Minimal Pair Constructions and Iterated Trees of Strategies Dedicated to Anil Nerode on the occasion of his sixtieth birthdaySTEFFEN LEMPP1, MANUEL LERMAN2, AND FRANK WEBER3 Department of Mathematics, University of Wisconsin,Madison, WI 53706, USAlempp@math.wisc.eduDepartment of Mathematics, University of Connecticut,Storrs, CT 06269mlerman@uconnvm.uconn.eduDepartment of Mathematics, Concordia University Wisconsin,Mequon, WI 530920. Introduction. We use the iterated trees of strategies approach developed in [LL1],[LL2] to prove some theorems about minimal pairs. In Sections 1-3, we show how to usethese methods to prove the Minimal Pair Theorem of Lachlan [L] and Yates [Y]:Theorem 3.4 (Minimal Pair): There exist nonrecursive r.e. degrees a and b such thata�b = 0. In Section 4, we add requirements to prove:Theorem 4.3: There are r.e. degrees a and b such that a’,b’ > 0’ and a�b = 0.And in Section 5, we construct a minimal pair of r.e. degrees a and b such that a’ and b’form a minimal pair over 0’, i.e., Theorem 5.4: There are r.e. degrees a and b such that a’|b’, a�b = 0, and a’�b’ =0 ’ .1 Research partially supported by National Science Foundation Grant DMS-9100114.2 Research partially supported by National Science Foundation Grants DMS-8900349 and DMS-9200539.3 Research partially supported by National Science Foundation Grant DMS-8900349.1

N is the set of natural numbers. Given a set P, we let |P| denote the cardinality ofP. A string is a finite sequence of letters from an alphabet. If S is an alphabet, we letS<w be the set of all strings from S. We write s � t if t properly extends s, and s|t if sand t are incomparable. For s,t ˛ S<w, we let lh(s) denote the cardinality of the domainof s. If s „ Æ˚˚æ (the empty string), then s- is the unique t˚ � s such that lh(s) =lh(t)+1. We define the string s^t by�s(x)if x < lh(s)s^t(x) = ˚�t(x-lh(s))if lh(s) £ x < lh(s)+lh(t).If x £ lh(s), then s|x, the restriction of s to x, is the string t of length x such that t(y) =s(y) for all y < x. Restriction is similarly defined for infinite sequences from an alphabet.We use interval notation for strings. Thus [s,t] = {r: s ˝ r ˝ t}. s�t denotes thelongest r such that r ˚˚˚˝ ˚˚˚s ,t.A tree is a set of strings which is closed under restriction. The paths through atree T are the infinite sequences L such that L|x ˛ T for all x ˛ N. We let [T] denote theset of paths through T. The high/low hierarchy for R is defined as follows. For n ‡ 1, we say that a islown (a ˛ Ln) if a(n) = 0(n), and a is highn (a ˛ Hn) if a(n) = 0(n+1). If 0(n) < a(n) <0(n+1) for all n, then we say that a is intermediate.ÆFek: e ˛ ˚Næ will be the standard enumeration of all partial recursive functionals ofk variables. (We will frequently suppress the superscript, writing Fe for Fek.) ThusFek(A;x1,...,xk) = y if the eth partial recursive functional of k variables, computing fromoracle A and input x1,...,xk, outputs the value y. For each e,k ˛ N, we will have arecursive approximation ÆFe,sk: s˚ ˛ N æ to Fek. We say that Fe,sk(A;x1,...,xk)fl if weobtain an output from this computation in fewer than s steps; otherwise,Fe,sk(A;x1,...,xk)›. If Fe,sk(A;x1,...,xk)fl, then we let the use of this computation be 1+u,where u is the greatest element v for which a question "v ˛ A?" is asked of the A oracleduring the computation. We will also be constructing partial recursive functionals. Wedefine these functionals within a recursive construction by declaring axioms D(s;x) = y toreflect the fact that the partial recursive functional D with input x produces output y whencomputing from any oracle A � s. Other notation follows [So].2

1. The Basic Modules for a Minimal Pair. We construct r.e. sets A0 and A1 suchthat neither is recursive, and any set recursive in both must be recursive. The requirementswhich we satisfy are the standard ones. In this section, we present the basic modules forthe two types of requirements. We will have three trees of strategies, T0, T1, and T2, andrelate the action taken for the basic modules to the nodes of the trees on which we act forthese modules.The Requirements: We let Re,i0,1 be the requirement stating that Ai „ Fe(fl). Thisrequirement is said to have type 0 and dimension 1. (Types are used to differentiatebetween the various kinds of requirements. Dimensions indicate the trees on which theconstruction first begins to act, i.e., the complexity level of the requirement.)We let Re1,2 be the requirement stating that if Fe(A0) = Fe(A1) is total, then Fe(A0) isrecursive. This requirement has type 1 and dimension 2. We recall that by Posner’sLemma [P], it suffices to satisfy these requirements, as given any n and m, there is an esuch that Fn(A0) = Fe(A0) and Fm(A1) = Fe(A1).Fix a recursive ordering {Ri:˚i ˛ N} of all requirements. We say that Ri has higherpriority than Rj if i < j. nThe Basic Module: Nonrecursiveness requirements. We satisfy therequirement Re,i0,1 by constructing a partial recursive functional Di which is total on oracle Aisuch that for some x, if Fe(fl;x)fl, then Fe(fl;x) „ Di(Ai;x). Each instance of thisrequirement on T1 will be associated with a different argument x, and each instance on T0will be associated with a stage s as well. At stage s, we declare an axiom Di,s(Ais;x) = mwith use x+1, setting m = 0 unless Fe,s(fl;x)fl = 0, in which case we set m = 1. If, atsome stage t ‡ s which deals with the T1-module, we find that Fe,t(fl;x)fl = 0, then weplace x into Ait. If t > s, this will allow us to redefine Di,t(Ait;x) = 1, with use t+1. There are two possible types of outcomes. If, during the construction, we neversee a computation Fe,t(fl;x)fl = 0, then Di(Ai;x) = 0 and we will ensure that eitherFe(fl;x)›, or Fe(fl;x)fl „ 0 by protecting a computation, if necessary. This outcome willbe called the finite outcome on the tree T0 and the infinite outcome on the tree T1. If wesee such a computation, then we place x into Ai unless this happens the first time weencounter the requirement, and ensure that Fe(fl;x)fl = 0 „ 1 = Di(Ai;x). This outcomewill be called the infinite outcome on T0 and the finite outcome on T1. n3

The Basic Module: Minimal pair requirements. The basic module for Re1,2 willbe a finite tree consisting of two comparable nodes, of types (1,0) and (1,1), essentiallyfollowing the Yates minimal pair construction [Y]. The first node checks to see whetherFe(A0) and Fe(A1) are both total, and the second tries to find an x such that Fe(A0;x) „Fe(A1;x). If it fails to find such an x, it defines a total recursive function X = Fe(A0).There will be one finite tree for each such requirement along each infinite paththrough the top tree T2 of our tree of strategies. On the next tree down, T1, we will workwith similar finite trees, each associated with a given x. And on the recursive tree T0 wherethe construction takes place, the modules derived from those on T1 will also be associatedwith a stage s. Action on T0 for the module associated with x and s is as follows. The firstnode, of type (1,0), asks if Fe,s(A0s;x)fl and Fe,s(A1s;x)fl. If the answer is no, then wefollow the finite outcome on T0. (We will now have to deal with other T0-modules derivedfrom this T1-module, so make infinitely many attempts to find a yes answer to thisquestion. If one is never found, then either Fe(A0) is not total, or Fe(A1) is not total, sothe requirement is satisfied.) If the answer is yes, then we follow the infinite outcome onT0, and action to be taken will be determined by the second node of the module. Thesecond node of the module has type (1,1) and asks whether Fe,s(A0s;x) „ Fe,s(A1s;x). If theanswer is yes, then we follow the finite outcome on T0, and will preserve thisdisagreement as long as the node is derived from a node on the true path of T1. If theanswer is no, then we follow the infinite outcome on T0, and declare an axiom Xs(fl;x) =Fe,s(A0s;x). We show that, in this case, for all t ‡ s, either F e,t(A0t;x) = X(fl;x) orFe,t(A1t;x) = X(fl;x). Hence if we encounter such a requirement for every x on T1 andFe(A0;x)fl = Fe(A1;x)fl for all x, then X(fl;x) = Fe(A0;x) for all x. n2. Systems of trees. The construction of a minimal pair will use systems of trees. Werefer the reader to [LL2] for a more general development of such systems. As we willprove theorems in this paper requiring starting trees at several different levels, we fix n ˛N, and indicate how to construct Ti for i £ n.Definition 2.1 (Definition of trees): We set T-1 = {0,¥} and T0 = {0,¥}<w. If 0 <k £ n and Tk-1 has been defined, let Tk˚=˚{s ˛ (Tk-1)<w: "i<lh(s)"j<lh(s)(i „ j fi s(i) „ s(j))}. Tk˚ = ˚ ÆTk,˝æ is the kth tree of strategies, ordered by inclusion. We refer to the elements4 of Tk as nodes of Tk, and view each node of Tk as following its immediate predecessor bya designated node of Tk-1. If s ˛ Tk, x ˛ Tk-1, and s = s-^Æxæ, then we call x theoutcome for s- along s, and define out(s) = x. If j £ k, then we define outj(s) by reverseinduction; outk(s) = s, and outj-1(s) = out(outj(s)). If s ˝ t ˛ Tk and lh(s) > 0, then wesay that s- has finite (infinite, resp.) outcome along t if either k = 0 and out(s) = 0(out(s) = ¥, resp.), or k > 0 and out(s)- has infinite (finite, resp.) outcome along out(s).nWe will need a one-to-one weight function on elements of T˚ = ¨{Tk: 0 £ k £ n}which will w-order T. (We take the disjoint union here, differentiating between the emptynodes of the various trees.) Weights will provide automatic initialization to protectcomputations from injury. Condition (2.3) below will be used to show that the pathgenerating function, l, introduced below, respects weights (see condition (2.11)).Definition 2.2: It is routine to check that a one-to-one recursive weight functionwt:T fi N can be defined to satisfy the following properties for all s,t,r ˛ Tk.(2.1)If s � t then wt(s) < wt(t).(2.2)If out(s) ˛ T, then wt(out(s)) < wt(s).(2.3)If s „ t and out(r) � out(t) for all r ˝ s, then wt(s) < wt(t).Requirements of dimension r will be assigned to nodes of trees Tk for k ‡ r, andsubrequirements of these requirements will be assigned to nodes of Tk for k < r. Thisassignment of requirements will proceed by induction on n-k, and will depend ondefinitions introduced by simultaneous induction. In Step 1, we will define the pathgenerating function l on nodes s of trees which have already had requirements assigned toall t � s. If s ˛ Tk, then l(s) will be a node on Tk+1. Given a path L ˛ [Tk], {l(s):˚s� L} gives an approximation to a path l(L) ˛ [Tk+1]. When l(s)|l(s-), a link will beformed on Tk. These links, defined in Step 2, will prevent action by nodes of Tk which donot seem to come from nodes on higher trees lying on the true path approximation. Wewill have to decide which nodes of Tk+1 are eligible to assign subrequirements to a givennode of Tk. Conditions ensuring consistency between the different trees enter into thisdecision, and these conditions are delineated in Step 3. The requirement assignmentprocess is described in Step 4.5

