POINTWISE BEST APPROXIMATION RESULTS FOR GALERKIN FINITE ELEMENT SOLUTIONS
OF PARABOLIC PROBLEMS

DMITRIY LEYKEKHMANT AND BORIS VEXLER?

Abstract. In this paper we establish a best approximation property of fully discrete Galerkin finite element solutions of second order
parabolic problems on convex polygonal and polyhedral domains in the L° norm. The discretization method uses of continuous Lagrange
finite elements in space and discontinuous Galerkin methods in time of an arbitrary order. The method of proof differs from the established
fully discrete error estimate techniques and for the first time allows to obtain such results in three space dimensions. It uses elliptic results,
discrete resolvent estimates in weighted norms, and the discrete maximal parabolic regularity for discontinuous Galerkin methods established
by the authors in [16]. In addition, the proof does not require any relationship between spatial mesh sizes and time steps. We also establish a
local best approximation property that shows a more local behavior of the error at a given point.
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1. Introduction. Let 2 be a convex polygonal/polyhedral domains in RY, N = 2,3 and I = (0,7). We
consider the second order parabolic problem

atu(taw) - Au(tvx) = f(t,.’E), (tvx) elx Qv
u(t,z) =0, (t,x) € I x 09, (1.1)
u(0, ) = ug(x), x €.

For the purpose of this paper we assume that f and ug are such that the unique solution w of (I.I) fulfills u €
C(I x Q)N C(I; H}(£2)). To achieve this, we can for example assume that the right-hand side f € L"(I x Q)
with 7 > & + L and ug € C(Q) N HY(Q), cf., e. g., [42] Lemma 7.12], but other assumptions are possible.

To discretize the problem we use continuous Lagrange finite elements in space and discontinuous Galerkin
methods in time. The precise description of the method is given in Section [2| Our main goal in this paper is to
establish global and local space-time pointwise best approximation type results for the fully discrete error, namely,

T
[ = tpn| L (rx0) < C|lnh|In EHU = XllL=(rxa), (1.2)

where ug, denotes the fully discrete solution and x is an arbitrary element of the finite dimensional space, h is
the spatial mesh parameter and & stands for the maximal time step. Such results have only natural assumptions
on the problem data and are desirable in many applications, for example in optimal control problems governed by
parabolic equations.

Most of the work on pointwise error estimates for parabolic problems were devoted to establishing optimal
convergence rates for the error between the exact solution u(¢) and the semidiscrete solution uy, (¢) that is contin-
uous in time, [3} 4} 15, 16} 20, 21}, 23} 24} 130} 132, 33|, 141]. The best approximation results for the semidiscrete error
u(t) — up(t) in L>°(I x £2) norm can be found, for example, in [[14}[32].

Results on fully discrete pointwise error estimates are much less abundant. Currently, there are several tech-
niques available for obtaining fully discrete error estimates. One popular technique splits the fully discrete error
into two parts as u — ugp = (u—up)+ (up, — ugp). The first part of the error is estimated by the semidiscrete error
estimates and the second part of the error is treated by using results from rational approximation of analytic semi-
groups in Banach spaces. Thus, for example, optimal convergence rates for backward Euler and Crank-Nicolson
methods were obtained in [33] (see also [40l Sec. 9] for treatment of general Padé schemes). A similar technique
uses a different splitting, u — ugp, = (u — Rpu) + (Rpu — ugp), where Ry, is the Ritz projection. In this approach
the first part of the error is treated by elliptic results and the second part of the error satisfies a certain parabolic
equation with the right-hand side involving (u — Rpu), which again can be treated by results from rational ap-
proximation of analytic semigroups in Banach spaces [19] (see also [40, Thm. 8.6]). For smooth solutions, both
approaches above produce error estimates with optimal convergence rates. However, in many applications these
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two techniques require unreasonable assumptions on the data, as well as on the regularity of the solution. As a
result, the best approximation property (I.2)) can not be derived, except for the one-dimensional case [43]].

Another approach, that is more direct, is based on the weighted technique. For N = 2 and low order time
schemes, this technique works rather well and allows one to obtain sharp results. Thus, in [9] (see also [25, Thm.
4.1]) optimal convergence error estimates of the form

1
LL, 2
lu(tn) — ukn(tn)ll L) < Cllnhl (111 ]:> Jmax (k|0 ull Lo (0,6,)x2) + B2 D ull oo ((0,8,)x2)) »

for piecewise constant and piecewise linear time discretizations, i.e. ¢ = 1 and ¢ = 2, correspondingly, were
derived on convex polygonal domains (the result in [9] actually holds even on mildly graded meshes). The best
approximation property of the form (T.2)) was derived in [28] on convex polygonal domains without any unnatural
smoothness requirements. However, for N = 3, the weighted technique is much more cumbersome and as of
today, there is no three dimensional pointwise best approximation results or optimal error estimates even for
backward Euler method.

In this paper for the time discretization we consider discontinuous Galerkin (dG) methods of an arbitrary or-
der. These methods were introduced to parabolic problems in [12]] and deeply analyzed in [[11]]. There is a number
of important properties that make dG schemes attractive for temporal discretization of parabolic equations. For
example, such schemes allow for a priori error estimates of optimal order with respect to discretization parameters,
such as the size of time steps, as well as with respect to the regularity requirements for the solution [8, 9]]. Different
systematic approaches for a posteriori error estimation and adaptivity developed for finite element discretizations
can be adapted for dG temporal discretization of parabolic equations, see, e. g., [37, 138]. Since the trial space
allows for discontinuities at the time nodes, the use of different spatial discretizations for each time step can be
directly incorporated into the discrete formulation, see, e. g., [37]. Compared to the continuous Galerkin methods,
dG schemes are not only A-stable but also strongly A-stable [[13]. An efficient and easy to implement approach
that avoids complex coefficients, which arise in the equations obtained by a direct decoupling for high order dG
schemes, was developed in [29].

