Best approximation results for elliptic problems in L in 2D

Dmitriy Leykekhman

1 Introduction

Let ©Q be a bounded convex domain in RN, N = 2,3. WithO< h < % a parameter, let .7 denote a triangulation of Q
with mesh size &, i.e., 7 = {1} is a partition of € into cells (triangles or tetrahedrons) 7 of diameter /. such that for
h = max; h;. Let V}, be the set of all functions in H(} () that are polynomials of degree r € N on each 7, i.e. V}, is the
usual space of conforming finite elements. Consider the Ritz projection R, : H& (2) — V,, defined by

(VRu,VY)a = (Vu,Vy)o, VY eV, (1.1

We will be concerned with the following
Question: Given a Banach space B. Under which assumptions

[ Ruullg < C(h)][ulls, 1.2)

for some constant C(4) independent of u?

If C(h) is independent of &, we say that the Ritz projection is stable in B and if C(h) = o(h™¢) for any € > 0, for
example if C(h) ~ |Inh|, we say that the Ritz projection is almost stable in B.

Writing

u—Ru=wu—x)—Ry(u—y%)
for any ) € V), and using the triangle inequality, we can see that from (1.2)) follows the best approximations property

|u—Ryu||g < (14C(h)) inf |u— x5 (1.3)
XEV,

Taking ) = 0 in (T.3) and using the the triangle inequality we obtain (T.2)).
In the definition of the Ritz projection (I.1J), by taking } = Rju and using the Cauchy-Schwarz inequality, we obtain

HVRhMHiz(Q) = (VRyu, VRyu) o = (Vu, VRyu) o < ||Vl 12(0) || VRAu| 12(q)-
Canceling and using the Poincare inequality

lull2@) < CplIVullr2q),
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we obtain
1Ryl (@) < Cllulla ()
with no restriction on the mesh!.
Surprisingly, the situation is very different for the L? norm [2]. Consider Q = [0,2] and

| xP, 0<x<1
u(x) = (2-x)P, 1<x<2,

for some p > 1. We partition € into just two elements 7} = [0, 1] and 77 = [1,2] and V}, is the space of piecewise linear
functions on 7} U 72.
Easy to see

X, 0<x<1
Ryu(x) = {2x,1§x§2.
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Direct computations show

2 2
HR]1M||L2(Q) = \/; and ||M||L2(Q) = m’

[Rntll 1200 < Cllull2(q)

hence

can not hold as p — oo. This example also shows the Ritz projection is not stable in any L? norm for 1 < g < oo.
However, it leaves the door open for L norm. Notice that using the Green’s formula we can rewrite (I.1) as

p)
(VRu,VY)a = (Vu,V)o =Y (Vu, Vi) ==Y (u,—Ax)+ ) (u, a%)af, VY € V.

T T

Thus the Ritz projection is well defined even for u € C°(Q).
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Remark 1.1. In [4] was established an interesting result

[ — Rpul|20) < Cxigéh l[u—xll12(0) +0sc(T), (1.4)

where :

osc(T) = (Z hi||ffr||i2(f)> ’

€T

i.e. the stability of the Ritz projection in L? norm up to data oscillation.

One of the main goals of this notes is to provide a detailed proof in 2D of the following result.

Theorem 1.1 (Quasi-stability of Ritz projection in L™ ). Let Q be convex polyhedral domain and Ryu is the Ritz
projection of u on quasi-uniform meshes of size h. Then, there exists a constant C independent of h and u such that

[Rhu]|=(@) < ClInhl|[ul| =)

However many open problems still remain:

1. Can the logarithmic term be removed in Theorem [I.1] for higher order elements (Such results exist for smooth
domains)?

2. Can the result in Theorem|1.1|be extended for non-convex polyhedral domains (Such results exist in 2D [[10])?

3. Can the result in Theorem |1.1| be extended to graded meshes (not quasi-uniform) (Such results exist for wie

norm)?
4. Can the result from [4], see Remark[I.1] namely (T4), be generalized to L? spaces?