Step 1: Definition of the path generating function l. Given a node h ˛Tk such that requirements have been assigned to all predecessors of h, the function l willdefine a node l(h) ˛ Tk+1. The process is meant to capture the following situation. Foreach x � h, x will be derived from a node s ˛ Tk+1. A sentence Ms will implicitly beassociated with s, and a fragment Mx of that sentence will be associated with x. Supposethat Ms begins with a universal quantifier. If s has dimension ‡ k+1, we bound theleading block of universal quantifiers by wt(s) which, by (2.1), increases with lh(x). Aslong as each x succeeds in satisfying its sentence Mx, the approximation given by lpredicts that s^Æn^Æbææ ˝ l(h), where n will be the initial derivative of s along h (definedbelow) and b is the outcome of n along h. If we find a first x for which Mx is false, thens^Æx^Æbææ ˝ l(s), where b is the outcome of x along h. If Ms begins with an existentialquantifier, then we proceed as above after replacing Mx with �Mx. (If dim(s) £ k, thenwe just copy the outcome from Tk to Tk+1.)If h = Æ æ then l(h) = Æ æ. Suppose that h „ Æ æ. By (2.4), it will follow byinduction that up(h-) ˝ l(h-), where up(h-) is the node of Tk+1 from which h- is derived.(up(h-) has been defined inductively in Step 4 for h-.) (2.4)If either up(h-) = l(h-) or h- has infinite outcome along h, then we set l(h) = up(h-)^Æhæ and call h- the principal derivative of up(h-) along h. We set l(h) = l(h-) otherwise, and define the principal derivative of up(h-) along h to be the principal derivative of up(h-) along h-.It follows from (2.4) that:(2.5) If s ˝ l(h) then out(s) ˝ h and l(out(s)) = s; and(2.6) If l(h-) ˚ s and l(h) ˚/ s, then for all d ˚ h, l(d) ˚/ s. We define lr(h) for r ˛ [k,n] by lk(h) = h and lr(h) = l(lr-1(h)) for r > k. And ifr ‡ k and z ˛ Tr, we call x the principal derivative of z along h if either r = k and x = z,or r > k and there is a s ˛ Tk+1 such that x is the principal derivative of s along h and s isthe principal derivative of z along l(h). Step 2: Links. We will place restrictions on the stages of the construction atwhich nodes are eligible to be switched by the approximation to the true path. Onerestriction requires a node to be free when it is switched by the true path approximation,i.e., that it not be contained in any link. Links are formed when a switch occurs, and can6 be broken when the outcome of a switched node is switched back. (Links correspond toinitialization, after injury, in the standard approach to infinite injury priority arguments.Suppose that a node s ˛ T2 has initial derivative (defined inductively in Step 4) n along apath L1 through T1, and principal derivative p � n along h � L1. Then we form a primaryh-link [n,p] from n to p, thereby restraining any node x ˛ [n,p) from acting anddestroying computations declared by p. (Note that if [n,p] is an h-link, then p is notrestrained by [n,p]. However, as we can have [n,p) = [n,d) as intervals with p „ d, weuse closed interval notation [n,p] for h-links to make sure that there is a one-to-onecorrespondence between intervals which determine links, and the links themselves.) Anysuch x will either be a derivative of a node which is no longer on the approximation to thetrue path, or a derivative of a node r ˝ s. The links prevent derivatives of r ˝ s fromacting. Derivatives of such a node r which lie beyond the link [n,p] will be able to act, andwe will show that there is no harm in preventing derivatives of r restrained by the linkfrom acting. We will allow derivatives of p to act, and so do not restrain p in this link.) A node h ˛ Tk such that lh(h) > 0 is said to be switching if there is an r > k suchthat lr(h-)|lr(h). For the least such r, we say that h is r-switching. If j ˛ [r,n] and h is r-switching, we say that h switches upj(h-). Fix h ˛ Tk. Each h-link will be derived from a primary h-link. We define the h-links of Tk by induction on n-k. If k = n, then there are no h-links. Suppose that k < n. We first determine the primary h-links. Suppose that x ˝ h and x- is the principalderivative of g = up(x-) along h, but is not the initial derivative of g along h. Let m be theinitial derivative of g along h. Then [m,x-] is a primary h-link. h-links can also be created by pulling down l(h)-links. Suppose that [r,t] is al(h)-link on Tk+1. Then the initial derivative m of r along h and the principal derivative pof t along h will exist. [m,p] is an h-link derived from [r,t].If [r,t] is derived from some link [z,k], then every link derived from [r,t] isderived from [z,k]. If r > k, then an h-link on Tr is just a lr(h)-link. We say that x ish-restrained if there is an h-link [m,p] such that m ˝ x � p. In this case, we say that xis h-restrained by [m,p]. x is h-free if x is not h-restrained.Step 3: h-consistency. We decide, in this step, whether a node s ˛ Tk+1 isallowed to assign subrequirements at h. This will depend on four conditions. The firstcondition, (2.7), requires h to predict that s is on the true path of Tr for all r ˛ [k,n]. Thesecond condition, (2.8), requires that if s ˛ Tk+1, once a witness x � h for an existentialsentence associated with s is found, no derivatives of s can extend x. In this case, h has7 all the information needed to correctly predict the outcome of s. However, we do notsearch for such witnesses on Tk if k ‡ dim(s), as we have not yet begun to decompose thesentence assigned to s in this case. Rather, we will require s to code the outcome of aunique derivative of s on Tk, and so impose condition (2.9) requiring that there be a uniquesuch derivative. Condition (2.10) requires that s be l(h)-free. (We note that the definitionof h-consistency is the same as that in [LL2], but differs from the definition in [LL1].)(2.10) implies (2.7), but it is convenient to require both, before the implication is apparent.For h ˛ Tk, we say that s ˛ Tk+1 is h-consistent if the following conditions hold:(2.7) upr(s) ˝ lr(h) for all r ˛ [k+1,n].(2.8) If s � l(h), then for all n � h, if up(n) = s and dim(s) > k, then n has finite outcome along h.(2.9)For all n � h, if dim(s) £˚k then up(n) „ s.(2.10)s is l(h)-free.Step 4: Assignment of Derivatives. Let h ˛ Tk be given such thatrequirements have been assigned to all predecessors of h, but not to h. We want to assigna requirement (or subrequirement) to h. The requirement chosen will either be one whichdoes not have any derivatives along h, or one assigned to some h-consistent node of Tk forsome k. Requirements are assigned in blocks. (Blocks on T0 are the counterpart of stagesin the usual approach to priority constructions; the node which begins a block is thecounterpart of a stage, and the remaining nodes within the block play the role of substagesof that stage.) If k = n and Ri is the highest priority requirement which has not yet beenassigned to a node � h, then we assign the first node of the module for Ri to h, and thesecond node of the module for Ri, if it exists, to every x � h such that x- = h and h hasinfinite outcome along x. The h-block of T2 consists of the nodes of T2 to which therequirement Ri has just been assigned. (Thus if the basic module for Ri has a single node,then the h-block is {h}.) If z � h, then a z-path through the h-block is completed at d ifd � z, d is in the h-block, and there is no g such that d � g ˝ z and g is in the h-block.Suppose that k < n. A Æ æ-block on Tk is begun at Æ æ. A s-path through the n-block is completed at d ˛ Tk if n ˝ d � s, no g such that n ˝ g � d completes a s-paththrough the n-block, up(d) completes a l(s)-path through a block of Tk+1 and d is an initial8 derivative of up(d). k is in the n-block if n ˝ k and we have not completed a k-paththrough the n-block at any d � k. If no such n exists, then we begin a k-block at k, andplace k in the k-block. Fix n such that h is in the n-block. There are two substeps to consider.Substep 4.1: If either h� = Æ æ, h� = n, or h is switching, set r = Æ æ. In this case,we start an h-subblock. Otherwise, fix r ˝ l(h) such that r- = up(h-). (By inductionusing (2.7), up(h-) ˝ l(h-) and h provides an outcome for a derivative of up(h-); hence by(2.7), up(h-) � l(h) so such a r� must exist.) Search for an h-consistent sk+1 ˛ Tk+1 ofshortest possible length such that r ˝ sk+1. (We note that for any j ‡ k, any lj(h�)-link[mj,pj] satisfies pj � lj(h�), so l(h) is l(h)-free. Furthermore, (2.7) for k will followfrom (2.7) for k+1. It thus follows that l(h) is h-consistent, so sk+1 must exist.) Let Ribe the requirement assigned to sk+1. We assign Ri to h, and designate h as a derivative ofsk+1. If k = 0, or if k = 1, x- = h and h has finite outcome along x, then Step 4 for h iscomplete and we begin Step 4 for x next. Otherwise, we go to Substep 4.2 below for x. Substep 4.2: (The role of this substep is to protect one of the computationsFe(Ai;x) = X(fl;x), when the computation Fe(Aj;x) for j = 1-i has been destroyed. Thedanger is that there is no node along x to which x is assigned and which checks if Fe(A0;x)= Fe(A1;x); so we specify such a node. This prevents a node of T2 which predicts thatFe(A0;x) = Fe(A1;x) and which might destroy the computation Fe(Ai;x) = X(fl;x) frombeing consistent until we have recovered a new computation yielding Fe(Aj;x) = X(fl;x).This substep has no counterpart in [LL2].) We iterate this substep, beginning at x ˛ T1and assigning requirements to g ˚ x, until either we fail to find r below, or we reach g � xsuch that g- has infinite outcome along g. When we decide, at g, that this substep will nolonger be followed, we return to the beginning of Step 4 for g. Suppose that either g = x orthat g- has finite outcome along g. We search for the shortest x-consistent r ˛ T2 of type 1such that r has a derivative along h and |{m � g: up(m) = r}| < wt(x). If such a r exists,then the requirement assigned to m is the requirement which has previously been assignedto this r.Suppose that we have just assigned a requirement R to h ˛ Tk. Let h be aderivative of sk+1 ˛ Tk+1. Then we set up(h) = sk+1 and assign a type and dimension to hin the same way as these were assigned to R. The derivative operation can be iterated; thusfor every z such that sk+1 is a derivative of z, we call h a derivative of z. h is also a9 derivative of h. If r > k, z ˛˚Tr, and h is a derivative of z then we write upr(h) = z. Ifthere is no x � h such that up(x) = sk+1, then for all n ˚ h, we call h the initial derivativeof sk+1 along n, and if, in addition, sk+1 is the initial derivative of z along sk+1, then his the initial derivative of z along any n ˚ h. z is an antiderivative of x if x is aderivative of z.If Lk is a path through Tk, then we let l(Lk) = lims{l(Lk|s)}, and define Lk+1 =l(Lk). (We will show in Lemma 3.2 that if lh(Lk) = ¥, then lh(Lk+1) = ¥.) For Lk ˛[Tk], [mk,pk] is a primary Lk-link if there is a xk � Lk such that [mk,pk] is a primary xk-link. [mk,pk] is a Lk-link if it is derived from a primary Lj-link for some j ‡ k. Thenotions of x is Lk-restrained, and x is Lk-free are now defined as in Step 2, with Lk inplace of h. nSuppose that k < n, s � t ˛ Tk, and l(s) „ l(t). By (2.5), out(l(s)) ˝ s andout(l(t)) ˝ t, so by (2.4) and (2.5) and as s � t, out(l(s)) ˝ s � out(l(t)) ˝ t. By(2.4) and (2.5), for all k ˝ l(s), out(k) ˝ out(l(s)) � out(l(t)). It now follows from(2.3) that:(2.11)For all k < n and s,t ˛ Tk, if s � t then wt(l(s)) £ wt(l(t)).Our first lemma will tell us that if L0 ˛ [T0] is infinite, then L1 and L2 are alsoinfinite. It also provides information on the value of l on initial and principal derivatives.Lemma 2.1: Fix k ˛ [0,n) and a path Lk ˛ [Tk]. Then:(i)If s � l(Lk), then s has an initial derivative n along Lk and l(n)˚= s.(ii)If s � l(Lk), then there is a p ˝ Lk such that p- is the principal derivative of s along Lk, l(p)-=˚s, and for all h ˝ Lk, l(p) ˝ l(h) iff p ˝ h. (iii)If s � t � l(r) ˝ l(Lk), m (n, resp.) is the initial derivative of s (t, resp.) along r, and p (d, resp.) is the principal derivative of s (t, resp.) along r, then m ˝ p � n ˝ d.(iv)If lh(Lk) = ¥, then for any d-block such that d � Lk, there is a x � Lk such that x� completes a path through the d-block.(v)If lh(Lk) = ¥, then Lk+1 = l(Lk) = lim{l(h): h � Lk} exists and lh(Lk+1) = ¥.Proof: We proceed by induction on n-k.10

