MATH 2410 — Differential Equations April 30, 2020

Practice Final Exam. Solutions.

No calculators. Show your work. Clearly mark each answer.

1. Sketch the slope filed of the autonomous differential equation
y' =+ -3y —5).

(a) Compute the equilibrium solutions.
(b) Sketch the phase line and classify the equilibria as sinks, sources, or nodes.

(c¢) Describe the long term behavior of the solution to the above differential equation with initial
condition y(0) = 0 and y(0) = —2.

Solution:

—| ¢ Sihk



2. Consider the following autonomous differential equation

y=x—-y
Solution:
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3. A five gallon tank has 1 gallon of pure water.We open a spigot so 1 gal/min. leaves the tank and at
the same time introduce a mixture of 1/2 lb. per gal at 2 gal per minute. Assuming the mixture is
well mixed, what is the concentration at the time when the tank is full?

Solution:

Let ¢(t) be amount of the mixture in the tank. Then the concentration is C(t) = 6.((?), where is V (t)
is the volume of the fluid in the tank, which changes in time. Thus, C'(0) = 0 and we need to find
C4) = %4), since V(4) = 5. The mixture enters the tank at the rate of

1
5 1b./gal. x 2 gal./min. = 1 1b./min.

and leaves at the rate of

4 4
1CE|—)t 1b./gal. x 1 gal./min. = fg}t Ib./min.

Thus, the rate of change rate for the amount of the mixture is

iy — g )
C<t)_1_1_—|—t'

Hence the equation for the amount of the mixture is




The integration factor is 1 + ¢ hence

d
T (c®)(1+1t)=1+t¢

integration both sides we obtain

2
ct)(1+t)=t+ ) + A, for any constant A.

From the condition ¢(0) = 0 we find that A = 0. Hence

t2/2 +t
t =
0=

7

4 8+4 12
and as a result | C(4) = %) = ﬁ =5 1b./gal.

. Solve the initial value problem

Solution:
The integrating factor is
T(t) = e~ T = =B _ (07 (g4 g8

Multiplying by the integrating factor 7(t), we obtain

% <(1y—&(—t1)5)3) B 1—1|—t'

Integrating both sides, we obtain

=ln(1+¢t)+C.
TEE n(l41t)+
From the condition y(0) = 3, we find
y(0)
=3=h(l1+0)+C = CC=3.
TETE n(1+0)+
As a result

y(t) = L+ (n(1+) +3).|

. The following system describe a pair of competing species. Describe the long-time likely outcome of
the competition by plotting the direction field.

dx

_——= 1 — —

7 r(l—z—y)
dy

=L —y(2 =3z — ).
o y(2 -3z —y)

Draw the curves z(t) and y(t) if (0) = 10 and y(0) = 1 in the phase plane.

Solution:



(10,1)

6. Find the solution to the following linear system

dr

2 _9_ 9
dt .
dy

9
ar v

with initial position z(0) =1 and y(0) = 1.
Solution:

The system is decoupled. First we solve the equation for z(t). Thus
w(t) = wu (t) + zp(1),

where zy(t) is the general solution to the homogeneous problem z'(t) = —2xz(t) and z,(t) is any
particular solution. Thus we find that

() =Ce™ " z,(t)=1.

As a result
x(t) = Ce ™ +1,

and from the condition 2(0) = 1 we find that C' = 0 and hence m Using that we now know
that x(t) = 1, the equation for y(t) becomes

y(t)=-1-2y, y(0)=1
Again the solution is of the form

y(t) = yu(t) + yp (1),

where yp(t) is the general solution to the homogeneous problem y'(t) = —yx(t) and y,(t) is any
particular solution. Thus we find that

yu(t) = Ce 2, yp(t) = —1/2.

As a result

and from the condition y(0) = 1 we find that C' = £ and hence |y(t) = e " —




7. Consider the following second order equation
y" + 6y’ + 34y = 2",

(a) Compute the solution to the above equation if y(0) = 0, 3/(0) = 0.

(b) Describe (in words) the long term behavior of the mass.

Solution.

a). First we consider the homogeneous problem
y" + 6y + 34y = 0.
The corresponding characteristic equation is
24+ 6r+34=(r+32+52=0 = r=-3+5i.
Since the roots are complex, the general solution to the homogeneous problem is
yu = cre >t cos (5t) + cae 3 sin (5t).
The particular solution is of the form y, = Ae™*. Inserting it into the equation we obtain

2
A—6A+31A=2 = 294A=2 = AZ@'

Thus the general solution is
2
y(t) = cre™" cos (5t) + coe ™ sin (5t) + e

and as a result
0=y0)=c+0+ 3 = = —3
B 29 ‘T Ty

Differentiating, we find
2
y'(t) = —3cre™ % cos (5t) — 5ere 3 sin (5t) — 3cae ™3 sin (5t) + 5eae ™3 cos (5t) — Ee_t
and as a result

2 2 6 2 4
—_— / P — —_— e — B mp—
O—y(O)— 3Cl+502 29 — 502—361+29 — Cy = 145+145— 15.