Our approach in establishing (I.2)) for dG methods is more in the spirit of the work of Palencia [26] and does
not require semidiscrete error estimates or even any error splitting. Moreover, it does not require any relationship
between the spatial mesh size h and the maximal time step &, which is essential for problems on graded meshes.

Our approach is based on two main tools: The newly established discrete maximal parabolic regularity re-
sults [16] for discontinuous Galerkin time schemes and discrete resolvent estimates of the following form:

_ C
(2 + An) "Xl L (@) < QHXHLOC(Q), forz € C\ ¥,, forally € V4, (1.3)

where
Ey={zeC|larg(2)| <}, (1.4)

for some v € (0, 5) and the constant C' that may contain |In /| but must be independent of / otherwise. Such a
discrete resolvent estimate can be shown directly [1} 2} [17] or by showing stability and smoothing results of the
semidiscrete solution operator Ej,(t) = e~“rt [20}32]. The first approach is preferable since it establishes (T.3)
for an arbitrary v € (0, g), while the second approach via theorem of Hille (see, e.g., Pazy [27], Thm. 2.5.2) only
guarantees existence of some v € (0, J).

In this paper we also establish a local version of the best approximation result (T.2)). This result (cf. Theorem
[2.2) shows more local behavior of the error at a fixed point. For elliptic problems such estimates are well known
(cf. 34,136, 144])), but for parabolic problems the only result we are aware of is in [28]], which is stated for convex
polygonal domains without a proof and [15, [18] that are global in time. To obtain this result, in addition to the
stability of the Ritz projection in L>°(€2) norm and the resolvent estimate (1.3), we need the following weighted
resolvent estimate

Cl|lnh|
||

N
2

o2 (z+ An) "Xl 12 (o) < ||U%X||L2(Q)7 forze C\ X,, forallx eV, (1.5)

with o(x) = \/ | — xo|? + K?h2. This estimate is established in Theorem The estimate (1.5) is somewhat
stronger than the corresponding resolvent estimate in L°° norm, meaning that (1.3) follows rather easily from
(T.3) (modulo logarithmic term |ln A|), but not vice versa.
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The rest of the paper is organized as follows. In the next section we describe the discretization method and
state our main results. In Section [3] we review some essential elliptic results in weighted norms. Section [] is
devoted to establishing resolvent estimate in weighted norms. In Section[5] we review some results from discrete
maximal parabolic regularity. Finally, in Sections[6]and[7} we give proofs of global and local best approximation
properties of the fully discrete solution.

2. Discretization and statement of main results. To introduce the time discontinuous Galerkin discretiza-
tion for the problem, we partition the interval (0, T'] into subintervals I,,, = (¢y,—1, tm] of length kp, = ¢, —tm—1,
where 0 = tg < t; < -+ < ty—1 < ty = T. The maximal and minimal time steps are denoted by
k = maxy, k,, and kpi, = min,, k,,, respectively. We impose the following conditions on the time mesh
(asin [16] or [22]):

(i) There are constants ¢, 3 > 0 independent of & such that

kmin Z Ckﬂ .

(ii) There is a constant x > 0 independent of k such that forallm =1,2,..., M — 1

(iii) Itholds k < 1T
The semidiscrete space X! of piecewise polynomial functions in time is defined by

X} ={ux € L*(I; H}(Q)) | w1, € Pe(Hj(R), m=1,2,..., M},

where P, (V') is the space of polynomial functions of degree ¢ in time with values in a Banach space V. We will
employ the following notation for functions in X/

+ o . - . _ — + _ —
up = sli%h u(tm +€)y u, = 513& wtm —€), [ulm =u, —u,,. 2.1

Next we define the following bilinear form

M M
B(u,(p) = <atua§0>1m><9 + (VU’V@)IXQ + Z([u]mflﬁpiz—l)f) + (u(JJr’(poJr)fh (2.2)
m=2

m=1

where (-, )q and (-, )1, xq are the usual L? space and space-time inner-products, {-, )7, xq is the duality product
between L?(1,,,; H=1(Q)) and L?(1,,,; H}(£2)). We note, that the first sum vanishes for u € XJ. The dG(q)
semidiscrete (in time) approximation uj, € X! of (II)) is defined as

B(uk, or) = (f, 0x)1x0 + (UO#PZ_,())Q forall ¢, € X (2.3)

Rearranging the terms in (2.2, we obtain an equivalent (dual) expression of B:

M M-—1
B(u,p) ==Y (u,010)1,,x0 + (Vu, Vo) rxa = Y (tp, [Plm)a + (s, 037)0- 2.4)
m=1 m=1

Next we define the fully discrete approximation. For h € (0, hgl; hg > 0, let 7 denote a quasi-uniform
triangulation of 2 with mesh size h, i.e., 7 = {7} is a partition of ) into cells (triangles or tetrahedrons) 7 of
diameter h, such that for A = max, h,,

diam(t) < h < C|7|¥, VreT.