(i): By (2.4) and as s � l(Lk), s must have a derivative along Lk. Hence if n� isthe shortest derivative of s� along Lk, then n is the initial derivative of s� along Lk. By(2.7), l(n) ˚ s. As no derivative of s has an outcome along n, it follows from (2.4) that,l(n) = s.(ii): If dim(s) £ k, then by (2.9), the initial derivative n of s along Lk is theprincipal derivative of s along Lk. (ii) follows in this case from (i), and as by (2.4) and(2.7), no t � s can have a derivative m � n. Suppose that dim(s) > k. By (i), let n be the initial derivative of s along Lk. Ifthere is no p � Lk such that up(p-) = s and p- has infinite outcome along p, then it followsas in the case for dim(s) £ k that n is the principal derivative of s along Lk. Otherwise, fixthe shortest such p. We note that p- is the principal derivative of s along Lk. By (2.4),induction, (2.7) and (2.6), l(p)˚= s^Æpæ ˝ Lk+1, and if h � Lk then l(h)˚˚ s^Æpæ iff h˚ p. (iii): It follows easily from (2.4) that m ˝ p and n ˝ d. By (i), l(n) = t � s =l(m). By (2.4) and (2.5), if g ˝ l(r) and g- = s, then (out(g))- = p and out(g) ˝ n. Hencep � n.(iv),(v): It follows easily from (2.7) that Lk+1 = l(Lk) = lim{l(h): h � Lk}exists. First suppose that lh(Lk+1) = ¥. By (iv) inductively, there are infinitely manyblocks along Lk+1 (note that this is immediate for k = n), so there are infinitely many t �Lk+1 such that t� completes a Lk+1-path through a block. By (i), each such t has an initialderivative along Lk. Hence by Step 4, there are infinitely many x � Lk which completeLk-paths through blocks, and (iv) and (v) hold in this case.Now suppose that lh(Lk+1) < ¥ in order to obtain a contradiction. Then by (2.4),there is a d � Lk such that for all n satisfying d ˝ n � Lk, l(n) = Lk+1. If d ˝ n � Lk andn completes a path through a block, then n must be an initial derivative of some node ˝Lk+1. As this is possible only finitely often and lh(Lk) = ¥, we can assume without lossof generality that there is no n such that d ˝ n � Lk and n completes a path through anyblock. By (2.4), (2.6) and Step 4, if d ˝ n � g � Lk then n is nonswitching, so up(n) ˝up(g) � Lk+1. Furthermore if we fix x as in Substep 4.2, then for any g in the same blockas d, |{n: $g(d ˝ n � g � Lk & up(n) = up(g))}| < wt(x). But this is impossible if lh(Lk+1)< ¥ and lh(Lk) = ¥. n11

From now on, whenever we write Lk ˛ [Tk], we assume that there is a L0 ˛ [T0]such that Lk = lk(L0). Similarly, if we write h ˛ Tk, we assume that h � Lk for some Lk˛ [Tk]. If this is not the case, then h and Lk are irrelevant to our construction.Our next lemma provides sufficiently many free derivatives of nodes on the truepath so that the construction can act to satisfy all requirements. We first note an importantfact, whose proof we leave to the reader.(2.12)Fix k £ n, Lk ˛ [Tk], and m � n � h such that upj(h) ˝ lj(h) for all j such that k £ j £ n. Then [m,n] is a Lk-link iff [m,n] is an h-link.Lemma 2.2: Fix k < 2 and Lk ˛ [Tk] such that lh(Lk) = ¥, and for all r ˛ [k,2], let Lr =lr(Lk). Suppose that s � Lk+1 is Lk+1-free. Then:(i)If p � Lk is the principal derivative of s along Lk, then p is Lk-free.(ii)If s has infinite outcome along Lk+1 and dim(s) > k, then there are infinitely many Lk-free derivatives of s.Proof: (i): First suppose that [m,n] is a primary Lk-link which restrains p in orderto obtain a contradiction. As m� is not the principal derivative of up(m) along Lk, m „ p. Som � p � n, up(m) = up(n), and n has infinite outcome along Lk. By (2.7), up(m) ˝l(m),l(n) and up(p) ˝ l(p). As m � p � n, it follows from (2.6) that up(m) ˝ l(p).Hence by Lemma 2.1(iii), up(m) � up(p) = s. Now if x � Lk and x- = n, then x switchesup(m), so by (2.6) s �/ Lk contrary to hypothesis. Suppose that [m,n] restrains p and is derived from a Lj-link for some j > k in orderto obtain a contradiction. Since there are no links on T2, all links on T1 are primary links sok „ 1. Thus k = 0 and [up(m),up(n)] is a primary L1-link. By (2.6), up(m) = up(n) andup(p) are comparable. So by Lemma 2.1(iii), up(m) � up(p) � up(n), a contradiction. (ii): We note by (i) that if z � Ln, then for all j such that k £ j £ n, the principalderivative zj of z along Lj is Lj-free. As lh(Lk) = ¥, it follows inductively from Lemma2.1(v) that lh(Lj) = ¥ for all j such that k £ j £ n. Hence there are infinitely many z � Lnsuch that zj extends upj(s) for all j such that k £ j £ n. Fix such a z. If suffices to showthat s has a free derivative along Lk which extends zk.By (2.4), if we fix gk � Lk such that (gk)- = zk, then gk is Lk-true. Hence by(2.12), for all j such that k £ j £ n and dj ˝ lj(gk), dj is Lj-free iff dj is lj(gk)-free. In12 particular, s is l(gk)-free. It is routine to verify that every Lk-free node is Lk-true. (Forby contradiction, if we were to fix the least j > k such that the Lk-free node t satisfiesupj(t) �/ Lj, then upj-1(t) would be restrained by a primary Lj-link, and the Lk-link derivedfrom this Lj-link would restrain t.) It thus follows by hypothesis that s is gk-consistent.Furthermore, either gk is switching, or (gk)- is the initial derivative of z along Lk. In eithercase, we set r = Æ æ at the beginning of Subtep 4.1, just prior to assigning a requirement togk. As s � l(gk) � Lk+1, it follows from (2.4) and (2.6) that we will take nonswitchingextensions in Step 4, beginning at gk, and reach a node bk at which s is the shortest nodeeligible to determine a derivative along Lk. We note that no new links are formed whennonswitching extensions are taken, and that, as s � l(gk), it will be the case that l(bk) =l(gk), and so, that s is bk-free and bk-consistent. By Step 4, we define up(bk) = s, andbk will be Lk-true and Lk-free. Hence by (2.12), bk will be a Lk-free derivative of s. n We can now show that the construction will have to deal with all requirements.Lemma 2.3: Fix L0 ˛ T0, and let L2 = l2(L0). Then the requirement Ri is assigned tosome node s � L2.Proof: Each block along L2 consists of a single module. The lemma now followsfrom Lemma 2.1(ii), as there are infinitely many blocks along L2, and Substep 4.3. nWe note that, with the exception of Lemma 2.1(i), the lemmas of this section can beproved under very general assumptions, and that this is done in [LL2]. Hence much ofwhat is proved in this section can be obtained from a general framework, and need not berepeated for each construction.3. The Construction and Proof for a Minimal Pair. Our construction will definean infinite recursive L0 ˛ [T0], and for k £ 1, we will set Lk+1 = l(Lk). For i £ 1, weconstruct partial recursive functionals which are total on oracle Ai such that for all e, thereis an x such that Fe(fl;x) „ Di(Ai;x). And for all s ˛ T2 such that s has type (1,1), weconstruct a partial recursive functional Xs such that for the e mentioned in the requirementassigned to s, if Fe(A0) = Fe(A1) is total and s � L2, then Xs(fl) is total and for all x,Fe(A0;x) = Xs(fl;x).13

Definition 3.1: Given h � L0, the action taken by the construction at h will depend onthe truth or falsity of a sentence Mh associated with h. If h has type 0 and is working onthe requirement F e(fl) „ D i(Ai), then Mh will be the quantifier-free sentenceFe,wt(h)(fl;wt(up(h)))fl = 0 with use £ wt(h)+1. Suppose that h has type (1,0) or (1,1),and |t � up(h): up(t) = up2(h)| = x. If h has type (1,0), then Mh is the quantifier-freesentence Fe,wt(h)(A0wt(h);x)fl and Fe,wt(h)(A1wt(h);x)fl with uses £ wt(h)+1. And if h hastype (1,1), then Mh is the quantifier-free sentence Fe,wt(h)(A0wt(h);x)fl = Fe,wt(h)(A1wt(h);x)flwith uses £ wt(h)+1.The Construction: We begin by specifying that Æ˚˚æ � L0. No axioms Di,0(Ai0;x) orXs,0(fl;x) are declared, and Ai0 = fl for all i £ 1. (We assume, without loss of generality,that wt(Æ˚˚æ) = 0.)Suppose that we have specified that h � L0, and are ready to determine theimmediate successor of h along L0. We specify that x = h^Æ0æ � L0 if Mh is false, andthat x = h^Æ¥æ � L0 if Mh is true, and proceed by cases, depending on the type of h.Ajwt(x) = Ajwt(h) for j ˛ {0,1} and no new axioms are declared, unless we specify otherwisebelow. Also, the axioms declared below are declared only if they are consistent withpreviously declared axioms. (We will show later that this is always the case.)Case 1: h has type 0. If h is working on the requirement Fe(fl) „ Di(Ai) and Mhis false, define Di,wt(x)(Aiwt(x);wt(up(h))) = 0 with use wt(up(h))+1. If Mh is true, setAiwt(x) = Aiwt(h)¨{wt(up(h))} if h is not the initial derivative of up(h) along x�, and set Aiwt(x)= Aiwt(h) if h is the initial derivative of up(h ) along x� . In both cases, defineDi,wt(x)(Aiwt(x);wt(up(h))) = 1 with use wt(up(h))+1.Case 2: h has type (1,0). No action is taken.Case 3: h has type (1,1). If Mh is false, then no action is taken. If Mh is true,then Fe,wt(h)(A0wt(h);x)fl = Fe,wt(h)(A1wt(h);x)fl = y for the x associated with Mh and some y.We declare the axiom Xup2(h),wt(x)(fl;x) = y with use 1.For all x and i such that no axiom Di(Ai;x) = m has been declared above for any m,we set Di(Ai;x) = 0. (This will cause Di(Ai) to be total. We will show in Lemma 3.1 that14

