MATH 2410 — Differential Equations February 4, 2017

Practice Exam 1. Solutions.

No calculators. Show your work. Clearly mark each answer.

1. (20 points) Check if the given function y is a solution of the initial value problem

(a) y =2%(1+Inx)
_ Bay'(z) — 4y

y"(x) 5 y(e) =2¢%, y'(e) = Be.

T

Solution. First we check the initial conditions.
y(e) = e*(1 +1Ine) = 2e2.
Using the product rule we find
y'(z) =2x(1+Inz)+z andasaresult y'(e) =2¢(l+1Ine)+e = 5e.
Again using the product rule, we compute
y'(r)=2+2lnz+2+1=5+2Inx.

On the other hand

3zy'(z) — 4y  3x(2z(1+Inz) + ) — 422(1 + Inz)

5 =6+6lnz+3—-4—4lnz=5+2Inz.

x2 x
That shows that y = 2%(1 + Inx) is a solution to
3xy'(x) — 4
y”(gc) _ oTY (z) y7

2

b) y=2 +z—1

Solution.

Again, first we check the initial conditions.

Using the power rule we find

2 2 )
y'(z) = ?x +1 and asaresult y'(1)= 3T 15'

Also we compute

2
7 _“
Yy (.’I;) - 3'
On the other hand
? —zy(z)+y+1 _ $2—$(2§x+1)+§+$—1+1 _ xz_%_’_xgj _2
x2 x2 x2 3
That shows that y = 9’3—32 + z — 1 is a solution to
2?2 —zy'(z)+y+1 1 5
y"($) - ) s y(l) - ga y/(l) = g



2. (20 points) Find the general solution of

dy 2
— +2y=t 1.
dt+ Y +

Solution 1.
Computing the integrating factor
e 2dt _ 2t

)

we have

d
e* (Cg + 2y> =M (t* + 1)

which is the same as p
% (€2ty) — 62t(t2 + 1).

Integrating both sides and using integrating by parts for [ e*(¢* + 1) dt twice, we find

e2t 6216 62t 6215 62t e2t 6215
ety = /ezt(t2+1) dt = 7(t2+1)7/ et dt = 7(t2+1)7?t+ 5 dt = 7( 2+1)77t+z+0.

Diving by e? we find

1 11 22 — 2t +3
Y= (1) - ot4 Qe TS

ot
3 5 1 1 + Ce™“".

Solution 2. The solution to homogeneous problem y’ + 2y = 0 is

yu(t) = ce 2.

Using the method of variation of parameter we assume that the solution y is of the form
y(t) = c(t)e 2.
Plugging it into the equation % + 2y =t2 + 1 we find
d(t)e 2 —2c(t)e ™ + 2c(t)e 2 =2 + 1

which is the same as
dt)e ™ =2 + 1.

Hence ¢/(t) = e?!(t?> + 1) and integrating by parts twice as before we compute

S e?t 9 o e2t 9 th e2t th 5 62t th

Hence

2
y(t) = c(t)e 2 = }(tz +1)— 1t + E +Ce™? = o2

—2t
3 3 1 1 + Ce™“".

3. (20 points) Solve the initial value problem



Solution.

Computing the integrating factor

2 2
ef 2dt _ 621n|t\ _ e1n\t| :t2,

d

d
o (Fy) =t

we have

which is the same as

Integrating both sides, we find
t5
t2y:/t4 dt:€+C.

Diving by t? we find

_£.c
YT T
Using the initial condition we find
1 1
0=y(l)=-4+C = C=-—-.
y(1) = ¢+ z

Thus, the solution initial boundary value problem is

1
Y75 e

4. (20 points) Consider the differential equation

dy _
dt

2
5

yts.

(a) Compute the solution to the above differential equation.

(b) Is there a unique solution y(t) to the above differential equation such that y(0) = 07 Why or why
not?

(c) Is there a unique solution y(t) to the above differential equation such that y(0) = 17 Why or why
not?

Solution.
(a) The equation is separable. Rewiritng the equation we have

d

Y_dar,
Y
provided y # 0. Integrating both sides we find

5,1
In|y| = ?tf* +C, CeR

and since y = 0 is also a solution

i~




(b) Since the functions f(t,y) = yt% and fy(t,y) = t% are continuous on any rectangle containing
(0,0), by the Existence and Uniquness Theorem there is a unique solution to the above differential
equation with y(0) = 0.

(¢) Again, since the functions f(¢,y) = yt3 and fyty) = t3 are continuous on any rectangle con-
taining (0, 1), by the Existence and Uniquness Theorem there is a unique solution to the above
differential equation with y(0) = 1.

5. (20 points) A 400-gallon tank initially contains 200 gallons of sugar water at concentration of 0.1
pounds of sugar per gallon. Suppose water containing 0.5 sugar per gallon flows into the top of the
tank at a rate of 2 gallons per minute. The water in the tank is kept well mixed and well-mixed solution
leaves the bottom of the tank at rate 1 gallon per minute. How much sugar is in the tank when the
tank is full?

Solution.

Let C(t) denotes the amount of sugar at time ¢. Thus, we have C'(0) = 0.1 [b./gal. x 200 gal. = 20 Ib.
and we need to find C(200). Let’s look at C’(¢) i.e. at how the sugar in the tank changes. First of all
there is a constant inflow of sugar at the rate of 0.5 Ib./gal. x 2 gal./min. = 1 gal./min. and there is a
outflow of C(t) Ib. x 1 gal./min. =V (¢) gal., where V() is the volume of the water in the tank notice
at time ¢, notice that it changes in time. Easy to see that V(¢) = 200 + t gal. Notice that all units do
agree. Thus the equation for C(¢) is

c()
!/
=1- = 20.
¢t 200 + ¢’ C0)=20
Rewriting it we have
c)
!
=1
)+ 200 +1¢

The integrating factor is
el W0 = 1200411 — 900 4 ¢,

Thus,

d
= (200 +0)C(1)) = 200 4 1.

Integrating both sides we find
2

t
(200 + ¢)C'(t) = 200t + 5 +C,
or ,
200t + 5 +C
H=_"_2 =
¢ 200 +¢
Using that C'(0) = 20 we find

C
2 = —_— :4 .
0 200 = C 000

Hence )
200t + & + 4000

)= 200 + ¢

And finally,

200 - 200 + 209290 + 4000 200 + 100 + 20
200 + 200 B 2

C(200) = = 160 Ib.




