-valued function,
in particular in the settings of Kramkov and Schachermayer [26].

A natural question is whether one can use the set Z instead of ) as the dual
domain and still obtain the same value function v. Theorem 2.4 below states that
the answer is positive, but the minimizer might lie outside of the set Z in general;
see, e.g., Example 5.1 in Kramkov and Schachermayer [25]. Furthermore, due to a
certain symmetry between primal and dual problems (that is explored in more detail
in Sect. 3), a similar conclusion is valid for the value function u. Let /3 be a subset of
A such that

(i) Forevery Y € Y, we have

o0 o
supE [/ cY; d/c,] =supE |:/ ctY; dK;i| ;
ceB 0 ce A 0

(i1) The set B is closed under countable convex combinations, that is, for any se-
quence (c"),>1 of optional processes in 3 and any sequence of positive numbers
(a")n>1 such that )", a”" =1, the process Y .-, a"c" belongs to B.

Observe that Z is closed under countable convex combinations.

Theorem 2.4 Under the conditions of Theorem 2.3, we have
o0
v(y) = inf [/ Vit yZ) dx,] L y=0,
ZeZ 0

o
u(x) =supE [f Ult, a),xct)d/ct:| , x>0.
ceB 0
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Optimal investment with intermediate consumption 141

The proofs of Theorems 2.3 and 2.4 are given in Sect. 4 and rely on Theorems 3.2
and 3.3, which are the “abstract” versions of Theorems 2.3 and 2.4, respectively. We
conclude this section with examples of investment problems (see, e.g., Karatzas [17]
as well as Karatzas and Shreve [19]) that are included in our formulation. Hereafter,
1 denotes the indicator function of a set E.

Example 2.5 Maximization of expected utility from consumption:

T
u(x) = sup E[/ U(t,a),ct)dt].
ce A(x) 0

Here the clock « is given by

k(t):=min(,T), t>0.

Example 2.6 Maximization of expected utility from consumption and terminal
wealth:

T
u(x)= sup E |:/ Ui(t,w, c;)dt + Up(w, cT)i| .
ce A(x) 0

Here the clock « is given by
k(@) :=tlo,r@®) + (T + Dl7,00)(8), t=0.
Example 2.7 Maximization of expected utility from terminal wealth:

u(x)= sup E[U(w,xX71)]. 2.8)
XeX

The corresponding clock process is
k(1) :=1[1,00)(t), t>0.

Note that the formulation (2.8) extends the framework of Kramkov and Schacher-
mayer (see [25, 26]) to stochastic utility.

Example 2.8 Maximization of expected utility from consumption over an infinite
horizon, that is,

o0
u(x)= sup E |:/ e‘”U(t,a),c,)dti| , x>0,v>0,
ce A(x) 0

where the clock is defined as
! 1
k(1) :=/ e Wds=—-1—-e"), t>0.
0 v
Here v is an impatience rate.
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142 O. Mostovyi

Example 2.9 Maximization of expected utility from consumption occurring at dis-
crete times (¢1,...,1yN):

N
u(x) = sup E[ZU(tj,w,ctj):|, x> 0.

ce A(x) j=1

Here the clock process is
N
k(1) =D 1 400 (1), 120,
j=1
3 Abstract versions of the main theorems

Let u be a finite and positive measure on a measurable space (£2, F). Denote by
LO=L1%s, F, ) the vector space of (equivalence classes of) real-valued measur-
able functions on (£2, F, i), topologized by convergence in measure p. Let Lg_ de-
note its positive orthant, i.e.,

LY = {5 e L”(2,F, ) :§ 2 0).
For any £ and 7 in LY, we write
(&.m) :=/ Endp.
Q

If & and 75 are both nonnegative, the integral is well defined in [0, co]. Let C, D be
subsets of Lg that satisfy the conditions below.