Di(Ai) is recursive in Ai.) And for all x and s ˛ T2 such that no axiom Xs(fl;x) = m hasbeen declared above for any m, we set Xs(fl;x) = 0. nWe now show that the functionals defined above are partial recursive. As newaxioms are declared only when they are consistent with previously declared axioms, thesefunctionals are well-defined.Lemma 3.1 (Recursiveness Lemma): (i) For all i £ 1, Di(Ai) is a well-defined totalfunction which is recursive in Ai.(ii) For all t � L2 of type (1,1) such that t has infinite outcome along L2, Xt(fl) isa total recursive function.Proof: (i): Fix i £ 1. By the last paragraph of the construction, Di(Ai) is total.(When we write Di,s(Ais;x)› below in this proof, our intent is to have this mean that noaxiom defined in Step 1 forces a convergent computation; we ignore the axioms specified atthe end of the construction.) Let S = {x: Di(Ai;x) is not defined by Case 1 of theconstruction}. Fix x. We claim that x ˛ S iff there is an h � L0 such thatDi,wt(h)(Aiwt(h);x)›, wt(l(h)) > x and there do not exist e and x ˝ h such that up(x) �l(h), wt(up(x)) = x, x has type 0, and the requirement Fe(fl) „ Di(Ai) is assigned to x.Thus S is r.e., so we can define a partial recursive functional D such that D(Ai) = Di(Ai). To see the claim, first suppose that x ˛/ S. Then x = wt(r) for some r ˛ T1. Sincex ˛/ S, an axiom Di,wt(x)(Aiwt(x);x) = m must be defined by Case 1 when x � L0 and m = x-is the initial derivative of r along L0, and this axiom will have use wt(r)+1. By (2.2), x =wt(r) = wt(l(out(r))) > wt(out(r)). A new axiom can be defined by Case 1 at most oncemore, at d where p = d- is the principal derivative of r along L0. If this happens, itfollows from (2.6) that r ˝ l(n) for all n such that out(r) ˝ n ˝ p. Now only elements ofthe form wt(l(n)) can be placed in sets at such n, and by (2.1), wt(l(n)) > wt(r), so theaxiom defined at x is not injured before d. If a new axiom is defined at d, then we setDi,wt(d)(Aiwt(d);x) = 1 in Step 1, and this axiom will have use wt(r)+1. If this axiom (or theaxiom defined at x if d does not exist) is destroyed at g, then no axiom for x is everredefined in Case 1, so x ˛ S, contrary to assumption. So no h as above can exist.Now suppose that x ˛ S. By (2.1)-(2.3), we can recursively determine whether x= wt(r) for some r ˛ T1. If not, then any h � L0 such that wt(l(h)) > x will have thedesired properties, and by Lemma 2.1(v), such an h must exist. Suppose that r exists. Wecan recursively determine whether r has a derivative along L0. For by (2.1) and Lemma15

2.1, we can find g � L0 such that wt(l(g)) > wt(r�), and by (2.11) and Lemma 2.1, r hasa derivative along L0 iff r has a derivative along g. If no such g exists, then any h � L0such that wt(l(h)) > x will have the desired properties, and by Lemma 2.1(v), such an hmust exist. Suppose that g exists. Let m be the initial derivative of r along L0.An axiom Di(Ai;x) = m defined during Case 1 must be defined at m, and this axiomwill have use wt(r)+1. Furthermore, if Di,wt(n)(Aiwt(n);x)› at any n such that m ˝ n � L0,then for the least such n, wt(up(n-)) £ wt(r). By (2.1), (2.11), and as up(n-) „ r elseDi,wt(n)(Aiwt(n);x)fl by Step 1, it follows that up(n-) � r. Hence r �/ l(n), so by (2.3) andCase 1, Di,wt(d)(Aiwt(d);x)› for all d such that n ˝ d � L0. As the use of any axiomdeclared for x is bounded by wt(r)+1 and Di(Ai;x) is not defined in Case 1, an h with thedesired properties must exist.(ii): As t has infinite outcome along L2, it follows from Lemma 2.2 that t hasinfinitely many derivatives along L1. If x is such a derivative, |{n � x: up(n) = t} = x, andp is the principal derivative of x along L0, then Case 3 defines an axiom Xt,wt(p)(fl,x) = mfor some m. nWe now show that all requirements are satisfied. We begin with the requirementsof type 0.Lemma 3.2: For all e and all i £ 1, Fe(fl) „ Di(Ai). Proof: Fix j such that Rj is the requirement Fe(fl) „ Di(Ai). By Lemma 2.3, Rj isassigned to a unique s � L2. By (2.9) and Lemma 2.2, there is a unique n � L1 such thatup(n) = s, and n is L1-free. First suppose that n has infinite outcome along L1. By Lemma 2.1(v) and Lemma2.2(ii), n has infinitely many derivatives along L0, each having finite outcome along L0.By the construction, Fe,wt(h)(fl,wt(n))› or Fe,wt(h)(fl;wt(n))fl „ 0 for each such derivativeh. Fix d � L0 such that m = d- is the initial derivative of n along L0. By Case 1, an axiomDi,wt(d)(Aiwt(d);wt(n)) = 0 will be defined in Case 1 with use wt(n)+1. As n � L�1 and m isthe principal derivative of n along L0, it follows from (2.6) that only elements wt(s) for s� n will be placed into sets at any g � m such that g � L0. By (2.1), for any such s, wt(s)> wt(n). Hence Fe(fl;wt(n)) „ 0 = Di(Ai;wt(n)).On the other hand, suppose that n has finite outcome x along L1. Let h = x-. Thenup(h) = n and h is the principal derivative of n along L0. As in the preceding paragraph,16

Fe,wt(h)(fl;wt(n))fl = 0 with use wt(n)+1, and we place wt(n) ˛ Aiwt(x)-Aiwt(h). As anyaxiom Di,wt(h)(Aiwt(h); w t ( n )) = m has use wt(n )+1, we consistently redefineDi,wt(x)(Aiwt(x);wt(n)) = 1 with use u = wt(n)+1. As n � L1, it follows from (2.6) that thereis no d � h such that d � L0, up(d) � n, and d has infinite outcome along L0. By (2.1)and the construction, Aiwt(h)|u = Ai|u, so Di(Ai;wt(n)) = 1. Hence the lemma follows. nLemma 3.3: Let Rj be the requirement which asserts that if Fe(A0) = Fe(A1) is total,then there is a recursive function X such that Fe(A0) = X(fl). Then Rj is satisfied.Proof: By Lemma 2.3, Rj is assigned to a unique s � L2 of type (1,0). ByLemma 2.2, s has a principal derivative s1 � L1, and s1 is free. First suppose that s1 has infinite outcome along L1. Let s1 be associated withargument x (so there are x derivatives of s which are � s1). By Lemma 2.1(v) andLemma 2.2, s1 has infinitely many derivatives along L0, and all have finite outcome alongL0. By the construction, there are infinitely many s such that either Fe,s(A0s,x)› orFe,s(A1s,x)›. Thus either Fe(A0;x)› or Fe(A1;x)›, so Rj is satisfied.Suppose that s1 has finite outcome along L1, and fix d1 � L1 such that (d1)- = s1.Then t2 = s^Æd1æ is the immediate successor of s along L2, t2 and s are part of the samemodule, and t2 has type (1,1). There are two cases to consider, depending on theoutcomes we see for t2 during the course of the construction.Case 1: There is a x0 � L0 such that if x1 = l(x0) and t1 = (x1)-, then up(t1) = t2and t1 has infinite outcome along x1. Let t1 be associated with argument x (so there are xderivatives of t2 which are � t1). This case corresponds to finding a disagreement at x,since(t1)- will also be assigned the argument x, will be part of the same module as t1, andsince the case assumption implies that all derivatives of s have finite outcome along t1,Fe,s(A0s,x)fl and Fe,s(A1s,x)fl for s = wt((out(t1)-). We first show that x1 � L1. Forsuppose not in order to obtain a contradiction, and fix the shortest n0 such that x0 � n0 �L0, m1 = up((n0)-) � x1, and n0 switches m1. Let t1 be the initial derivative of t2 along x1.We note that if t1 „ t1, then [t1,t1] is a primary n0-link. By (2.10), it must be the case thateither m1 = t1 or m1 � t1. We compare the locations of m2 = up(m1) and t2 on T2.By Lemma 2.1(iii) and (2.7), m2 �/ t2. Suppose that m2 � t2. As n0 switches m1,it follows from the construction that m1 has infinite outcome along x1. Thus if n1 ˝ x1 and(n1)- = m1, then m2^Æn1æ ˝ t2. As n1 ˝/ l(n0), it follows from (2.6) that n1 ˝/ L1. But17 then by (2.4), t2 �/ L2, a contradiction.Suppose, next, that m2|t2. Let r2 = m2�t2, and let r1 be the principal derivative ofr2 along t1. By Lemma 2.1(iii), r1 � t1. Hence by the minimality of the choice of n0,r1 is the principal derivative of r2 along l((n0)-). But then m2 ˝/ l2((n0)-), contradicting(2.7).It remains to consider the case where m2 = t2. By (2.8), n0 must switch t1, so t1 =m1. Let h be the initial derivative of t1 along L0, fix h � L0 such that (h)- = h, and notethat, by Lemma 2.1(iii) and (2.4), l(h) = x1. By the construction, Fe,wt(h)(A0wt(h),x)fl „Fe,wt(h)(A1wt(h),x)fl, and the uses of these computations are £ wt(h)+1. By (2.6) and theconstruction, all elements placed into A0 or A1 at nodes g such that h � g � n0 are of theform wt(up(g-)) with up(g-) ˚ x1. Furthermore, we have shown that l(h) = t1 � x1 =l(h). Hence by (2.1) and (2.2), wt(h) < wt(h) < wt(l(h)) = wt(x1) £ wt(up(g-)). Hence if b = (n0)-, then for i £ 1, Fe,wt(b)(Aiwt(b),x)fl = Fe,wt(h)(Aiwt(h),x) with use £wt(h)+1. By the construction, n0 is nonswitching, contrary to assumption.We conclude that t2^Æx1æ � L2. It follows as in the preceding paragraph thatFe(A0;x) = Fe,wt(h)(A0wt(h),x) „ Fe,wt(h)(A1wt(h),x) = Fe(A1;x), so Rj is satisfied.Case 2: Otherwise. (In this case, a disagreement is never found.) Then for all x0� L0 such that up2((x0)-) = t2, up((x0)-) has finite outcome along l(x0). Fix x, and fix t1� L1 such that up(t1) = t2 and the argument x is assigned to t1. Let h be the initialderivative of t1 along L0, and fix g � L0 such that g - = h. If Xs,wt(h)(x)›, then we defineXs,wt(g)(x) = Fe,wt(h)(A0wt(h),x) = Fe,wt(h)(A1wt(h),x), and note that, as t1 � L1, all elementsentering A0 or A1 at any g such that h ˝ g � L0 are of the form wt(k�) for some k � t1. Asin the preceding case, we see that for all such t1, wt(t1) > wt(h). As the use of thecomputations Fe,wt(h)(Aiwt(h),x) is £ wt(h)+1 for i £ 1, it follows that Fe(A0,x) = Fe,wt(h)(A0wt(h),x) = Fe,wt(h)(A1wt(h),x) = Fe(A1,x). Hence Rj is satisfied in this case.Suppose that Xs,wt(h)(x)fl. Fix the shortest x ˝ h such that Xs,wt(x)(x)fl. We showthat for all m such that x � m ˝ h, there is an i £ 1 such that 18

(3.1)Fe,wt(m)(Aiwt(m),x)fl = Fe,wt(m-)(Aiwt(m-),x)fl = Xs(x), and Aiwt(m)|wt(m-)+1 = Aiwt(m-)|wt(m-)+1,i.e., one of the computations converges to the original value. It will then follow that Xs(x)= Xs,wt(x)(x) = Fe,wt(h)(Aiwt(h),x), and the satisfaction of Rj will follow as in the precedingparagraph.We conclude the proof of the lemma by verifying (3.1) by induction on lh(m). Bythe construction, up2(x) = t2. We compare the locations of m2 = up2(m-) and t2 on T2. Letm1 = up(m-) and x1 = up(x).Subcase 2.1: m2|t2. Let r2 = m2�t2, and fix b1 such that r2^Æb1æ ˝ t2. By(2.4), b1 � L1. First assume that (b1)- has infinite outcome along b1. By (2.7), Lemma2.1, and as up2(x) = t2, b1 ˝ up(x) ˝ l(x) and b1 ˝ up(h) ˝ l(h). Hence by (2.6), b1˝ l(m). If m is nonswitching, then (3.1) follows. If m is switching, then by (2.6), m1 ˚b1. But then by (2.4) and as r2 � m2, r2^Æb1æ ˝ m2, contradicting the definition of r2.Suppose that (b1)- has finite outcome along b1. As m2|t2, there must be a b1 ˝ m1such that up((b1)-) = r2 and(b1)- has infinite outcome along b1; so if b = out(b1), then by(2.5), b1 = l(b). By (2.4) and as x � m and b1 ˝ m1, x � b ˝ m. As up2(b -) = r2 „ m2= up2(m -), b � m. Hence by (3.1) inductively, Fe,wt(b)(Aiwt(b),x)fl = Fe,wt(b-)(Aiwt(b-),x)fl= Xs(x), and Aiwt(b)|wt(b -)+1 = Aiwt(b-)|wt(b -)+1 for some i £ 1, which we fix. As b1 ˝m1, it follows from (2.6) that any element entering A0 or A1 at any node g such that b � g˝ m is of the form wt(up(g -)) with up(g -) ˚ b1. Thus by (2.1) and (2.2), wt(up(g -)) ‡wt(b1) = wt(l(b)) > wt(b) > wt(b -), so Fe,wt(m)(Aiwt(m),x)fl = Fe,wt(m-)(Aiwt(m-),x)fl = Fe,wt(b-)(Aiwt(b-),x)fl = Xs(x), and Aiwt(m)|wt(b -)+1 = Aiwt(m-)|wt(b -)+1 = Aiwt(b-)|wt(b -)+1. As the computation Fe,wt(b-)(Aiwt(b-),x)fl has use £ wt(b -)+1, (3.1) follows.19

