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LOCAL ENERGY ESTIMATES FOR THE FRACTIONAL LAPLACIAN

JUAN PABLO BORTHAGARAY, DMITRIY LEYKEKHMAN, AND RICARDO H. NOCHETTO

ABSTRACT. The integral fractional Laplacian of order s € (0, 1) is a nonlocal operator. It is known that
solutions to the Dirichlet problem involving such an operator exhibit an algebraic boundary singularity
regardless of the domain regularity. This, in turn, deteriorates the global regularity of solutions and
as a result the global convergence rate of the numerical solutions. For finite element discretizations,
we derive local error estimates in the H?®-seminorm and show optimal convergence rates in the interior
of the domain by only assuming meshes to be shape-regular. These estimates quantify the fact that
the reduced approximation error is concentrated near the boundary of the domain. We illustrate our
theoretical results with several numerical examples.

1. INTRODUCTION

In this work we consider finite element discretizations of the problem

(—AYu=f inQ,
(1.1) { u=0 inQ°:=R%\Q,

where Q2 C R is a bounded domain and (—A)* is the integral fractional Laplacian of order s € (0, 1),

u(z) — u(y)
1.2 —A)* =C V. d
( ) ( ) u(x) d,s P-V Ad |.%' — y|d+25 Y
Th lizati Cuy = Z5004E) | akes the i i lculated in the principal
e normalization constant Cq s = AT (e Makes the integral in (|1.2), calculated in the principa

value sense, coincide with the Fourier definition of (—A)®u. It is well understood that, even if the data
is smooth (for example, if 9Q € C* and f € C*()), then the unique solution to (1.1) develops an
algebraic singularity near 02 (cf. Example . This is in stark contrast with the classical Laplacian
equation.

Nevertheless, in such a case one expects the solution to be locally smooth in €2, and thus the discretiza-
tion error to be smaller in the interior of the domain. Our main result (Theorem [5.3)) is a quantitative
estimate of the fact that the finite element error is concentrated around 0f2.

The fractional Laplacian is a nonlocal operator: computing (—A)*u(z) requires the values of u
at points arbitrarily far away from x. Nonlocality is also reflected in the variational formulation of :
the natural space in which the problem is set is the zero-extension fractional Sobolev space H #(€), and
the norm therein is not subadditive with respect to domain partitions. Furthermore, it is not possible
to localize the inner product in H $(Q)), because functions with supports arbitrarily far away from each
other may have nonzero H*-inner product. This is also in stark contrast with the local case (i.e., with
the inner product in H'(Q2)), and makes the development of local estimates for such a nonlocal problem
a more delicate matter, especially in the case of general shape-regular meshes. This is the main purpose
of this paper.
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In recent years, there has been significant progress in the numerical analysis and implementation of
and related fractional-order problems. Finite element discretizations provide naturally the best
approximation in the energy norm. A priori convergence rates in the energy norm for approximations
using piecewise linear basis functions on either quasi-uniform or graded meshes were derived in [2]; similar
results, but regarding convergence in H'(Q) in case s > 1/2, were obtained in [7]. The use of adaptive
schemes and a posteriori error estimators has been studied in [3 20, 23] B2, [36]. A non-conforming
discretization, based on a Dunford-Taylor representation was proposed and analyzed in [6]. We refer to
[5L 8] for further discussion on these methods. In contrast, the analysis of finite difference schemes typically
leads to error estimates in the L°°(Q)-norm under regularity assumptions that cannot be guaranteed in
general [16, [17, [26].

The rest of the paper is organized as follows. In Section [2] we review the fractional-order spaces and
the regularity of solutions to in either standard and weighted Sobolev spaces. In Section |3, we
describe our finite element discretization, review basic energy based error estimates, and combine such
estimates with Aubin-Nitsche techniques to derive novel convergence rates in L?-norm. In Section |4} we
provide a proof of Caccioppoli estimate for the continuous problem. In Section[5} which is the central part
of the paper, we combine Caccioppoli estimates and superapproximation techniques, to obtain interior
error estimates with respect to H®-seminorms. At the end of this section we show some applications of
our interior error estimates. In particular, we discuss the convergence rates of the finite element error
in the interior of the domain with respect to smoothness of the domain and the right hand side in the
case of quasi-uniform and graded meshes. The results are summarized in Tables 1 and 2. Finally, several
numerical examples at the end of the paper illustrate the theoretical results from Section

2. VARIATIONAL FORMULATION AND REGULARITY

In this section, we briefly discuss important features of fractional-order Sobolev spaces that are in-
strumental for our analysis. Furthermore, we consider regularity properties of the solution to and
review some negative results that lead to the use of certain weighted spaces, in which the weight com-
pensates the singular behavior of the gradient of the solution near the boundary of the domain. Having
regularity estimates in such weighted spaces at hand, we shall be able to increase the convergence rates
by constructing a priori graded meshes.

2.1. Sobolev spaces. Sobolev spaces of order s € (0,1) provide the natural setting for the variational
formulation of (I.1]). More precisely, we consider H*(R%) to be the set of L2-functions v : R — R such
that

Cls v(y)? e
(21) |’U|H5(Rd = ( /Rd /l‘{d |$_y|d+28 daf dy) < oo,

where Cy 5 is taken as in . Clearly, these are Hilbert spaces; we shall denote by (-,-), the bilinear
form that gives rise to the fractional—order seminorms, namely,

(2.2) (v, ), = T /R /R T _));ng)s_w(y)) da dy.

For the variational formulation of -, we need the zero-extension spaces

H*(Q) := {v € H*(RY): supp(v) C O},
for which the form (-,-), becomes an inner product. Moreover, if v, w € Hs (2), then integration in (2.2))
takes place in (RYx R%)\ (¢ x Q2¢). We shall denote the H*(2)-norm by Hv||1~{s(m = (v, v)i/2 = |v| s (ra),

and remark that the L2-norm of v is not needed because a Poincaré inequality holds in the zero-extension
Sobolev spaces.

Fractional-order Sobolev spaces can be equivalently defined through interpolation of integer-order
spaces; remarkably, if one suitably normalizes the standard K-functional, then the norm equivalence
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constants can be taken to be independent of s [29, Lemma 3.15 and Theorem B.9]. Although the constant
Cas in is fundamental in terms of continuity of Sobolev seminorms as s — 0,1, we shall omit it
whenever s is fixed. For simplicity of notation, throughout this paper we shall adopt the convention
H(Q) = L*().

Let H—*(2) denote the dual space to H*($), and (-,-) be their duality pairing. Because of it
follows that if v € H*(Q) then (—A)sv € H*(Q) and

(v,w), = (—A)*v,w), Yw e H(Q).

This integration by parts formula motivates the following weak formulation of (1.1)): given f € H~%(Q),
find v € H?(Q2) such that

(2.3) (w,v), = (f,v) Yve H*(Q).

Because this formulation can be cast in the setting of the Lax-Milgram Theorem, existence and uniqueness
of weak solutions, and stability of the solution map f + u, are straightforward.

2.2. Sobolev regularity. The Lax-Milgram Theorem guarantees the well-posedness of (2.3 in H 5(0)
if f e H*(Q). A subsequent question is what additional regularity does u inherit for smoother f. For
the sake of finite element analysis, here we shall focus on Sobolev regularity estimates.

By now it is well understood that for smooth domains © and data f, solutions to (1.1) develop an
algebraic singular layer of the form (cf. for example [25])

(2.4) u(x) = dist(z, 00Q)°,

that limits the smoothness of solutions. Indeed, if u is locally smooth in §2 but behaves as (2.4)), then one
cannot guarantee that u belongs to H*71/2(Q); actually, in general u ¢ H**/2(Q) (see Example .

We now quote a recent result [9], that characterizes regularity of solutions in terms of Besov norms.
Its proof follows a technique introduced by Savaré [34], that consists in combining the classical Nirenberg
difference quotient method with suitably localized translations and exploiting certain convexity properties.

