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The Newton—Kantorovich theorem enjoys a special status, as it is both a fundamental
result in Numerical Analysis, e.g., for providing an iterative method for computing the
zeros of polynomials or of systems of nonlinear equations, and a fundamental result
in Nonlinear Functional Analysis, e.g., for establishing that a nonlinear equation in an
infinite-dimensional function space has a solution. Yet its detailed proof in full generality
is not easy to locate in the literature.

The purpose of this article, which is partly expository in nature, is to carefully revisit
this theorem, by means of a two-tier approach.

First, we give a detailed, and essentially self-contained, account of the classical proof
of this theorem, which essentially relies on careful estimates based on the integral form
of the mean value theorem for functions of class C1 with values in a Banach space, and
on the so-called majorant method. Our treatment also includes a careful discussion of
the often overlooked uniqueness issue. An example of a nonlinear two-point boundary
value problem is also given that illustrates the power of this theorem for establishing an
existence theorem when other methods of nonlinear functional analysis cannot be used.

Second, we give a new version of this theorem, the assumptions of which involve only
one constant instead of three constants in its classical version and the proof of which
is substantially simpler as it altogether avoids the majorant method. For these reasons,
this new version, which captures all the basic features of the classical version could be
considered as a good alternative to the classical Newton—Kantorovich theorem.

Keywords: Newton’s method; Newton—Kantorovich theorem; solution of nonlinear equa-
tions; two-point boundary value problems.
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1. Introduction

The iterative method

f(zx)
fay)’

where f is a differentiable real-valued function defined over an open subset of R is
the well-known Newton’s method. This method is indeed due to Sir Isaac Newton
(1642-1727), who introduced it in 1669 for computing zeros of polynomials.

Given a differentiable mapping f : Q@ € X — Y, where X and Y are now
arbitrary normed vector spaces and §2 is an open subset of X, this simple case is the
basis for the following extension of Newton’s method for finding, and approximating,
the zeros of f in €2, i.e. those points a € Q such that f(a) = 0: Given an arbitrary
point xg € €, the sequence (xy)72, is defined by

Tht1 = Tk — k>0, with zp € R given,

Tk+1 = Tk — (f/(xk))_lf(xk)7 k>0,

where f/(z1) now denotes the Fréchet derivative of the mapping f at the point
xg. Of course, this iterative method makes sense only if all the points xj, which
are called the Newton iterates for the mapping f, remain in 2, and only if the
derivatives f'(xr) € L(X;Y) are invertible for all k > 0.

Newton’s method is especially well suited for solving systems of n nonlinear
equations in n unknowns, which correspond to mappings f = (f;) : @ C R" — R™.
In this case, one iteration of Newton’s method consists in finding the solution dx;, €
R" to the linear system f'(xi)dxr = —f(xr), where f'(xx) denotes the n x n
matrix (9; fi(xx)), and then in letting @11 1= x + dxk.

In 1948, Kantorovich [7] published a powerful theorem, since then called the
Newton—-Kantorovich theorem, which gives sufficient conditions guaranteeing that
such a Newton method converges to a zero of f in ). In other words, this theorem
not only establishes the convergence of Newton’s method, but also establishes the
ezxistence of a zero of f. Equally remarkable is the nature of the assumptions of this
theorem, which all bear on the values of the function f and its derivative f’ at the
initial guess zp and on the behavior of f’ in a neighborhood of xg; hence, all these
assumptions are in principle entirely verifiable a priori.

The well-known Banach fized point theorem provides in a sense the simplest
way to show that a nonlinear equation (written as f(x) = z) has a solution
and to approximate this solution by means of an iterative method. The Newton—
Kantorovich theorem thus provides another, but somewhat less simple, way to like-
wise establish the existence of a solution to a nonlinear equation (now written as
f(x) =0), together with an iterative method for approximating such a solution. Its
proof requires only a modicum of linear and nonlinear functional analysis, viz., the
notion of complete space (like that of Banach fixed point theorem) and, in addition,
a basic result of differential calculus in normed vector spaces, viz., the mean value
theorem for functions of class C* with values in a Banach space (see Sec. 2.4).
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2. Functional Analytic Preliminaries

In order to render this article as self-contained as possible, this section gathers the
functional analytic preliminaries that will be needed in the proof of the Newton—
Kantorovich theorem. These notions are found in classical textbooks such as [5]
or [9].

2.1. Normed vector spaces

Given a normed vector space X (all spaces considered in this article are over R),
a point zg € X, and r > 0, the open, respectively, closed, ball centered at xy with
radius 7 is denoted B(xo; 1), respectively, B(xg;r).

Given two normed vector spaces X and Y, the notation £(X;Y), or simply
L(X)if X =Y, denotes the vector space formed by all continuous linear operators
from X into Y.

Let X be a Banach space, let Y be a normed vector space, and let A € L(X;Y)
be one-to-one and onto, with a continuous inverse A=1, i.e. A=t € £(Y; X). Then,
any B € L(X;Y) such that [[A™'(B — A)||z(x) < 1 is also one-to-one and onto,
with a continuous inverse B~! € L(Y; X) that satisfies

||A71HL(Y;X)
L—[[A=(B = Al cx)

1B | z(vix) <

2.2. The Fréchet derivative

Let X and Y be normed vector spaces, and let {2 be an open subset of the space X.
A mapping f : Q C X — Y is differentiable at a point a €  if there exists an
element f'(a) € L(X;Y") such that

fla+h) = f(a)+ f'(a)h + [[Allx6(h)  with lim §(h) =0 in Y.