1.1 Notation
We will use the standard notation for Sobolev spaces, thus for 1 < p < e, we denote by L”(Q) the Banach space

Q) ={v:Q >R : /Q ()| dx < o0}

1
withnorm [[v||zp(@) := (/g [v(x)[” dx)?. In particular when p = 2, we obtain L?(£2) which is a Hilbert space with inner
product (u,v) = [o u(x)v(x) dx. When p = o, we obtain L™(£2), a Banach space with norm ||v||;=(q) := ess supg |v|.
Moving forward, we introduce the Sobolev spaces W+ () with norm

. 1
HMH k.p = (Z‘Oqfkjﬂ |Dau|p d)C) v 1< p <o
wEr(Q) Yja|<ke€ss supg|D%u|  p=co.

If p =2, we write
HYQ)=wk(Q), k=0,1,...

Notice that H*(£) is a Hilbert space and H(Q) = L?(£). We denote by W(f 7(£2) the closure of C () with respect
to WhP(Q)-norm. Finally, we denote the dual of H} () by H~!(Q). Itis easy to see that L*(Q) C H~!(Q).
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2 Stability of the Ritz projection in L= norm in R?

2.1 Regularity and Green’s function estimates for the Laplace equation

As a simple model of a second order elliptic partial differential equation we consider,

—Au(x) = f(x), xeQ,

u(x) =0, x€dQ, @D

with a right-hand side f € L"(), r > 1 on a convex polygonal domain 2 C R?.
First result is a standard H? regularity on convex domains [6]).

Lemma 2.1. Let Q C R? be a convex polygonal domain. Then the following estimate holds,
[ull g2y < Clfl2@)-

Later, we will use pointwise estimates for the Green’s function and its derivatives. The proof of the next lemma for
a general second order elliptic equation can be found in [7].

Lemma 2.2. Let Q C R? be a convex polygonal domain. Let I (x,y) denotes the elliptic Green’s function of the Laplace
operator on the domain Q. Then for x # y the following estimates hold,

[T (x,y)| < ClInfx—yl|, (2.2a)
VI (x,y)] < Clx—y| . (2.2b)

2.2 Discretization and preliminary results

Let 7 denote a quasi-uniform triangulation of Q with a mesh size A, i.e., & = {1} is a partition of € into triangles T
of diameter /i such that for 4 = max; iz,

1

diam(t) <h <C|7|2, VT T

hold. Let V), be the set of all functions in H(} () that are polynomial of degree k, k > 1 on each 7, i.e. V}, is the usual
space of Lagrangian finite elements of degree k. The elements from V), satisfy the inverse inequality

(11
m 1+2(q p)HXHW”’W(Q)? m<n, p<q, VY€V, 2.3)

1% llwna(a) < Ch
For the space Vj, we will utilize the L>-Projection P, : L?() — Vj, defined by
(Pv,x)a =, 2)e, YXEV, (24
the Ritz-Projection Ry, : H(} (2) — V), defined by
(VR VY)a = (Vv,VY)a, VX EV, (2.5)

and the usual nodewise interpolant 7;,: Co(2) — V;, with usual approximation properties (cf., e. g., [3} Theorem 3.1.5])

1 1
e — Byt agoy < C* 2D |ullyopqy, for q>p>1, (2.6)
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and the stability in W**(Q) norm

[ nttl|wse=(@) < Cllullws=(q), for s=0,1. 2.7)
Moreover we introduce the discrete Laplace operator A, : V;, — V;, by

(=AwnX)e = (Vvi,VX)a, VX €V (2.8)

2.3 Basic properties of the weight function

For a fixed point xy € €2, we introduce a weight function

o(x) =/ |x—x0|> + K?h?, (2.9)

where K > 0 is sufficiently large constant. One can easily check that ¢ satisfies the following properties, (cf., e.g., [3],
Sec. 3.3),

l67 lz20) < Cln?, (2.10a)
Vie| <Co'™!, 1=12,..., (2.10b)
maxo < CmTin o, VteJ. (2.10c)

T

Next we require an estimate in weighted norms for the L2-Projection P,.