Subcase 2.2: m2 � t2. Let m2^Æm1æ ˝ t2. First suppose that (m1)- has infiniteoutcome along m1. By (2.4) and (2.8), m1 ˝ x1,L1, and there is no m1 � m1 such thatup(m1) = m2. By (2.6) and (2.4), m is nonswitching, so no elements are placed in any setat node m. Hence (3.1) follows by induction in this case.Now suppose that (m1)- has finite outcome along m1. Then m2 has infinite outcomealong t2, so by (2.4), all derivatives of m2 along x1 have finite outcome along x1. Hence ifm switches m1 (which we assume else (3.1) follows by induction), then m1 ˝/ x1. Let m bethe initial derivative of m1 along L0. Then x � m � m. Hence inductively by (3.1),Fe,wt(m)(Aiwt(m),x)fl = Xs(x) with use £ wt(m)+1 for some i £ 1, which we fix. Now by(2.6), any element entering A0 or A1 at any node g such that m � g ˝ m is of the formwt(up(g -)) with up(g -) ˚ m1. Thus by (2.1), (2.2), and Lemma 2.1, wt(up(g -)) ‡ wt(m1) = wt(l(m)) > wt(m), so Aiwt(m)|wt(m)+1 = Aiwt(m-)|wt(m)+1 = Aiwt(m-)|wt(m)+1. As the computation Fe,wt(m)(Aiwt(m),x)fl has use £ wt(m)+1, Fe,wt(m)(Aiwt(m),x)fl = Fe,wt(m-)(Aiwt(m-),x)fl = Fe,wt(m)(Aiwt(m),x)fl = Xs(x), and (3.1) follows.Subcase 2.3: m2 = t2. Then m- has type 1, so no elements enter any set at m.(3.1) now follows by induction.Subcase 2.4: m2 � t2. Fix a1 � L0 such that t2^Æa1æ ˝ m2. t2 cannot havefinite outcome along m2, else by (2.4), some derivative of t2 would have infinite outcomealong l(m -) and Case 1 would have been followed. Hence t2 has infinite outcome alongm2. By (2.4), all derivatives of t2 along l(m -) have finite outcome along l(m -). As m2 �t2 and there are no links on T2, t2 is l2(m -)-free, so l(m -)-consistent. By (2.11) andSubstep 4.2 of Section 2 and as the conditions for Case 1 do not hold, there will be at least(x+1)-many derivatives of t2 along l(m -), so there will be such a derivative g1 which hasthe responsibility for argument x, and by the above, g1 has finite outcome along l(m -).20

Hence if d ˝ m - and g = d- is the principal derivative of g1 along m -, thenFe,wt(g)(A0wt(g),x)fl = Fe,wt(g)(A1wt(g),x)fl = Xs(x) with use £ wt(g). By Lemma 2.1 and(2.6), l(d)- = g1 „ l(d), l(d) ˝ l(b) for all b such that g � b ˝ m -, and any elemententering A0 or A1 at any b such that g ˝ b ˝ m - is of the form wt(up(b)) with l(d) ˝up(b) ˝ l(b). By (2.1) and (2.2), wt(up(b)) ‡ wt(l(d)) > wt(d) > wt(g). HenceFe,wt(m-)(A0wt(m-),x)fl = Fe,wt(m-)(A1wt(m-),x)fl = Xs(x) with use £ wt(g). At node m, anelement is placed into Ai for at most one i £ 1. Hence by induction, (3.1) must continue tohold for the other value of i. nThe above lemmas easily yield the following theorem of Lachlan [L] and Yates [Y].Theorem 3.4 (Minimal Pair): There exist nonrecursive r.e. degrees a and b such thata�b = 0. n4. A Minimal Pair with Non-Low Jumps. In this section, we indicate how to addrequirements to construct a minimal pair of r.e. degrees with non-low jumps. Theserequirements will be needed in Section 5, where we construct a minimal pair of r.e. degreeswhose jumps form a minimal pair over 0’.We note that the type 0 requirements will then beautomatically satisfied, and we can either remove them, or choose to leave them in. Inorder to minimize modifications, we choose to have them remain.The Requirements: We add to our previous list of requirements the requirementsRe,i0,2 stating that Ai’ „ Fe(fl’) for all e ˛ N and i £ 1. Each such requirement is said to havetype 0 and dimension 2. The Basic Module: Non-lowness requirements. We satisfy the requirementRe,i0,2 by constructing a partial recursive functional Di of two variables which is total onoracle Ai such that for some x, if |{u: Fe(fl;u,x)fl = 0}| = ¥ then limvDi(Ai;v,x) = 1, if |{u:Fe(fl;u,x)fl = 0}| < ¥ then limuDi(Ai;u,x) = 0, and such that for all x, limuDi(Ai;u,x)fl.Each such requirement assigned to a node s of T2 will be associated with some x. Thenodes n of T1 derived from s will be associated with a lower bound wt(n) on u, and thenodes h of T0 derived from s will be associated with a stage s = wt(h) as well, which willprovide an upper bound on u. Given x and a node h ˛ T0 working on the requirement forthese parameters, we declare an axiom Di,s(Ais;v,x) = 0 with use u = wt(up(h))+1 for all v21

£ wt(h) for which no current axiom exists, whenever there is no u such that u £ u £ wt(h)and Fe,s(fl;u,x)fl = 0. If there is such a u, then we place wt(up(h)) ˛ Ai, and redefineDi,s(Ais;v,x) = 1 with use wt(up(h))+1 for all v £ wt(h) for which no current axiom exists.There are two possible types of outcomes. If, during the construction, there are onlyfinitely many u such that Fe,t(fl;u,x)fl = 0, then D(Ai;v,x) = 0 for cofinitely many v, andeither limuFe(fl;u,x)›, or limuFe(fl;u,x)fl „ 0. This outcome will be called the finiteoutcome on T0 and gives rise to an infinite outcome on T1 and a finite outcome on T2. Ifwe see infinitely many such u, then we place numbers into Ai whenever such u arediscovered, allowing us to reset D i(Ai;v,x) = 1 for cofinitely many v. Thus iflimuFe(fl;u,x)fl, then limuFe(fl;u,x) = 0 „ 1 = limvDi(Ai;v,x). This outcome will be calledthe infinite outcome on T0 and gives rise to a finite outcome on T1 and an infiniteoutcome on T2. nWe note that no changes need to be made in Section 2. Several additions need to bemade for the construction for the requirement Re,i0,2. If h is a node of T0 assigned to such arequirement, n = up(h), and s = up(n), then Mh is the sentence $u£wt(h)(u ‡ wt(n) &Fe,wt(h)(fl;u,wt(s))fl = 0). A new case must also be added to the construction to handlethese requirements.Construction, Case 4: h is associated with the requirement Re,i0,2. Let n =up(h) and s = up(n). Let x be chosen as in Section 3, depending on the truth of Mh. IfMh is false, set Di,wt(x)(Aiwt(x);v,wt(s)) = 0 with use wt(n)+1 for all v £ wt(h) such thatDi,wt(h)(Aiwt(h);v,wt(s))›. If Mh is true, place wt(n) ˛ Aiwt(x) if h is not the initialderivative of up(h) along x, and define Di,wt(x)(Aiwt(x);v,wt(s)) = 1 with use wt(n)+1 for allv £ wt(h) such that either Di,wt(h)(Aiwt(h);v,wt(s))›, or Di,wt(h)(Aiwt(h);v,wt(s))fl with use ‡wt(n)+1.At the end of each step of the construction, no matter which requirement h isworking on, we define some new axioms as follows. For all r � l(h) which is associatedwith the requirement Re,i0,2, and for which there is a v £ wt(h ) such thatDi,wt(x)(Aiwt(x);v,wt(up(r))) has not yet been defined, we define an axiom with value mdetermined as follows. We assume, without loss of generality, that r is the longestderivative of up(r) along l(h). We set m = 0 if r has infinite outcome along l(h), and m= 1 otherwise. The use of this axiom is wt(r)+1. n22

We need an additional case for the Recursiveness Lemma.Lemma 4.1 (Recursiveness Lemma): For all i £ 1, Di(Ai) is total and recursive in Ai.Proof: Recall that, since we still follow the end of the construction in Section 3,we define Di(Ai;v,x) = 0 for all v and x for which no value is assigned by the construction,so Di(Ai) is total. Thus we must recursively enumerate those Æv,xæ for which this will bethe case. As l is one-to-one and recursive and satisfies (2.1)-(2.3), we can recursivelydetermine whether there is a s ˛ T2 such that x = wt(s) and Re,i0,2 is associated with s forsome e. If the answer in no, then Di(Ai;v,x) = 0 for all v. Suppose that such a s exists, and let x = wt(s). In order for an axiom Di(Ai;v,x) =m to be declared for some v and m during the main part of the construction, s must have aninitial derivative m along l(h) for some h � L0. It follows from (2.11) and Lemma 2.1that such an h must lie in the L0-block containing out2(s), or in the next L0-block. If nosuch h exists, then Di(Ai;v,x) = 0 for all v. Suppose that such an h exists. By the last paragraph of the construction above, theconstruction will declare an axiom Di,wt(x)(Aiwt(x);v,x) = m at x with use wt(x) ‡ x as longas m ˝ l(x) and v £ wt(x); and if this condition fails, then the construction will neverdeclare an axiom Di,wt(d)(Aiwt(d);v,x) = m for any d ˚ x. As the use of any axiom declaredafter x is £ v+1, we can recursively enumerate those v for which no final axiom will bedeclared by the construction. nWe now note that no change is required in the proofs of Lemmas 3.2 and 3.3.(Note that in the proof of Lemma 3.3, we never use the fact that dim(Re,i0,1) = 1.) Hence itremains to show that Re,i0,2 is satisfied for all e and i £ 1.Lemma 4.2: For all i £ 1 and e, Re,i0,2 is satisfied.Proof: Fix e and i. By Lemma 2.3, Re,i0,2 is assigned to a node s � L2. Let x =wt(s). First assume that s has finite outcome along L2. By (2.4) and Lemmas 2.1(v) and2.2, s has a principal derivative p � L1 which has infinite outcome along L1, and p hasinfinitely many free derivatives along L0, all of which have finite outcome along L0. ByLemma 2.1, fix h � L0 such that h- is the initial derivative of p along L0. Let m be theinitial derivative of s along L1. If m „ p, then [m,p] will be a primary L1-link. Hence by23