Theorem 2.1 (regularity on Lipschitz domains). Let 2 be a bounded Lipschitz domain, s € (0,1) and
f e H"(Q) for somer € (—s,0]. Then, the solution u to (L.1)) belongs to the Besov space B;’;’(Q), where
v =min{s +r,1/2}, with

lull sy < Q.1 v
Consequently, by an elementary embedding, we deduce

c(Q,d,s,
(2.5) T iU UL )

| fllzr @ Ve >0.

There are two conclusions to be drawn from the previous result. In first place, assuming the domain
to be Lipschitz is optimal, in the sense that if 2 was a C°° domain then no further regularity could
be inferred. Thus, reentrant corners play no role on the global regularity of solutions: the boundary
behavior (2.4) dominates any point singularities that could originate from them; we refer to [22] for
further discussion on this point. In second place, in general the smoothness of the right hand side
cannot make solutions any smoother than N.~oH*+t1/27¢(Q). The expansion (2.4) holds in spite of the
smoothness of f near 92. We illustrate these two points with a well-known example [21].

Example 2.2 (limited regularity). Let Q = B(0,1) C R? and f = 1. Then, the solution to (T.1)) is
)

2.6 u(z) = 2 1—|z|*)8

( ) ( ) 2251—‘((1—228)1—‘(14-8)( | | )+7

where ¢, = max{t,0}. Therefore, u € N.soH*T1/27¢().
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We also point out a limitation in the technique of proof in Theorem from [9] that is related to the
example above. Namely, in case s < 1/2 and f € H"(Q2) for some r > 0, solutions are expected to be

smoother than just H?*(Q2); however, one cannot derive such higher regularity estimates from Theorem
For smooth domains (i.e., 9 € C*°), the following estimate holds [35]:

(2.7) FEH (), —s<r<1/2—s = ueH>*®(Q).

2.3. Regularity in weighted Sobolev spaces. By developing a fractional analog of the Krylov bound-
ary Harnack method, Ros-Oton and Serra [33] obtained a fine characterization of boundary behavior of
solutions to and derived Holder regularity estimates. In order to exploit these estimates and apply
them in a finite element analysis, reference [2] introduced certain weighted Sobolev spaces, where the
weight is a power of the distance to 0f2. Let

0(x) := dist(z,0Q), (z,y) := min{d(x),d0(y)}.

Then, for k € NU {0} and v > 0, we consider the norm

23) ol = [ R@F + 3 1070 | 6o s

1BI<k

and define HY(Q) and Iflﬂ’f(Q) as the closures of C*°(Q2) and C§°(2), respectively, with respect to the

norm (2.8)).

Next, for t = k + s, with £ € NU {0} and s € (0,1), and v > 0, we consider

[VFu(a) — VEo(y)
||UH%13(Q) = ||”qu§(9) + |U|§{;(Q)a M?{;(Q) = /Q/Q |z — y[d+as 3(w,y)*" dy dx

and the associated space H.(Q) := {v € H,’YC(Q): ||v||H%(Q) < oo} .

In analogy with the notation for their unweighted counterparts, we define zero-extension weighted
Sobolev spaces by

(2.9) HY(Q) = {ve H(RY): v=0ae. inQ°}, |\u||‘j§%(m = ||v||%§(m + |v|§ﬁ(Rd).

We have the following regularity estimate in the scale (2.9) [2, Proposition 3.12], [5, Formula (3.6)].

Theorem 2.3 (weighted Sobolev estimate). Let Q be a bounded, Lipschitz domain satisfying the exterior
ball condition, s € (0,1), f € CP(Q) for some B € (0,2 —2s), v >0, t < min{B +2s,v+ s+ 1/2} and u
be the solution of (2.3). Then, it holds that u € H:(Q) and
C(Q,d,s)

U|| 74 0y f & -

Iy ) < e s oo
Remark 2.4 (optimal parameters). In finite element applications of Theorem discussed in Section
we will design graded meshes with a grading dictated by . The optimal choice of parameters t and -~y

depends on both the smoothness of the right hand side f € C?() and the dimension d of the space. We
illustrate this now: let d > 2, s < 2(d{1), 8= 2(dd71) — s, and € > 0 be sufficiently small, and choose

t=s+ W% —ed and v = m — ¢, to obtain the optimal regularity estimate

Cc(Q,d,s)

el ey < =N oo @y
In contrast, if s > %, we set § to be any positive number and take ¢,y as above to arrive at
Cc(Q,d, s, p)

||UHH;(Q) < T\\f”cﬁ(ﬁ)'
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Remark 2.5 (exterior ball condition). Taking into account the results from [22], the exterior ball condition
could be relaxed. Nevertheless, because the analysis of effects of reentrant corners is beyond our purposes,
we leave such an assumption on (.

3. FINITE ELEMENT DISCRETIZATION

We next consider finite element discretizations of (2.3]) by using piecewise linear continuous functions.
Let hg > 0; for h € (0, hol, we let T;, denote a triangulation of Q, i.e., T, = {T'} is a partition of £ into
simplices T' of diameter hp. We assume the family {75 }x>0 to be shape-regular, namely,

hr
0 = sup max — < 09,
r>0T€Th pT

where hp = diam(T") and pr is the diameter of the largest ball contained in 7. As usual, the subindex h
denotes the element size, h = maxpcT;, hr; moreover, we take elements to be closed sets.

We shall also need a smooth mesh function h( ), which is locally comparable with the element size.
Note that shape-regularity yields |[Vh| < C(o) (cf. [31, Lemma 5.1]), and thus

(3.1) [h(z) = h(y)| < Clo)lz —yl, Vz,ye

Let A}, be the set of interior vertices of Ty, N be its cardinality , and {p;}Y; the standard piecewise
linear Lagrangian basis, with ¢; associated to the node x; € Nj,. With this notation, the set of discrete
functions is

Vi = {UEC'Q U—ngpz}.

It is clear that V,, € H*(Q) for all s € (0,1) and therefore we have a conforming discretization.

3.1. Interpolation and inverse estimates. Fractional-order seminorms are not subadditive with re-
spect to domain decompositions; therefore, some caution must be exercised when localizing them. With
the goal of deriving interpolation estimates, we define the star (or patch) of a set A € Q by

Sa=|J{T eTh: TNAH0}.

Given T' € Ty, the star St of T is the first ring of 7" and the star Sg,. of St is the second ring of T'. The
star of the node x; € N}, is S; := supp(y;).

We have the following localization estimate [18] [19].

2 C(d,o B
(3.2) EFES {// ‘x_ |d+2>s| dy dz + S(h%)uvuifzm Yo € H3(Q).
T

TETh

This inequality shows that to estimate fractional seminorms over €2, it suffices to compute integrals over
the set of patches {T x St }reT, plus local zero-order contributions. In addition, if these L? contributions
have vanishing means over elements —as is often the case whenever v is an interpolation error— a Poincaré
inequality allows one to estimate them in terms of local H®-seminorms. Thus, one can prove the following
local quasi-interpolation estimates (see, for example, [2, 10, 12]).

Proposition 3.1 (local interpolation estimates). Let T € Ty, s € (0,1), t € (s,2], and I}, be a suitable
quasi-interpolation operator. If v € H*(Ss,.), then

v— o) (z) — (v — V) (y)|? s

T — y|d+25
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where C' = C(Q,d, s,0,t). Moreover, considering the weighted Sobolev scale (2.9), it holds that for all
v e H,ty(SST),

|(v = TTho)(x) — (v = TTHo) (y)|? 2(t—s—
(3.4) / /S o — dydz < C’hT(t ’Y)|’U|%{.€(SST)'
T

For the purpose of this paper, we shall make use of a variant of . Even though the fractional-
order norms can be localized, it is clear that the H?-inner product of two arbitrary functions cannot: it
suffices to consider two positive functions with supports sufficiently far from each other. The following
observation is due to Faermann [I9, Lemma 3.1]. Since we use it extensively, we reproduce it here for
completeness.

Lemma 3.2 (symmetry). For any v,w € L'(Q) and p : RT — RT bounded, there holds

Z// p(lz — yl)dyda = Z// p(lz — y|)dyda.