1.
teC <<= (¢, <1 forallneD,
neD <+— (¢,n)<1 foralléeC. G-D
2. C and D contain at least one strictly positive element, i.e.,
there are £* € C,n* € D suchthat min(§*,n*) >0 u-ae. (3.2)

Observe that our construction of the abstract sets C and D is similar to the one in [25];
however, we do not require any constant to be an element of C. This leads to a sym-
metry between the sets C and D that plays an important role in the proofs. Also notice
that C and D are convex and bounded in L% (), since they are bounded in L' (7*d )
and L' (£*dp), respectively. For x > 0 and y > 0, we define the sets

Cx):=xC:={x£:£€(C},
D(y):=yD:={yn:neD}.

Consider a stochastic utility function U: §2 x [0, 0o) — RU{—o0}, which satisfies
the following conditions.

(3.3)
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Optimal investment with intermediate consumption 143

Assumption 3.1 For every w € £2, the function x — U (w, x) is strictly concave,
strictly increasing, continuously differentiable on (0, co) and satisfies the Inada con-
ditions

limU'(w,x) =400 and lim U'(w,x)=0,
xl() X—>00
where U’ (-, -) denotes the partial derivative with respect to the second argument. At

x =0, we have by continuity U (w, 0) = lim, o U (w, x); this value may be —oo. For
every x > 0, the function U (-, x) is measurable.

Define the function V conjugate to U as

V(w,y) :=sup(U(w,x) —xy), (»,y)€ R x[0,00).

x>0

Observe that —V satisfies Assumption 3.1. For a function W on £2 x [0, c0) and a
function & € L0, we write W (&) := W(w, £(w)). Recall that Wt and W™ denote the
positive and negative parts of W, respectively.

Now we can state the optimization problems; they are

u(x) = sup / Ul&)dwu, x>0, 3.4
EeCx) /2

v(y) = inf /V(n)du, y >0, (3.5)
€Dy J

where we used the convention
/ UE)du =00 if / U~ (€) du = +ov,
Q2 Q

/ Vin)du :=+o0 if/ VT du = +oo.
2 2
The following theorem is an abstract version of Theorem 2.3.

Theorem 3.2 Assume that C and D satisfy conditions (3.1) and (3.2). Let Assump-
tion 3.1 hold and suppose

v(y) <oo forally>0 and u(x)>—oo forallx >D0.

Then we have:

1. u(x) <ooforall x >0, v(y) > —o0 for all y > 0. The functions u and v satisfy
the biconjugacy relations, i.e.,

v(y) = sup (u(x) —xy), y=>0,

3.6)
u(x) = im:) (v(y) —l—xy), x > 0.
y>
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The functions u and —v are continuously differentiable on (0, 00), strictly increas-

ing, strictly concave and satisfy the Inada conditions

u'(0) :=limu'(x) = +oo, —v'(0) :=1lim —v'(y) = +o0,
x40 Y40
l,t/(OO) ‘= lim u/(x) = O, —v/(OO) = lim —U/(y) =0.
X—00 y—>00

2. For every x > 0, the solution £(x) to (3.4) exists and is unique. For every y > 0,
the solution 1(y) to (3.5) exists and is unique. If y = u’(x), we have the dual

relations

A1) =U'(Ex) p-ae

and

~

(§(x), n(y) = xy.

In order to state an abstract version of Theorem 2.4, we need the following defini-

tions. Let D be a subset of D such that
(i) D is closed under countable convex combinations;

(ii) for every & € C, we have

sup(§,n) = sup (&, n).
neD neD

Likewise, define C to be a subset of C such that

(iii) C is closed under countable convex combinations,
(iv) for every n € D, we have

sup(§, 1) = sup(§, n).
geC geC

Theorem 3.3 Under the conditions of Theorem 3.2, we have

v =it [ Vomdu y=0.
neD J 2

u(x):sup/ UxE)du, x>0.
seé 2

The proofs of Theorems 3.2 and 3.3 are given via several lemmas.