The linear mapping f'(a) € L£(X;Y) defined in this fashion is unique and is
called the Fréchet derivative, or simply the derivative, of the mapping f at the
point a. If a mapping f : @ C X — Y is differentiable at all points of the
open set €, it is said to be differentiable in Q. If the mapping f' : x € Q C
X — f'(z) € L(X;Y), which is well defined in this case, is continuous, the map-
ping f is said to be continuously differentiable in Q, or simply of class C' in €.
The space of all continuously differentiable mappings from ) into Y is denoted
CH;Y), or simply C1(Q2) if Y = R.

2.3. Definition of the integral f;g(ﬁ) d¢, where g is a continuous
function g : [a,b) CR — Y and Y is a Banach space

This definition is carried out in two stages:

First, let g : [a,b] C R — Y be a step function over [a,b]: This means that there
exist finitely many points &; € [a,b], 0 < i < n, and vectors ¢; € Y, 1 <4 < n, such
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that

S=a<& < << <1 <& =D,
g(&)=¢ forallg 1 <€<§, 1<i<mn,

) < Ay,
orélzagxn llg(&)lly < gjagxn HCJHY

The integral of such a step function is then defined in the most natural way, i.e.
by £(g) = > i, (& — &—1)ci € Y. It is easily seen that the set S([a,b];Y) formed
by all step functions over [a,b] with values in Y is a vector space. Equipped with
the sup-norm, defined by [|g|| := sup,<¢<; [|9(§) |y, the space S([a, b]; Y) becomes a
normed vector space. Then, the above mapping ¢ : S([a, b];Y) — Y, which is clearly
linear, is continuous over this space since

1€(g)lly < (b—a)llgll for all g € S([a,b];Y),

as the definition of ¢(g) immediately shows.

Second, let R([a,b];Y) denote the completion of the space S([a,b];Y) with
respect to the sup-norm || - ||, which is thus a closed subspace of the Banach space
B(la,b];Y) of all bounded functions from [a, b] into Y, again equipped with the same
sup-norm | - ||. Then, the continuous linear mapping ¢ : S([a,b];Y) — Y admits a
unique continuous extension to the space R([a,b];Y), since S([a,b];Y) is by con-
struction dense in R([a,b];Y) and Y is complete; this is why the assumed com-
pleteness of Y is essential. Applying this extension to any function g € R([a,b];Y)

thus provides a natural definition of the integral of g over [a,b], denoted ff g(&)d¢E.
Then, by construction, the vector f; g(§)d€ € Y defined in this fashion satisfies

the inequality
b
JRGLS

where ||g|| = SUPg<e<p g()ly-

Likewise, the inequality ||€(g)]ly < f: lg(&)]ly d&, which clearly holds for all
step functions g € S([a, b];Y), also holds for all functions in the closure R([a, b]; Y)
of S([a,b];Y) since each side of this inequality is a continuous function of g €
R([a,b];Y). In other words,

‘/abg(f)df

Let now ¢ : [a,b] — Y be any continuous function. Since the interval [a, b
is compact, the function g is then wuniformly continuous over [a,b], which easily
implies that g is a uniform limit of step functions g, € Sla,b], n > 1. Hence, the
integral f; g(&) d¢ € Y is well defined, as lim, .o #(g,) (as is well known, this limit
is independent of the sequence of step functions chosen to approximate g).

<(b—a)|g| forall g€ R([a,b];Y),
Y

b
< / l9(©lly d¢ for all g € R([a, b];Y).
Y a
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Remark. The functions in the space R([a,b];Y") are called regulated functions.
The above considerations thus show that the space C([a,b];Y) of all continuous
functions with values in Y satisfy the inclusion C([a,b];Y) C R([a,b];Y) (one can
show that this inclusion is always strict; for instance, the space R([a, b]; R) contains
all monotone functions, which may be discontinuous at a countably infinite number
of points of [a, b]).

2.4. The mean value theorem for functions of class C!
with values in a Banach space

The well-known mean value theorem for a continuously differentiable real function
of a real variable asserts that f(b) — f(a) = (b — a) fol (1 = 0)a + 6b)dO (with
self-explanatory notations). We now show how this classical theorem can be easily
extended to functions that take their values in an arbitrary Banach space. This
extension plays a key role in the proof of the Newton-Kantorovich theorem.

Note that the integral fol f (1 —0)a+ 60b)(b— a)df found in the next theorem
makes sense since the function 6 € [0,1] — f'((1—0)a+0b)(b—a) € Y is continuous
and Y is a Banach space (see Sec. 2.3).

Recall that a closed segment [a,b] in a normed vector space is a set of the form
[a,b] = {(1 —0)a+ 0b;0 <0 < 1}.

Theorem 1 (Mean Value Theorem for Functions of Class C* with Values
in a Banach Space). Let Q be an open subset in a normed vector space X, let Y
be a Banach space, and let f € C1(;Y). Then, given any closed segment [a,b] C €,

F0)= 1@ = [ £ =0)a+ )b a) .