Lemma 2.3. There exist € > 0 and a constant C > 0, such that for any positive function ¢: Q — RY satisfying
W|\Vie| <e@foralll =1,2,... kand any v € L*(Q), we have

||(pPhVHL2(_Q) < CH(pV”LZ(Q)

Proof. We follow the proof in [S], appendix and their notation. Adding and subtracting Ih((szhv) and using the
Cauchy-Schwarz inequality, we have

0PI 72 ) = (Pav, @*Fiv)a = (P, @* v —Iy(9° i) + (v, 1n(9*Fiv) o

B B 2.11)
<lloPwllll2@)le ™" (0> Pov—1(9*Pv)) Il 2(0) + 10Vl 20 |07 Th (07 Piv)l| 12 )-
Define
¢_ =ming and ¢@,=max¢@
—T T T
for each element 7. First we notice that |V ¢| < £¢ implies
¢, <Co, (2.12)

for € sufficiently small with the constant C independent of 7. Indeed, the inequality

@< +h[|VOl=(r),

and the assumption
h||V(P||L°°(r) < 86‘57
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imply (2.12) for € sufficiently small. Thus, using (2.12)), the triangle inequality, and the property that for the nodal
Lagrange interpolant holds

Li(@*Pyv) = I(In(@*)Py),

since

I ((p2th Z(P xl th)(xl)¢l( )

and

(002 P) = 1 <z<p2<xl><th X)6i(x ) Z(Z (x) th><x,>¢l<x,>> 0;() = X 02(x)) (Puv) (3)6:(x)
i J 1 J

Thus, we have

lo~" (9P — In(@°Pi)) [l 2() < <P71przth—Ih((PzPhV)HLZ(r)
<@ (97 = 1n(9?) Buv)lli2(ey + @, ' 111(90%) Piv — Tn(In (@) Pv) | 2
=J1+ .

Using the approximation properties of f; and the assumption that 2|V¢| < £¢, we obtain
Ji <CO_R(IV(@7) | =) | Piv 22y < CEN@PY Il 2(r)- (2.13)

To estimate J, we first notice that on each element 97(P,v) = 0 and 97 (I,(¢?)) = 0 for all multi-indices y € N?> with
|Y| = k+ 1. Thus, using the approximations theory and the Leibniz’s formula, we have

J < Cg;lhkJrl |Ih((p2)PhV\Hk+1( o < C¢7lhk+l Z (@ |W’ |PhV|H’<+1*1(r)-
=1

Using the stability of the interpolant in W/, and the inverse inequality, we obtain
1 S
D < CO M [Puvllz e Y 2107w o)
=1

Finally, using the assumption 4|V!¢@| < £¢, we obtain
J2 < Cel[@Pv |2 ()
Thus combining the estimates for J; and J, and summing over the element, we have established that
lo™" (9*Pv —1n(9°Piv) l12(0) < Cell 9PVl 20 (2.14)
The above estimate by the triangle inequality also implies that
lo™" 14(@?Piv) | 2(0) < Cle+ D 0Pyl 20 (2.15)
Inserting the estimates (2.14) and (2.13)) into (2.11)), we obtain

l@Puvll72 o) < Cell@Pivllzz o) +CEe+ D@Vl (o) [P 20

which for € sufficiently small implies the lemma.
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The next lemma provides error estimates for the projection and the interpolation errors in weighted norms. In what
follows we will use the discrete L2 norm ||-||.o for functions defined cellwise:

2 2
Izlhe = Y 2ll72)
€T

Lemma 2.4. Let v € Co(2) NHL (Q) be cellwise in H', i.e. v|. € H'(t) for all T € T and some 2 <1 < k+ 1. Then
the following estimates hold for any a € R and K large enough:

[6%(v =1l 12(0) + I 6*V (= Iy) | 2(0) + W |04V (v = Iv) [n.a < CH 6"V ha, (2.16a)

l6%(v—Piv) | 2(0) + IOV (v = Pv)l| 120 +h2||G°‘V2(v—P,,v)||hQ<Ch[||G°‘Vlth_Q (2.16b)