TETh TETh

Proof. Let x4 be the characteristic function of the set A. Using Fubini’s Theorem, we equivalently write

> // |w—y|)dydx—/ Yy =Y / y)dy,

TETh T'€Th

where

=Y xsly / )p(lz - yl)da

TeTh

Let’s fix T € Ty Since xs¢ (y) = 1 a.e. y € T’ provided T' C S7, and xs¢ (y) = 0 otherwise, we deduce

v) = [ wl@plls o

T/

This yields the desired identity. (]

Proposition 3.3 (equivalent fractional inner product). Let v,w € H*(Y). Then, it holds that

Proof. Tt suffices to write

oo = 5[], S | [ St

TETh
v(y)w(y)
> e 3 [ [ g e

and notice that

TETh TETh
and
v(y)w(z)
E dydx—g // —=——dydx
_ d+2€ _ d+2s
ror I s Ix yl o ¢ |z =yl

in view of Lemma (symmetry) with p(t) = t‘d_zsx[p"m“oo)(t), where ppmi, = minpey;, pr and we
recall that pp is the diameter of the largest ball contained in 7. This completes the proof. g
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Remark 3.4 (fractional inner product on subdomains). Proposition is also valid for any subdomain

DcCQ,ie.
(0, 0y = > [ /T N /STOD (v(z) - iy_));ﬁ(f) —0®) 4 i

TeTh
v(@) (w(z) —w(y))
" 2/TmD /;mD |z — y|dt+2s Ay ]

Next, we write some inverse estimates that we shall use in what follows. By using standard scaling
arguments, one can immediately derive the estimate

(3.5) lvallgery < Cinohi Nonllmrary, Yon € Vi, 0<s<t<1

Let : © — R be a fixed smooth function. We shall also need the following variant of (3.5 with ¢t = 1,
whose proof follows immediately because the space nVy, is finite dimensional:

(3.6) o] g1 (spy < Ch;ﬁ71|nvh‘H5(ST) Yo, €V, TE€T,, 0<s< 1.

3.2. Energy-norm error estimates. The discrete counterpart of ([2.3) reads: find u;, € Vj, such that

(3.7) (uh, Uh)s = <f, ’Uh> Yo € Vy,.
Subtracting (3.7) from (2.3]) we get Galerkin orthogonality
(38) (u — Up, Uh)s =0 VYo, €Vy.

The best approximation property
(3.9) [lu— uh”f]s(g) = Uinei{}h f[u— Uh”ﬁs(g)

follows immediately. Consequently, in view of the regularity estimates of u discussed in Section 2] the only
ingredient missing to derive convergence rates in the energy norm is some global interpolation estimate.
Even though the bilinear form (-,-), involves integration over € x RY, it is possible to prove that the
corresponding energy norm || - || 7. q is bounded in terms of fractional-order norms || - || (o) on 2 by
resorting to fractional Hardy inequalities (see [2]).

Therefore, for quasi-uniform meshes, if s # 1/2 one can simply combine and with a fractional
Hardy inequality [24, Theorem 1.4.4.4] to replace || - || 7. oy by || - [lm=(0) [2;10] and obtain

(3.10) lv — Hthﬁs(Q) <C(Q,d,s,0,t) ' *lolgeq) Yo € HY(Q).

In case s = 1/2, one cannot apply a fractional Hardy inequality. Instead, one may exploit the precise
blow-up of the Hardy constant of H'/27¢(Q) as € | 0 to deduce [2, §3.4], [10, Theorem 4.1]

C(Q,d,s,o,t)
€

(3.11) lv— Hhv||ﬁs(9) < Rl ge) VYo € HY (), € € (0, — s).

Alternatively, one could derive either or by simply interpolating standard global L? and H*!
estimates. However, if we aim to exploit Theorem (weighted Sobolev estimate), then we require a
suitable mesh refinement near the boundary of Q. For that purpose, following [24, Section 8.4] we now
let the parameter h represent the local mesh size in the interior of ), and assume that, besides being
shape-regular, the family {73} is such that there is a number p > 1 such that for every T € Tp,

he, i TNOQ#D,

(3.12) hr < C(0) { hdist(T, aQ)(u—l)/u7 ifTNoN = 0.

This construction yields a total number of degrees of freedom (see [4] [10])

(3.13) N=dimV, ~{ h~logh|, if = 4%,
h= D if > g4
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Thus, if p < d%l the interior mesh size h and the dimension N of V; satisfy the optimal relation
h ~ N~ (up to logarithmic factors if p = %) As anticipated in Remark (optimal parameters),
the weight + in Theorem (weighted Sobolev estimate) needs to be related to the parameter p, which

satisfies (3.12)). To do so, we combine (3.2)) with either (3.4]) or (3.3), depending on whether Sg,. intersects
08 or not, to find the relation v = (¢t — s) (“T_l> for t € (s,2]. If s # 1/2, it suffices to use a fractional

Hardy inequality to replace || - || 7.(qy by || - [ () [2,[10] and obtain
Cht S|U|Ht(Q) 1f8§£1/2,
— _ <
(3.14) lo =TIl (q) < { Ept=s= 6|U|Ht(Q) if s=1/2,
for all v € HfY(Q) with a constant that depends on €,d,s,o0,t and . On the other hand, if s = 1/2,
we choose v = (t — s) (%) — ¢, where ¢ > 0 is sufficiently small, and exploit the explicit blow-up of

the Hardy constant of H'/27¢(Q) as ¢ | 0, as we did earlier with (3.11]), to derive the second estimate in
(3.14). We point out that (3.14) does not follow by interpolation of global estimates.

We gather the energy error estimates for quasi-uniform and graded meshes in a single theorem.
Theorem 3.5 (global energy-norm convergence rates). Let Q2 C R? be a bounded Lipschitz domain, and
u denote the solution to (2.3)) and denote by uy € Vy, the solution of the discrete problem (3.7)), computed

over a mesh Tp, consisting of elements with mazimum diameter h. If f € L*(S2), then we have
(3.15) [l — uh||I~{S(Q) < C(d, s,0) h*[log A" || fll 120,

where o = min{s, %} and K =1 if s = 1/2 and zero otherwise. Additionally, if Q satisfies an exterior
ball condition, let B > 0 be such that

2-9s ifd=1 e aitd—
(3.16) ﬂ>{ d i Zf " and M:{Z s fd=1,

Then, if f € CP(Q), and the family {Tp,} satisfies (3.12) with p as above, we have

h?=| IOgh‘H”chﬁ(ﬁ) ifd=1,
d .
hZ @ [log h['"**| fll oy if d > 2.

(3.17) =l 72 gy < 0(975,0){

In terms of the number of degrees of freedom N, the estimate above reads
N=C=9(og N)*| fllcsqy i d=1,
1 1
N~2@1 (log N)2<d—1>+1+"||f||cﬁ(§) if d > 2.

(3.18) e = w7y < C(Q,s,a){

Proof. If s # 1/2, we combine (3.9)), (3.10) with Theorem (regularity in Lipschitz domains) with r =0
to obtain

o ha*&‘
(3.19) ||U—uh||ﬁ5(9) < Ch E|U‘Hs+a—e(ﬂ) <’ ||f||L2(Q)-
In case s = 1/2, instead of (3.10) we use (3.11]) with the same ¢ as in (2.5) to get
C o ha—25
(3.20) lu — uh”ﬁs(n) = ;h *lul gova—e) < C [ fllz20)-

Moreover, coupling (3.9)), (3.14) and Theorem 3| (weighted Sobolev estimate) witht = 2—e and vy = 2—s

ifd=1andt=s+ (d ) esalaund'y—g(dl1 —eif d > 2 yields for s # 1/2
Ch*= || fllos@ ifd=1,

3.21 —upl 5.0y < ChI < @)

(3:21) lw = unll 7. ) < lul () < { R fl gy 1422,

and analogous estimates hold if s = 1/2. Upon taking ¢ = |logh|™!, we end up with ( and ( -,
as asserted. Inequality (3.18] - follows by the choice of p and -
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Remark 3.6 (exponents of logarithms). In case s > 2(%—1)’ which can only happen if d > 3, the exponents

of logarithms in Theorem can actually be reduced by a factor of 1/2 (see discussion in Remark .