Proof. Let I be an open interval of R containing the interval [0,1]. Given any
function g € C(I;Y), define the function

0
G 0el— GO ::/ g€ de e v,
0
so that, given any point 6 € [0,1] and any h > 0 such that (§ + h) € I,
0+h
Go-+1) = G(O) ~ha(0) = [ (a(€) ~9(0) e
Consequently,
0+4h
IG(0+ )= G(O) ha(@)ly < [ la(e) = 9@y e
<h sup [g(&) -9y,

0<¢<0+h

which in turn implies that

GO+ 1) = G(6) + hg(0) + hd(h) with lim 6(h) =0 inY,
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since the function g is continuous by assumption. A similar argument shows that
the last relation also holds if h < 0, this time with lim;_,o- §(h) = 0. This shows
that the function G : I —'Y is differentiable at each point of [0, 1], with a derivative
given by
G'(0) =g(f) inY ateachd € 0,1]

(by definition of the Fréchet derivative, G'(8) € L(R;Y); but this relation makes
sense as an equality in the space Y, since the space L(R;Y) can be identified
with V).

Given a function f € C1(€;Y) and a closed segment [a,b] C Q, there exists an
open interval I C R containing [0, 1] such that {(1 — 0)a + 6b;0 € T} C Q since Q
is open. Then, the function

g:0cl—g@):=f(1-0a+0b)b—a)cY
belongs to the space C(I;Y). Hence, by the above argument,
g(0) =G'(f) inY ateachd € |0,1],
where G(0) := fogg(f) d&,0 < 6 <1, on the one hand.
On the other hand, it is easily seen that the same function g € C(I;Y) satisfies
g(0) =G'(0) inY ateachfe|0,1],

where G0) := f((1 —0)a+06b) €Y, 0 <8 < 1. Since the two functions G and
G therefore share the same derivative at each point of the connected open interval
10, 1], they are equal on |0, 1[, up to a constant vector in Y’; hence, also on [0, 1]

by continuity. There thus exists a vector ¢ € Y such that G(6) = G(0) + ¢ for all
0 <0 < 1. In particular then, G(1) — G(0) = G(1) — G(0), or equivalently,

1
/0 F/((1— 8)a+ 8b)(b— a)d8 = f(b) — f(a).

as was to be proved. O

The following useful consequence of Theorem 1 will be also needed in the proof
of the Newton—Kantorovich theorem.

Theorem 2 (Corollary to the Mean Value Theorem). The assumptions are
those of Theorem 1. Then, given any continuous linear operator A € L(X;Y), the
following inequality holds:

1£(0) = f(a) = A(b = a)|ly < sup [If'(z) = Allzcxin)llb — allx

z€[a,b

Proof. The mean value theorem applied to the function g : z € Q — g(z) =
(f(z)— Az) € Y, whose derivative at x € Qis ¢'(z) = (f'(z) — A) € L(X,;Y), gives

1
g(b)—g(y)=f(b)—f(a)—A(b—a)=/0 (f'((1 = 0)a + 6b) — A)(b — a) 6.
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Consequently, since || [ h(6) df]ly < [} [1(8)|ly df for all h € C([a, b);Y) (Sec. 2.3),

1
IIf(b)—f(a)—A(b—a)llyS/0 1F/((1 = 0)a+ 6b) — Allx;v)lIb — allx 6,

from which the announced inequality clearly follows. O

3. The Classical Newton—Kantorovich Theorem “with Three
Constants”

The following result is a basic theorem of nonlinear functional analysis, as well as
a basic theorem of numerical analysis.

This theorem is due to Kantorovich [7]. A different proof was later given in
Kantorovich and Akilov [8]. The proof given here of the convergence of the sequence
of Newton iterates, which follows the latter but is simpler, is adapted from the
illuminating, but concise, treatment of Ortega [10]. It is similar to the proofs given in
Deimling [3] and Zeidler [13], although more detailed, and more complete regarding
the uniqueness issue. Interesting complements and in-depth treatments are found
in Rheinboldt [11], Gragg and Tapia [6], Deuflhard [4], Dedieu [2], among others
(this brief list is by no means intended to be exhaustive).

Theorem 3 (The Classical Newton—Kantorovich Theorem “with Three
Constants”). Let there be given two Banach spaces X and Y, an open subset §)
of X, a point xg € , and a mapping f € C1(;Y) such that f'(x¢) € L(X;Y)
is one-to-one and onto, so that f'(x¢)~! € L(Y;X) (by Banach open mapping
theorem; see, e.g., [1, 9], or [12]). Assume that there exist three constants \, p,v
such that

1
and B(zo;r) CQ, where r:= —,
ny

0<Aur <

N =

1 (o) ™" F (o)l x < A,
1 (o) " leevix) < s
1/ @) = f'@)lecxiyy SvIE—allx  for all &,z € B(xo;r).
Then f'(z) € L(X;Y) is one-to-one and onto and f'(z)~! € L(Y;X) at each
x € B(xzo;r), the sequence (x1)3, defined by
wpyr = xp — f(ze) " flan), k>0,
is contained in the ball B(xo;r_), where

1—\/1—2)\uu<
=<,

v
and converges to a zero a € B(xo;r_) of f. Besides, for each k > 0,

r

” ” < 2 (—>2 f)\ < —1 T || — H < f/\ﬂ = —1
T —a ) v ) xr a ) 1% .
k X > 5% M 5 k X > ok 5

r 2
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If \uv < %, assume in addition that

14+ v1=2M\uv
pv ’

I£'@) = f'(@)l ey < vIF—zllx  for all 7@ € Blaosry).