Let V}, be the set of all functions in H{ (£2) that are polynomials of degree 7 € N on each 7, i.e. V}, is the usual
space of conforming finite elements. To obtain the fully discrete approximation we consider the space-time finite
element space

X ={ ven € L*(I; Vo) | vknlr,, € Py(Va), m=1,2,...,M, ¢>0, r>1}. (2.5)
We define a fully discrete ¢G(r)dG/(q) solution ug, € X} by

B(ukn, prn) = (f; exn)1xa + (uo, o, )a  forall pr, € X (2.6)
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2.1. Main results. Now we state our main results.

2.1.1. Global pointwise best approximation error estimates. The first result shows best approximation
property of ¢G(r)dG(q) Galerkin solution in L>°(I x ) norm. For N = 2 and ¢ = 0, = 1, the result can be
found in [28]] for convex polygonal domains. A similar result showing optimal error estimate is established in [9]],
Thm. 1.2. We are not aware of any pointwise best approximation type results for N = 3.

THEOREM 2.1 (Global best approximation). Let u and uyy, satisfy (I.1) and respectively. Then, there
exists a constant C' independent of k and h such that

T
— oo <Clh—|lnh| inf — - .
|u = ukn |l (rx0) < C'ln k [In |Xe1£l("‘ llu = XL (rx0)

r
k,h

The proof of this theorem is given in Section [6]

2.1.2. Local pointwise best approximation error estimates. For the error at the point zy we can obtain a
sharper result, that shows more localized behavior of the error at a fixed point. For elliptic problems similar results
were obtained in [34,36]. We denote by B; = By(x¢) the ball of radius d centered at x.

THEOREM 2.2 (Local best approximation). Let u and uyy, satisfy (1) and 2.6)), respectively and let d > 4h.
Lett € I,,, with some m € {1,2,..., M} and By CC , then there exists a constant C independent of h, k, and
d such that

3 T .
|(w — wgn)(t, 20)l < Cln|lnh| inf { 1w = Xl Lo ((0,tm) x Ba(zo))
XEX

k,h
_N
+d” > (||U = Xllzoo ((0,t):22(2)) + IV (u — X)||Loo((o,tm)-,L2(Q))> }

The proof of this theorem is given in Section[7]

3. Elliptic estimates in weighted norms. In this section we collect some estimates for the finite element
discretization of elliptic problems in weighted norms on convex polyhedral domains mainly taken from [17].
These results will be used in the following sections within the proofs of Theorem [2.1]and Theorem 2.2}

Let o € € be a fixed (but arbitrary) point. Associated with this point we introduce a smoothed Delta function
(36, Appendix], which we will denote by § = d,,,. This function is supported in one cell, which is denoted by 7,
and satisfies

(X76)Tmo :X(xO)v VX € PT(Two)- (31)
In addition we also have

18]lweriy < CR* N2 1 <p<oo, s=0,1. (32)

Thus in particular H5||L1(Q) < C, H<§||L2(Q) < Ch™7, and ||5||Loo(g) < Ch™". Next we introduce a weight
function

o(z) = |z — xo|? + K2h2, (3.3)

where K > 0 is a sufficiently large constant. One can easily check that o satisfies the following properties:

lo™ % |l 120y < Cllnhl, (3.4a)
Vol < C, (3.4b)

V20| < Clo™| (3.4¢)
m€axa < C’mein o, VT (3.4d)

For the finite element space V}, we will utilize the L? projection Py, : L?(Q) — V}, defined by

(Prv,x)e = (v,X)a, VX € Vi, (3.5)
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the Ritz projection Ry,: H}(Q) — V), defined by
(thU7 VX)Q = (V’U, VX)Q, VX € Vh7 (36)

and the usual nodal interpolation ip: Cy(2) — V,. Moreover we introduce the discrete Laplace operator
Ap: V, — V}, defined by

(—Apvn, X)a = (Vur, Vx)a, Yx € Va. 3.7

The following lemma is a superapproximation result in weighted norms.
LEMMA 3.1 (Lemma 2.3 in [17]). Let vy, € V},. Then the following estimates hold for any o, 3 € R and K
large enough:

||Ua(Id _ih>(0'ﬁvh)“L2(Q) + h”UaV(Id —ih)(aﬁvh)HLz(Q) < ChH(TO(—"_B_IUh||I‘2(Q)7 (3.8)
|o®(Id —Py) (0P vp)|| £2(q) + hllo®*V(Id —Py)(cPvs)|| 120y < chllo® T oyl 12 (q).- (3.9)

The next lemma describes a connection between the regularized Delta functional § and the weight o.
LEMMA 3.2. There holds

lo% 8120 + hllo® Vil 2y + 0% Padllze) < C. (3.10)

The proof of the above lemma for N = 2, for example, can be found in [9] and for N = 3 in in [17]], Lemma 2.4.
The next result shows that the Ritz projection is almost stable in L°° norm.
LEMMA 3.3. There exists a constant C' > 0 independent on h, such that for any v € L>(Q) N H}(Q2),

[RrvllLe=(o) < Clnhl||v| L= (q)-

For smooth domains such result was established in [35]], for polygonal domains in [31]], and for convex polyhedral
domains in [17, Thm. 3.1]. In the case of smooth domains or for convex polygonal domains the logarithmic factor
can be removed for higher than piecewise linear order elements, i.e. » > 2. The question of log-free stability
result for convex polyhedral domains is still open.