Lemma 3.4 Under the conditions of Theorem 3.2, we have

v(y) > sup (u(x) —xy), y > 0.

x>0
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Optimal investment with intermediate consumption 145

As a result, both u and v are real-valued functions such that

1imsup@ <0 and liminfM > 0.
X—00 X y—>oo oy

Proof Fix x > 0 and y > 0. We have

sup inf /Q(U(S)—én)duf inf  sup /Q(U(é)—én)du. 3.8)

£eC(x)N1€DY) n€DO) £eC(x)

Using (3.1), we can bound the left-hand side from below by u(x) — xy, i.e.,

sup inf /(U(é)—én)duz sup (/ U(s)du—xy>=u(X)—xy-
£eC(x) 1€PM J2 £cC(x) N8

Since V(n) > U (&) — &n for every & > 0 and n > 0, we can bound the right-hand
side of (3.8) from above by v(y), i.e.,

inf s / UE) —En)du< inf fV(n)du=v(y),
neD(y)gecg) :2( ) neD(y) Jo

and the result follows. O

The techniques in Kramkov and Schachermayer [26] inspired the proof of the
following lemma.

Lemma 3.5 Under the conditions of Theorem 3.2, for every y > 0, the family
(V™ (") heD(y) is uniformly integrable.

Proof Fix y > 0. Assume by way of contradiction that (V™ (h)),ep(y) is not a uni-
formly integrable family. Then we can find a sequence ("),>2 C D(y), a sequence
(A™),>2 of disjoint subsets of (£2, F) and a constant & > 0 such that

/ VoM lgndu >a, n>2.
Q
Since v(y) < oo, there exists nl € D(y) such that
M::f V+(n1)d,u < 00.
Q

Define the sequence ({"),>1 as " :=> j_, n*,n > 1.Thenby (3.1), forevery & € C,
we have

n

(" €)= (n",& <ny.

k=1
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Thus ¢" € D(ny), n > 1. Now, since V ~ is nonnegative and nondecreasing, we get
n n
[veyauz [ v () iaan
2 2 k=2 i=1
n
> / Y V@l wdp
2 k=2

>an—1), n=>2.

On the other hand, since V' is nonincreasing, we obtain

/ ViMdu < / VimYhdp=M < .
Q Q
Therefore, we deduce that

/ Viedu<M—am—1), n>2.
Q

Consequently,
VieHd M — -1
timinf Y@ < pimingd2 Y €V _pieM e =D @
z7—>00 7 n—»00 ny n—00 ny y
which contradicts the conclusion of Lemma 3.4. O

We need a version of Komlds’ lemma for the set D. Some other formulations of
Komlés’ lemma are proved in [24, 9, 1, 34].

Lemma 3.6 Assume that the sets C and D satisfy (3.1) and (3.2). Let (n*)y>1 C D.
Then there exist a sequence of convex combinations {" € conv(n", 17’“‘1, ..),n>1,
and an element 1) € D such that ({"),>1 converges i-a.e. to 1.

Proof Since D is bounded in LY, using Lemma Al.1 in [9], we can construct a se-
quence ¢" € conv(n”, n”“, ...), n > 1, such that (¢"),>1 converges jp-a.e. to an

element 7, where 7 is finite u-a.e. By convexity of the set D, we obtain that (£"),>1
is a subset of D. By Fatou’s lemma, for every & € C, we have

(€, n) <liminf(, ") < 1.
n—00
Hence, n € D. O

Lemma 3.7 Under the conditions of Theorem 3.2, for each y > 0, there exists a
unique 1(y) € D(y) such that

v(y) = f V(1) du. (3.9)
2
As a consequence, v is strictly convex.
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Optimal investment with intermediate consumption 147

Proof Fix y > 0. Let (1), C D(y) be a minimizing sequence, i.e.,

v(y) = lim / V(n")du.
n—>oo o

It follows from Lemma 3.6 that there exist a sequence of convex combinations
¢" econv(n™, n"t!,...), n > 1, and an element 7(y) € D(y) such that (¢")y2 con-

verges p-a.e. to 7(y). Using convexity of V, Lemma 3.5 and Fatou’s lemma, we get
v(y) = liminf/ V(in"ydu > liminf/ V(E"ydu > / V(7)) du.
n—o0 Q n—o0 0 Q

Therefore, (3.9) holds. Uniqueness of the minimizer to (3.5) as well as strict convexity
of v then follow from the strict convexity of V. O

By the symmetry between the optimization problems (3.4) and (3.5), the following
result is a corollary to Lemma 3.7.