B(zo;ry) C 8, where ry ==

Then, the point a € B(xo;r_) is the only zero of f in B(xg;ry).
If \uv = £ (in which case r— =r =r,), assume in addition that

B(zo;r) C Q.

Then, the point a € B(xo;1) is the only zero of f in B(xo;T).

Proof. Let the numbers 5,k > 0, with ¢ty := 0, be the Newton iterates for the
quadratic polynomial (the specific form of which can be a priori justified; see part
(vii) of the proof)

Nz

p:te€R—p(t) = 7t2—t+)\.

The key idea of the proof rests on the majorant method, which consists in show-
ing that the sequence (t;)72, majorizes the sequence (v1)5, formed by the Newton
iterates vp1 = v — f'(21) " f(2r), k > 0, in the sense that

|2ht1 — 2pllx <tpgr —tr forall k> 0.

This property will in turn imply that the sequence (z)72, converges to a zero a
of f and that

log —allx <r_— —tp foral k>0,

where r_ = limg_. ti is the smallest root of p. This explains why the proof begins
by an analysis of the behavior of the Newton iterates tx, k > 0, for the polynomial p.
For convenience, the proof is divided into eight parts, numbered (i) to (viii).

(i) The Newton iterates

HY o
KV g 4a
¢ k=t
Plte) _y 2% P77 k>0,

= lg
P (tr) 1 — vty

to:=0 and ity :=1t; —

for the polynomial p satisfy the following relations

pv(ty — tr1)?
thyr —tp = ————2 k> 1,
k+1 — Uk 21 — iy) >
— )2
P —t)”

e = B0
r k+1 2(1 _lletk) ’
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thp1 — t < 2%, k >0,
1
1—pvty > ok k>0,
r_ —1t < L(;wr_)Qk, k>0,
Pk
where r_ := “i@ is the smallest root of p if Auv < % (in which case prr_ <

1) and r_ = r := L is the double root of p if \uv = % (in which case pvr_ = 1).
v
The proofs of these relations and estimates rely on straightforward computa-
tions, which are left to the reader.
For brevity, all norms will be denoted by the same symbol || - || in the rest of the
proof.

(ii) A first functional analytic preliminary: The mapping f : Q C X — 'Y salisfies
If(@) — f(z) — f'(x)(@ —2)| < g”f— z|* for all Z,2 € B(xo;7).

The proof of this inequality rests on the mean value theorem for functions of
class C* with values in a Banach space (Theorem 1), applied to the function f €
CH(Q;Y) between any two points z and Z in the open subset B(zg;7) of Q (as a
convex set, the ball B(zg;r) contains the closed segment [z, Z]). This gives

f(@) — f(z) = /1 (1 =0)z+6z)(x —x)df for all T,z € B(xzg;T).
0
Noting that the expression f(Z) — f(x) — f'(2)(Z — z) can be also written as
1
f@) = f@) = f(2)@ —2) = /0 (f' (1= O)z + 07) — f'(x))(T — ) df,
we conclude that

1
ﬂ@—f@ﬁ—f@ﬂf—w<<Afﬂl—@w+%ﬂ—fmﬂwf—ﬂma
f;AVMﬁ—dowzgﬁ—ﬂﬁ

(iii) A second functional analytic preliminary: Given any x € B(xo;7), the deriva-
tive f'(z) € L(X;Y) is one-to-one and onto, and f'(z)~1 € L(Y; X). Besides,

If () a

Y <——= forall x € B(zo; 7).
T (oi7)

Noting that

[l — ol < ﬁ implies || f'(zo) ™ (f'(x) = f'(w0))l| < vl — ol <1,
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we infer that, if x € B(zo;7), then f'(x) € L(X;Y) is one-to-one and onto and
()=t € L(V; X), with (Sec. 2.1)

/ —1
17 S T R T S T
L= [[f" (o)1 (f"(2) = f"(zo))| = 1 — pwllw — o]
(iv) A third — and last — functional analytic preliminary: Define the auziliary
Sfunction

g:x € Blxg;r) = gx) =2 — f'(2)  f(z) € X
(which is unambiguously defined by (iii)). Then, given any x € B(xo;r) such that
g(z) € B(zo;T), the following estimate holds:
o) — a2
1= prllg(z) — o)

The estimate of (iii) shows that, given any x € B(xg;r) such that g(z) €
B(JUO%T)a

l9(g(x)) — g()]| < o

oo = I F (ale =1 Flale el f (g(@))]l
lg9(g(x)) — g(@)[| = [I(f'(9(x)))~" f(g( ))Ilél_W”g(x)_%”'

Noting that f(z) + f'(x)(g(z) — ) = 0 for all x € B(xp;r) by definition of the
function g, we infer from (ii) (which can be applied, since both = and g(z) belong
to B(xo;7)) that

1 (@)l = 1f (g(x)) = f (@)= f'(x)(g(z)—2)]| < %Hg(w)—w\\Q for all z € B(xo;7).

Hence the announced estimate holds.