Next lemma is rather peculiar and can be thought as weighted Gagliardo-Nirenberg interpolation inequality.
The proof is in [17]], Lemma 2.5.

LEMMA 3.4. Let N = 3. There exists a constant C independent of K and h such that for any f € HE}(Q),
any o, 8 € R with a > —%andanyl <p<oo % + ﬁ =1 holds:

lo® fllZ2(@) < Cllo® P floo@llo® PV fll Lo gy,

provided ||~ f|| Lo () and Hcra“+5Vf||Lp/(Q) are bounded.

4. Weighted resolvent estimates. In this section we will prove weighted resolvent estimates in two and
three space dimensions. We will require such estimates to derive smoothing type estimates in the weighted norms
in Section [5} Since in this section (only) we will be dealing with complex valued function spaces, we need to
modify the definition of the L2-inner product as

(u,v)gz/ﬂu(m)@(x) dz,

where v is the complex conjugate of v and the finite element space as V;, = V}, 4+ 1V},.
In the continuous case for Lipschitz domains the following result was shown in [39]: For any v € (0, 7) there
exists a constant C' independent of z such that

1(z + A) " || Lo (e lvllLr), 2€C\X,, 1<p<oo, welP(Q), 4.1)

C
[ —
~ 147
where Y., is defined by

Y, ={zeC|largz| <~v}. 4.2)
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In the finite element setting, it is also known that for any v € (0, 5 ) there exists a constant C' independent of h

and z such that

. C
1z + An) " xllz= (@) < T|Z‘\|><||Loo(ﬂ), forze C\X,, forallye V.

(4.3)

For smooth domains such result is established in [2] and for convex polyhedral domains with a constant containing
[In A| in [17]. In [20] the above resolvent result is established for convex polyhedral domains for some « € (0, g),

but with a constant C' independent of h.
Our goal in this section is to establish the following resolvent estimate in the weighted norm.
THEOREM 4.1. For any y € (0, 5), there exists a constant C' independent of h and z such that

N _ C’lnh N
o -+ &) ey < S o e

forall x € V,, where 3., is defined in (@.2).
4.1. Proof of Theorem@.I|for N = 2. For an arbitrary y € V}, we define

up = (2 + Ap) "'y,
or equivalently
z2(un, ) — (Vun, Vo) = (x, @), Yo € V.
In this section the norm || - || will stand for || - || 12(q). To estimate ||ouy,|| we consider the expression
loVun||* = (V(o?un), Vur) — 2(aVaouy, Vuy,).
By taking ¢ = — P, (0%uy) in (@#4) and adding it to (#.3)), we obtain
= zllounl* + [loVun|* = F,

where

F=F +F+ Fy:= —(c%up, x) + (V(c?up, — Pu(cup)), Vup) — 2(eVaup, Vuy,).
Since v < |arg z| < 7, this equation is of the form

ea+b=f, with a,b>0, 0<|a|<m—7,

io
2

by multiplying it by e and taking real parts, we have

atbs (eos(2)) 1< (s (2)) 1A=l

From (@.6) we therefore conclude
12| loun|? + [[oVup|® < C,|F|, for z€X,.

Using the Cauchy-Schwarz inequality and the arithmetic-geometric mean inequality we obtain,
B = [(0%un, X)| < lloun|lllox]| < CCy |27 loxI* +
To estimate F we use Lemma[3.1] the Cauchy-Schwarz and the arithmetic-geometric mean inequalities,
B < |lo™ 'V (0P un — Pu(oun))|[[loVun| < 41(37||<7sz2 +CC, [|un|.
Finally, using the properties of o, we obtain

1
B3| < CllunllloVunll < 75 loVuall* + CC [lunl|*.
Y

4.4)

(4.5)

(4.6)
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Combining estimates for Fs and kicking back, we obtain
|llloun|® + loVunl® < 5 (|27 lox |l + unl?) -
Thus, in order to establish the desired weighted resolvent estimate, we need to show
lun|* < Clnh ][ lox]*.
To accomplish that, testing (@.4)) with ¢ = u;,, we obtain similarly as above
elllunll® + [Vunl® < Gy fl, for z€C\Z,.
where f = (x, uy). Using the discrete Sobolev inequality (see [33, Lemma 1.1]),
lonllze @) < Clh|2|[Vonllzz ), VYon € Vi,
and using the property of o (3.4a), we obtain

2l lunll® + IVunl® < Cylloxllzz@llo ™ unllL2 )

< Gy lloxllzz@llo ez lunll Lo @)

< Oy hllox| 2 @) Vunl L2

1
< C2mhP(lox)|7z(q) + §\|Vuh||2L2(sz)~

Kicking back || Vuy, Hsz(Q), we establish (@.8) and hence Theoremin the case of N = 2.

4.7)

(4.8)

4.2. Proof of Theorem [@.1)for N = 3. The three dimensional case is more involved and we require some
auxiliary results. For a given point zo € 2, we introduce the adjoint regularized Green’s function G = G*(x, z)

by
G=G"(x,2)=(24+A)"'6
and its discrete analog G, = G.°(x, Z) € V), by
G =G (x,2) = (Z+ Ap) P9,

which we can write in the weak form as

2(p,Gr) — (Vp,VGhL) = (¢,6), Vo € V.

From [17] we have the following result.
LEMMA 4.2 ([T7]). Let G, € V}, be defined by @9). There holds

1GhllLs@) < Clnhls.

