MATH 5520 — Finite Element Methods.

Assignment 3. Solutions.

1. (Problem 3.5 from the textbook. )
Prove

1/2
2
vllL2) < C <||VU||2L2(Q) + (/ v(z)dx) ) for v € C1(Q),
Q
where Q = (0,1) x (0, 1) is the unit square in R2.

Solution: Since C'(Q) is dense in H'(Q) it is enough to consider u € C*(Q). Denote x = (1, z2)
and y = (y1,y2). By the Fundamental Theorem of calculus we have an identity
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Expanding the left hand side and using Cauchy-Schwarz inequality on the right hand side we obtain
2
u(x)? + u(y)? ~ u(x)uly) < (e = V2| Vul 2oy + 22 = gol V2 V0l 2o
Using that 0 < x; <land 0 <y; <1,i=1,2 we have
u(x)? +u(y)? < 8|VulZs(q) + ulx)uly).

Integrating with respect to x and y over {2 we obtain

2
2ul2a ) < S| Veulagey + ( / u(x)dx) .

Dividing by 2 and taking the square root shows the desired inequality.

2. (Problem 3.9 from the textbook.)

Consider the Neumann problem

~Au=f inQ, (1)
g—z =0, on 09,

where 0 C R™. Assume that f € L?(Q)) and show that the condition
/ Fla)dz =0
Q

Notice that if u is a solution to (1), so is u + ¢ for any constant c. To obtain a uniqueness, we can add

an extra condition
/ u(x)dx =0,
Q

i.e. requiring the mean value of u to be zero. Define a functional space

is necessary for the existence of a solution.

V:{UEHl(Q):/ud:c:()}.
Q



Show that V is a linear vector space and define a variational formulation to (1) using this space.

Solution:

By the Green’s formula

/ —Audz :/ —1Audx = / Vu~V1da:—/ @dz =0.
Q Q Q a0 On

Thus for consistency we need fQ fdx = 0.

It is also easy to see that if u satisfies (1) so does u + ¢, for any constant ¢. Thus we have a problem
with uniqueness.

To show that
V:{veHl(Q):/udx:O}.
Q

is a vector space it is enough to check that for u € V and v € V, u+v € V, since [,(u+v)dz = 0 and
for any constant ¢, cu € V since fﬂ(cu)daz =c fQ udx = 0. To make V a norm vector space we equip
V with H' norm. Notice that in view of the inequality

2
||11||:£2(Q) <4 <||V11||2La(9) + (/Qv(a:)d:c) > for v € C1 (), (2)

from the previous problem which is also valid for regular domains, H' norm and L? norm of the
gradient are equivalent norms on V. Indeed (2) give us

ullfn = IVullZs + lulf> <5|Vuli, YueV.

Hence
IVullL2 < [lullm < V5| Vull2 YueV.

Now the variational problem: find u € V' such that
(Vu, Vo) = (f,v) YWwevV

has a unique solution by Lax-Milgram lemma. The bilinear form a(u,v) = (Vu, Vv) is coercive over
V since

1
a(u,u) = (Vu, Vu) = [|Vaul|z2 > £lullz,

bounded
a(u,v) = (Vu, Vo) < ||Vl 2 [[Vollpz < [lullg||v] a0,

and the linear functional by the Cauchy-Schwarz inequality is bounded,
tw) = (f,0) < I fllz2llulle < N2 llulla

In addition from
JullF < 5VullZz: = 5(Vu, Vu) = 5(f,u) < 5| f|l2|lull g,

we have the following stability result
lullzr < 511 f1 2

. (Problem 3.13 from the textbook. Stability with respect to the coefficient.)

Let u; and us be two weak solutions of the problems

=V (a(@)Vu) = f =V (az(@)Vuz) = f in Q,
uy =0, ug =0, on 09,



where ) C R" is a bounded domain with smooth boundary 9 and f € L?(f2). The coefficients a;

and as are smooth functions such that
a;(z) > a9 >0, YreQ, i=12

Prove the stability estimate

|Q

V(w1 = u2)l[2(0) < —llar — azllc@)ll fllzz)-

oN
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Solution: Notice that since u; = 0 on 052, the Poincare inequality holds
Hui||L2(Q) < OHVUz’HLQ(Q)7 1=1,2.

Thus u; satisfy the following stability estimates

C .
Vil 2y < ;0||f||L2(Q), i=1,2.

Indeed, since u; satisfy
(a;Vu;, Vo) = (f,v) Vv e Hg,

taking v = u; we have

a0l VuillF2(q) < (aiVui, Vug) = (f,ui) < || fllz2@lluillz@) < Cllfllzz @l Vuillz2 @)

The last two inequalities follow from the Cauchy-Schwarz and Poincare inequalities. On the other hand

the difference u; — uq satisfies
(a1Vuy — aaVug, Vo) =0 Yo € Hé.
Taking v = u3 — uz in (6) we have
(a1Vuy — aaVug, V(u; — usz)) = 0.
Now adding and subtracting a;us we obtain
(a1Vuy — a1 Vug + a1 Vus — a2Vug, V(u; — ug)) = 0,
which is equivalent to

a1 (V(ur —uz), V(ur — uz))
(a1 — a2)Vua, (u1 — u2))

llar — a2||c(9)||vu2||L2(Q)H“1 - “2||L2(Q)‘

(
(

ao|[V(u1 — ug)|[ 720y <
<

The desired stability estimate (3) now follows from (5) and the Poincare inequality for u; — us.
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