Proof. The estimates (2.16a) are straightforward due to the local nature of the nodewise interpolant 7, and due to
estimate (2.10c). The estimate for the first term in (2.16b) is standard for @ = 0. For o # 0 we consider ¢ = 6. There
holds forany I =1,2,...,k

IV'p| = |V!(6%)| < Cuo® ! < Cuo'p < Cu K 'hp,

where we used (Z.10b) and the fact that ¢ > Kh. For K large enough this ¢ fulfills the condition of Lemma [2.3] and
we get
lo% (P =)l 12(@) = 10%Pa(v = Iwv)l|2(0) < Cllo*(v = Iv) 120

Therefore
[o%(v—Pw)lla <Cllo%(v—1Iw)|e

and we get the estimate of the first term (2.16b) using (2.16a)). The estimate for the second term in (2.16b) is obtained
by the inverse inequality, which holds in weighted norms again due to (2.10c).

The next lemma is a superconvergence result in weighted norms.

Lemma 2.5. Let v, € V},. Then the following estimates hold for any o, B € R and K large enough:
l%(1d 1) (P vi) | 2(0) + R0 *V (Ad=1) (0P vi) | 20y < ch|G* P vl 2 g (2.17)
lo®(1d—Pi) (0P va)llp2 (@) + hllo“V(Id=Pi) (0P va) | 2(a) < ChlIG* P vyl 2q (2.18)
Proof. We prove the estimate for the first term in (2.17). By the estimate (2.16a)) from the previous lemma we obtain,

|6 (1d—1) (6P i) [l 2(0) < CH|o®V ! (6P vp)lng
Using the multi-index notation with y € N2, we have

lo*v i ePulia = X 0“0 (vl
|7|=k+1

Using the Leibniz’s formula for 97(6#v;,) and noticing that @7v, = 0 on a cell 7 for |y| = k+ 1 (since vy, is a polynomial
of degree at most k on 7), for each T € .7 we obtain:

I(cPu)y= Y (Y) 2%(cP)a7-3y,

|6>0,6<y

where the inequality § < ¥ for multi-indices is understood as §; < ¥ for i = 1,2 and the binomial coefficient is defined
as
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YN_(n\(»”
) 6 )\&/)

199 (aP)| < caP 10l

By the property of o, namely (2.10b), we have

Therefore we get for any 7 € .7 and any y with |y| = k+ 1,

K699 (6Pvy) [ 20y S CHTY Y [16%0% (6P )Y Pvpll oy S CHETE Y [[0® 101970y, o .
|8]>0,6<y [6]>0,6<y

Using property (2.10c) of o and the inverse inequality ||87_5vh||Lz(T) < chldl=k=1 [[vall 2 (r)> we obtain

WY ooy p <ch Y R a TRy .
|6]>0,6<y |8]>0,6<y

Finally using & < o, we obtain the desired estimate.
The estimates for the second term in (2.17) and estimates (2.18) follow by similar arguments as in the proof of
Lemmal2.4]

2.4 Regularized Delta function

Let xp € Q2 be a fixed (but arbitrary) point. Associated to this point we introduce a smooth Delta function. We will
follow [11, Lemma 2.2].

Lemma 2.6. There exists a function 5= 3;’0 supported in one cell Ty and satisfies
(Z»S)ro :Z(x0)> Vl EPk(TO)~
Furthermore, there are constants ¢ > 0 and Cy, independent of xy and h such that
dist(supp §,919) > ch

and ~ |
18[lwsrio) SCh 2170 1< p<oo, 5=0,1,2. (2.19)

Thus in particular ||S||L1<Q) <C, S||Lz(9) <Ch™!, and ||SHL°°(Q) < Ch™2.