LEMMA 4.3. Let wy, € V}, be the solution of
Z(whv‘p> - (vwf“vsp) = (f7 80)7 Vo €V

for some f € L3 (). There exists a constant C' > 0 such that

1
ol @) < C Al 1l g g

Proof. There holds

wh(xO) = Z(wha Gh) - (th, VGh) = (f7 Gh)

4.9)
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Hence,

lwn (o) = [(f, Gr)l < 1]l

L Gl

Applying Lemma4.2] we obtain the result. 0
LEMMA 4.4. Let vy, € V}j, be the solution of

Z(Uh,SD) - (V'L}h,v@) = (f7 90)’ VQO S th

and f € L*(S2). There exists a constant C > 0 such that

[onllL3) < ClmA[3{|f]lL1(g)-

Proof. We consider a dual solution w;, € V;, defined by
z(p,wn) — (Vo, Vwn) = (p,vnlvn]), Ve € Vi,
There holds
[onll%s () = 2(vn, wn) = (Yo, Vwn) = (f,wn) < || fllzr @) llwnllze@)-
By Lemma[4.3]that also holds for the adjoint problem, we have

1 1
[wnllzoe (@) < O[3 [[on]ol] < Clln b5 ||val|7s0)-

L3 )
Thus, we get
1
onll3s ) < ClmAl3 (| £l L@ llvallisq)-

Canceling ||vp, H%g(m completes the proof. O
With these results we proceed with the proof of Theorem [d.T|for N = 3.
Proof. For an arbitrary y € V;, we define

up = (2 + Ap)"'x.
or equivalently
2(un, ©) = (Vun, Vo) = (x,¢), Y € Vp.

To estimate ||o2uy, || we consider the expression

Hg%VUhHQ = (V(o3up), Vup) — 3(c*Vouy, Vuy).
By taking ¢ = — P, (03uy,) in (@10) and adding to (#.T1)), we obtain

= 2llotunl® + o Vun |* = F,
where
F =F, + Fy + F3 := —(Pu(cup), x) + (V(o3un — Pu(03un)), Vuy) — 3(0?Voun, Vuy,).

Since v < |arg z| < T, this equation is of the form

e“a+b=f, with a,b>0, 0<|a|<m—7,

ia
2

by multiplying it by e~ = and taking real parts, we have

atb< (cos (D)) 11 < (s (2)) 1= sl

(4.10)

“.11)

4.12)
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From [#.12) we therefore conclude
l2llo 2 un|® + |02 Vus|? < C,|F|, forall ze X,
Using the Cauchy-Schwarz inequality and the arithmetic-geometric mean inequality we obtain,

3 3 —1y .3 || | s
[F1| = [(0%un, )| < lo2unllllo? xl| < CCLl2| " o2 x* + 55~ llo 2 unl*.
¥

To estimate F» we use Lemma[3.1] the Cauchy-Schwarz and the arithmetic-geometric mean inequalities,

_3 3 1 3 1

|B5| < o™ 2V (oPun = Pa(e®un))llllo? Vunl| < 75~ o2 Vun|* + CC, [loun]
v
Finally, using the properties of o, we obtain
1 3 1 3 2 10
5] < Cllozunllllo® Vun| < 75~ llo2 Vun|” + CC;llo2un|".
¥

Combining the estimates for Fs and kicking back, we obtain

[2lllo®unl? + llo# Van| < € Iz~ o3 xl? + lloFun?) (“-13)
Thus, in order to establish the desired weighted resolvent estimate, we need to show

o= un* < Cl |2 lo# x| (4.14)
To accomplish that, we consider the expression
fz||or%uh||2 + ||U%Vuh||2 = —z(up, oup) + (Vup, V(oup)) — (Vup, Vouy,).
Testing @10) with ¢ = Py, (cuy,) we obtain similarly as above
2lllo®unl|? + o Vun|® < G|, for z€C\ L,
where
f=h+fo+ f3:=—(Puloun),x) + (V(oup — Pr(oun)), Vup) — (Voup, Vup).
Using the Cauchy-Schwarz inequality and the arithmetic-geometric mean inequality, we obtain
[l = loun 0l < o Funlloxl < g o Hunl? + 5l

To estimate f> we use Lemma 3.1} the Cauchy-Schwarz and the arithmetic-geometric mean inequalities,

_1 1 1 1 _1
[fol < llo™ 2V (oun = Puloun)llllo Vunl| < 5=~ lo* Vun* + CCy o~ 2up |
vy
Finally, using the properties of o, we obtain

[fs] < Cllo™ Funllo® Vun| < jqo—%wﬂ +CCy o bun .
Combining estimates for f/s and kicking back, we obtain
2lllotunl? + o Fun|? < € (llo™ hunl® + lod 1) - (4.15)
To estimate |0~ 2 uy, || we use Lemmawith o=/ =—1andp =3, toobtain

1 1
lo ™2 unl| < Cllunl|Zs g I Vunl? (4.16)

L2(Q)
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Using Lemma4.4] we have
1 1, 8, 8 5. 38
[unllLs@) < Clnhl3 x|z @) < Cllnh[3]lo™2|[[loz x| < ClnAle|lo2x]|.

To estimate || Vuy, ||L @) Ve proceed by the Holder inequality

)
IVunll, g g < Clin h|s |02 V|| 2 (q)- 4.17)

Thus, using (4.15)) and the above estimates, we have
1 1 3
llloFunl? + llo? Vun |2 < € (lunll s I Vunll, g ) + o3 xI1?)