(v) The Newton iterates xpyq := xp — (f'(x1)) " f(x1),k > 0, for the mapping f
belong to the open ball B(xo;r_) (hence, they are well defined) and they satisfy the
estimate

ka_._l — J)kH <tgyr1 —tr forall k>0,

where the numbers ti, k > 0, are the Newton iterates for the polynomial p : t € R —
B2 — ¢+ X when tg = 0 (see (i)).
The announced properties hold for & = 0 since

21 = zoll = [[f(x0) " flwo) | S A=t <r_.

So, assume that they hold for k = 0,...,n — 1, for some integer n > 1, so that

n—1 n—1

lon = ol <D llweys — xell <Y (tegr — te) = tn —to = tn.
=0

~
I
=)

Then,
Tpi1 o= 2 — (f'(20)) 7 f(20) = gl(an)
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is well defined (since z, € B(zo;r—) by the induction hypothesis and thus
(f'(zn))~' € L(Y; X) is well defined; cf. (iii)). We thus have

Tp1 = Tp = §(2n) = 9(2n-1) = 9(9(n-1)) = g(#n-1),
so that, by (iv) (which can be applied since both z,,_1 and g(x,,—1) = z,, belong to
B(xo;r_) by the induction hypothesis) and (i),
pllg(@n—1) = o1 |?
(1 = pllg(zn—1) = zol|)

p ||z, — $n71||2 < pv(tn — tn71)2
21 = wvl|zn — o) = 2(1 — pwtn)

1zns1 = aall = llg(g(@n-1)) = g(zn-1)l| < 5

- tn+1 - tn

Finally,

n

|0+t = 2ol <Y llwess = zell < by <7
=0

Hence, the announced properties hold for k = n.

(vi) The Newton iterates xy € B(xo;r_),k > 0, converge to a zero a € B(xg;r_)

of f, and

1 &
Ha—ka < uV?k (,umg)Q , k>0.

Since ||Tm — @, < ka;nl lxg+1 — zk|| <ty — ty, for all m > n > 0 and the
sequence (tx)72, converges as k — oo (to r_), the sequence (zx)32, is a Cauchy
sequence in the closed ball B(xzg;r_), which is a complete metric space (as a closed
subset of the Banach space X). Hence, the sequence (xy)3,, converges to a point
a € B(xo;r—). Besides,

1 @)l = 1 (ze) (@rr — zi)ll < (1 (o)l + 11 (z) = f/ (o)) lwk+1 — 2kl
< (If' @)l + vllzw — zoll) llzks1 — 2kl < (1 (zo) | + vro)(trrr — tr),
k> 0.
Consequently, f(a) = limp_o f(zx) = 0 (the function f is continuous in B(zg;r_)

since it is differentiable there by assumption). Hence, a is a zero of f.
Letting £ — oo in the inequality ||y — xx|| <t — t; further shows that

lla —xp|| < r_ —ty for each k > 0.
Hence the announced estimate for ||a — x| follows from (i).

(vii) Uniqueness of a zero of f in B(xg;ry) when A\uv <  under the additional

2
assumptions that B(xo;ry) C Q and

1F'@) = f @) <vl|Z - =] forall 7,z € B(wo;ry).
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Define the auxiliary function
h:xe€Q—h(x):=f(r0) ' f(x) € X,

whose zeros are thus the same as those of the function f. Clearly then, h € C}(Q; X)
and the derivative of h at each z € Q is given by h'(x) = f'(z0)~1f’(z), so that in
particular

h/({L‘o) = idX7
where id x denotes the identity mapping in X, and
1K) = B @) < 1 @) IIF@) = £ @) < polF—al
for all z,x € B(zo;r4).

First, we show that, if Aur < %, the function f has at most one zero in the open
ball B(xo;7).

To this end, assume that a,b € B(xg;r) are such that f(a) = f(b) = 0. Then,
by the corollary to the mean value theorem (Theorem 2),

16— all = [|A(b) = h(a) = (b—a)] < ( sup ||h/(x) —idx||)||b— all.

z€[a,b]
Besides,
S 17 (2) —idx]| = e 17 () = b/ (o) | < pv e | = @oll < pr,
since

sup 2 = zoll = sup (1~ £)(a — z0) + (b — o)
z€la,b] t€[0,1]

< max{||la — xol|,||b — 20|} < 7.

But pvr = 1; hence, a = b.
Second, we show that, if \uv < %7 the function f does not have any zero in the
set B(zp;r4+) — B(xo;r—). To this end, we infer from (ii) that

v
|h(x) — h(xg) — ' (x0)(z — 0| < %Hx —x0||? for all z € B(xo;7y).
But 2/(x0) = idx and ||h(zo)| < A; hence,

1A @)l = 7o) + 1 (o) (x — o) — %Ilw — ao|?

Y

%
lz = zoll = [Ia(zo) | = = ll= = wo®

Y

14
— (5l = woll? = llw — o]l + A)

—p(||z — xo||) for all x € B(xg,r).
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Since p(t) < 0 for all 7_ < ¢ < ry when A < 3, it follows that
[[h(x)]] >0 for all r_ < ||z — xo|| < 7.

Consequently, f(z) # 0 for all © € B(zo;r4+) — B(zo;r_), on the one hand.
Since, on the other hand, f has at most one zero in B(zo;r), the zero a € B(xzo;r_)
found in (vi) is the only zero of f in B(wo;ry) if Auv < 3.