Proof. Let £ be the open unit size reference triangle in R? and let @ € Cy (B) for B CC £ be fixed and nonnegative
satisfying [ w(x)dx = 1. Set

(5, 0) o = /Mw d%
T

and let ¢, ¢,,..., Py be an orthonormal basis for the finite dimensional space P¥ under this inner-product. Then

has the required properties on 7, with 2 = 1. A standard affine mapping argument using quasi-uniformity establishes
the lemma.
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Remark 2.1. The construction in the above lemma is valid for any dimension N. The support of the & can be chosen
arbitrary.

The next lemma shows how the weight ¢ compensates the singularity of the regularized Delta function 5.

Lemma 2.7. There holds

||GS||L2 +h||GV5HL2 +h2||GV25||L2 )+ ”GPhSHLZ(Q) <C (2.20)
Proof. Using that the support of SXO is in a single element 7 and using (2.19)), we have
16812 / |08 [2dx < |12 / (| = xo2 + K2H2)dx < Ch™*1?|w| < C.
0
Similarly we get

HoVS||§2(Q):/ |6V 2dx < ||VS||§M<Q)/ (]x — x0|> + K2h?)dx < Ch™®h?|ty| < Ch ™2
0 T

and thus [0V 6||;2(q) < Ch™".
Analogously we obtam the estimate ||cV25|| @) < Ch~2. For the last term in (2:20) we obtain by (2.16b)

l6Pi8l12(0) < 1681l 2(0) + |0(Ps = DIz () < 108]|,2(@) +Ch[|[GV?6] 2(0) < C.

2.5 Three technical lemmas

Before giving a proof of the stability of the Ritz projection for N = 2 we need the following technical lemmas.The first
lemma, which is a result from [[1]], allows us to “trade” negative powers of ¢ for stronger norms.

Lemma 2.8. Let v € H(; (), then there exists a constant C independent of v and h such that

lo™Wllz2() < ClimAl[[[VV]|2q

Proof. In the proof we use polar coordinates centered at xo, i.e. r = [x—xg|. Then 6(x) = o(r) = Vr2 + K2h%, 6'(r) =
& and as a result
,

o2’

d
= (in((7) ~In(0(0)) =

Let Bg be ball of radius R centered at xp, with R so large that 2 C Bg. We extend v by zero outside of 2. Then, using
polar coordinates and integrating by parts, we have

lo™IZ2 / / 202 (r,0)r drdf = /2”/ r)) —In(c(0)))v?(r,0) dr d@

27
:—2/ / (In(6(r) —n(c(0))) v (r, 0)v(r, 8) dr d6
B 2 (Rin(c fln( (0))
= 72/ / v(r,0)v(r,0)r dr do.

Using that
In(o(r) ~In(0(0)) _ C
r ~ o(r)

lIn|, (2.21)
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we obtain or R
||G"v||iz(m§C|1nh|/0 /O Vv][o " vr dr d6 < ClnAl||Vv] 2 o |6~ VI 20

from which the lemma follows. The inequality (2.21)) follows from considering two cases: r < h and r > h. In the first
case by the mean value theorem for some 0 <s <r<h

In(o(r))-In(c(0)) _ 1 _C_ 1
h

In the second case

Next result is Lemma 2.4 in [§]].

Lemma 2.9. There exists a constant C > 0 independent on h, such that for any v, € Vj,,

3
Y (189l + N0l o)) < Clintl? (lloBmmnlzzqay + V9l ) -
€T

Proof. We define v as the solution of
—Av=—Apv, inQ,

222
v=0 ondQ. 222)
Thus, by construction vy, is the Ritz projection of v, i.e., R,y = v, and v € H*(Q) N H} (2) with
IVllg2(@) < CllAVI2 ) = CllAnvallz2 o)
Using the fact that jumps of v are zero, the trace inequality and the inverse inequality we have
Y 19avallllz or) = Z 110 [vn = VIl (a7)
T
<CE (IVO =l + 1920 =)o)
< cz( V=)o) + V20— Bl sy + V200 = 1) s o)) 223)
<CY (B =)l + IV 0= )l + 1V O0n = 19| o))
T

< CY (H IV = i)l + 1 IV =19 1) + IV 0= ) )