< C (I hllod Vanlllo x| + llox12)

L3

3 1.1
< ClnhP|ozx|]* + 5\\0’2VU;LH2-

Kicking back [|o'2 Vauy, |2, we finally obtain

lotunll* < ClnAf*|= " flo % x|,
which shows (4.14]) and hence the theorem. O

5. Maximal parabolic and smoothing estimates. In this section we state some smoothing and stability
results for homogeneous and inhomogeneous problems that are central in establishing our main results. Since we
apply the following results for different norms on V},, namely, for L”(£2) and weighted L?(£2) norms, we state
them for a general norm ||-|||.

Let |[-[| be a norm on V}, such that for some € (0, ) the following resolvent estimate holds,

My
k1

for all x € V},, where ., is defined in and the constant My}, is independent of z.
This assumption is fulfilled for ||-[| = ||| L+ (o) With a constant M}, < C' independent of h, see [21]], and for

Il = o || 12y with My, < C|lnhl, see Theorem

1z + )" x| < =il 5.1)

5.1. Smoothing estimates for the homogeneous problem in Banach spaces. First, we consider the homo-
geneous heat equation (1.1)), i.e. with f = 0 and its discrete approximation u, € X Z,: defined by

B(ugn, prn) = (o, ¢fn0)  Veorn € X (5.2)

The first result is a smoothing type estimate.

LEMMA 5.1 (Fully discrete homogeneous smoothing estimate). Let ||-|| be a norm on Vy, fulfilling the
resolvent estimate (3.1)). Let uyy, be the solution of (5.2). Then, there exists a constant C' independent of k and h
such that

_ CM;y,
sup [|0urn (Bl + sup [[Anwwn () + kel wwn]m—1 Il < | ol
teln, teln, tm
form=1,2,..., M. For m = 1 the jump term is understood as [ugp)o = uZ‘h o — Pruo.

The proof of this result for the term involving the discrete Laplacian is given in [10, Thm. 5.1] for the L?(2)
norm, but the proof is valid for the |||-||| norm as well provided the resolvent estimate (3.1)) holds. The proof for the
other two terms can be found in [16, Thm. 4 and Thm. 5] with respect to LP(£2) norm, but again the proof is valid
for the |||-||| norm as well provided the resolvent estimate (5.1)) holds.

For the proofs of Theorem and Theorem we will need an additional stability result, which is also
formulated for a general norm |||-||| fulfilling (5.1).

LEMMA 5.2. Let |||-||| be a norm on V}, fulfilling the resolvent estimate (5.1)). Let uyy, be the solution of (5.2).
Then there exists a constant C independent of k and h such that

M

T
S ([ Moo+ [ Wwuna llde + Wanl-11) < €Ot | Prtal
I,

m=1 m
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For m = 1 the jump term is understood as [ugp]o = u;l'h o — Pruo.
Proof. Using the above smoothing result, we have

M

3 < [ W@l + [ snualar + |[ukh1m_1|)

m=1 m m

M
< Z Fim | S1P Ocwen (O + sup [l Anwen O + Er lwrnm—1
tElm,

=1

M
km
< CM, Z T ||Phu0||| < CMy ln*|||Phuo|||

where in the last step we used that 2%21 ko <cmZ.D

5.2. Discrete maximal parabolic estimates for the inhomogeneous problem in Banach spaces. Now, we
consider the inhomogeneous heat equation (1.1)), with ug = 0 and its discrete approximation ug, € X ,ZZ defined
by

B(ugn, orn) = (fyoxn)s  Yorn € X0 (5.3)
LEMMA 5.3 (Discrete maximal parabolic regularity). Let ||-|| be a norm on Vy, fulfilling the resolvent esti-

mate (5.1) and let 1 < s < oo. Let ugp, be a solution of (5.3). Then, there exists a constant C' independent of k
and h such that

M H
(Z / 9@l dt) (Z / I Anua Ol dt) (Zmnkml[ukh]m_lnys)

T L\
<o ([ursoira)”.

with obvious notation change in the case of s = co. For m = 1 the jump term is understood as [ugp]o = U:h o
The proof can be found in [16], Thm. 6, Thm. 7 and Thm. 8 with respect to LP(£2) norm, but again the proof

is valid for the ||-|| norm as well provided the resolvent estimate (5.1I) holds.
REMARK 5.4. As mentioned above the assumption (3.1)) is fulfilled for |||-|| = ||-|| » (o) and any 1 < p < oo
with My, < C and for ||-|| = ||J%'HL2(Q) with My, < C|lnh|. Therefore the results ofLemmam Lemma

and Lemma[5.3|are fulfilled for these two choices of norms with the corresponding constants Mj,.

6. Proof of Theorem Letf € (0,7) and let zo € € be an arbitrary but fixed point. Without loss of
generality we assume te (tar—1,T]. We consider two cases: t=Tandty_1 <t<T.

