MATH 5520 — Finite Element Methods. February 22, 2011

Assignment 3

1. (Problem 3.5 from the textbook. )
Prove

1/2
2
lvl|L2) < C <||Vv||L2(Q) + (/ v(z)dx) ) for v € C*(Q),
Q
where Q = (0,1) x (0,1) is the unit square in R2.

2. (Problem 3.9 from the textbook.)

Consider the Neumann problem

—Au=f inQ, (1)
g—z =0, on 09,

where 0 C R™. Assume that f € L?(Q)) and show that the condition

/Qf(az)dx =0

is necessary for the existence of a solution.

Notice that if w is a solution to (1), so is u + ¢ for any constant c¢. To obtain a uniqueness, we can add
an extra condition

i.e. requiring the mean value of u to be zero. Define a functional space

V={ve H(Q): / udz = 0}.
Q
Show that V is a linear vector space and define a variational formulation to (1) using this space.
3. (Problem 3.13 from the textbook. Stability with respect to the coefficient.)
Let w; and us be two weak solutions of the problems
=V - (a1(x)Vuy) = f =V (a2(x)Vug) = f in Q,
uy; =0, ug =0, on 09,

where Q C R” is a bounded domain with smooth boundary 9 and f € L?*(Q2). The coefficients a;
and as are smooth functions such that

ai(z) >ap >0, YreQ, i=1,2

Prove the stability estimate
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