MATH 1131 — Calculus I April 28, 2013
Practice Final Exam. Solutions.

1. State the domain, range and possible symmetries of the following functions:

(a)
z?2+1
Solution: Since z2 + 1 > 1, the domain is (—oo,00), the range is [1,00). Since Va2 +1 =
\/(=z)2 + 1 the function is even.
(b)
vr+1

Solution: Since the domain for \/x is > 0, it means that the domain for vz + 1 is z > —1.
The range is [0,00) and there is not symmetry.
(c)
z+1
r—1

Solution: The domain is all real numbers except x = 1. The range is all real numbers except
y = 0. There is no symmetry.

2. Find the vertical and horizontal asymptotes of the following functions:

(a)

sinx

VT

Solution: Since by L’Hopital’s rule,

lim 25 — Jim 2y/Z cos z = 2,

x—0 \/E x—0

there is not vertical asymptotes. On the other hand by the Sandwich theorem

lim > = 0.
Tr—00 €T
Thus y = 0 is the horizontal asymptote.
(b)
z+1
z—1
Solution: Since,
rz+1
= o0,

im =
z—1t x —1

the line z = 1 is the vertical asymptote. One could also conclude that from

. z+1
lim = —00.
rx—1— T — 1
Since the limit
.o x+1
lim =1,

z—oo x — 1

the line y = 1 is the horizontal asymptote.



3. Find the equation of the tangent line at point (2,0) for e¥ + 2% = 5.

Solution: Using the implicit differentiation we have

2x

ery(n) +20 =0 = y(@)=——1.

Thus the slope at point (2,0) is m = —26'—02 = —4 and the equation of the tangent line is

y=—4(z —2) = 4z + 8.

4. Find the linear approximation of sinz at point 7 /4.

Solution: Using the formula the linear approximation

L(z) = f(a) + f'(a)(z — a),

we have with f(z) =sinz, f/(z) = cosz, and a = 7/4,

[\
S
[\

L(z) =sin = +cos —(z — —) = X2 4 g(a: - %).

4 4 4

5. Evaluate the following limits:
(a)
lim 0%
x—0 sin (4x)
Solution: The limit is in the indeterminate form 8. Thus by the L’Hopital’s Rule

R R 3 3
z—0 sm(41})

ey 4cos (4z) 4

. x?+2
lim ————
z—o00 322 —4x + 5
Solution: The limit is in the indeterminate form 22. Thus using the L’Hopital’s Rule twice, we
find

22 +2 ) 2% 2 1

im —————— = lim im = =
z—o0 3x2 —4x +5 w0 br—4 06

lim z”
rz—0t

Solution: The limit is in the indeterminate form 0°. Using the logarithm, we have

% = % lnr.
Since by the L’Hopital’s Rule
. . Inz .
lim zlnz = lim —— = — lim z =0,
z—0t z—0t z—0*t

z
we have

lim z% = elimmHOJr zlnz _ 60 -1
z—0t



6. Find the absolute maximum and absolute minimum of the function f(x) = x® — 2 + 1 on the interval
[0,1]. Solution: Since f’(z) = 322 — 1. We have

flx)=322-1=0 = 2=+

5l-

Since our interval is [0, 1], = % is the only critical point. Thus,

T

X . ﬁl 1
Since 0 < 31% — % +1= 3‘?([2 < 1, we have the absolute maximum is 1 and the absolute minimum
is 3v3-2

3V3

7. The Riemann sum for a function f(z) on the interval [a,b] for an arbitrary n is

> f@)Ax

k=1

b—a
T

For the left Riemann sum

where Az =

I =a+ (k—1)Ax
and for the right Riemann sum

Tr = a+ kAx.

Write the left and right Riemann sums for the function f(z) = 2 on the interval [2,4] for n = 4. What
can you say about f24 f(x)dx ?

Solution: First we find that Az = % = % Thus the right Riemann sum is

(f(5/2)+f(3)+f(7/2)+f(4)):;<452+§+4%2+i>:2(§+;+3+i>.

N)M—l

M%

f 2+k/2
k=1

Hence the left Riemann sum is

(f(2)+f(5/2)+f(3)+f(7/2));<§+4g?+§+4%2>2(;+§+;+§).

N |

3 1
kz:(:)f(zﬂf/z)5 =

Since the function f(z) = % is monotonically decreasing function, the left Reimann sum is overestimate
and the right Riemann sum is underestimate, i.e.

2 1 2 1 2 1 2
<
2<5+3+7+> /f )da 2<2+5+3+7)

8. Using the Fundamental Theorem of Calculus find the following derivatives:

(a) L
— | ?dt
dm/l

Solution: By the Fundamental Theorem of Calculus,

L t2dt = 22,
dz [y



d 2
— | t3dt
da? /952

Solution: By the Fundamental Theorem of Calculus and the chain rule

d 2
— [ tAdt = —(2%)? - 22 = —22°.
dx 2

9. Find the following antiderivatives:

(a)

Solution:
23
/(xQ—l)dx: ?—x—l—C
(b)
/ dx -
222 +1
hint: [ mgf_ldx =tan ' +C
Solution: J .
\/21'271—"—1(&1] = E tanfl (\/51') —+ C
(c)
/(z2 +2)%dx
Solution: . 5
4
/(:E2+2)2dm:/(x4+4x2+4)dx: %+%+4x+(}.

10. Using the Fundamental Theorem of Calculus compute the following integrals:

(a)

Solution: ) )
4 6 1 15
3
dx = - =
/1 T T 1T
(b) 1
et d
/ x dzx
0 J}—f—l
Solution:

e—1
d _
/0 xfld:vzln(x—i—l)glzlne—lnlzl.