Case 1, = T': To establish our result we will estimate uy;, (T, 2) by using a duality argument. First, we
define g to be a solution to the following backward parabolic problem

_atg(tax) - Ag(tvx) =0 (t,iL’) elx Q7
g(t,l') =0, (tvgj) elx aQ, (6.1)
9(T, ) = by, x €,

where § = 510 is the smoothed Dirac introduced in (3:1). Let grp € X} kb » be the corresponding c¢G(r)dG(q)
solution defined by

B(¢kn, gkn) = ekn(Ty20)  Veorn € X1 (6.2)
Then using that cG(r)dG(q) method is consistent, we have

upn (T, x0) = B(uknh, gkn) = B(u, gin)

M M-1
=- Z (w, 02 gkn) 1,0 x2 + (Vu, Vgrn) rxa — Z (Um, [gkn)m)a + (u(T), g 1) (6.3)
m=1 m=1

=J1+ o+ Js+ Jy.
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Using the Holder inequality we have

M
Ji < Z Null oo (1, x ) 1Oegrn | L1 (1,501 ()
m=l (6.4)

M
< Jullpo(rx ) Z 19egrnll Lt (1,501 ())-

m=1

For J> we obtain using the stability of the Ritz projection in L (€2) norm on polygonal and polyhedral domains,
see Lemma[3.3]

Jo = (VRyu, Vgrn)rxa = —(Ruu, Apgrn)1xa
< | Rnull o (rxo) | Angrnll L1 (1,0 ) (6.5)
< Cln h|||u||L°°(I><Q)||Ahgkh||L1(I;L1(Q))

For J3 and J4 we obtain

M-1 M-1
Js < Z 1wl Lo @)1 [gkn)mll L1 @) < llull Lo (rx) Z grnlm 1), 66)
m=1 m=1 :
o < [T o @) |9 ar 1) < Nullzos (x| 9xn el (@)
Combining the estimates for .Ji, J2, J3, and J4 and applying Lemmawith -l =1l - [ 1 () and M}y, < C, cf.
Remark [5.4] we have
M
|ugn (T, 0)| < Cllnhl||ul| Lo rxa) <Z 10sgknll L1 (1,501 () + 1ARGRRI L1 (1,7 ()
m=1

M-1
+ Z 1 gkn)mllLr () + ”gk_h,M”Ll(Q)>

m=1
T ~
< C[lnh|ln E||u||L°°(I><Q)||Ph5||L1(Q)
T
< C[lnh|ln % llull oo (rx )
where in the last step we used the stability of the L? projection P}, with respect to the L' (2) norm, see, e. g., [7]

and the fact that |8 110y < C.
Using that the cG(r)dG(g) method is invariant on X} , by replacing u and uy,, with u — x and ug, — x for

any x € X"}, and using the triangle inequality we obtain
T :
|u(T, x0) — upn (T, z0)] < Cln E|ln h| inf 7||u — X”LOO(IXQ).
XEXPL

Case2,tp1 <t <T:
In this case we consider the following regularized Green’s function

—01g(t, ) — AG(t,z) = 0, (2)0(t) (L, x) € I x Q,

7
g(t,z) =0, (t,z) € I x 09, (6.7)
Q(T7x):()7 -'15697

where § € C* (I) is the regularized Delta function in time with properties
suppf C (tar—1,7T), ||§||L1(11M) <C

and

(0, 01) 1, = er(t), Vi € Py(Inr).
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Let gin be cG(r)dG(q) approximation of g, i.e.

B(@kn, g — gren) =0 Vern € Xp0.

Then, using that cG(r)dG(q) method is consistent, we have

e (t,20) = (Wkh, 0200) = B(ugn, §) = Bugn, grn) = B(u, Grn)

M M
= - Z Uy 01 Gkn) 1, x2 + (Viu, Varn) rxa — Z Uy [Jrn]m)
m=1 m=1
where in the sum with jumps we included the last term by setting gin, ar+1 = 0 and defining consequently
[Gkn]ar = —Grn,ar- Similarly to the estimates of J1, Ja, J3 above, using the stability of the Ritz projection in L>

norm on polyhedral domains, see Lemma[3.3] we have

M M
upn(t, 20) = Z(U grn)ixa + (Vu, Varn)ixa — Z U, [Gn]m
m=1 m=1

M M
< Clnhfflull L= (1xe) (Z 190Gkl L1 (1 @) + 1AGR N Lr (1) + D ||[§kh]m||L1(Q)> :

m=1 m=1
Using the discrete maximal parabolic regularity result from Lemmawith -l = I - 11 () and My < C, cf.
Remark [5.4] we obtain
- T ~ ~ T
ukn(t, wo) < C'ln E'lnhH'uHLw(IxQ)||Ph(sa:o||L1(Q)||9HL1(IM) <Cln E|1nh|||u|\Lw(le)-
As in the first case this implies
lu(t, 20) — upn(t, z9)| < C'ln —|lnh| inf |lu— x|l (1x0)-
XeXk h
This completes the proof of the theorem.

7. Proof of Theorem To obtain the local estimate we introduce a smooth cut-off function w with the
properties that

w(@)=1, x€ By (7.1a)
w(x)=0, ze€N\ By (7.1b)
|Vw| < Cd™, |Vw| < Cd™2, (7.1c)

where By = By(x¢) is a ball of radius d centered at x. . .
As in the proof of Theoremwe consider two cases: t = T and t);_1 < t < T In the first case we obtain

urh (T, o) = B(ukh, gkn) = B(u, grn) = B(wu, grn) + B((1 — w)u, gin), (7.2)

where g is the solution of (6.1) and g, € X} is the solution of (6.2). The first term can be estimated using

the global result from Theorem To this end we introduce 4 = wu and the cG(r)dG(q) solution u; € X ,ZZ
defined by

B(ﬂkh — ﬂ,, (th) =0 forall Ykh € Xg:;
There holds
- . . T - T
B(t, gkn) = B(tkn, gkn) = tgn (T, v0) < CIHE“HMHU“LW(IXQ) <Cln E|1nh||\u||Loo(Iszd)-
This results in

T
lukn(T, zo)| < Cln [l hll[ull o (1 Ba) + B = w)u, grn)- (7.3)
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It remains to estimate the term B((1—w)u, ggp). Using the dual expression (2:4) of the bilinear form B we obtain

M
B((1 = w)u,gin) = = > (1 = @), degin) 1, <0 + (V((1 = w)u), Vgin) 1o

m=1
M-1

= 2 (A = w)um, [grn]m)a + (1 = w)u(T), gp, ar)e

Mooy N (7.4)
==Y (0751 - w07 dgin)1, xa + (V((1 — w)u), Vg 1xa
m=1
M-—1 N N
- Z (O-_?(l - W)Um, 07[gkh]m>ﬂ + (0'

m=1

=i+ o+ J3+ Ja.