Remark 3.7 (optimality). The convergence rates derived in Theorem are theoretically optimal for
shape-regular elements. Nevertheless, because we deal with continuous piecewise linear basis functions,
one would expect convergence rate @ with respect to N. It is remarkable that such a rate can only be
achieved if d = 1 upon grading meshes according to . For dimensions d > 2, anisotropic meshes are
required in order to obtain optimal convergence rates. This limitation stems from the algebraic singular
layer and becomes more apparent as d increases, but comparison of and shows that in

all cases graded meshes improve the convergence rates with respect to V.

We also point out that setting the grading parameter to be u > ﬁ would lead to a higher rate in

(3.17) in terms of the interior mesh size h. However, the resulting rate in (3.18]) would be the same as for
w= % (up to logarithmic factors) but the finite element matrix would turn out to be worse conditioned.

3.3. L?>-norm error estimates. Upon invoking new regularity estimates for data f € L?(Q2), we now
perform a standard Aubin-Nitsche duality argument to derive novel convergence rates in L?(f). We
distinguish between quasi-uniform and graded meshes.

Proposition 3.8 (convergence rates in L?(Q) for quasi-uniform meshes). Let Q be a bounded Lipschitz
domain. If f € L*(Q), then for all 0 < s < 1 we have

(3:22) lu = unllzz(@) < CH**[og PO || f]| (o),
where o = min{s, 3} and k =1 if s = 1/2 and zero otherwise.

Proof. Let e = u — uy, be the error, and let ¢ be the solution to (2.3) with e instead of the right hand
side f. Then, the Galerkin orthogonality (3.8) and the Cauchy-Schwarz inequality yield

lel22qy = (6:€), = (6 — Tnye), < 6 — bl 7oy el

where II;, is a quasi-interpolation operator satisfying (3.10]) if s # 1/2 or (3.11]) if s = 1/2. Combining
these estimates with (2.5)), we deduce

hoc—(l-i—n)a hoc—(l-i—n)s
(3.23) ¢ — Hh¢Hﬁs(Q) S T||¢||Hs+a—s(ﬂ) N WMW(Q) Ve > 0.
This, in conjunction with the energy error estimates (3.19) and (3.20)), implies

h2(a7(1+1{)6)

||e||L2(Q) 5 52(1+I€) ||fHL2(Q)

Finally, taking e = |log h|~! gives rise to (3.22)). O

In Proposition the assumption f € L?(Q2) is made in order to apply Theorem (regularity on
Lipschitz domains). Stronger estimates are valid provided €2 is smooth.

Lemma 3.9 (further regularity). Let 92 € C* and f € H"(Q) for some r > —s. If vy = min{s+r,1/2},
a =min{s,1/2} and kK =1 if s = 1/2 and zero otherwise, then there holds

(324)  [lu—unllgeqy < CRNog A" flar)s  llu = unllzzi) < CRT1og AP £l ey

Proof. Use the regularity result from [25] Theorem 7.1] (which coincides with (2.7) if s < 1/2) in the
proofs of Theorem and Proposition [3.8 O

As discussed in Sections and we obtain a finer characterization of the boundary behavior of
solutions by using weighted spaces, and we can take advantage of this by constructing suitably graded
meshes. In such a case, the same standard argument as above, but using instead of (3.19), leads
to the following estimate.
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Proposition 3.10 (convergence rates in L*(Q) for graded meshes). Let Q C R? be a bounded Lipschitz
domain satisfying an exterior ball condition, f € CP(Q) and the family {T} satisfy (3.12), where 3 and
u are taken according to (3.16]). Then, it holds that

W2 log |42 sy i d=1,

3.25 — <C((Q2
(329) e = wnll ooy < (’S’U){h2<d‘i—1>+alogh2(1+”)|f||ca(g) faz2,

where « = min{s,1/2} and k = 1 if s = 1/2 and zero otherwise. In terms of the number of degrees of
freedom N, the estimate above reads

N—(2—s+a) (log N>1+2K||f||cﬂ(ﬁ) ifd=1,

- < o o
Il = unllrz() < C(Q,5,0) { Nﬁi’ﬁ(logl\fﬁ+ﬁ+2(l+n)||f||cﬁ(§) if d > 2.

Remark 3.11 (sharpness of the L?-estimates). Combining Galerkin orthogonality (3.8)) with (2.3]), and
applying the Cauchy-Schwarz inequality, we immediately obtain

i = unlFy gy = (=m0, = (=, P < = w2y,
from which we deduce that

(3 26) H || S ”u_uhH%s(Q)
. u—uplp2@) > ———————

S P
If we knew that the error bound (3.15) were sharp in the sense that [[u—ua|| 7. oy ~ h®|log RIS Nl p2eo)
a reasonable assumption in practice unless u € V, [28], then we would obtain from (3.22)) and (3.26))

(3.27) ||u — uhHL2(Q) ~ h2a| log h|2(1+ﬁ) ||fHL2(Q)'

We point out that a similar consideration cannot be made if we inspect weighted estimates. Indeed,
let us assume d > 2 and meshes are graded with parameter p = ﬁ; similar considerations are valid if
the meshes are graded differently. If (3.17) were sharp, then we could only deduce

1£112,5 o
=y | log h[20-+%) CB(Q) < lu—unllre@ S hz(d‘il)+a| loghlz(””)ﬂf”cﬁ .
Ilfllz2 ) )

and o = min{s, 1/2} < ﬁ. The issue here is that Theorem (weighted Sobolev estimate) does not
yield a regularity estimate in terms of L2-norms of the data. Therefore, we still need to use (3.23)), that

is based on the unweighted estimate (2.5)) of Theorem [2.1| (regularity on Lipschitz domains).

4. CACCIOPPOLI ESTIMATE

The following result is well-known for usual harmonic functions. For the fractional Laplacian
it can be found, for example, in [I3] (see also [11] 15l 27]). We present a proof below, because for our
purposes it is crucial to trace the dependence of the constants on the radius R and the exact form of the
global term. Moreover, it turns out that the technique of proof will be instrumental in Section [f]

Lemma 4.1 (Caccioppoli estimate). Let Br denote a ball of radius R centered at xo € Q. If u € H*(R?)

is a function satisfying ch %dw < 0o and (u,v), = 0 for all v € H*(R?) supported in B,
R

then there exists a constant C independent of R such that

2
C u(z)|
2 2 d+2s
(4.1) |U|HS(BR/2) < RZs lullz2(p,) + CR </ng |z — zo|d+2s dx
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Proof. Let n: R — [0, 1] be a smooth cut-off function with the following properties:

(4.2a) n=1 in Bg/,
(4.2b) n=0 inBig,
(4.2¢) |Vn| < CR™.
Thus,

where

he [ [ G- - P,
Br JBr

|z — yldt2s

5 / [ )= s CPe) ),

|z — y[ 2

Using the identity

(u(z) = u(y) (ul@) — *u(y)) = [n(x)u(z) = n(y)u@)]* - ul@)uly)n(z) —ny)?,

we obtain I} = |77u|qu(BR) — Iy, where

[n(x) — n(y))?
I —/ / dydz.
H Br JBnr y|d+23 Y

In view of of (4.2c)), we have |n(z) — n(y)| < C’R’1|z — y| and, applying the Cauchy-Schwarz inequality,
we deduce

)| |uly C
111<7/ / ULy da <— T ameres Wdr < - llullza sy
Bn By T _y|d 2+2s P _y|d 2+25 R2s '"IIL2(BR)

because the kernel |z — y|~9+272¢ is integrable on {x = y} and using polar coordinates p = |z — y| yields

dy /R 1-2 2—2
———-<c¢ p2%dp = cR=T%.
/BR |z — y|d—2+2s 0

Next, since 7 is supported in Bsg 4, according to (4.2b]), and bounded by 1, we have
w(y))n*(@)u(z) / u(z) — u(y)|
= 2/ / dydx < 2 |u(zx)] dydx < Iy + I,
Br J B, \90 —ylree By By lo—ylit?e

dy
I ::2/ |u(m)|2/ L
Bana ( . |x,y|d+2s
122 —2/ <|u |/ s dx.
B3srya |d+2

Using that dist(Bsg/4, B) = R/4, and integrating in polar coordinates, we deduce

with

dy o
W o pdp=CR® Va€ Bsn,
/J;% |z — y|d+2s R/4 /

and as a consequence

C
Iy < ﬂHUHQLQ(BR)'