If A\uv = %, the preceding analysis only shows that, if it so happens that the
zero a found in (vi) belongs to the open ball B(xzg; ), then a is the only zero of f in
this open ball; but no conclusion about uniqueness can be reached if a € B(xzo; 7).
This is why this case is treated separately, in the next — and last — step of this
proof.

. =YY 1 L.
(viii) Uniqueness of a zero of f in B(wo;r) when A\uv = 3, under the additional
assumption that B(xo;r) C Q.

First, we notice that

I (@)= f(2)| <v|z—=z| foral Z,z € B(xg;r),

since this inequality, which holds by assumption for all Z,2 € B(zg;r), can be
extended by continuity to B(xo;r) if B(zo;r) C Q.

Our objective is to show that, when Aur = %, the zero a € B(xzo;r) found
in (vi) is the only zero of f in B(zg;r). To this end, we establish that, if any
point b € B(wo;r) satisfies f(b) = 0 when Auv = 5, then the Newton iterates
Trr1 = x — f'(2k) " f(2k), k > 0, satisfy
r
ok

16—z < for all k£ > 0.

Clearly, this relation holds for & = 0; so, assume that it holds for K =0,...,n
for some integer n > 0. Since f(b) = 0 we may write ||b — x,+1]| as

1= @nrall = 1 (n) T (F(B) = fl@n) = f'(@n) (b — za))l,
so that, from (ii) and the induction hypothesis,

16 = @nall < I (@a) M B) = f2n) = ' (@n) (0 — @)l

2
< S @) B = 2l < Smeg (F @a)) 7

A

N

Besides, the inequality established in (iii) shows that, in particular,

"2 < H .
o) S Tyl

Recalling that tg = 0 and 511 — tp < %,kz > 0, and that ||z, — zo|| < ¢, (see
(i) and (v)), we next infer that

1 1 1
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Therefore,

b — @] < e -
= (1 =2 (1 —277))2n ) on+1 — gndl’

since puvr = 2 Apv = 1. Hence,

16— 2| < 2% for all k£ > 0.
Consequently,
b= all = lim b~ ] =0,
which shows that b = a. This completes the proof. O

Remark. The inequality ||f'(zo) Lf(2)| > —p(||x — x0|) for all z € B(xo;r)
established in part (vii) of the above proof provides a motivation for the explicit
form of the polynomial p.

The assumptions and conclusions of Theorem 3 perfectly display the strength
and weakness of Newton’s method. Its strength is the speed of convergence, as it
provides rates of convergence that are quadratic if Auv = % (as reflected by the
factor 2% in the error estimate), and faster than quadratic if Auv < % (as reflected
by the factor %(%)Qk in the error estimate); for instance, if « is a “moderately
large” number, say 10 < a < 500, the iterative method xp. 1 = %(xm—a/xk), k>0,
with p = 10 already provides an approximation of /& that is correct up to 10
decimals after only six iterations! Its weakness is its sensibility to the choice of the
wnitial guess g, as its success for finding a zero is highly dependent on its “closeness
to a zero”, expressed in a somewhat subtle way by the assumption Auv < %

As an example of application, consider the nonlinear two-point boundary value
problem:

—u" () +u(t)’ = (1), 0<t<I,
u(0) = u(1) =0,
where p > 2 is an integer and ¢ € C[0, 1] is a given function. Note that the following
results apply as well to the problem —u”(t) — u(t)? = ¢(t),0 <t < 1, and u(0) =
u(1) = 0.
It is well known that finding a solution u € C?[0, 1] to such a boundary value

problem is the same as finding a solution u € C[0, 1] to a nonlinear integral equation,
which in this case takes the form

1
ult) = / G(t,€)(0(€) —u(©)P)de, 0<t<1,

the function G being defined by G(t,€) :=&(1 —¢) if 0 < £ <t <1 and G(t,¢§) :=
t(1—¢)if 0 <t <& <1. Solving this integral equation in turn amounts to finding
a zero of the nonlinear mapping f : u € C[0,1] — f(u) € C[0,1] defined by

1
(f (u))(t) = u(t) +/0 G, )(u(§)” —p(§))ds, 0<t<1
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In what follows, the space
X :=C[0,1]

is equipped with the sup-norm, denoted ||-||x, which makes it a Banach space.
Then, it is easily seen that the mapping f is of class C!, with a Fréchet derivative
f(u) € L(X) (Sec. 2.2) given by

1
flluv=uv —|—p/0 G(-, Ou(E)P tu(€)d¢ forallv € X.

Let ug denote the function equal to zero on [0, 1]. Then, straightforward com-
putations show that

_ 1 _
£ (wo) ™" f (w0l x = gllellx. 1/ (uo) e =1,
~ 1 o~ .
17 (@) = f ()l e < gplp = 1)r” @ —ullx  for all 4, u € Bluo;r)
and any r > 0,

and that, if ||¢||x < 4r,, where r), == (ﬁ)ﬁ7 the assumptions of the Newton—
Kantorovich theorem are satisfied. This shows that, in this case, the nonlinear
two-point boundary wvalue problem has a solution and that this solution can be
approzimated by Newton’s method. More specifically, given the kth Newton iter-
ate ug, finding the (k 4 1)th iterate ugy; amounts to solving the linear boundary
value problem:

—u"(t) + p(un ()P~ ult) = (p = D(ur(t)” — o(t), 0<t <1,
u(0) = u(l) =0.