Thus the solution to initial value problem is

2 4 2
y(t) = —Eefst cos (5t) — Tﬁe’?’t sin (5t) + 2—96%.

b). Since e~! dominates e~3! for ¢ sufficiently large, the solution starting at (0,0) after ossilationg a

t

little bit will be almost indistinguishable from e~ and of course approaches zero at t — oc.

8. Find the general solution for the damped spring-mass problem
y" + 4y = sin (2t).
Solve with initial conditions y(0) = 0, ¢'(0) = 1.
Solutions: Since the equation is linear, the general solution is of the form,

y(t) = yu(t) +yp(t),



where yg is the general solution to homogeneous problem " +4y = 0 and yp is any particular solution.
Looking yg (t) of the form e*!, we easily find that s must satisfy

s$+4=0 = s=+2i
Hence the general solution to the homogeneous equation is
yu (t) = ¢1 cos (2t) + cosin (2t).

To look for a particular solution, we use that sin (2¢) = I'm(e?®). Since sin (2t) is part of the homoge-
neous solution, the particular solution we are looking for is of the form

yp(t) = Cte®™,

Since 4 ' . ‘
yp(t) = Ce*™ 4 2Cite*,  yh(t) = 4Cie* — 4Cte*™,
we have _ ‘ ‘ _ ‘
yp(t) + dyp(t) = 4Cie*" — 4Cte?" 4 ACte*" = 4Cie*" = &,
Thus, we find that C = i = —% and as a result

yp(t) =Im (—ite%) =1Im (—it(cos (2t) + isin (2t)> = —3 cos (2t).

Quick check:
1 t
yp(t) = —5 cos (2t) + 3 sin (2t), yp(t) = sin (2t) + t cos (2t),
and

yp(t) +4yp(t) = sin (2t) + t cos (2t) — 4% cos (2t) = sin (2t).

Hence the general solution is
t
y(t) = ¢1 cos (2t) + co sin (2t) — 708 (2t).

To find the constants ¢; and ¢, we use the initial conditions y(0) = 0 and y’(0) = 1. The first initial
condition gives us 0 = y(0) = ¢;. Thus the solution reduces to

y(t) = e sin (2t) — Zcos (2t).

Since

1 t
y'(t) = 2¢o cos (2t) — 7608 (2t) + 3 sin (2t),

the second initial condition gives us

1 1 5 )
lzy,(o):26271 — 262:Z+1:Z = 02:§'

As a result finally we obtain that the solution to the initial value problem is

y(t) = gsin (2t) — Zcos (2t).

9. Using the Laplace transform solve the following initial value problem

y +6y=c"+2 y0) =2



10.

Solution:

Taking Laplace transform £ on both sides of the equation and using that

1 2
L] [ —— 2] = =
Ll = 5, £l)=>
and
L[yl = sLly] — y(0)
we obtain,
SLlyl — 2+ 6Ly = —— 4 2
Y =2y
Solving for L[y], we obtain
1 2 1 2 2
6)Lly = ——+—+2 Lly] = :
(s +6)Ll s+2+s+_’ = ] @+®@+ﬂ)+s@+6f+s+6
Using that
1 111
(s+6)(s+2) 4\s+2 s+6
and

2 1(1 1
s(s+6) 3\s s+6

inverting the Laplace transform and using that £[e®!] = ﬁ for s > a, we obtain

I
y(t) =L {4@+m

1 1
=_L!

4 [5+2]

1

4

1 1 1
—ot —6t —6t —6t
e — —e - — —e 2e ",
+ 373 +

(546) 35 3546 546

1 11 1 1 2]

Thus,

1 1 17
P LI
y(t) 3+4e +12e

Using the Laplace transform solve the following initial value problem
Y +9y =1+ Ha(t), y(0)=1,
where Hs(t) is the Heavyside function,
0, 0<t<?2
Ha(t) = { 1, t>2

Taking Laplace transform £ on both sides of the equation and using that

—2s

L= L) =", and Lly] = scl - y(0)

we obtain,

1 —2s
Sy + 9Ll — 1= - + c

s
Solving for L[y], we obtain

0Ly =1+ 1+ — oL
§ yi= s =59 s(s+9)  s(s+9)°

)
S
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4

1 1 1 1 1 1 1
- L= oot — | +2L | —

4 L+6]+3 [5] 3 s+6 + s+6



Using that

LI
s(s+9) 9 \s

inverting the Laplace transform and using that L[e®] = - for s > a, and L[H.(t)f(t — a)]

e~ L[f(t)], we obtain

B I e R
ylt) = £ L+9 A el I

Thus,
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O =

y(t) =+

(1—e )+ éHg(t) (1 - e—9<t—2>)

1

—9(t-2)