12 J.P. BORTHAGARAY, D.LEYKEKHMAN, AND R.H. NOCHETTO
To estimate I22, we first observe that for all z € B3g/4 and y € B, we have
3R 3 1
R<ly—wol <lo—zol+ly—al<s = +ly—a[< Jly—zo[+ly—2l = Zly—zof<ly—zl
Utilizing now the Holder’s inequality, in conjunction with the Young’s inequality, yields
u(y)|
Ios < |lullpr(pr) sup / S F
(Br) v€Banya ) B, |z — y|d+2s

u(y)l

% ly — $0|d+28

2
¢ 2 d+2s |u(y)]
< sl + OR ([

Combining the estimates above, we obtain

¢ u(y)
2 2 d+2s
e 1) < ozl + OR ( [, st

The estimate (4.1) follows because

< CRYull () /
B

|u|?{S(BR/2) < nulFe (s
due to (4.2a). This concludes the proof. O

5. LOCAL ENERGY ESTIMATES

In this section we derive error estimates in local H*-seminorms. For that purpose, we first develop a
local superapproximation theory in fractional norms and afterwards combine it with the techniques used
in the derivation of the Caccioppoli estimate (4.1)).

Here we consider the usual nodal interpolation operator Ij,: Co(Q) — V},, which satisfies

_ d
(5.1) v = Invlwinry < CRF ooy, Yo € WEP(T), 1<p<oo, j<k<2 k> o

5.1. Superapproximation. Superapproximation is an essential tool in local energy finite element error
estimates [30]. Below we adapt the ideas from [14], which lead to improved superapproximation estimates
applicable to a general class of meshes. Similarly to [I4], we require only shape-regularity.

Let n € C%(Q), vp € V. It turns out that the function
(5.2) V= vy — In(n*on)
is smaller than expected in various norms, a property called superapproximation [30]. To see this, we

let T' € Ty be arbitrary and combine (5.1)) with the fact that vy is linear on T, to obtain the following
LP-type superapproximation estimate for ¢ in (5.2) and any 1 < p < oo:

(53) 1]l Loy + hrlYlwiery < ChEn*on|wae(r)
5.3
< Chz (||V277||Loo(T)||UhHLv(T) IVl Lo () IV (on) || Lo () + ||V77||2L00(T)||UhHLP(T)) :

These estimates suffice for second order elliptic problems. However, for fractional problems we need to
account for the fact that the H®-norm is nonlocal. We embark on this endeavor now upon first examining
stars St and next interior balls

Bpgr := B(xg,R) C Q, thzTrrg\XhT, Ag:={T € Tp: TN By # 0}.
R

In this setting, 7 is a suitable localization function, namely n € C*°(Q) is the cut-off function of (4.2)):
(5.4) 0<n<1, n=1 inBrp, n=0 inBjy, [V <CR™* (k>1).
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Lemma 5.1 (superapproximation in H*(St)). Let T € T, 0 < s < 1, and n satisfy (5.4). For any
v, € Vi, and ¢ given by (5.2), there is a constant C depending on shape-reqularity of Ty such that

2 s

hr
(5.5) [V Es (50 §C§|ﬁvh|Hs(sT +C ;2 llvnll L2 (sp)-

Proof. Since the norms involved in (5.3) are local, and the size of St is proportional to hr because T
is shape-regular, we realize that (5.3)) is also valid in S7. This leads to the desired estimate for s = 0, 1.
For s € (0,1), we apply space interpolation theory to (5.3)) over St to infer that

2—s 2—s

h h
(56) [Blaesr) < C 2= IV ) lz2(sr) + Oy lomlluasy).

We finally resort to (3.6), namely ||V (nva)|r2(sp) S B YV (nvn)| e (sy)s to finish the proof. O

Lemma 5.2 (superapproximation in H*(Bg)). Let hr satisfy 16 hg < R and let 0 < s < 1. For any
v, € Vi, and ¥ given in (5.2)), there exists a constant C' depending on shape-regularity of Ty, such that

(5.7) [¥le(Br) < OB ||vnllL2(85)-

Proof. If s =0, 1, then the estimate follows immediately from (5.3)), the additivity of squares of integer-
order L?-norms with respect to domain partitions, the inverse inequality (3.6) and the fact that hg < R.

For s € (0,1), we make use of (3.2) to obtain

V)P c
e < X ([ [ Ot e+ Gl ) < 5 (1B + g 1ol )

TeEAR TeAr

We point out that if € T € A and y € St, then | —y| < 2hg < %R. Therefore, we observe that

7
| — x| < §R = Jy—wzo| <|z—xz9|+|y—2|<R = St CBg;
otherwise,
7 3
|z — x| > gR = |y—mo| > |z —xo| — |y — 2| > ZR'
In particular, since y is allowed to be any element vertex on S, the latter implies that
(5.8) ¥lg, =0 VT € A\ A7gys.
We thus realize that the only 7"s that matter in the sum above are those T' € A7 /g, whence
2 2 ¢ 2
Wl hemay < D | 181he(spy + ﬁWHL?(T) :
T€A7R/8 T

To estimate each term on the right-hand side we exp101t the property that ST C Bpg for all T € A7p/s.
For the first term, we also employ (5.6| . together with ( with s = 0 and . For the second term
we resort to . for p = 2 together with . for s = O In both cases, we get

hQ—QS h4—2$

C
Z <|¢|H5(5T) + h23¢||L2(T)> <C Z ( 7]:32 ""_%)thni"‘(sﬂ < ﬁ”vh”%"’(BR)'

TeA7Rr/s TeA7rys

The desired estimate follows immediately. O
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5.2. Local Energy Estimates. Recall that the finite element solution to satisfies (3.7)), which
gives the Galerkin orthogonality relation . In order to localize such relation, given a subdomain
D C ), we define V(D) as the space of continuous piecewise linear functions restricted to D. We will
derive error estimates for a function u, € Vy, that satisfies the local Galerkin orthogonality relation

(59) (U — ﬂh, ’Uh)s =0, Yo, € Vh(BR)

Theorem 5.3 (local energy error estimate). Let u € ﬁs(Q) and up, € Vy, satisfy (5.9). If 16hr < R,
then there exists a constant C depending on shape regularity such that for any vy, € Vy,

2
~ c s lu(z) — vp ()]
[ = Wl 5y < Clu = nlige () + gz lle = onllZa s + CRT (/ . e -zl
R

2
Cu v ([ lue) — (o)
gl Wl + R ([

Proof. To simplify the notation, we assume that B = B(0, R) is centered at the origin, i.e. we take
xo = 0. We point out that it is sufficient to establish

2
~ C s Ju(z)]
|uh‘%1°‘(BR/2) S C|u|%is(BR) + ﬁ”“”%?(&e) + CRT? (/B |2]d+2s dx

R

2
C d+2s |[up ()]
+ ﬁ”uhHL%Bﬁ) +CR /qu, || dt2s dzx

In fact, the assertion then would follow by writing v — @, = (v — vi) + (v, — up) and using the triangle
inequality and the fact that the finite element method is invariant on Vj;. We argue along the lines of
Lemma (Caccioppoli estimate). We divide the proof into several steps.