Lemma 3.8 Under the assumptions of Theorem 3.2, for every x > 0, there exists a
unique maximizer to the primal problem (3.4). As a consequence, u is strictly con-
cave.

Lemma 3.9 Under the assumptions of Theorem 3.2, we have

v(y) =sup (u(x) — xy), y>0. (3.10)

x>0

Proof The two-step proof is based on change of numéraire ideas.
Step 1. Let us show (3.10), assuming that

the constant function 1 € C  and / U(l)du > —oo.
Q

In this case, |, o U(x)dp is finite for any constant x > 1. Let S, be the set of all
nonnegative, measurable functions & : £2 — [0, n], i.e.,

S,:={EecLl’: E(w)e0,n]forallwe 2}, n>0.

The sets S, are o (L°°, L!)-compact. Fix y > 0. Since D(y) is convex and U is
concave, the minimax theorem (see [35], Theorem 45.8) gives the equality

inf U) —En)du= inf U€) —&n)dpu. 3.11
Esgg dnf fﬂ (UE) —¢&n)du nelg(y);:g /Q (U©) —&n)du (3.11)

Denote

C'(x):= {EeC(x): sup (E,n):xy}.

neD(y)
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It follows from (3.3) that |, . ( C’'(x) U{E =0} = J,. (C(x). As aresult, since 1 € C,
we get

sup (u(x) —xy) =sup sup (f U@E)du — xy)
x>0 x>0&eC(x) 2

> lim sup inf /(U(é)—én)d,u. (3.12)
n=>0ses, n€DY) J @

In view of (3.11), (3.12) and Lemma 3.4, it suffices to show that

v(y) = lim inf sup/ (UE) —&n)dp. (3.13)
n=>0neD(y) ges, J 2

For each n > 1, define V" as

V' (z):= sup (U(x)—xz), z>0.

O<x<n

Then via pointwise maximization, we get

inf su / UE)—&n)du= inf /V”(n)du::v"( ).
neD(y)ge‘g, 9( ) n€D(y) J 2 Y

Notice that v < v and (v"(y)),>1 is an increasing sequence. Let ("),>1 C D(y) be
such that

lim v"(y) = lim / Vi du. (3.14)
n—0oo n—oo Q

It follows from Lemma 3.6 that there exists a sequence {" € conv(n™, n"t!,...),
n > 1, such that (¢"*),>1 converges p-a.e. to a function g: e D(y).

We claim that (V")~(¢"), n > 2, is a uniformly integrable sequence. Indeed, for
n > 2, we have

VIE) = VIO 2 VIOlezvey + (U@ = 20'Q) Tg<vey)-
The concavity of U yields that U’ (2) < U(2) — U(1). Therefore,
V() =min(V(),2U0(1) - U(2)), n=2.
The uniform integrability of (V")~(¢"), n > 2, follows now from Lemma 3.5 and

the integrability of U (1) and U (2). Therefore, from the convexity of V" and Fatou’s
lemma, we get

fim [ V(") du = liminf / VI dp > / VEYdp = v(y),
Q n—o0 Q Q

n—0o0

which in view of (3.14) implies (3.13).
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Step 2. Here we show how the general case reduces to the one in Step 1. Let

~

§ i=argmaxg.c( /2) f o U(&)du and let & be a strictly positive element of C(1/2).
Both é and & exist by Lemma 3.8 and assumption (3.2), respectively. Define

¢ :=max (&, &).
Then ¢ € C and [, U(¢)du is finite. Let

U(x) :=U(x),
C(x):={£:6¢eC0)};

then

u(x) = sup f UE)du, x>0.
£eCx) /¥

Similarly, define
V() = V(/0),
D(y) == {n:n/¢ e D()};

then we have

v(y)=inf /iVODdM, y>0.
neD(y) /2

Observe that [Z satisfies Assumption 3.1, V is the conjugate function to U, and the

sets C(1) and D(1) satisfy the bipolar relations (3.1) and (3.2). Moreover,

1eC(1) and / U(l)du > —oo.
Q
Now (3.10) follows from Step 1. Il

Proof of Theorem 3.2 Observe that by Lemmas 3.8 and 3.7, both functions # and —v
are strictly concave. Thus the conjugacy relations (3.6) follow from Theorem 12.2 in
the book by Rockafellar [32] and Lemma 3.9 (if we extend u# by the value —co on
(—o00, 0]). In turn, the strict concavity of u and —v, (3.6) and Theorem 26.3 in [32]
imply the differentiability of # and v everywhere in their domains.

