MATH 5520 — Finite Element Methods.

Assignment 2. Solutions.

1. (Problem 2.3 from the textbook. ) Consider the nonlinear boundary value problem
" +u=¢€" inQ=(0,1),
u(0) =u(l) =0.
Use the maximum principle to show that all solutions are nonnegative, i.e., u(z) > 0 for all 2 € Q.

Solution:

Since e* > 0, we have
—u”" +u>0.

Applying directly Theorem 2.1 of the textbook we have

min u(x) > {u(0),u(1),0} = 0.

0<z<1 -

This show that u(z) > 0 for any z.

2. (Problem 2.4 from the textbook.) Consider the two point boundary value problem

Lu:=—(a(z)v) +cu=f inQ=(01),
u(0) = u(l) =0,
and let G(z,y) be the corresponding Green’s function. Show that G is symmetric, i.e. G(z,y) =
G(y, ).

Let
A(u,v) = (au,v") + (cu,v)

be the corresponding bilinear form. Prove that
A(v,G(z,")) =v(z), Yve H}, xe.

This means that LG(x,-) = ., where J, is Dirac’s delta function at x, defined as (6, ¢) = ¢(x), for
any ¢ € CY.

Solution:

The Green’s function is given by
G(z,y) =

where
k = a(x) (Uy(x)U|(z) — Uj(x)Ui(x)) = constant > 0,

and Uy and U; satisfy

LUy := —(aUy)" + cUp =0 in Q,
Uo(0) =1, Up(1) =0,



and
LUy := —(aU}) 4 cU; =0 in Q,
(]1(0):07 Ul(].):].,

respectively. From this definition it is clear that G(x,y) = G(y, x).

To show
A(v, Gz, ) =v(@), VoeH), ze,

we fist notice that since G(x,y) is continuous

1
A(v, Gz, ) = / (a(y)v' (1) Gy (2, y) + c()o(y)Gla, ) dy

is well defined. Using the definition of the Green’s function, we split the domain of integration and
integrate by parts,

1 x 1
/a(y)v'(y)Gy(x,y)dy:/ a(y)v’(y)Gy(%y)dy+/ a(y)v'(y)Gy(z, y)dy
0 0 x

= [ at ) 0@ty + [ al)e' ) LU )y
— 20a(o) [ (Vi) o)+ - Ua(o) [ (~a)Ui)) o)y

K

+ Ug(@)a@)o(@)V () - Vs @a(e)o(a) V(o)

T 1
— (@) + Uo(@) [ (~a@Ui@)olw)dy+ U(a) [ (~al)Uh) o(w)dy,
0 T

where we used the definition of x. Thus using that LUy = 0 and LU; = 0, we have

A(v,G(z, ) = v(z) + ~To(z) / (Ca@)Ui)) + )V (9)) v()dy

K

e / (Cal)U W) + ey)Vo(w)) v(y)dy

K
=v(x).
. (Problem 2.6 from the textbook.) Give variational formulations and prove existence of solution of
—u"=f inQ=(0,1),
with the following boundary condtions
(a) u(0) =u(1) =0,
(b) w(0) = u'(1) =0,
(¢) —u'(0) +u(0) =u/(1) =0.
Solution:

(a) u(0) = u(1) = 0. Multiplying both sides of the equation by arbitrary v € Hg (0, 1) and integrating
by parts we obtain

1 1
/ o () (z)dz = / f(x)v(x)dz.
0 0
Thus the variational problem is to find u € H}(0,1) such that

(u',v") = (f,v) Vv e HJ0,1).



Using the Poincare inequality ||u|[z2(0,1) < [|%'||£2(0,1) We have
||“||§Jl(o,1) = ||UH%2(0,1) + ||U/||2L2(0,1) < 2||U/||2L2(0,1) =2(u',u).
Thus the bilinear form is coersive over H} and by Cauchy-Schwarz inequality bounded,
(u',0v') < HU/HL?(O,I)||v/||L2(0,1) < lullm o, vl 10,1)-

Thus for f € L?(0,1) all the conditions of Lax-Milgram Lemma are satisfied and the problem has
a unique solution in H}.

