MATH 5520 — Finite Element Methods. February 8, 2011

Assignment 2

1. (Problem 2.3 from the textbook. ) Consider the nonlinear boundary value problem
—u”" +u=¢€" inQ=(0,1),
u(0) =u(1) =0.
Use the maximum principle to show that all solutions are nonnegative, i.e., u(z) > 0 for all x € Q.
2. (Problem 2.4 from the textbook.) Consider the two point boundary value problem
Lu:=—(a(z)u) +cu=f inQ=(0,1),
u(0) = u(l) =0,

and let G(z,y) be the corresponding Green’s function. Show that G is symmetric, i.e. G(z,y) =
G(y,x).
Let

A(u,v) = (au',v") + (cu,v)

be the corresponding bilinear form. Prove that
A(v,G(z,")) =v(z), Yve H}, ze.

This means that LG(x,-) = d,, where 0, is Dirac’s delta function at z, defined as (d,, ¢) = ¢(x), for
any ¢ € CV.

3. (Problem 2.6 from the textbook.) Give variational formulations and prove existence of solution of
—u"=f inQ=(0,1),
with the following boundary condtions

() u(0) = u(1) = 0,
(b) u(0) =w'(1) =0,
(¢) —u/(0) +u(0) =u/(1) = 0.

4. (Problem A.11 from the textbook.) Let Q = (0,1) and f = 1/z. Show that f ¢ L2(Q) but f € H~1(Q).
That will show that H=! ¢ Ly(Q).

Hint: Define linear functional f(v) = (f,v) Vo € H}(Q) and prove the inequality

|(f,0)] < Cllv'l| a0y, Yo € Hy(9).
5. (Problem 2.8 from the textbook.) Find an explicit solution of

in Q= (0,1),

Check that u € Hj but u ¢ H?.