Fix x > 0 and take y = u/(x). Let € D(y) be the optimizer to the dual problem
(3.5) and é € C(x) the optimizer to the primal problem (3.4). Both 7 and é exist by
Lemmas 3.7 and 3.8, respectively. Using the definition of V, (3.1), (3.3) and Theo-
rem 23.5 in [32], we get

OfﬂxV@%4H@+émduiMw—uw%hw=0
Therefore, for u-a.e. w € §2, we have
V(i) =UE) - En.
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This implies the remaining assertions of the theorem, i.e.,
UE)=1n u-ae.,

In order to prove Theorem 3.3, we proceed in a similar way as the proof of Propo-
sition 1 in Kramkov and Schachermayer [26]. Define the polar of a set A C L) 1 as

— (g €Ly : (g, n) <1forallpe A}

A subset A of L9r is called solid if 0 < n < ¢ and ¢ € A implies that n € A. Observe
that the sets C and D satisfy the bipolar relations (3.1). We use a version of the bipolar
theorem that was proved by Brannath and Schachermayer in [5]: for a subset A of L9,
the bipolar A°? is the smallest subset of LS)r containing A which is convex, solid and
closed with respect to the topology of convergence in measure.

Lemma 3.10 Under the conditions of Theorem 3.2, for every fixed y > 0, let 7(y) be
the minimizer to the dual problem (3.5). Then there exists a sequence ({"),>1 in D
that p-a.e. converges to 1(y)/y.

Proof Fix y > 0. By assumption, D is a convex set that satisfies (3.7). Therefore,
applying the bipolar theorem (see [5]), we deduce that D is the smallest convex,
closed and solid subset of L(J)r(.Q, F, i) containing D. Thus for any n € D, there
exists a sequence ({"),>1 in D such that ¢ =1lim,_ o " exists p-a.e. and ¢ > 7. In
particular, such a sequence exists for n = 7(y)/y. We deduce from optimality of 7(y)
that n = ¢ = lim;,— o . O

Lemma 3.11 Under the conditions of Theorem 3.2, for each y > 0, we have

inﬁ/ V(in)du < oo.
neD J 2

Proof To simplify notations, we assume that y = 1. Let (a¢"),>1 be a sequence of
strictly positive numbers such that Z:o:1 a" = 1. By Lemma 3.7, for each n > 1,
there exists 7j(a”), the minimizer to the dual problem (3.5) when y = a”. One can

construct a sequence of strictly positive numbers (8,),>2 that decreases to 0 such
that

Z/ n(a”) la,dpn <oo, whenever A, € F and u(A,) <68,,n>2. (3.15)
From Lemma 3.10, we deduce the existence of a sequence (7");>1 C D such that

w(V@ > V(@) +1) =8, nzl,
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Define the sequences of measurable sets (B,),>1 and (A,),>1 as

B, :={V(a"n") <V (qam)+1}, n=1,

n—1
Ay1:=Bi,..., A, ::Bn\(UAk>,---.
k=1

Then (A, ),>1 is a measurable partition of §2 and u(A,) <4, forn > 2.

To finish the proof, let n:= Y o a"n". Then n € D since D is closed under
countable convex combinations. From the construction of (A,),>1, monotonicity of
V and (3.15), we obtain

oo o
/vm)du:Z/ V(Zafnf>1Andu
§2 =175\

o0

=3 [ v, du
2
n=1

<3 [ V@) a, dutn@
n=1
< Q.