Step 1: Decomposing the H®-seminorm. Let n € C*°(Q) be as in (5.4)). Recalling the definition (5.2 of
Y = n*uy, — In(n*@y), whence ¢ = 0 in BSp /5> and using the local Galerkin orthogonality (5.9), we have

(Un, ntn) , = (U, In(n°un)) , + (Un, ¥),

(510) = (U, Ih(n2ﬂh))s + (ahv ¢)q
= (%772%) = (u, ) + (Un, ), -
In the same fashion as in the proof of Lemma [4.1] we have

~ ~ up(x n -1 f'/)2
(in. ), = i)~ / /B P IO s
R

n () — U (y))n* (@)tn (z)
+2/BR/C dydz.

|z — y|dt2s

Invoking (5.10)) we thus obtain the decomposition |nﬂh|qu(BR) = 22:1 Iy, where

() un (y)[n(z) — n(y)]?
I ./BR /BR \x—y|d+2‘5 dydz,
(5.11) L= — 2/ / (Un(z —| Uh(y))nz(x)ﬂh(w)dydx,
Br c X —

—[3 = (u7772;11h)5 ) —[4 = - (Uqw)s ) I5 = (Hhaw)s .
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Step 2: Bounding I + I>. Proceeding exactly as in the proof of Lemma [£.I] we arrive at

2
c . 9 d+2s |ah(x)|
(5.12) L +1, < ﬁ”UhHLz(BR) +CR /B% |z|d+2s dz

Step 8: Bounding I3. Using the definition of H*-inner product, we write I3 = I3; 4+ I3 with

I, :/ / [u(z) — w7 @)in (@) = 0* W)un W)l g 5.
Br JBr

|(L‘ _y|d+25

2 f [u(@) = u() P @)n (@) = P W)

o =y

In light of the identity
n? (@)t (x) — n*()un(y) = n(z) ()i (@) — n(y)uny)] + n) () —ny)in ),

we obtain
Iy = /B ) /B R [u(z) — U(y)]n(g[i(;|)ﬁhé(f) QTP
[u(x) — u(y)In(y)n(z) — nly)lun(y)
+‘/BR/BR o — |d+23 dydz

<|u

— U ﬂh
He(BR) MUl (Br) + 5 / / (d)|1‘+2€( )‘dydx,
Br JBgr |J3 — |

where in the last step we used that || < 1 and |n(z) —n(y)| < CR™ !z —y| according to (5.4). Employing
the Cauchy-Schwarz inequality, we estimate

()| [fin (y / / y)? / / [in(y
d dz < ——————dydx — 2 dyd
/B/B |x— |d T+2s a2 |x— |d+2s [ g |d 2+2 e

< CR"*|ul g () lltnll L2 (Br)-

In the last step above we used that the kernel |z — y|9~2%2% is integrable at {x = y}, and combined
Fubini’s theorem with integration in polar coordinates, to deduce

dx 2Rd1d22 2-2
7§C/ plimdt2=25q, — OR*™%% Vy € Bp.
~/BR |x7y|d*2+25 0

As a result, the Young’s inequality yields

~ c -
I3 < CE|U|3{5(BR) + 5|77uhﬁ'{é‘(BR) + ﬁ\\uh“%z(&?)a

where € > 0 is a number to be chosen.

To deal with I3y we proceed similarly to the estimate of Is in the proof of Lemma Since |n| <1
and n =0 on B§R/4, in view of (b.4), we thus get

. u(z) —u
I3 < 2/ |Uh($)|/ Ldfi)'dydz < Iso1 + I320
Bsr/a B¢, lz =yl

_ dy
Ly =2 / (@) [in(@) [ — ) da,
Bsr/a By |z — y|d+2b

~ |u(y)|
1399 := 2/ up(x dy | dx.
- 333/4 ( ( )| Bg ‘./L' - y|d+2s

with
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Consequently, integrating in polar coordinates

dy —1-2s ¢
/ oy =€ R/f =g Vo E B

and using the Cauchy-Schwarz inequality, leads to

Iso1 < CR™**|[tn 25 lullL2(Br) < CR_ZSHahH%Z(BR) + CR—23H“||2L2(BR)-

By the Holder’s inequality and the fact that %\y| < |z —y| for all x € B3p/4 and y € Bf, we have

. lu(y)]
Isos < ||un|lLr(Bgr) sup / ———dy
(Br) S |z — y|d+2s
lu(y)l

< CRd/2 up | 12 / dy
H HL (Br) B |y|d+2s

2
CRd-‘rQé / |U(y)‘ d
< R25||uh||L2 (Br) T 5, [y|TF%s Yy

Collecting the estimates above, we deduce

~ C C - s u(y)]
(513) 13 < €|77uh|iIS(BR)+OE|U|§-IS(BR)+ﬁ”u”%2(33)+ﬁ”uh“2L2(BR)+CRd+2 (/;c ‘y|d+28dy
R

Step 4: Bounding 1. Using that 1 = 0 on B% yields the splitting Iy = I4; + Iy with

_ W) - vl)] o @),
e . T e

Employing (5.7) and the Young’s inequality, we obtain

c
Ly < ulge B[ ¥lae 8r) < Clulfe gy + ﬁ”uhn%?(BR)'

We handle 15 similarly to I3o, namely we write 4o < I401 + I420 with

Bsr/a | B3rya |

Again utilizing (5.7)) with s = 0, the Cauchy—Schwarz and Young’s inequalities, we arrive at

C c. o C
Iy < ﬁ”“”LZ(BR)WHm(BR) < ﬁHUHL?(BR) + ﬁ”uhHL?(BRy

Since %\y| < |z —yl for all z € B3g/y and y € Bf as in Step 3, invoking the Hélder’s inequality and ([5.7)
with s = 0, we have

u(y)|
Lizo < 2[|Y|[L1(Br)  sUP / |x|_yd+2sdy
R

T€B3Rr/4
lu(y)|
< CRV il [ iy
B¢, y‘

_ u
gC’Rd/QHuhHH(BR)/ || g(zillsdy
Be, y|

2
CRd+25 / |’U4(y)‘ d
< R25||Uh||L2 (Br) T 5, [ylTF2s Yy
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Combining the estimates above, we obtain

2
c ¢~ s lu(y)|
(514) I4 S C|u|?¥a(BR) + ﬁ“ﬂ”%z(glﬁ + ﬁ”uhH%z(BR) + CRd+2 <‘/Bc |y|d+28dy
R

Step 5: Bounding Is. We will treat I5 differently from I4, because it contains wy, in place of u, which
causes serious challenges on shape-regular meshes. Using that 1) = 0 on B%, we split Is = I5s; + Is2 with

_ [an(z) — unWl(z) — ¥, o _ un(z) —un()lp(@) , o
151.—/;R/BR ‘x—y‘d+2s dyd, I QLR/C |x_ ‘d+25 dyd

Recalling Remark (fractional inner product on subdomains), we split the integral over Br X Bgr
into sums over (T'N Bg) x (St N Bgr) and (T N Br) x (S% N Bg) for T € Ag, and use the fact that
Jse |z — y|~4725dy < Ch;** for every x € T, to end up with

T

1/2
|tn () — un(y)? Pyl
Is; < E {(/ / dyda: = dydx
TABr JSrnBr 1T — Y|4t TABr J SrNBg |95 - y|d+2€

TeARr

C u
72 / [un ()| (@) |dz + 2/ / m'i(zs)'dydx] < Isi1 + Isi2 + Isis,
h TNBRr TNBRr ‘ﬂBR |x7y|

with

I5y = Z [Un| s (50 10| o (505
T€A7R/8

I5i0 := Z 29/|Uh )N (x)|dz,
TEA7R/8

uh

Iy =2 / / [ :izsﬂd da.

