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Goals

» Fourier Series.

» Discrete Fourier Transforms.
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Complex Numbers.

v

i=+v-1

z=x+ 1y

x is the real part of z and y is the imaginary part of z
x = Re(z), y = Im(z)

v

» Z =x — iy is the complex conjugate of z

> 2 = Vet +y?

» ¢ = cosf + isind Euler's formula

» z =1z +iy = |z|e? polar representation of a complex number
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Fourier Series.

Let f be 27 periodic functions. The Fourier series of a function f is the

series
oo
§ cne’b’ﬂw’
n=-—oo
where
1 27 .
77,’I'LZ

27T

are called Fourier coefficients. Notlce that the series may not converge or
converge to a different functions. That is why we use ~ sign instead of
the equal sign.
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Approximating Fourier Coefficients.

To approximate Fourier coefficients ¢, £k =0,1,..., We sample f at
N = 2n + 1 points

j=0,...,N—1.

21
Z; :]ﬁv

Put
fj:f($j)7 jZO,...,N—l.

Since f is 27 periodic, we have fy = fo. Applying the composite
trapezoidal rule to approximate cj, we obtain

1

Cr =
o

N—-1
1 ijk2m
7 e e Mde Y fie N k=m0,
3=0
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Properties of the Approximating Fourier Coefficients.

For k =1,...,n the approximate Fourier coefficients satisfy

N-1 N— N—
1 f _ij(=k)2m k)27r 1ch21r z]k21r _
C_ = — e E E = Cg
N J
7=0 7=0 7=0
N-1
1 igh2m ,”kgﬂ HONokem
k=N E fie™ ¥ = E f] =CN—k
Jj=0 =1
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Discrete Fourier Transform.

Given N real numbers fo,..., fy_1 we want to compute
1 Nl o
_ijk2n
= ije N, k=0,...,N—1.
7=0
The map
| Nl .
_wykam
va"‘vafl_)Ck:Nije N, k:()v"'aN_]-a
j=0

is called the Discrete Fourier Transform (DFT).
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Matrix Representation of the Discrete Fourier Transform.

Let wy = e?2™/N € C be the Nth root of unity. Thus we can rewrite

1 Nl . 1 Nl
_ijk2m ik
Ck:Nije N :NZwaN]
7=0 7=0
fo
) h
_ -k —2k —(N-1)k
_N(l’“’N""N W ) jjz ’
fN-1
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Matrix Representation of the Discrete Fourier Transform.

We can rewrite it using matrix representation

co 1 1 1 1 fo
c1 = 1 w;,l w&z . w;,(N_l) S
_ 2 24 So(N-1
€2 =5 | ! Wy Wy wy? VY fj2
: e e e :
n 1 wN(N 1 wN2(N 1) wN(N 1) vt
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Matrix Representation of the Discrete Fourier Transform.

The matrix
1 1 1 1
1 Wy Wi e WY
Fy = 1 w;,2 w;,4 . wg,Q(N_l)
1 wX,(N_l) wg,z(N_l) . wX,(N_l)

is called the Fourier matrix. Since

-1l _ _—i2w/N _ _ii12n/N _ ——I
wy =€ IN — gil2n/N — gyt

the matrix Fyy is equal to its conjugate Fy.
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Matrix Representation of the Discrete Fourier Transform.

We can rewrite the Discrete Fourier Transform as

co fo

c1 fi

o |=Lim| A

. N .
CN_-1 fol

Thus the application of the DFT to a vector f is a matrix-vector

multiplication
1
=—FNf.
c= NS
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The Fourier Matrix

Lemma o o
The Fourier matrix Fi satisfies FyFy = NI, where I is the identity
matrix, i.e.
—1 11— —\_1 1
Fy = NFNy (Fn)™" = NFN'
Proof.
For k,l € {0,...,N — 1},
N-1 N-1
(FNENn)w = Z wywhi = S et/ ik /N
=0 =
N-1 N-1 ;
= e’ij(k*l)27r/N _ Z (ei(k*l)Qﬂ'/N>
j=0 =0
N, if k= 1;

= 1—(ei(h=D2m/N)N

= =0, if k1.
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The Inverse Discrete Fourier Transform.

The inverse Discrete Fourier Transform maps c into f and is given by

fo Co

f1 C1

f2 = Fy C2 ,
fno1 CN-1

or
N-1
Jr= Z cje”kQ’T/N, k=0,...,N —1.

=0
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Fast Fourier Transform (FFT).

>

>

Straight forward implementation of matrix-vector products Fyc and
+Fx f require O(N?) operations.

Using the special the special structure of Fly, these multiplications
can be done more efficiently in O(N log N) operations using
so-called Fast Fourier Transform (FFT).

Matlab's £t (f) uses FFT to compute Fy f
Matlab's ifft(c) uses FFT to compute %FNC

Note: there is a difference in scale by N: £ft(f) computes Fy f, not
+Fxnf and ifft(c) computes +Fyc, not Fyc.
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