This concludes the proof of the lemma. O

Proof of Theorem 3.3 By symmetry between the primal and dual problems, it suffices
to prove that

v(y) = ini/gV(yn)du, y>0.

neD

Fix y > 0 and € > 0. We show that there exists 1 € D such that
/ V((y+em)du <v(y) +e.
2

Let 7 € D(y) be the minimizer to the dual problem (3.5) and ¢ an element of D such
that

/ V(€g) du < o0,
2
whose existence follows from Lemma 3.11. Let § > O be such that

/ (IV@I+ V(D) adu < %, whenever A € F with u(A) < 6.
2

By Lemma 3.10, there exists 6 € D such that the set

. €
B:= {V(y@) > V@) + 2u(9)}
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has measure p(B) < é. Define

. yO + €
: 7y+e .

Since D is convex, it follows that neD. By construction of the set B and monotonic-
ity of V, we obtain

/V((y+6)n)du=/ V(0 +et)du
2 2
5/ V(ye)lgedwf V(et) 1pdp
2 2

<3 +/ V(@) du +f (V (€)= V() 1pdu
2 2

<v(y)+e. O

4 Proofs of the main theorems
Let us recall the concept of Fatou convergence of stochastic processes; see [11].

Definition 4.1 Let t be a dense subset of [0, 00). A sequence of processes (Y"),>1
is Fatou-convergent on t to a process Y if (¥Y"),>1 is uniformly bounded from below
and

Y, =limsuplimsup ¥;' = liminfliminf ¥,
sit, n—oo syt, n—>oo °
SET Set
almost surely for every ¢t > 0. If v = [0, 0o), then the sequence (Y"),>1 is called
Fatou-convergent.

We also recall that a probability measure Q is called an equivalent local martin-
gale measure for X if Q is equivalent to P and every X € & is a local martingale
under Q.

The following lemma can be thought of as an extension of Theorem 5.12 in [10] to
our setting. Its proof is based on an application of Fatou convergence and the optional
decomposition theorem; see [27, 11, 36].

Lemma 4.2 Let ¢ be a nonnegative optional process and k a stochastic clock. Under
the assumptions (2.1) and (2.3), the following conditions are equivalent:

() ce A
(i) supzez ELfy e Zidki] < 1.

Proof Let ¢ € A. Then there exists a predictable S-integrable process H such that
t t
1+/ HudSuz/ cudiy >0, t>0.
0 0
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Take an arbitrary Z € Z. Using the supermartingale property of Z(1 + [ HdS), we

obtain for every T > 0
T T
12E|:ZT <l+/ HL,dSu) ZE[ZT/ Cudku]. “4.1)
0 i 0

T T
E |:ZT / Cu d/cu:| =K / cuZy d/cu:| . “4.2)
0 0

Let C; := fé cydky, t € [0, T]. We remark that C is an increasing process that corre-
sponds to the cumulative consumption. For every stopping time t < T, the integration
by parts formula gives

We claim that

T T
Z'L'C'L’ :‘/(; Z[ dC[ +/0 le dZ[, (43)

see also Theorem 1.4.49 in Jacod and Shiryaev [16]. By Theorem III.29
in Protter [31], the process ( fot Cu—dZy)ie0,1] s a local martingale. Therefore,
there exists an increasing sequence of stopping times 1, < 7, n > 1, such that
lim, 5o P[t, <T]=0 and ]E[for" Ci—dZ;]1 =0 for every n > 1. Since Z is a mar-
tingale, using the monotone convergence theorem, we get from (4.1) and (4.3) that

1>E[Z7Cr] = nl_i)H;OE[ZTCrn]

T T
= lim E[Z,,C,,]= lim E[f Z dC,] =E[/ thct},

i.e., (4.2) holds. Combining (4.1) and (4.2) (or equivalently, considering the latter
expression), taking 7' — oo, and using monotone convergence, we get (ii).
Conversely, assume that sup,. = E[fooo ¢:1Zydk;] < 1. Then as in (4.2), we get

n n
E |:Zn/ Cu d/cui| =E |:/ culy d/cui| , n=>0.
0 0

One can see that {(Z;);c[0,,] : Z € Z} coincides with the set of cadlag densities of
equivalent local martingale measures for X’ on (£2, F,). Let us denote the set of such
measures by M¢. Then by Proposition 4.2 in [27], there exists a cadlag process V"
on [0, n], given by