(2.10), for all d such that h ˝ d � L0, if up2(d) = s, then up(d) ˚ p; and by (2.8), for alld such that h ˝ d � L0, if up2(d) = s, then up(d) ˝ p. It now follows from the lastparagraph of the above construction that for all v ‡ wt(h), Di(Ai;x,v) = 0 with usewt(p)+1. Hence limvDi(Ai;x,v) = 0. Now as all derivatives of p have finite outcomealong L0, and infinitely many such derivatives exist along L0, there are infinitely many d �L 0 such that for all u for which wt(p) £ u £ wt(d), F e,wt(d)(fl;u,x) „ 0. Thus iflimuFe(fl;u,x)fl = m, then m „ 0. We now see that Re,i0,2 is satisfied in this case.Now assume that s has infinite outcome along L2. By Lemma 2.2, s has infinitelymany free derivatives along L1, and by (2.4), all derivatives of s along L1 have finiteoutcome along L1. Let p be the initial derivative of s along L1 (so p is also the principalderivative of s along L1). Suppose that the axiom Di,wt(x)(Aiwt(x);x,v) = 0 is defined at x �L0. Then by the end of the construction and Case 4, there is a d � x such that up2(d) = s,this axiom has use wt(up(d))+1, and up(d) has infinite outcome along l(x). Thus a l(x)-link [p,up(d)] is formed. As p � L1, no n such that h ˝ n � L0 can switch any r � p.Hence by (2.10) and as all derivatives of s have finite outcome along L1, there must be a nsuch that h ˝ n � L0 and n switches up(d). But then we place wt(up(d)) ˛ Aiwt(n), andredefine the axiom Di,wt(n)(Aiwt(n);x,v) = 1. Thus there can be no axiom Di(Ai;x,v) = 0 forany v. Fix v, and fix the shortest t � L1 such that up(t) = s and wt(t) > v. Let t0 be theprincipal derivative of t along L 0, and fix m � L0 such that m- = t 0 . ThenDi,wt(m)(Aiwt(m);x,v) = 1 with use £ wt(t)+1. By (2.6) any element entering A0 or A1 at anyb such that m ˝ b � L0 is of the form wt(up(b)) with up(b) � t, and by (2.1) and (2.2),wt(up(b)) > wt(t). Hence for all v, Di(Ai;x,v) = Di,wt(m)(Aiwt(m);x,v) = 1. Now infinitelymany derivatives of s have finite outcome along L1; fix such a derivative s � L1. If m isthe principal derivative of s along L0, then Fe,wt(m)(fl;x,u) = 0 for some u ‡ wt(s), soFe(fl;x,u) = 0. Hence there must be infinitely many u such that Fe(fl;x,u) = 0, solimuFe(fl;x,u) „ 1, and the lemma follows. nTheorem 4.3: There are recursively enumerable degrees a and b such that a’,b’ > 0’and a�b = 0.Proof: Immediate from Lemmas 3.1-3.3, 4.1, and 4.2. n24

5. A Minimal Pair Whose Jumps Form a Minimal Pair over 0’. In thissection, we show how to construct r.e. degrees a and b such that a’,b’ > 0’, a�b = 0,and a’�b’ = 0’. This construction will require us to start at a higher level tree, T3, andalso to use a form of backtracking, a notion introduced in [LL2]. The backtrackingmachinery was developed to allow nodes to influence the construction even when they donot lie on the current approximation to the true path on all trees. Our proof will use someof the lemmas from [LL2] without proof, so will not be self-contained. We begin byintroducing the additional requirements which will be imposed on the construction.The requirements: We add to our previous list of requirements the requirementsRe1,3 stating that there is a recursive functional X such that if limuF e(A0;u,x) =limuFe(A1;u,x) is total for all x, then limuFe(A0;u,x) = limvX(fl;v,x) for all x. Each suchrequirement is said to have type 1 and dimension 3. By Posner’s Lemma [P] andShoenfield’s Limit Lemma [S], it suffices to satisfy these requirements. We note that adifferent X = Xs is constructed for each s ˛ T3 dealing with this requirement, and therequirement will be satisfied by Xs for that s which lies along the true path. nThe Basic Module: Minimal pair requirements over 0’. The basic module forRe1,3 will be a finite tree consisting of two comparable nodes, of types (1,0) and (1,1). Onefinite tree for each requirement will begin along each infinite path through the top tree T3,and will continue until we have completed a path through this finite tree. The first nodewill have dimension 2, and the second will have dimension 3. The node of dimension 2will be responsible for checking if the functional Fe is total on oracles A0 and A1 (checkingfor totality is a P2-sentence), while the second node will try to satisfy the requirementunder the assumption that the functionals are total on these oracles, possibly byconstructing a recursive functional X. As the two nodes work on requirements of differentdimensions, we will separate them on the other trees, but will require that certainsubrequirements of the first node always precede a given subrequirement of the secondnode. An argument x will be assigned to derivatives of the second node of this module onT2. Such a derivative will be responsible for showing that limuX(fl;u,x) exists andcomputes limvFe(A0;v,x) whenever this latter limit exists and equals limvFe(A1;v,x). A number u will be assigned to each derivative d ˛ T1 of the first node of themodule of T2 (u will be the weight of the node which begins the subblock containing d).Such a derivative d checks to see if Fe(A0;v,x)fl and Fe(A1;v,x)fl for all v,x £ u. Anumber u will be assigned to each derivative g ˛T1 of the second node of the module of T225 to which x has been assigned (u will be the weight of the node which begins the subblockcontaining d). Such a derivative will try to find numbers y,z ‡ u such that Fe(A0;y,x)fl „Fe(A1;z,x)fl. Failing to find such y and z, the node will have the responsibility to defineX(fl;u,x).Suppose that s is a node of T0 which is a derivative of a node of type (1,0) towhich x and u have been assigned. A number s = wt(s) will be assigned to s. s will actas follows. We ask if Fe,s(A0s;v,x)fl and Fe,s(A1s;v,x)fl for all v,x £ u. If the answer isyes, then we follow the infinite outcome on T0. This will allow us to protect thesecomputations; no other action is taken. If the answer is no, then we follow the finiteoutcome on T0. We will now have to deal, on T0, with other nodes derived from up(s), somake infinitely many attempts to find a yes answer to this question. If none is ever found,then either Fe(A0;v,x)› or Fe(A1;v,x)› for some v,x £ u. Thus Re1,3 will be satisfied, andwe will never have to deal with the second node of the module on T3.Suppose that t is a node of T0 which is a derivative of a node of type (1,1) to whichx and u have been assigned. A number s = wt(t) will be assigned to t. Action on T0 forthe module associated with t is as follows. We ask if there are y,z ˛ [u,s] such thatFe,s(A0s;y,x)fl „ Fe,s(A1s;z,x)fl. If the answer is yes, then we follow the infinite outcomeon T0, and will preserve this disagreement as long as the node is derived from a node onthe true path of T1. If this outcome is followed for infinitely many derivatives of up2(t)along the true path of T1, then limuFe(A0;u,x) „ limuFe(A1;u,x), so Re1,3 will be satisfied.If the answer is no, then we follow the finite outcome on T0, and declare an axiomXs(fl;u,x) = Fe,s(A0s;u,x). We show that if the answer is always no, then for all t ‡ s,either Fe,t(A0t;u,x) = Xs(fl;u,x) or Fe,t(A1t;u,x) = Xs(fl;u,x). Hence if we encounter sucha requirement for every x on T1, then if limuFe(A0;u,x)fl = limuFe(A1;u,x)fl for all x, thenlimuX(fl;u,x) = limuFe(A0;u,x) for all x. nIt is possible to have s2|t2 ˛ T2, both acting for Re1,3, and both derivatives of s ˛T3. Furthermore, a derivative s1 of s2 on T1 may want to define an axiom Xs(fl;u,x) = m,and a derivative t1 of t2 on T1 may want to define an axiom Xs(fl;u,x) = n „ m. If weallow this situation to occur when s1 � t1, then it will prevent limuXs(fl;u,x) from beingdefined. Thus higher priority nodes on T2 must allow their derivatives to act to capture adisagreement Fe,s(A0s;y,x) „ Fe,s(A1s;z,x) even when they are not on the true path. If,infinitely often, we find s 1 and t1 as above, then such action will ensure thatlimuFe(A0;u,x) „ limuFe(A1;u,x), and hence that Xs need not be defined. More precisely, we handle the situation mentioned in the above paragraph as26 follows. Let r2 = s2�t2. We will show that the above problem can arise only if r3 =up(r2) extends an infinite outcome of s, and s1 has infinite outcome along a derivative r1of r2 which, in turn, has infinite outcome along a derivative t1 of t2. Instead of declaringan axiom with output n, we act for r1 instead of t1 to give it a finite outcome. (The actiontaken for r1 will allow us to show that limits exist.) This will put all antiderivatives of s1back on the approximation to the true path, and injure at most one of the computations seenby t1. Thus s1 will see disagreeing computations, and will be able to switch its outcomealso. (We call this process a one-step backtracking process.) If this happens infinitelyoften, then s2 will have infinite outcome along the true path L2, so s will have finiteoutcome along the true path L3, and r3 will not lie on the true path. If this happens onlyfinitely often, then r2 will have sufficiently many derivatives which are free to actaccording to the dictates of the sentence generating action, and we will be able to show thatif r3 and r2 are on the true paths of their respective trees, then the subrequirementassociated with r2 is satisfied.We will need to make sure that s1 lies on the approximation to the true path after r1is switched. Thus whenever s is on the current approximation to the true path of T3, andwe have encountered a derivative of s working on argument x earlier in the construction,we will need to have a derivative of s working on argument x along the currentapproximation to the true path of T1. This procedure for ensuring that such derivativesexist is similar to what was done in Substep 4.2 of Section 2, but is carried out for T2rather than for T1. Substep 4.2 also needs to be modified to take the new requirements intoaccount. We now list the revised Substep 4.2 for k = 1, and the new version of thissubstep for k = 2.Revisions to Step 4 of Section 2Step 4: Basic modules are assigned on T3, rather than on T2, in the waydescribed for all the individual basic modules. For those modules described in Section 2which were originally assigned to T2, finite and infinite outcomes are interchanged on T3.The process of deciding whether to complete Step 4 in Substep 4.1 requires revision. If k= 0, or if k = 1, x- = h and h has finite outcome along x, or if k = 2 and h is the initialderivative of up(h), then Step 4 for h is completed in Substep 4.1, and we begin Step 4 forx next. Otherwise, we go to Substep 4.2.1 below for x if k = 1, to Substep 4.2.2 if k = 2and h has finite outcome along x, and to Substep 4.2.3 if k = 2 and h has infinite outcomealong x. These substeps add derivatives for minimal pair requirements of dimensions 2and 3 which seem to be on the true path of the next tree up. On T1, these derivatives serveto witness that one side of a computation has been injured, when a previous witness has27 been switched off the true path; this provides a true path computation which preventsderivatives of lower priority nodes on T2 from destroying the other computation, until thecurrently destroyed computation recovers. On T2, this allows us to have free derivativesworking on argument x once we have begun to work on x. Thus conflicts between nodeswhich want to declare different values for an axiom can be resolved by the one stepbacktracking process described above.Substep 4.2.1: k = 1. We iterate this substep, beginning at x ˛ T1 andassigning requirements to g ˚ x, until either we fail to find r below, or we reach g � xsuch that g - has infinite outcome along g. When we decide, at g, that this substep will nolonger be followed, we return to the beginning of Step 4 for g. Suppose that either g = x orthat g - has finite outcome along g. We search for the shortest x-consistent r ˛ T2 of type 1and dimension 2 or 3 such that r has a derivative along h, if r� comes from a module for arequirement of dimension 2 then |{m � g: m is l(x)-free & up(m) = r}| < wt(x)+1, and if r�comes from a module for a requirement of dimension 3, then there is no derivative of rwhich extends x. If such a r exists, then the requirement assigned to g is the requirementwhich has previously been assigned to the corresponding r. (We have the added clausethat g is l(x)-free which was not required in Section 3, as if T2 is the last tree, then thisproperty automatically holds.)Substep 4.2.2: k = 2 and h has finite outcome along x. We iterate this substep,beginning at x ˛ T2 and assigning requirements to g ˚ x, until either we fail to find rbelow, or we reach g � x such that g - has infinite outcome along g. When we decide, at g,that this substep will no longer be followed, we return to the beginning of Step 4 for g.Suppose that either g = x or that g - has finite outcome along g. We search for the shortestx-consistent r ˛ T3 of type (1,1) and dimension 3 such that r has a derivative along h and|{m � g: m is l(x)-free & up(m) = r}| ‡ z, where z is determined below and z ‡ wt(x)+1.We choose the smallest possible z to ensure that for each x £ wt(x), there is a l(x)-freederivative of r to which x is assigned. If such a r exists, then the requirement assigned tog is the requirement which has previously been assigned to the corresponding r.Substep 4.2.3: k = 2 and h has infinite outcome along x. We iterate thissubstep, beginning at x ˛ T2 and assigning requirements to g ˚ x, until either we fail tofind r below, or we reach g � x such that g - has infinite outcome along g. When wedecide, at g, that this substep will no longer be followed, we return to the beginning of Step4 for g. Suppose that either g = x or that g - has finite outcome along g. We search for the28 shortest x-consistent r ˛ T3 of type (1,1) and dimension 3 such that r has a derivativealong h, and there is an x which is assigned to a derivative of r along h, but x is notassigned to a x-free derivative of r. If such a r exists, fix the smallest corresponding x.Then the requirement assigned to g is the requirement which has previously been assignedto the corresponding r, and the argument x is assigned to g. (For the reader familiar with[LL2], Substeps 4.2.2 and 4.2.3 allow us to carry out a one-step backtracking process.)nLemma 2.1 is still true. Its proof needs to be modified to take the revisions toSubstep 4.2 into account, but this is done essentially as before, so we will not present aproof. Lemma 2.2 for n = 3 is also still true, but its proof requires consideration of howderivatives on T0 of free nodes on T1 can be restrained by links derived from primary linkson T2. Roughly speaking, one can show that there are infinitely many segments of blockssuch that all nodes along them are nonswitching and compute initial segments of the truepaths of all trees, and which contain derivatives of all currently consistent nodes. Such alemma is proved in a general setting in [LL2], and requires a careful analysis of how linksare formed. We refer the reader to [LL2] for the required lemmas and the proof of Lemma2.2. Lemma 2.3 follows exactly as in Section 2.The construction of Section 3 requires two new cases for the new requirements, inaddition to the case added in Section 4. First, however, we need to define the sentence Mhfor h ˛ T0 derived from a module of dimension 3 working for Re1,3. If h has type (1,0),let s = wt(h) and let u be the weight of the node which begins the subblock containingup(h); then Mh is the sentence "x£u"v£u(Fe,s(A0s;v,x)fl & Fe,s(A1s;v,x)fl). If h has type (1,1), let s = wt(h), let u be the weight of the node which begins the subblockcontaining up(h), and let x = |{d � up2(h): up(d) = up3(h) & d is l2(h)-free}|; then Mh isthe sentence $y£s$z£s(y ‡ u & z ‡ u & Fe,s(A0s;y,x)fl „ Fe,s(A1s;z,x)fl).Revisions to the Construction of Section 3Case 5: h has type (1,0) and is derived from a module of dimension 3. No actionis taken.29