M\Z

(1 - wu(T), 0% gpp ar)e

N

For Ji, using that =2 < Cd~ % onsupp(l —w) C 2\ By and (1 —w) < 1, we obtain

M
Ji < o3 (1 —wull e rizz@y Y 10 OgrnllL 1,22 ()
m=1 (7.5)

M
< Cd™ % |lull g (riz2)) D 0% Beginllor(rizz @)

m=1
To estimate J2, we define ) = (1 — w)u and proceed using the Ritz projection Ry, defined by (3.6). There holds
(Vb(t), Vgen(t)o = (VRR(t), Varn(t)) o = —(Rrt(t), Angrn(t))e
= — (R (t), Angrn(t))Byyo — (Ruto(t), Angrn(t))o\ B,
SN Bob @) Lo (B4/2) | Angrn (O L1 (B4,)2)
+Cd™ % | Rutp ()| 220\ By 0% Bngin ()] 22015,
< | BR ()| 10 (8, [ B0 gin (D3 0) + Cd™ 2 [ Rtb(B)l| 2 0% Angin (D12,

where we used 0~ % < Cd=% on Q \ By /2 By the local pointwise error estimates from [34, Thm. 5.1] and the
fact that supp ¢(t) C Q \ By, we have

IRW ()| o= (B, < CI A1) | e (8a) + Cd™ T | Ry (E) | 200 = Cd™F [ Rutb(8)] L2(en-

Using a standard elliptic estimate and recalling ¢ = (1 — w)u we have

[ Rrb () L2) < [0 @)z20) + [1¥(t) — Rup(t) [ L2(0)

< e@)llz2@) + chlIVY(E) [ 220

< lu@®)lz2(e) + chl[(1 — w)Vu(t) — Vwu(t)| L2 (q)
< cljult) |2y + ch||Vu(t)|| L2 o),

where in the last step we used |Vw| < Cd~! < Ch7L.
Therefore we obtain

(V(), Varn(t)e < Ca™F (u®)llz2) + bl Vu®llzz) (180960 Ollzs ) + 0% Angen®llz2e) -
This results in

Ty < Cd™% (||ull (22 + chl| Vul| L 1522(0)) (\|Ah9kh||L1(I;L1(ﬂ)) + \|0’%Ah9kh||L1<I;L2<Q>>) '
(7.6)
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For J3, similarly to J; we obtain

M-—1
_N ﬂ
Js < o2 (1= wullpeizz@) Y 10 [grnlmllz2@)
m=1

(7.7

M-1

_N N
<cd HUHLOo (I;L2()) Z o gkh]m||L2(Q)~
m=1
Finally,
_N N

Jo < Cd™ 7 ||ul| Lo (1;22(0)) 12 Gl 22 (0)- (7.8)

Combining the estimates for J;, Jo, J3, and Jy, we have

B((1 = w)v, gin) < Cd™F (JJull = (r,22(0) + Al Vaull L= (1.22(2)))

M
N N
Z o2 OgrnllLr(1,,:2)) + 1ARGKR | L1 (1,1 () + |02 AngrnlLr(r,20))
m=1
ﬂ
+ Z llo2 [gknlm 2@y + lo® Ien Lz )

For the term ||Apgrn |21 (1501 (0)) We apply Lemma 5.2\ with [[|-]| = || - || 1 (o) and M} < C and for all weighted
terms with ||-|| = Ho%(~)||L2(Q) and M), < C|lnh|, cf. Remark resulting in

W T ) .
B((1 - w)v,gp) < Cd™? In Ikl (lullzos (2:22 () + PNVl Lo (1,02 (02))) (HPh(SHLl(Q) + ”UgPh(SHL?(Q))
~n. T
<Cd % + Ikl (lullzoe 2200y + DIVl oo (1;22(0))) -

where in the last step we again used the stability of the L? projection with respect to the L' norm, the fact that
l6ll1 () < C, and Lemma for the term |02 Pyd|| 12 (). Inserting this inequality into (7.3), we obtain

lugn (T, z0)| < Oln*|1nh| (||UHL<>°(1xBZd +d 2 (||u||L°o(1 r2)) + hl|Vul[ Lo IL?(Q))))

Using that the ¢G(r)dG(g) method is invariant on X’ & h, by replacing v and wgp with u — x and ugy, — x for any
X € X}’}., we obtain Theorem [2.2|for the case £ = T'.

In the case 3,1 < t < T we proceed as in the proof of Theorem using the dual problem (6.7) instead
of (6.I). Then, we proceed as in the above proof using in the last step the discrete maximal parabolic regularity
from Lemma[5.3]instead of Lemma[5.2] This completes the proof.
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