T

Similarly, we obtain for the Laplacian of v,
Y llAvillpy <Y, (HAVHLI(T) + 1A (v _V)||L1(T))
T T
<CY (Vs +h IV =)l + 1 VG = )y + V20 = 9l ) - 2:24)
T

Combining (2.23) and (2:249), using the properties of o, we obtain
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)y HAVhIIle+H[[3n[Vh—V]]]IIL1<aT>)

T

<cy (||V2V||L1(1) +h VO =yl +2 VO =300 1) + V2 (v = Tv) ”Ll(r))

T

<Cllo” o (loV»|a+h oV =)o +h oV —Iw)|a+]6V(y—ILy)|ne)
1
< Clnh|z (A" oV(vi—v)||la+[cV?V]a)-

To conclude the proof, we need to establish that
W= oV (vh=)12(9) + 16V 12(q) < Cllnkl (HGAthHLZ(Q) + ||VVh||L2(g)) : (2.25)
We start with ||GV2V||L2(_Q). Since
8121-(6\1) = G&,%v—i— (dicdjv+d;jcdv) + 85-6\/,
and by properties of ¢, |V(0)| < C and |V?(0)| < Co~!, we obtain

loV2vlle < [V2(ov) e +ClIVV]e +Cllo™v]a. (2.26)

Using Lemma[2.8] we have
o~ v|la < C|Ink|||VV] q. (2.27)

By the global H?(Q2) regularity, we have
IV*(ov) e < CllA(ov)]q.

For A(ov) we obtain
A(ov) =Acov+2Vo-Vv+ oAy

and thus by the properties of o we get
IV2(0v)lla < Clo vl +CWvllg +Clloav]a
and by using (2:27) we obtain
IV*(ov)lle < Clnh| (| Vvl +lloAvie) = Clink| (|[Vvllo +[loAwvale), (2.28)

where we applied the definition of v (Z.22) in the last step. It remains to estimate ||Vv||q. By the triangle inequality
and the properties of the Ritz projection, H? regularity and that & < &, we obtain

IVVli20) < IVVill2@) + IV =vi)ll 2 @) S IVallz@) + IV = 1)l 20
<[IVvall 20y + CRIVVIr20) < IVVallr2@) +ChllAVI2(0) = IVvall2(0) + Cllo AWl 12 () -

Which establishes
6Vl < Clnk|(||[Vvilla + |cAwalla) - (2.29)

Next we will treat 2! ||6V (v, — )| . Denote e = v — vy, then
|loVe||3 = (Ve,6°Ve)q = (Ve,V(6%e))q —2(Ve,6Voe)) o = I + .

Using the Cauchy-Schwartz inequality and the Young’s inequality, approximation theory in L? norm, H? regularity
and that 4 < o, we obtain
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L <C|el|?

1 1 1
||L2(_Q) + ZHGWIIiz(Q) < Ch4||V2V||iZ(_Q) + ZHGVEHiZ(Q) < ChZHO'AthHiZ(Q) + ZHGV€H§2(Q)

Using the Galerkin orthogonality we have

I = (Ve,V(c*e —I,(c%e))g = Z(Ve,V(Gze —Iy(c%e))z.

T
On each element T using the Cauchy-Schwartz inequality and ([2.16a), we have
(Ve,V(c?e —I;(c%)); = (6Ve, 67 'V(c%e — I(0%€)):
< |oVelpmllo™'V(o?e—Ii(0e)l| 2
< l[oVell 2 Chllo™'V*(02e)ll 2

< |6 Vel 2o Ch (| 0Vellz(e) + I Vel ey + 16"l 2(e) )

C
Z||GV€||L2 +Cth(’VZeHLz + 7HGV€||L2 ?Henizm

IA

)|ove|L2 +Ch2HGV2e||L2 +Ch4||V2e||L2

IN

1
(4 K) ||GV6HL2 +Ch2HGV2e||L2
Summing over the elements we obtain

1 C 1 C
< (4% loVeli +ORIoVelig, < (5 + 5 ) 10Vl +CRnAE (19l + lodm).

where in the last step we used (2.29). Thus, combining the estimates for /; and I, and choosing K large enough we
obtain
loVel[q < Ch*[Inh|> (||Vvillg + o Amill)

which together with (2:29) establishes ([2.23).