Case 6: h has type (1,1) and dimension 3. Let s = up3(h). If Mh is true, then noaction is taken. Suppose that Mh is false. Fix the argument x which is assigned to up2(h).Search for the longest s � up(h), if any, such that if m� is the initial derivative of salong L0, then:(5.1)up3(s) = s, the argument x is assigned to up(s), s has type (1,1) and has infinite outcome along up(h), Fe,wt(h)(A0wt(h);u,x) „ Fe,wt(m)(A0wt(m);v,x), where u and v arethe parameters assigned to h� and s respectively; and(5.2) Either s is l(h)-free, or there is a l(h)-link [n,p] which restrains s and such that sis p-free and p� is l(h)-free.(It will suffice, in (5.1), to look at computations from A0 alone, as these will previouslyhave been found equal to the corresponding computations from A1, and neither will havebeen destroyed. Furthermore, if there is an inequality in the limit, then we will be able tofind one for u and v as in (5.1), and as both the A0 and A1 computations will agree, wewill be able to preserve an inequality through a one-step backtracking process in which atmost one of A0 or A1 receives a new element.) If no s satisfying (5.1) exists, let s =up(h). Let m = Fe,wt(m)(A0wt(m);v,x). (At m, we have begun to define Xs on argument x,and this definition corresponds to some node s2 which may lie on the true path of T2. Wewill continue to define axioms for argument x in such a way to ensure that the desired limitwill exist. If there are conflicting axioms, then we will return s2 = up(s) to the true path,and take advantage of the conflicting axioms to find a finite outcome for a new derivative ofs2.) Define Xs,s(fl;z,x) = m with use 1 for all z £ u such that Xs,t(fl;z,x)› for all t < s.(This definition will ensure the existence of limit = m, unless we are able to force adisagreement below. If infinitely many disagreements are forced, then limits need notexist.) This case is now complete unless s „ up(h); so suppose that this condition holds,and fix the longest p satisfying (5.2) if it exists. If no such p exists, set h = h�. Supposethat p exists. If [n,p] is a primary l(h)-link, let h be a nonswitching extension of h suchthat up(h) = p, and let h be the node such that h- = h and h switches p. Otherwise (i.e., ifthe link is not primary), let h be a nonswitching extension of h such that up2(h) = up(p),and let h be the node such that h- = h and h switches up(p). (Note that the process offinding h requires successively taking nonswitching extensions until we have a derivative30 of up(p) (up2(p), resp.).) Let x be a nonswitching extension of h such that up(x) = s (as s is p-free, it willfollow from [LL2: Lemmas 3.5 and 4.5] that such a x will exist), and let x be the nodesuch that x- = x and x has infinite outcome along x. We specify that x � L0. The processof determining x is called backtracking. Action taken to place elements in sets for allnodes d of type 0 between h and x is carried out as in the previous cases, according to theoutcome specified by x for d rather than according to the truth of the sentence Md. nRequirements introduced in previous sections will be satisfied. The proofs arevirtually the same as those given earlier. We need to show, however, that the backtrackingprocess never determines the outcome of the principal derivative of a node all of whoseantiderivatives lie along the true path, and if such a node has infinitely many freederivatives along the true path, then the backtracking process never determines outcomesfor any of these nodes. Lemma 5.1: Fix m � L0 such that upj(m) is Li-free for all i £ 3. Then the outcome of mis determined by the validity of Mm.Proof: Suppose that the outcome for m is determined by backtracking h to x, i.e.,h ˝ m � x. Let s = up3(h). (We will show that there is a n ˝ h such that [n,x-] is aprimary x-link, so all nodes m of T0 whose outcomes are determined in the process ofbacktracking from h to x- are restrained by a L0-link ending at x-, hence are not free. Thuswe will only need to verify the Lemma for m = x-.) If h � d ˝ h, then d does not switch anode of T1. Hence as an initial derivative of l(h) cannot place any elements into A0 or A1,no elements enter A0 or A1 for such d. The construction can place an element into at mostone of A0 or A1 at h. If h � d ˝ x, then d does not switch a node of T1. Hence as aninitial derivative of l(h) cannot place any elements into A0 or A1, no elements enter A0 orA1 for such d. Now a minimal pair requirement is assigned to x, so no element enters A0or A1 at x. Thus the backtracking process from h to x allows elements £ wt(h) to enteronly one of A0 or A1. Also, if s1 = up(x) works for u = wt(up(x)) and x, then a minimalpair requirement is assigned to s1. Hence no element enters A0 or A1 at any derivative ofs1. As s1 � l(h), it follows from (2.6) that all elements entering A0 or A1 at any nodebetween the initial derivative n of s1 along L0 and h are of the form wt(b�) for some b �31 s1. Hence as was the case for h�, the computations seen at n cannot be injured. Let s =wt(h), t = wt(n), r = wt(x), and let y be the weight of the node determining the subblockcontaining up(h). Then either Fe,r(A0r;u,x) = Fe,t(A0t;u,x) „ Fe,s(A1s;y,x) = Fe,r(A1r;y,x) or Fe,r(A1r;u,x) = Fe,t(A1t;u,x) „ Fe,s(A0s;y,x) = Fe,r(A0r;y,x). As s1 � up(h) and u is the weight of the subblock containing s1, y ‡ u by (2.1). Hence asx- has infinite outcome along x, x specifies an outcome for x- in accordance with thevalidity of its associated sentence. Let n� be the initial derivative of x- along L0. ByLemma 2.1(iii), n ˝ h. Thus [n,x- ] is a L0-link which restrains all d such that h ˝ d � x-,and the lemma follows in this case. nWe now show that, whenever we have nodes wanting to define conflicting axiomsfor x, then s as in (5.1) will exist .Lemma 5.2: Fix x, h ˛ T0, and s ˛ T1 such that (5.1) holds. Assume that for all s �up(h) such that up3(s) = up3(s) = s and x is assigned to up(s), if m and n are the principalderivatives of s and s, respectively, along h, and u and v are the parameters assigned to sand s, respectively, then Fe,wt(m)(A0wt(m);u,x) = Fe,wt(n)(A0wt(n);v,x). Then there is a s �up(h) such that (5.1) and (5.2) both hold for s in place of s. Furthermore, if x is chosenas in Case 6 for s, then either up(h) ˝/ l(x) or up(h) has finite outcome along l(x).Proof: There are several cases to consider. Let h1 = up(h) and h2 = up2(h).Case 1: h1 is not the initial derivative of h2 along l(h). By Lemma 2.2(i), theprincipal derivative s of h2 along l(h) is l(h)-free. By Lemma 2.1(i), s � l(h). Henceby hypothesis, s satisfies (5.1) and (5.2).Case 2: h1 is the initial derivative of h2 along l(h). Let h0 be the initialderivative of h1 along h. We first show that h = h0. For suppose otherwise. Fix the32 longest s � up(h) which satisfies (5.1) and is the principal derivative of up(s) along l(h).Let s = wt(h0), t = wt(h), and let u be the weight of the node a determining the subblock inwhich h1 lies. By the construction, x £ lh(a) £ wt(a) = u. Furthermore, whenever a nodeof type (1,1) on T2 is a-consistent, the corresponding node of T2 of type (1,0) and in thesame module must also be a-consistent. Hence by Substep 4.2.1, Fe,s(A0s;x,u)fl =Fe,s(A1s;x,u)fl. As h1 � l(h) and as no elements enter sets at a node dealing with arequirement of type 1, any element entering A0 or A1 at any d such that h0 ˝ d ˝ h is ofthe form wt(k) for some k � h1. By (2.1), (2.2) and Lemma 2.1, for any such k, wt(k) >u. Hence Fe,t(A0t;x,u)fl = Fe,t(A1t;x,u)fl = Fe,s(A1s;x,u)fl. But then by hypothesis (settingh1 = s), it must be the case that h = h0. As h1 is the initial derivative of h2 along l(h) and s2 has a derivative s � h1, itfollows from (2.4) that up(s) ˚/ h2. Also, by Lemma 2.1(i), h2 = l2(h). We consider theremaining possibilities for the relative location of s2 and h2 on T2.Case 2.1: s2 � h2. s2 cannot be h2-free, else x would not be assigned to boths2 and h2. As all links on T2 are primary, s2 must be restrained by a primary h2-link. Lets = up(s2), and note that s = up(h2). It now follows from (2.6) and (2.10) that s is t2-consistent for all t2 such that s2 ˝ t2 ˝ h2. Hence by Substep 4.2.3, if [m2,p2] and[m2,p2] are two primary h2-links restraining s2 and p2 � p2, then there is a s2 such thatup(s2) = s, x is assigned to s2, and p2 � s2 � p2. By Lemma 2.1(iii), s2 will have aprincipal derivative s1 such that s � s1 � l(h). By hypothesis, we would choose s1 inplace of s in Case 2, yielding a contradiction. We thus see that there is a unique p2 for which an h2-link [m2,p2] restrains s2.Hence s2 must be p2-free. As [m2,p2] is an h2-link, p2 is not the initial derivative ofup(p2) along l(p2). By [LL2: Lemma 4.1], links are nested, so p2 is l(h)-free. Hence ifwe take a nonswitching extension of h until we reach the initial derivative p0 of a newderivative p1 of p2 on T0, and then give p0 finite outcome at h, it will follow from (2.4)that l3(h) = l(p2). (For (l(h))- = p1, p1 has finite outcome along l(h), and p1 is not theinitial derivative of p2 along l(h).) Now by Lemma 2.2(i), that s will satisfy both (5.1)and (5.2).Case 2.2: s2 | h2. Let r2 = s2�h2. Fix a,b such that r2^Æaæ ˝ s2 and r2^Æbæ˝ h2, and note that a „ b. We compare the locations of r3 = up(r2) and s = up(s2) =up(h2) on T3. (We will obtain a contradiction except in Case 2.2.5 where s has infiniteoutcome along r3.)33