Remark. One of the most powerful existence theorems for a nonlinear boundary
value problem of the form —u"(t) + f(t,u(t)) = 0,0 <t <1, and u(0) = u(1) =0
asserts that it has a solution if there exists a constant ¢ such that g—i (t,v) > c> —m?
forall0 <t <1 and v € R (see, e.g., [14]). The above example thus illustrates the
power of the Newton—Kantorovich theorem, seen here as an efficient alternative for
proving existence theorems (the above sufficient condition is certainly not satisfied
if the exponent p is even).

4. The Classical Newton—Kantorovich Theorem “with Only
Two Constants”

We now show how the number of constants appearing in the assumptions of the
classical Newton—Kantorovich theorem can be reduced from three to two, thanks
to a very simple change in the formulation of the assumptions.

Theorem 4 (Newton—Kantorovich Theorem “with Only Two Con-
stants”). Let there be given two Banach spaces X andY, an open subset 2 of X, a
point o € Q, and a mapping f € C1(;Y) such that f'(xo) € L(X;Y) is one-to-one
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and onto (hence, f'(xo)~t € L(Y; X)). Assume that there exist two constants A\ and
r such that

0<A< g and B(zo;r) C Q,
1" (o) =" f (o) x < A,

1 (o) (f @) — f/ (@)l e(x) < %Ilf— zlx for all ,x € B(xo;7).

Then, f'(x) € L(X;Y) is one-to-one and onto and f'(z)~' € L(Y;X) at each
x € B(zo;7r). The sequence (x1)72, defined by

Tpy1 = — f'(zr)  f(zr), k>0,

18 such that

2
x € B(xo;r-) forall k>0, wherer_ :=r (1 —1/1 - %) <r,

and converges to a zero a € B(xo;r—_) of f. Besides, for each k > 0,

roroNe T T
||xk—a||§2—k<7> if 0<)\<§7 or ||xk—a||§2—k if A=

N3

Ifo< A< g, assume in addition that

/ 22\
B(xg;ry) CQ,  where ry ::r<1+ 1__>7
r

1 (20) T (f (@) = (@)l eex) < %Ilf— wllx forall T,z € B(xo;ry).

Then, the point a € B(xo;r_) is the only zero of f in B(xo;ry).
If X = g (in which case r— =r =ry), assume, in addition, that B(xg;r) C L.

Then, the point a € B(xo;r) is the only zero of f in B(xo;T).

Proof. Rather than adapting step-by-step the proof of Theorem 3 under these new
assumptions, it is much quicker to use the following simple observation: With the
same notations and assumptions as in Theorem 3, define (as in part (vii) of the
proof of Theorem 3) the auxiliary function h € C1(Q; X) by
h(z) = f'(z0) ' f(z), ze€Q,
so that W/(z) = f'(zo) "' f'(x),x € Q. Then, the Newton iterates for the mapping h
coincide with those for the mapping f since
w1 —ak = —h'(ex) " Th(a) = —f(on) " (@), k>0
It thus suffices to check that the assumptions of Theorem 3 hold for the function

h (instead of the function f). Since in this case we can choose

pi= |1 (o) Tl = flidx || = 1,
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these assumptions are therefore satisfied if there exist two constants A and v such
that

1
O</\V§§ and B(wzg;r) C Q, where r:= —,

1R (z0)ll = [/ (z0) " f(zo) || < A,
IR'(Z) — B (2)]] = | (o) (f'(Z) — f'(2))| < vl|T—z| for all Z,z € B(xo;r),

which are precisely the assumptions made in Theorem 4. O

5. A Newton—Kantorovich Theorem “with Only One Constant”

We now give a substantially simpler statement (in that only one constant is needed
in its assumptions) and a substantially simpler proof, both new to the best of our
knowledge, of the Newton—Kantorovich theorem when A = 5. The advantage of this
new proof over the traditional proof is that it altogether avoids the Newton iterates
tx, k > 0, for the quadratic polynomial p.

Its only drawback is that it does not yield the improved error estimates ||z —
al| < 2%(%’)2k that holds when A < £ (indeed, it seems that the Newton iterates
tx, k > 0, used in the majorant method seem unavoidable in order to obtain such
improved error estimates when A < Z). But, in our opinion, this shortcoming is
more than compensated by the simplicity of the proof.

Note that, like that of the classical Newton-Kantorovich theorem (Theorem 3),
the proof of Theorem 5 is self-contained.

Theorem 5 (Newton—Kantorovich Theorem “with Only One Constant”).
Let there be given two Banach spaces X and Y, an open subset  of X, a point
2o € Q, and a mapping f € C1(Q;Y) such that f'(x¢) € L(X;Y) is one-to-one and
onto (hence, f'(x9)~t € L(X;Y)). Assume that there exists a constant r such that

r>0 and B(xe;r) CQ,

1 (o) ™" f(z0) | x < 5

7o) (@)~ F @l eve) < IF—allx or all 7,2 € Blay; )

Then, f'(x) € L(X;Y) is one-to-one and onto and f'(z)~' € L(Y;X) at each
x € B(xo;r). The sequence (x1)72, defined by

Th+1 = Tk — (f/(xk))ilf(xk% k>0,

is such that xy, € B(zo;r) for all k > 0 and converges to a zero a € B(xo, r) of f.
Besides, for each k > 0,

and the point a € B(xo;r) is the only zero of f in B(xo;r).
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Proof. Like in the proofs of Theorems 3 and 4, we introduce the auxiliary func-

tion h € CYH; X) defined by h(z) := f'(zo) 'f(z),x € Q, so that h'(z) =

fl(xo) Lf(x) € L(X),x € Q, and h'(x¢) = idx. In terms of the function h, the
assumptions of Theorem 5 therefore become

r

Iho)l < 5

(i) The following estimates hold:

1
and ||R(Z) — R (2)]| < ;||5— x| for all Z,x € B(xo;r).