n
V' =esssup EQ |:/ c,dky
QeMe¢ 0

]:1}7 tE[O,n],

which is a supermartingale under every Q € M¢. Notice that V' > fé cydky,
t €[0,n], and V(;’ < 1. Now, applying Theorem 4.1 in [11], we can write V" as

t
V= "+/ H!'dS,— A}, tel[0,n],
0
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where H" is predictable S-integrable and A" optional increasing with Ajj = 0. Extend
H" to [0, 00) by setting H/" := 0 for ¢t > n. Using Lemma 5.2 in [11], we can con-
struct a sequence of stochastic processes Y" € conv(1+ [H"dS, 1+ [H"T1dS, ...),
n > 1, and a process Y such that (ZY"),>1 is Fatou-convergent on the set of pos-
itive rational numbers to a supermartingale ZY for every Z € Z. Then, we have
Y > f(; cydky,t>0,and Yy < 1. Now using Theorem 4.1 in [11] on [0, n], we get

t
Y,:Yo—i—/ G"dS,— Bl', tel0,n],
0

where G" is predictable S-integrable and B" optional increasing with By = 0. Let us
set G} := 0 for ¢t > n. Denoting

n(t):=min{fneN:n>t}, >0,
we deduce that the process

n(t)
Gi=) (Gi=Gi™h, =0,
k=1

is such that 1+ [y G, dSy, > [y cudry, t > 0. Thus, c € A. O

Lemma 4.3 Let « be a stochastic clock. Under the assumptions (2.1) and (2.3), for
every ¢ € A, we have

o0 o
supE[/ c,Z,d/c,:|: supIE|:/ C,Y,d/cti|§1.
ZeZ 0 Yey 0

Proof By the definition (2.5), for an arbitrary ¥ € ), we can find a sequence (Y"*),>1
in the solid hull of Z (i.e., such that Y” < Z" (dx x P)-a.e. for some Z" € Z) such
that (Y"),>1 converges (dk x P)-a.e. to Y. Using Fatou’s lemma and Lemma 4.2, we
get

o0 o0 o
E [/ cY: d/c,] <liminfE |:/ Y/ d/c,i| <sup E [/ i Z; d/c,:| <.
0 n—00 0 ZeZ 0

Denote by L% = L%dk x P) the linear space of (equivalence classes of) real-
valued optional processes on the stochastic basis (2, F, (F;):>0, P) which we equip
with the topology of convergence in measure (dx x P). Let LgL be the positive orthant
of LY. Recall that the polar of a set A C Lg_ is defined as

o0
A° :={Y6L9r:E|:/ c,Y,dK,] §1f0rallceA}.
0

In view of Theorems 3.2 and 3.3, in order to complete the proofs of Theorems 2.3
and 2.4, it suffices to establish the following proposition. Note that the sets C, D and
measure  correspond to the sets .4, )V and measure (dk x IP), and the sets Cand D
accord with the sets B and Z, respectively.
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Proposition 4.4 Assume that an R -valued semimartingale S satisfies (2.3). Under
the condition (2.1), the sets A and Y defined in (2.2) and (2.5), respectively, have the
following properties:

(1) A and Y are subsets of Lg that are convex, solid and closed in the topology of
convergence in measure (dx x IP).
(ii) The sets A and Y satisfy the bipolar relations

o0
cce A E|:/ c,Y,d/c,:|§1 forallY €,
0

o0
Ye) E[/ clY,dK,} <1 forallce A
0
(iii) There exists ¢ € A such that ¢ > 0, and there exists Y € Y such that Y > 0.

Proof (i) It is enough to show closedness of A. Let (¢*),>1 be a sequence in A
that (dx x P)-a.e. converges to c. For an arbitrary Z € Z, using Fatou’s lemma and
Lemma 4.2, we get

(0.¢] [e¢)
E |:/ CtZl‘ th] < liminfE I:f C?Zt th] < 1.
0 n—o00 0

Therefore, by Lemma 4.2, ¢ € A, and thus A is closed.
(ii) It follows from Lemma 4.2 that
A=2Z°,
whereas from Lemma 4.3, we deduce
YA’ =27, 4.4)

Since ) is closed, convex and solid and Z C ), it follows from the bipolar theorem
of Brannath and Schachermayer [5] that Z°° C ). Combining this with (4.4), we
conclude that

y=JA. (4.5)

On the other hand, it follows from part (i) that A is also convex, closed and solid.
Thus A = A% by the bipolar theorem. Therefore, from (4.5), we get

A=)°.