Remark 2.2. The power of the logarithm is not optimal. Using a more sophisticated argument, the power of |Ink| can
be reduced to %

We will need the following discrete version of the Sobolev type inequality.

Lemma 2.10. Let B;(xg) denote a ball of radius d centered at xy. Then for any x € Vj, and h < d, there exists a
constant C independent of h such that

1 _
X (x0) < C|Inh|? (||VX||L2<Bd(x0)) +d 1||)C||L2<Bd(x0))> :

Proof. The proof goes along the lines of [0, Lemma 1.1]. Let @(x) be a smooth cut-off function with properties

o(x)=1, x€Bypnx) (2.30a)
o(x) =0, xeR\By(x) (2.30b)
Vo| < Cd™. (2.30c)

Furthermore, let I (x) denote the Green’s function for the Laplacian on B;(xo) with homogeneous Dirichlet boundary
conditions. Then
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xo)=(@1)00) = [ Vi (x) -V (07) (s

< / VoL, () - Vi (x)dx + / VL, (0) - V(o) (x)dx
J By, (xo) JB4(x0)\Bn(xo)
=J1+o.
Using the estimate |V, I3, (x)| < ‘x +;] and the inverse inequality we have
dx 1
Ji SCHVX”L“’(B,I(XO))/ S — < Ch IVl 2, onh < CIVZ L2 (8, (x0))-

Similarly we have
I < VT 000000 (191V 2 205,000+ V0N 2 208,00
1 _
< Cl|Inh|? (HVX||L2(B([(XO))+d ]||%||L2(3d(xo)>)-
This completes the proof.

Corollary 2.1 (Discrete Sobolev). Choosing d so large that 2 C By, and taking the supremum over xo, we immedi-
ately obtain

1% ll=( <C\1nh| IVXli2@) X EVa

2.6 Proof of the stability of the Ritz projection in L™ norm

Finally we establish one of the main results in this section the stability (modulo logarithm) of the Ritz projection in
L”-norm.

Theorem 2.1. There exists a constant C independent of h such that for the solution u of 2.1)) and its Ritz projection
u, = Ryu € Vy, holds
nl =2y < Clinh[[Jul| =g

Proof. Letxg € Ty such that [[up||;=(a) = |un(xo)|. For such xo define a regularized Green’s function g, that satisfies

—Ag(x) =8(x), x€Q, 231)
g(x) =0, xX€dQ,
where & (x) := 8, (x) is the regularized Delta function from (Z.19). We define g;, = R;g € Vi, i.e.
(Ven. V) = (8.%) Vx € Vi (2.32)
Alternatively we can rewrite equation (2.32) using the discrete Laplacian and the L?-projection as
— Angn = P,6. (2.33)
Then using the Galerkin orthogonality, integration by parts, and Lemma|2.9] we obtain
up(x0) = (Vup,Vgn) = (Vu,Vgn) = Y ((u,[0ngn])oc + (1, —Agn)z)
7 2.34)

3
< Nullz=a) Y, ( gl or) + 148l L1 )SC|1Hh|2||MHLw(Q) (HGAhgh||L2(Q)+||Vgh||L2(Q)>'
re?
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From (2:33) and then using Lemma[2.20] we easily obtain
loAngnlli2i) = 0P|l 12(0) < C. (2.35)

To estimate ||Vgu|lq, we set ¥ = g, in (2.32) and using the Holder inequality and the discrete Sobolev embedding
result from Lemma[2.10, we obtain

~ = 1
IVenllZ2) = (Van, Ven) = (8.8n) < 18111 () Igall=(@) < Clnhl2 | Venl 2 (a)-

Canceling [|Vg | ;2(q) we obtain
1
V84l gy < Clin[?

and hence the theorem.
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