MATH 5520 — Finite Element Methods. April 1, 2009

Assignment 3 (T)

1. (Problem 3.5 from the textbook)

Determine the stiffness matrix corresponding to the Poisson equation
—Au=f inQ
u=0 on 99,
when  is a square with side 1 and we use the bilinear element with h = 1/4.

2. (Problem 4.8 from the textbook)

Let Vj, be a finite element space on a triangulation 7T}, of the domain Q C R satisfying
llu = mhull2) < CR™ Hulgrss o)
Given u € L?(Q) and uy, € Vj, be the L%-projection of u onto V}, given by
(up,v) = (u,v) for any v € Vy,
where (,) denotes the usual L? inner-product. Prove the error estimate

||u - uh||L2(Q) < min Hu - U||L2(Q) < Chr+1‘u|Hr+1(Q)
vEV)

and that
llunllz2Q) < llullz2(@)-
3. (Problem 5.1 from the textbook)
Consider the elasticity problem
0ij = )\dw(u)(SU + HEGj (’U,),
3
—Z% =fi nQ i=123,
3xj
j=1

u=0 onlTIy,

3
Zcrl-jnj =g; on Fl 1= 1,2,3,
j=1

where n is the other normal to I', 92 = I'y N ', in a three-dimensional domain Q=0x (—e,€) with
Q C R?, ¢ small and F3 = f3 = 0. This corresponds to a thin elastic plate with middle surface Q
subject to in-plate loads only (no transversal loads).

Assuming plane stresses (i.e. ;3 =0, ¢ = 1,2,3) prove that in this case the above problem reduces to:
O = X(en(u) + 622(“))61‘]‘ —i—ﬁaij(u), 1=1,2,

2
80'ij

(91']‘

- =f inQ i=1,2,
j=1

u; =ugs =0 on Iy,

2

ZO}j’ﬂj = FZ on Fl = 1,27

Jj=1



where

fi and F; are given forces.

Give a variational formulation of this problem and formulate a corresponding finite element method.
Determine the stiffness matrix in a problem with simple triangulation and piecewise linear displace-
ments.