Tehy ) TNBR J 55 )

Above, we have used (5.8]) in the definition of I517 and exploited the fact that ) = 0 on B?R/S in the defini-

tion of I512. We next apply the local inverse inequality (3.5)) in conjunction with the superapproximation
estimate (|5.5)) to deduce

I511 = Z Un| s (50| Ee (57

TeM7Rrys
~ hlfs ~ h2725 _ ~ C.
<C 7 Nanllwesn) (Ve iinlae s + g nlacse ) < bl + s lnlesn:
TeA7Rrys

because 16 hy < R and ZT€A7R/8 |v\§{5(ST) < C(a)|v|§IS(BR) for all v € H*(Bg), the latter due to the
uniformly bounded overlap of stars St in the shape-regular mesh 7. The upper bound for I5;5 is similar,
but to obtain it we instead apply the superapproximation estimate (5.3|) with p = 2, the inverse inequality

(3.6) and Young’s inequality

Is;o < C Z 2 ||Uh||L2(T L2 (1)

TeA7Rrys T
hlfs 2—2s C
~ ~ ~ 2 € 177, 112
<O Y Nnlese (o= il ue sy + g linllasr) ) < el 5 + a0,
TeA7Rrys

The remaining term I513 is rather tricky and reveals the nonlocal nature of our problem. Manipulating
I513 is the most delicate and innovative part of the proof. To keep notation short, we set Tr := T N Bg,
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and St p 1= ST N Brgs. We recall that ¢ =0 in B?R/s and rewrite 513 as

1513 =2 Z Z / I)‘/T/ %dyd%

TeAr T'CSS
<C Y > @l ¥l AT, T4,
TeAr T'CSS

where d(T,T') denotes the distance between elements T' and 7”. We make use of the superapproximation
estimate ((5.3) with p = 1 to infer that I513 < I5131 + I5132 where

~ ~ g B2
15131 =C Z Z ||uh||L1(TR)||U}L||L1(T’) d(T7T/) -2 RiTz
TeAr T'CSS p

~ ~ —d—2s h2/
Lz = C Y 3wl IV )l oo AT, T) > =L
TGAR T’CS%,R

The first term I513; is problematic. We rewrite it again in integral form upon invoking the meshsize
function h(y), which is locally equivalent to the element meshsize, namely h(y) = hr for all y € T":

Isi31 <CR? Z / / |leZ+22|d dx

TeEARr

. hw) )i ()
e U e / = o e+ | [ - v
R R

TeAr
The first term does not scale correctly unless the meshsize is quas1—un1form, a restriction on 7 that is
too severe for us to assume. It is here that we resort to the Lipschitz property (3.1) of h(y), valid for
shape-regular 7;, and integrate in polar coordinates |z — y| = p, to compute for x € T € Ag

h 2 h 2 Clz — yl2 R h 2 2
/ (y)d+2 dy < C (.’17) + Lﬁz y| dy S C (x)d+:_ 4 pd—ldp S CR2_28,
o |r—ylites senBr T — Y|4t Chy  PUT7°
whence
_ h(y)? (O
B2 S [ @ [ e < g 3 [ @) < gl
TeARr TR TeARr

On the other hand, resortlng to Lemma (symmetry), we have

un(y)|? 2lu 2 x
B, S e ] S0

TeAr TETh
2| 2
_ / / h(x)?|tin ()] x:jigw)XBR(y) dydz
TETh T |:c—y| ’
XBR( )
= x)*[un (@)’ x5 (x)/ [ dydz,
PIYRL o@ [y, o ym

where xp,, denotes the characteristic function of Bg. Since

/ 7XBR( ) dy <C " p 1B dp < Ch;% VazeT
|z — y|at2s Y= Chr s Chyp )
h(z) = hr for all z € T and 16 hr < R, we see that

2
Unp\Y —2s ~ —25|~
E / / v’ |d+2)J dydx < C E h3? /TXBR(:U)|uh(x)\2dx < CR*72 ||uh||2L2(BR)'

TeAr TET
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Collecting the preceding estimates for I5131, we realize that
I5131 < OR*2SH1~LhH%2(BR)~

We handle I5132 similarly to I5131, namely

2\V(na
I5132 < CR Z / ‘uh (y) | (nd-:«Q)s(y” dydm
TeAr |z — y
2

<C.R / / |uh d+2s) dydz + Ce Z / / V1v( Uzgg vl dydzx

Teng ' Tr /57 =yl TEAR |~T—y|

s Y)?|V (i) (y)[?
<C.R™? ||uh||L2 (Bn) T C€ Z / /c |x—y|d+25 dyd,

TeEAR

since the first term was already estimated in I5131. For the other term in the right hand side, we proceed
exactly as with the second term in I, 5131, thereby exploiting again Lemma (symmetry) and combining
it with the inverse-type estimate , to obtain

Ce Z |v nuh)( )|2dydx <Ce Z h2725|nah|2 L < CE‘,’?’,J}ZF i
— y|d+2s = T HW(T) = H¢(Br)"

TeAr TETh

Combining the estimates for I511, I512, I513 we deduce that
I51 < CERistah”%z(BR) +Ce |7ﬁzh|%13(BR)'

It only remains to bound I5, which is exactly the same as I;o but with u replaced by uj. Hence,
proceeding similarly to the estimate for I3, we readily arrive at

2
C [un (y)|

I i CRI*? / d

52 — R25 ||uh||L2(BR) + B, |y|d+25 Y

This together with the previous estimate yields

2

~ Ce 1~ s |[un(y)|
(515) 15 < CElnuhI%IS(BR) + Fi‘l“h‘l%z(BR) + CRd+2 (/BC |y|d+25 dy
R

Step 6: Conclusion. Inserting the bounds (5.12)), (5.13)), (5.14) and (5.15)) into (5.11]), we deduce that

2
_ c . Ju(x)
|77Uh|%rs(BR) < CE'“l%iS(BR) + ﬂHUH%Q(BR) + CR? (/B |z[d+2s dx
R

2
~ Ce 1~ [an ()]
+ C€|77uh|%fs(BR) + RijsHUhHQL"‘(BR) + CRH </ |w|d+25 dz |

for all € > 0. We now set € to be such that the factor multiplying \nﬂh|Hs(BR) in the right hand side
equals % and kick that term back to the left hand side, to obtain

2
~ c s |[u(z)|
n s () < Celuliys () + a5 lliz () + CR™? (/B s
R

2
Ce d+2 |[wp ()]
gl o + OR [

The asserted estimate finally follows because mhﬁ{S(BR/z) < |nﬁh|qu(BR). O
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We can derive explicit local H*-convergence rates by combining Theorem [5.3] with the convergence
estimates from Section [3] We explore this next.

5.3. Applications to interior error estimates. Theorem (local energy error estimate) gives us
new ways to examine the behavior of the numerical error and, more importantly, check the sharpness of
known estimates. Bounding the low order terms in Theorem by global L?-terms, we get the following
immediate consequence of Theorem [5.3

Corollary 5.4 (local error estimate). Let u € H*(2) be the solution of (2.3)) and uy, be the finite element
solution of (3.7). Then there is a constant C' depending on shape regularity such that

. 1 C
[u —un|ms (B, < Cv:relgh (|u — VnlEe(BR) + EHU — Uh||L2(Q)) + ﬁ““ — un| L2(q)-

Proof. We apply Theorem [5.3]to u — uy,, which clearly satisfies the local Galerkin orthogonality condition
(5.9). The proof then follows from the Cauchy-Schwarz inequality and integration in polar coordinates

2
d+2s w(z) d+2s 2 1
R (/B T = | T dI) < BT lwllze o /BE |z — o |20+4s dz

R
< CR™2 ]2, 0, /
R

for w = |u — vp| and w = |u — up|. This concludes the proof. O

[e’s) d—1 C 9
W dp = ﬁ”w”mm),

Since [|u — ITpullr2Q) < Cllu — un||r2(q) generically, Corollary shows that the interior H®-error
consists of a local approximation error in the H*-norm and a global L*-Galerkin error that accounts for
pollution from the rest of the domain. We observe that this estimate is similar to local estimates for second
order elliptic problems [14} [30], except that the L?-terms are now global. This is a mild manifestation of
the nonlocal nature of . We examine below the extreme cases of quasi-uniform and graded meshes.