1

P (z)7 | € ———r
|| ( ) H— 1—”1’—230“/7‘

for all x € B(xo;7),

1 -
| (Z) — h(x) — b (2)(T — 2)|| < ZHEE— z|* for all Z, x € B(xg;7).

By assumption,

. 1
|W/ () — B (x0) || = [|W () — idx]|£(x) < ;Hx —xo|| <1 at each z € B(xo;r).
Therefore, at each x € B(xo;r), h'(x) is one-to-one and onto, and (Sec. 2.1)
- W (o) !
hl T 1 < ||
W T ) @) — o]

1 1
= < .
L—[|p"(z) = h'(zo)ll = 1 = llz — ol /7
Hence, the first estimate holds.
Using the mean value theorem (Theorem 1), we next have

1
1)~ 1)~ H@)E — )] = | [ @~ )0 +1D) - K @)@ ) dtH

IN

(/01 IW'((1 = t)z +tT) — B ()| dt) 7 — 2

I _
- </ tdt) |z — ||
™ \Jo

1, ~
=§||ac—xH2 for all Z,x € B(xo;r).

IN

But the above inequality holds as well for all Z,2 € B(xo;r) since the functions
appearing on each side are continuous. Hence, the second estimate holds.

(ii) The Newton iterates xy,k > 0, for the function h, which are the same as those
for the function f, belong to the open ball B(zo;r) (hence, they are well defined)
and they satisfy the following estimates for all k > 1:

r 1
|2k — zp—1]] < o lzk — zol <7 <1 - Q—k)

_ T
1A () M < 2%, (lh(aw)]| < 92k 11"
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First, let us check that the above estimates hold for £ = 1. Clearly, the point
1 = w9 — h'(z0) " th(zo) = 20 — h(x0) is well defined since h/(zg) is invertible.
Besides,

1 = 2ol = [[A(zo)l] <

)

N3

and, by (i),
B [ —
1—l1 = @oll/r

1A/ (1))

By definition of x1, and by (i) again,

1 T
Ih@)]l = 1h(@1) = h(zo) = k' (wo)(z1 — z0)l < 5-l|lo1 — wo||* = 5
So, assume that the estimates hold for k = 1,...,n for some integer n > 1. The

point w11 = x, — W' (x,) " th(x,) is thus well defined since h'/(z,) is invertible.
Moreover, by the induction hypothesis and by the estimates of (i) (for the third
and fourth estimates),

r
2n+1’

a1 = @l < I (@) A0)]| <

1 r 1
fnes = 0l < o = aoll + s = anll <7 (1= )+ 2 = (1= 7).

1B (2ng1) < ntl

<
e Py

||h($n+1)H = Hh(anrl) — h(zy) — h/(xn)(anrl - xn)H

1 9 r
§;H$n+1_'$n” < EREIBIT'

IN

Hence, the estimates also hold for k =n + 1.

(ili) The Newton iterates xi,k > 0, converge to a zero a of h, hence of f, which

belongs to the closed ball B(xzo;r). Besides,
r

ok for all £ > 0.

e —all <

The estimates ||z — zx_1]| < /2%, k > 1, established in (ii) clearly imply that
()72, is a Cauchy sequence. Since x, € B(xo;7) C B(zo;r) and B(zo;7) is a
complete metric space (as a closed subset of the Banach space X), there exists
a € B(xo;r) such that

a= khj& Th.
Since ||h(zy)|| < /2281 k > 1, by (ii), and h is a continuous function,
h(a) = klim h(zy) = 0.

Hence, the point a is a zero of f.
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Given integers k > 1 and ¢ > 1, we have, again by (ii),

l+p—1 k+p—1 r 0 r r
ok = rpell < D N —al < D 21 < > 5 = ok
i=k i=k =k

so that, for each k > 1,

ok —all = lim [z — zppel < o
x a m ||T €T .
k ; BT Thtell S op

(iv) Uniqueness of a zero of h, hence of f, in the closed ball B(xq;T).
We first show that, if b € B(xo;7) is such that h(b) = 0, then
T

|z — b < ok for all k£ > 0.

Clearly, this is true if k£ = 0; so, assume that this inequality holds for k =1,...,n,
for some integer n > 0. Noting that we can write

Tpy1 —b=xp — B (z0) T h(zy) — b= h (2,) " (R(D) — h(zn) — B (z0)(b — 1)),

we infer from (i) and (ii) and from the induction hypothesis that

1 r
/ —1 2
lznss = bll < I (2a) Tl M0 = 2nll® < 5o

Hence, the inequality ||z — b < r/2* holds for all k¥ > 1. Consequently,

iy b = la ] =0,
which shows that b = a. This completes the proof. O
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