1(0) = u/(1) = 0. Define a space
V ={ve H'Y(0,1): v(0) =0}.

Equip the space V with H! norm. Multiplying both sides of the equation by arbitrary v € V and
integrating by parts we obtain

/1 o () (z)dz = /1 f(x)v(x)dz.
0 0
Thus the variational problem is to find u € V such that
(', v") = (f,v) YveV.
Since the Poincare inequality |[u|z2(0,1) < [|%'||£2(0,1) again holds for any u € V', we have
el = Nl 0.y = NlZagony + 101220,y < 20200y = 20,0,
Thus the bilinear form is coersive over V' and by Cauchy-Schwarz inequality bounded,
(u',v") < u'llz2o,0 10 1 22(0,1) < llullv [lvllv-

Thus for f € L?(0,1) all the conditions of Lax-Milgram Lemma are satisfied and the problem has
unique solution in V.

—u/(0) + u(0) = /(1) = 0.
Multiplying both sides of the equation by arbitrary v € H'(0,1) and integrating by parts we
obtain

/o u’(x)v’(w)dm—u’(O)v(O):/o f(x)v(x)dz.

Using that u(0) = u/(0), we have

1 1
/ o (@) (2)dz + u(0)v(0) = / F(@)o(z)da.
0 0
Define the bilinear form .
a(u,v) = / o (z)v' (x)dz + u(0)v(0).
0
Thus the variational problem is to find v € H*(0,1) such that
a(u,v) = (f,v) Vv e HY(0,1).

To apply Lax-Milgram Lemma we need to show that the bilinear form is coersive and bounded
on H'(0,1). To show coersivity we use



Thus by Cauchy-Schwarz inequality
u(@)| < [w(0)] +1|v ]| L2(0,1),

and as a result
[ullF20.0y < 2(0)* + [/ [1F2(0.1y) = 2a(u, u).

This shows coersivity. To show boundedness we notice that |u(0)| < ||ul|g1(0,1), which follows
from

Thus
a(u,v) < [Jullgr o, 1ol 710,15

and for f € L?(0,1) all the conditions of Lax-Milgram Lemma are satisfied and the problem has
a unique solution in H'.

4. (Problem A.11 from the textbook.) Let = (0,1) and f = 1/2. Show that f ¢ Lo(Q) but f € H=1().
That will show that H~! ¢ Ly(9).

Hint: Define linear functional f(v) = (f,v) Vv € H}(Q2) and prove the inequality

((f 0 < Cl Ly, Yo € Hy ().

Solution: Simple computations show that

1 1
dx . dz . 11 .
||fH%2(Q) :/0 == lim — = lim ——| = lim (1/e — 1) = 0.

e—0t J. 2 e—0t X' e—0+

Thus f ¢ Lo(92).
On the other hand

1
v
[fllz-1@) = sup (f,v)= sup /7( )d$~
veEHE () veH} () JO

lv llv

Hngl Hngl

Since C§° is dense in H} it is sufficient to assume that v € C}. We have

1 vlz 1 1 1
| s = vyogaly — [ o@)togads = — [ togads <[4/ go oge] o
0 0 0

Using that

1 1 1
I loga:||2L2(Q) = / (log z)*dx = :z:(loga:)2|(l) — 2/ log xdx = —zlog:z:|(l) +2 [ dx=2,
0 0 0

we have

Il < V2
and as a result f € H~1(Q).

5. (Problem 2.8 from the textbook.) Find an explicit solution of

in Q= (0,1),

Check that u € H} but u ¢ H?.



Solution: Easy to see that
u=—zlogx

solves the equation. Also
u'(x) = —1 —loga € L*(0,1),

but as we have seen in the previous problem

W (z) = —é ¢ 5(0,1).



