MATH 2410 — Differential Equations April 11, 2017

Practice Exam 3. Solutions.

No calculators. Show your work. Clearly mark each answer.

1. Find the general solution of the following second order equation
y" — 6y +9y = 0.

Solution. We are looking for a solution in the form y = e"®. Insering it into the equation we obtain
the characteristic equation
2 —6r+9=(r—-3>%*=0.

Since r = 3 is a double root, the general solution is

3z

’y = 1% + coze

2. Find the general solution of the following second order equation
y" — 6y’ + 34y = 0.

Solution. Again we are looking for a solution in the form y = e€"*. Insering it into the equation we
obtain the characteristic equation

2 —6r+34=0r—-324+52=0 = r=3+05i.

Since the roots are complex, the general solution is

y = 1% cos (5x) + c2e3” sin (5z).

3. Find a particular solution of the following second order equation
Yy — 6y + Ty =2+ €”.
Solution. First we study the homogeneous problem
y" — 6y + 7y = 0.
The characteristic equation is
rP—br+7=(r-3?%-2=0 = (r-32?=2 = r=3+V2
Since the roots are not equal to 1 the particular solution should be in the form
yp = A+ Bz + Ce”.

Differentiating, we obtain
y, =B+ Ce®, vy, =Ce".

Inserting it into the equation we obtain

Ce® —6B —6Ce® +TA+T7Bx +7Ce* =2z + €*.



Since the coefficients in from of 1, x and e* must match, we obtain

C—6C+7C=1 — 20=1 =—> c:%,

2
B=2 = B=:,

and 12 12

Thus the particular solution is

. Find a particular solution of the following second order equation
y" — 5y + 6y = xe®.
Solution. First we study the homogeneous problem
y" — 5y’ + 6y = 0.

The characteristic equation is

2 2
5 1 5 1 )
T2_5T+6:(T_2) ——==0 — (7“—) = - — T:§i

Since the roots are not equal to 1 the particular solution should be in the form
Yp = (A+ Bx)e”.

Differentiating, we obtain

y, = Be® + (A + Bx)e®, y, =2Be" + (A+ Bx)e®.
Inserting it into the equation we obtain

2Be” + (A + Bzx)e® —5Be” — 5(A + Bx)e® + 6(A + Bx)e® = ze”.

Canceling by e” we obtain

2B+ (A+ Bz) — 5B —5(A+ Bx) +6(A+ Bz) =«.

Since the coefficients in from of 1 and x must match, we obtain
1
B-5B+6B=1 — B:§

and 3
24 —-3B=0 — 2A:3B:§ - A=

Thus the particular solution is




5. Consider the spring-mass system whose motion is governed by
y" + 6y’ + 34y = 2",

(a) Compute the solution to the above equation if y(0) = 0, y’(0) = 0.
Solution. First we consider the homogeneous problem

y" + 6y + 34y = 0.
The corresponding characteristic equation is
PP 4+6r+34=(r+32+5=0 = r=-3+5.
Since the roots are complex, the general solution to the homogeneous problem is
yu = cre 3t cos (5t) + cae 3 sin (5t).

The particular solution is of the form y, = Ae™'. Inserting it into the equation we obtain
2
A—6A+34A=2 — 29A=2 — A= 29°

Thus the general solution is
2
y(t) = cre”" cos (5t) + coe™* sin (5t) + 72964

and as a result

2
0—y(0)—01+0+ﬁ - 01__E

Differentiating, we find
2
Y (t) = —3cre 3 cos (5t) — beyre 3 sin (5t) — 3cge ™3 sin (5t) + 5epe ™3 cos (5t) — @e*t
and as a result

2 2 6 2 4
— / e [ — — R = —0— _—
0=19'(0) = —3c1 + 5c2 59 — 5¢y = 3¢1 + 59 — @ VERIRYT: 5

Thus the solution to initial value problem is

_ 2 4 st 2
y(t) = 59° cos (5t) T15°¢ sm(5t)+296 .

(b) Describe the long term behavior of the mass.
Solution. Taking a limit as t — oo of the solutin above we find

lim y(t) = 0.

t—o00

6. Find the general solution for the damped spring-mass problem
y” + 4y = sin (2t).

Solve with initial conditions y(0) = 0, ¢'(0) = 1.

Solution. First we consider the homogeneous problem

Yy +4y = 0.



The corresponding characteristic equation is
r?+4=0 = r==2.
The roots are pure imaginary, the general solution to homogeneous problem is
Yy = ¢1 cos (2t) + co sin (2t).
Since sin (2t) is part of the homogeneous solution the particular solution is of the form
yp = At cos (2t) + Btsin (2t).
Differentiating, we compute
y, = Acos (2t) + Bsin (2t) — 2At sin (2t) + 2Bt cos (2t),
and
Yy, = —2Asin (2t) + 2B cos (2t) — 2Asin (2t) + 2B cos (2t) — 4At cos (2t) — 4Bt sin (2t),

or
y, = —4Asin (2t) + 4B cos (2t) — 4At cos (2t) — 4Bt sin (2t).

Thus y, satisfies
—4Asin (2t) + 4B cos (2t) — 4At cos (2t) — 4Bt sin (2t) + 4At cos (2t) + 4Bt sin (2t) = sin (2t),

or
—4Asin (2t) + 4B cos (2t) = sin (2t).

Thus, —4A=1or A= —i and B = 0. As a result the particular solution is
£ cos (21
= ——cos
yp 4
and the general solution is
t
y(t) = ¢1 cos (2t) + cosin (2t) — 708 (2t).

As a result
0=1y(0) =¢.

Differentiating, we find (and using that ¢; = 0)
) 1 t
y'(t) = 2cq cos (2t) — 7508 (2t) + 5 sin (2t)

and as a result 1 5 5
1:y’(0):202—1 = 20221 = c2 = g

Thus the solution to initial value problem is

y(t) = gsin (2t) — Zcos (2t).




