MATH 2410 — Differential Equations March 20, 2018

Practice Exam 2

No calculators. Show your work. Clearly mark each answer.

1. (20 points) Find the general solution for the system
y' +6y +5y=¢
Solve with initial conditions y(0) =0, y'(0) = 1.
Solution: Since the equation is linear the solution is of the form
Y =YH + Yps
where yp is the general solution to a homogeneous equation
y' +6y +5y=0

and y, is any particular solution to the original equation. We seek the general solution of the homo-
geneous equation in the form e for some s € R. Inserting it into the equation we obtain

se’t + 6se*t + 5t =0

or
24+ 6s+5=(s+5)(s+1)=0.

Thus we have two solutions s = —5 and s = —1. Hence the general solution to the homogeneous

problem is

Yyg = 61675t + chft, c1,c0 € R.

Since the e! is not part of the homogeneous solution, the particular solution must be of the form
yp = Ae'. Inserting it into the original equation we obtain

Aet + 6A4et + 5Aet = e,

Thus 124 = 1 and A = 1. As a result the general form of the solution is

12°
y(t) = cre™ 4 cpet + iet
1277
Notice that 1
Y (t) = —5ere ™ — coe™t + ﬁet.
From y(0) = 0 and 3'(0) = 1 we find
C1 + Cy = —E
5 1 1
—bcie—cp=1—-—.
1 2 9
Adding these two equations we obtain
1 5 5
—do=1—-=-=- = c=—-——=

6 6 24



and from the first equation we find

1 5 3 1
G=——t ==

12 24 24 8

Thus the solution to the initial value problem is

5 5 1oy
) =—— - —et.
y(t) 246 +86 + 126

. (20 points) Find the general solution for the problem

dx

i

dt

dy

— = 2.
7t T+ 2y

Solve with initial conditions x(0) = 1, y(0) = 3.

Solution:

The system is decoupled. From the first equation we have that
z(t) = cre’, ¢ ER.

Thus the second equation takes the form

d
d—‘:{ =cret + 2y.
This is a linear equation and has the form
Y=UYH + Yp,

where yp is the general solution to a homogeneous equation

dy

7 _9
at — Y
and y, is any particular solution to the original equation. Thus

Yy = CQth7 c ER

and y, = Ae' for some A we need to find out. Inserting it into the equation we have
Aet =24et + c1e? = A= —c.

Hence the general solution of the second equation is

y(t) = cpe® —crel.

From the initial condition z(0) = 1, we find that ¢; = 1 and from y(0) = 3 that ¢; = 2. Thus the
solution to the above initial value problem is

’x(t) =l y(t) =2e% — ¢l ‘




3. (20 points) The following system describe a pair of competing species. Describe the long-time likely
outcome of the competition by plotting the direction field.

%=x(2—w—y)
dy
E—y(?) r—y).

Draw the curves z(t) and y(t) if 2(0) = 0.5, y(0) =1 and z(0) = 1, y(0) = 3 in the phase plane.

Solution: see the sketch. In summary no matter where you start the solution approaches the equilib-

rium solution x = 0 and y = 3.

X*‘ﬁ‘% % (1, 3)

X+ (yl

4. (20 points) Consider the linear system Y’ = AY where Y = (z(t),y(t))”

(1)

Find the general solution. Solve for z(0) =1, y(0) = —1. Solution: The characteristic polynomial is

det( 4IA 7*_2A ) (A= A)(T=AN)42=22—11A+30 = (A —5)(A — 6).

Hence the matrix A has two real eigenvalues Ay = 5 and Ay = 6. Thus in order to use straight line
solution method we need to find the corresponding eigenvectors.

(7 5)-(0 %)

Thus the corresponding eigenvector ; = ( _f > .

(%)= )

For Ay =5 we have

For Ay = 6 we have



. . . 1 . . L
Thus the corresponding eigenvector vs = ( B ) . Hence the straight line solution is

}7(15) =1t ( 7? ) + et ( 71 ) , c1,c0 €R.

To obtain the solution to initial value 2(0) = 1, y(0) = —1, i.e. Y(0) = ( _1 > ., from the solution

o-a( 3)e(1)-(1)

Which give us ¢; = 0 and ¢z = 1. Thus, the solution to initial value problem is
?(t)66t< B )

. (20 points) Compute the Euler’s approximate solution at time ¢ = 1 of the following system

for t = 0 we have

dx

& (9t
priakd Y)
dy

— =y(1— t).
7 y( x+1t)

With initial position z(0) = 1 and y(0) = 1 and time step At = 0.5 Solution: Let ¥ = ( z ) and

the function F(Y,t) = F(z,y,t) = < i((f :;:—ig > .

Given 170, the backward Euler formula is
Yl = Y ALF(Y" t,), n=0,1,2,...

1

1) At = 0.5, tg = 0, t; = 0.5 and we need to compute }72, i.e. two steps of

In our problem YO =

backward Euler method.

v - ()3 (808) (1)1 0)-(1)
provetmsaon- (1) (B -(1) 300 - ()