Since the polynomial degree of V}, is 1, no error estimate can be of order larger than 2 and exploit
regularity of u beyond H? regardless of mesh structure. With this in mind, we let f € H"() for

0 <r <2 —2s, which leads to the local Hi‘l”—regularity of u and the local approximation error

(516) inf |u7’Uh|H5(BR) S ChSJrTHf”Hr(Q).
v EVy,

In order to compare with the global H*-estimate of Theorem (global energy-norm convergence rates),
we consider below the best scenario of maximal interior regularity, namely the case where the rate s + r
in (5.16)) is sufficiently large s +r > 1, so that the local H*-rate is dictated by the global L?-error.
Quasi-uniform meshes. Combining (5.16) with the estimates of Proposition (convergence rates in
L?(Q) for quasi-uniform meshes) and Lemma (further regularity) of Section [3.3] we obtain

Ch?*|log h|?| fllL2(0) for Q Lipschitz

u—u s < Chs+r r +
| nlm (Bry2) = 11|z (@) {Cha+’7| log h|2Hf||HT(Q) for €2 smooth,

where a = min{s, 1}, and v = min{s+r, 3}. We summarize these estimates in Table (up to logarithmic
factors). Compared with Theorem (global energy-norm convergence rates)

(5.17) = unll gy < CR™ 2 log A | £]] 2 (e

we see that all interior H*-rates of Table [1| are improvements over the global rate of ([5.17)).

Graded meshes. Section [3| shows that graded meshes satisfying are able to compensate for the
singular boundary layer for Lipschitz domains satisfying the exterior ball condition and smooth right-
hand sides. Even though the next discussion is valid for any dimension d, for the sake of clarity and
because our numerical experiments in Section [0] are carried out for d = 2, we shall focus on this case.
Moreover, we assume s # 1/2, for otherwise additional logarithmic factors arise in our estimates below.
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Q-smooth | Q-Lipschitz
s S 1/2 hs+1 2 h2s
s>1/2 h h

TABLE 1. Order of convergence (up to logarithmic factors) for interior error estimates
|u — un|gs(By,,) on quasi-uniform meshes for f € H"(2), r > 0, and s +r > 1.

Weset y=2and f=1—sinT heorem (global energy-norm convergence rates) and Proposition
(convergence rates in L?(Q) for graded meshes) to establish the global rates of convergence

(518)  u — wnll ey < Chllog bl [ fllervmy: 1w = wnllzzay < CHP 453/ log b [ ] - -

In contrast, Theorem |5.3 (local energy error estimate) in conjunction with the global L?-norm estimate
in (5.18) for f € C1=*(Q) N H"(Q), 0 < r < 2 — 25, gives the local H*-estimate

|t = unl e (Brye) < CH T fllar ) + CR™EH3 2 Tog B2 fll o -

We now compare with the global H*-estimate in (5.18]). We again assume that the interior rate s+r < 2—s
is sufficiently large, the upper bound caused by the polynomial degree 1, to write

lu — uh‘HS(BR/z) < Chmin{l+s,27s}| log h|2 ||f||0175(§).

We thus see an overall improvement h™*{:1=s} over (5.18)). We summarize these results in Table

Q-smooth or Lipschitz with exterior ball condition
s<1/2 hsFT
s>1/2 h2=s

TABLE 2. Order of convergence (up to logarithmic factors) for interior error estimates
|u = un|gs(By,,) on graded meshes with parameter p = 2 for f € H"(Q) N C'~3(Q),
r >0, and s+ r < 2 — s sufficiently large.

We conclude with a comparison between quasi-uniform and graded meshes for smooth data (domain
and right-hand side). Tables [1f and [2[ show that graded meshes yield an improvement of order h'/2 for all
s < 1/2, whereas the improvement is of order h'=% for s > 1/2. Therefore, such an improvement is valid
for all 0 < s < 1 but becomes less significant in the limit s — 1 of classical diffusion.

6. NUMERICAL EXPERIMENTS

In this section we present some numerical experiments in a two-dimensional domain that illustrate
the sharpness of our theoretical estimates. These experiments were performed with the aid of the code
documented in [I]; we also refer to [I] for details on the implementation. Some discussion about the
construction of graded meshes satisfying can be found in [2].

In all of the experiments below we set Q = B(0,1) C R? and f = 1, so that we have an explicit solution
at hand (cf. Example . This corresponds to smooth data (both domain and right-hand side) and
the discussion of Section [5.3| applies. We computed errors with respect to the dimension N of the finite
element spaces Vj, because N = #Dofs is a measure of complexity. In view of with © = 2, we
always have the relation N ~ h~2 for both quasi-uniform and graded meshes, the latter up to logarithmic
terms. Therefore, the rates of convergence of Section can be expressed in terms of N as follows

(6.1) he ~ NP2,
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for appropriate exponents 8 > 0. We next explore computationally our error estimates in Section [3.3] for
both the global L?-norm and local H*-seminorm.

6.1. Global L?-norm error estimates. We start with quasi-uniform meshes and s = 0.5, 0.6,0.7,0.8,0.9.
Our findings are summarized in Figure[l} in all cases, we see good agreement with the linear convergence
rate 3 = 1 predicted by Proposition for s >1/2, or equivalently N~1/2 according to (6.I). Since the
exact solution satisfies u € Moo H*T1/27¢(1)), we infer that the L2-interpolation error obeys the inequal-
ity |lu— Inullr20) < Ch*T1/2|logh|. Interestingly, the finite element error ||u — up||z2(q) < Ch|log h|? is
of lower order for s > 1/2, which turns out to be consistent with .

45-

FIGURE 1. Global L?-errors for the finite element solution to Example over quasi-
uniform meshes with s = 0.5,0.6,0.7,0.8,0.9. The decay rate N—'/2, which is of lower
order than the interpolation error, is consistent with (3.22)) for s > 1/2.

We next consider approximations using meshes graded that satisfy (3.12)) with u = 2. By Proposition
we expect a convergence rate of order N~ min{1/2+s/2:3/4} "gccording to (6.1). In Figure|2|we display
the computational rates of convergence for s = 0.2,0.4, 0.6, 0.8, which are in good agreement with theory.

FIGURE 2. Global L2-errors for the finite element solution to Example over graded

meshes with 4 = 2 and s = 0.2,0.4,0.6,0.8. The computational decay rates are consistent
with the theoretical prediction N~ min{1/2+s/2,3/4} of (3.25)).

6.2. Local H’-norm error estimates. We next explore the sharpness of our local error estimates
derived in Section [5| and summarized in Tables [1] and More precisely, we find computational rates
of convergence in H*(B(0,0.3)), namely the ball of radius 0.3 centered at the origin, upon evaluating
|[Thu — un|me(B(0,0.3)) via the same techniques used when building the stiffness matrix. This is because

|u — un|ms(B0,0.3)) < [u— Tnulms(B(0,0.3)) + [ InU — Unl g+ (B(0,0.3))
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and the first term in the right hand side above is of higher order than the second for the locally smooth
function u of . We display the errors in H*(B(0,0.3)) for s = 0.2,0.4,0.6,0.8 in Figures 3| and 4| for
quasi-uniform and graded meshes, respectively. We observe good agreement with the theoretical rates
N-min{1/4+s/2,1/2} of Table [l and N~ min{1/2+s/2.1-5/2} of Table [l in each case.

25 - = (#Dots)

H3-error

3.5

450

6.95
# Dofs

FIGURE 3. Errors in H*(B(0,0.3)) for the finite element solution to Example over
quasi-uniform meshes with s = 0.2,0.4,0.6,0.8. Computational rates are consistent with
the theoretical rates N~ min{1/4+s/2.1/2} of Taple [1]

6.2 | I I | I I L | |
8.4 85 86 87 88
# Dofs

FIGURE 4. Errors in H*(B(0,0.3)) for the finite element solution to Example [2.2] over
graded uniform meshes with g = 2 and s = 0.2,0.4,0.6,0.8. Computational rates are
consistent with the theoretical rates N~ min{1/2+s/2.1=s/2} of Taple 2]

Finally we emphasize that, according to our discussion in Section [3:2] the global H*-errors decay
with rate N~1/4 (for uniform meshes) and N~1/2 (for graded meshes); see and (3.17). It can be
seen from our numerical experiments that in all cases the finite element solutions converge with higher
order in H*(B(0,0.3)). Therefore, these experiments illustrate that the finite element error is effectively
concentrated around 9f2.
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