(iii) Since X contains the constant function 1 = (1);>0, the existence of ¢ € A
such that ¢ > 0 follows from the definition of the set A. The existence of ¥ € ) with
Y > 0 follows from assumption (2.3). This completes the proof of Proposition 4.4. [

The following example shows an application of our results to a utility maximiza-
tion problem under a change of numéraire. Essentially, we start from the framework
of Kramkov and Schachermayer [26] and show how more conclusions to their Theo-
rem 2 can be added, namely existence and uniqueness results for a utility maximiza-
tion problem under a new numéraire, via an application of Theorem 2.3.
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Example 4.5 Consider the problem of optimal investment from terminal wealth
(where k() = 1[1,00)(t), t > 0), where T is a positive constant, S is a d-dimensional
semimartingale and the price process of the bond is constant, U is a determinis-
tic utility, i.e., U(t,w,x) = U(x), (t,w, x) € [0, 00) x £ x [0, 00), where U is an
Inada utility, i.e., a strictly increasing, strictly concave, continuously differentiable
function that satisfies the Inada conditions and is extended at O by continuity. Notice
that Assumption 2.1 holds for U. Let us assume that

v(y) <00, y>0,

and that condition (2.3) holds. Then the assumptions of Theorem 2.3 are satis-
fied (also notice the relationship with Theorem 2 in [26]). Therefore, existence and
uniqueness hold for the solutions of the primal and dual problems as well as conju-
gacy relationships between them, where the wealth process is given in the units of the
bond.

We now show how Theorem 2.3 can be used to establish the standard conclusions
of the theory for the problem of utility maximization under a new numéraire, which
we designate by N.

Let us denote S := (%, %) and set

t
X::{XZO:X;:I+] H,dS, >0, te[O,T]}.
0

Now we can define the primal value function under the numéraire N as

u(x):=sup E[UxX7)], x>0.
Xeé’?

Setting

~ _ X
U(w, x) ':U<NT(w)>’ x>0,

andsince{XT:Xe)A(J}:{x—;:XeX},wehave

i(x)= sup E[U (xX7)], x>0. (4.6)
XeX

Remark 4.6 Denoting 5(1‘, w,Xx) = U(m), (t,w,x) €[0,00) x £ x [0, 0), one

can see that U satisfies Assumption 2.1. With a slight abuse of notations, we say that
U satisfies Assumption 2.1.

As for the dual problem, first let us observe that
V(w.y) =V (yNr(@), y=>0,

is the conjugate to U, where V is the conjugate to U. Then the value function dual to
u can be defined as

¥(y):= inf E[V(¥7)], y>0.
YeY(y)
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Lemma 4.7 Let S be a semimartingale, N a process in X, and U an Inada utility.
Let (2.3) hold, v(y) < oo for every y > 0, and

v(y) <00, y>0. 4.7

Then the conclusions of Theorem 2.3 hold for i and 7.

Remark 4.8 For N € X, (4.7) holds if either one of the following conditions is valid:
e The utility function U is bounded from above, i.c.,
lim U(x)=V(0) < oco.
X—>00
Then we obtain

P(y)= inf E[V(YrN7)]<V(©0)<oo, y=>0.
YeY(y)

e Nr is bounded away from 0, i.e., there exists a constant & > 0 such that
Nt >¢.
In this case, for every y > 0, we have
¥(y)= inf E[V(NrYr)]< inf E[V(eY7)]=v(ey) < oo.
YeY(y) YeY(y)
Proof of Lemma 4.7 Let us consider the formulation (4.6). Since U satisfies Assump-

tion 2.1 (see Remark 4.6) and taking into account (4.7), to finish the proof, it suffices
to show that

(x) > —oo forevery x > 0.

Fix x > 0. Since N € X, we have
_ _(xX -
ux)=sup E [U <X—T>] >U (x) > —o0.
XeX Nr

This concludes the proof of the lemma. O
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