Case 2.2.1: r3 � s. Suppose that r3^Ægæ ˝ s. Then out(r3^Ægæ) = g iscontained in every derivative of s on T2, and g- is the principal derivative of r3 along everyderivative of s on T2. Hence r2 = g- and a = b = g, a contradiction.Case 2.2.2: r3 | s. Let d3 = r3�s. Fix a „ b such that d3^Æbæ ˝ r3 andd3^Æaæ ˝ s. Then b- is the principal derivative of d3 along r2, but as r2 � s2, b- is notthe principal derivative of d3 along s � d3. By (2.4), b- must have finite outcome alongr2. Again by (2.4), a- is the principal derivative of d3 along both s2 and h2, a- hasinfinite outcome along a ˝ s2,h2. Hence a ˝ r2. But then by (2.4), a- would be theprincipal derivative of d3 along r2, a contradiction.Case 2.2.3: r3 = s. As a „ b, r2 must have infinite outcome along either s2 orh2, and up(s2) = up(h2) = up(r2) = s, contradicting (2.8).Case 2.2.4: s ^Æaæ ˝ r3 and a- has infinite outcome along a. By Lemma2.1(iii) and (2.8), no derivative of s can extend any derivative of r3, contradicting theassumption that s2 � r2.Case 2.2.5: s^Æaæ ˝ r3 and a- has finite outcome along a. We first show thatr2 is l2(h)-free, by contradiction. For assume not, and let [m2,p2] be a l2(h)-linkrestraining r2. By (2.4), the conditions of Case 2.2, and as s � h1, r2 must have finiteoutcome g along p2 � l2(h), and s � g. By the existence of s, (2.1) and (2.2), it followsthat x £ lh(s) £ wt(s) £ wt(g) £ wt(r2^Ægæ). As s � r3, s is r3-free, so as, by theconditions of Case 2, h2 is a derivative of s which extends p2, s must be k�2-consistent forall k2 such that p2 ˝ k�2 ˝ h2. Thus it follows from Subcase 4.2.2 that there is aderivative s2 of s such that r2 � s2 � p2. As s2 is not l2(h)-free, s2 „ h2. Since s isnot l(h)-free, it follows from Lemma 2.1(ii) and (2.4) that the principal derivative of s2along l(h) must extend s, contrary to the maximality of lh(s).As s2 ˝/ l2(h), s must be restrained by a primary h1-link [m1,p1], with up(m1) =up(p1) = r2, and by [LL2: Lemma 4.3] (the lemma states that if a node p1 is not restrainedby a l(h)-link, then p1 is l(h)-free) and the preceding paragraph, p1 is l(h)-free. Nowup3(p1) = r3 � s, so by (2.10), s� must be l3(p1)-free. As s � p1, it follows by a weightargument as in the preceding paragraph and by Subcase 4.2.2 that there is a derivative s234 of s along l(p1) which is l(p1)-free. Hence if we choose h in Step 6 for p1, then hprovides a finite outcome for p1. As up(m1) = up(p1), p1 is not an initial derivative ofup(p1), so by (2.4), l2(h) = l(p1). By Lemma 2.2, the principal derivative s1 of s2along h is h-free and p1 is l(h)-free, so s1 will satisfy (5.1) and (5.2).We now note that at x, we switch the outcome of s from infinite to finite. By theabove cases, s ˝ up(h). Hence the lemma follows. nWe now show that Re1,3 is satisfied.Lemma 5.3: Fix e. Suppose that limuFe(A0;u,x)fl = limuFe(A1;u,x)fl for all x, and thatFe(A0) and Fe(A1) are total. Then there is a recursive function Xt such that for all x,limvXt(fl;v,x)fl = limuFe(A0;u,x).Proof: By Lemma 2.3, there is a node s � L3 such that Re1,3 is assigned to s oftype (1,0). First assume that s has infinite outcome along L3. By (2.4) and Lemma 2.2, shas a free principal derivative s2 which has finite outcome along L2. By (2.4) and Lemma2.2, s2 has a free principal derivative s1 which has infinite outcome along L1. By Lemma5.1, (2.4) and Lemma 2.2, s1 has infinitely many free derivatives along L0 whoseoutcomes are not determined by the backtracking process. Thus for infinitely many s, thereare x,u £ wt(s1) such that either Fe,s(A0s;u,x)› or Fe,s(A1s;u,x)›. Hence either Fe(A0) isnot total, or Fe(A1) is not total. Thus Re1,3 is satisfied in this case.Next suppose that s has finite outcome along L3. Then by Lemma 2.3, there is anode t � L3 such that t- = s, t has type (1,1) and Re1,3 is assigned to t. First assume thatt has finite outcome along L3. By (2.4) and Lemma 2.2, t has a free principal derivativet2 which has infinite outcome along L2. By (2.4) and Lemma 2.2, t2 has infinitely manyfree derivatives t1 along L1, all of which have finite outcome along L1. By (2.4), Lemma2.2, and Lemma 5.1, infinitely many such t1 have free principal derivatives whose infiniteoutcome along L0 is determined by the truth of the sentence assigned to this principalderivative. Fix such a t1, and its principal derivative t0 along L0. Let s = wt(t0), and lett1 work for x and u. Then there are y and z such that u £ y,z £ s and Fe,s(A0s;y,x)fl „Fe,s(A1s;z,x)fl. Hence both computations have use £ s. As t1 ˝ l(t0) and t1 � L1, itfollows from (2.6) and the construction that all elements placed in A0 or A1 for n � L0such that n ˚ t0 are of the form wt(r) for some r � t1. By (2.1), (2.2) and Lemma 2.1,for all such r, wt(r) > wt(t0) = s. Thus Ai|s+1 = Ais|s+1 for all i £ 1, so 35

Fe(A0;y,x) = Fe,s(A0s;y,x) „ Fe,s(A1s;z,x) = Fe(A1;z,x). As there are infinitely many t1 each giving rise to a different t0 which works on a differentu, it follows that if limvFe(Ai;v,x)fl for all i £ 1, then limvFe(A0;v,x) „ limvFe(A1;v,x), soRe1,3 is satisfied in this case.Finally, suppose that t has infinite outcome along L3. By (2.4) and Lemma 2.2, thas infinitely many free derivatives along L2, all having finite outcome along L2, and eachassociated with a different x. Furthermore, each x is associated with one of these freederivatives. Fix x and the free derivative t2 of t along L2 which is associated with x.Now by (2.4) and Lemma 2.2, t2 has a free principal derivative which has infinite outcomealong L1. Furthermore, by Lemma 5.2, all nodes n1 � t1 which are working for Fe onargument x and are principal derivatives must specify the same value for the axioms theywish to declare. Thus by the construction limuXt(fl;u,x)fl, and the value of the limit is thatwhich t1 wishes to specify. Furthermore, Xt is a total recursive function. Now by (2.4),Lemma 2.2, and Lemma 5.1, t1 has infinitely many free derivatives along L0 whoseoutcomes are determined by the truth of their respective sentences. By Substep 4.2 of theconstruction, there must be a free node s1 � t1 such that up3(s1) = s, and up(s1) isassociated with x. By an argument on uses similar to the one in Lemma 5.1, if u is theweight of the node determining the subblock containing t1, then any computationFe,s(A0s;u,x)fl or Fe,s(A1s;u,x)fl which is discovered for a node k1 on T1 cannot bedestroyed as long as k1 still lies on the path of T1 being computed, as the elements enteringA0 or A1 after the initial derivative of k1 are of the form wt(d) for some d � k1, and forsuch d�, wt(d) is larger than the use of the computation. Now by the choice of outcome fort, Fe,s(A0s;u,x) = Fe,s(A1s;u,x). By Lemma 5.2, each sentence associated with a freederivative of t1 must specify the same value for Fe,s(A0s;u,x) = Fe,s(A1s;u,x). Hence iflimvFe(A0;v,x) = limvFe(A1;z,x), then limvFe(A0;v,x) = limuXt(fl;u,x), and Re1,3 issatisfied nAs all requirements are satisfied, we have succeeded in proving:Theorem 5.4: There are r.e. degrees a and b such that a’|b’, a�b = 0, and a’�b’ =0’. nThere are many other types of requirements which can be added to get strongerresults. For example, the highness requirements of [LL2] can be used to obtain Cooper’s36 result [C] that there is a high minimal pair. The requirements to make sets high2 of [LL2]can be introduced to make a and b in Theorem 5.3 high2, and so to make a’ and b’ highover 0’. The satisfaction of requirements requires a more careful development ofbacktracking as in [LL2: Section 5], or an analysis as in [LL1], if one follows the basicmodules of [LL2]. It would also seem that one should be able to use the generalframework of [LL2] to show that there are r.e. degrees a and b which are intermediate inthe high/low hierarchy such that for all n, a(n) and b(n) form a minimal pair over 0(n).Other results on minimal pairs, such as Cooper’s result [C] that every high degreebounds a minimal pair (of high degrees) (see also Shore and Slaman [SS]) can be proved inthis framework, but require more machinery to be introduced. One needs to replace the useof the recursion theorem in [SS], or the existence of a function in the high degree whichdominates every recursive function [C], by the Ambos-Spies method [A] which replacesthe recursion theorem. The backtracking process for this theorem is much more complexthan the one presented here, and needs to be carried out over many, not necessarilyconsecutive, stages. Rather than presenting a proof here, we plan to present, in anotherpaper, a metatheorem on the framework which will allow us to more easily derive thisresult. One might expect the following results. For all n, and every highn degree h, thereare highn r.e. degrees a,b £ h such that for all j < n, a(j)�b(j) = 0(j); and for everyintermediate degree d, there are intermediate degrees a,b £ d such that for all j, a(j)�b(j)= 0(j).References [A]K. Ambos-Spies, An extension of the non-diamond theorem in classical and a-recursion theory, J.Symbolic Logic 49(1984), 586-607.[C]S.B. Cooper, Minimal pairs and high recursively enumerable degrees, J. Symbolic Logic 39(1974), 665-660.[L]A.H. Lachlan, Lower bounds for pairs of recursively enumerable degrees, Proc. London Math. Soc.16(1966), 537-569.[LL1] S. Lempp and M. Lerman, Priority arguments using iterated trees of strategies, In: Recursion Theory Week, 1989, Lecture Notes in Mathematics #1482, Springer-Verlag, Berlin, Heidelberg, New York, 1990, pps. 277-296.[LL2]S. Lempp and M. Lerman, The decidability of the existential theory of the poset of recursively 37 enumerable degrees with jump relations, in preparation.[P]D. Posner, High degrees, Ph.D. Dissertation, University of California, Berkeley, 1977.[S]J.R. Shoenfield, On degrees of unsolvability, Ann. Math. 69(1959), 644-653.[SS]R.A. Shore and T.A. Slaman, Working below a high recursively enumerable degree, to appear. [So]R.I. Soare, Recursively Enumerable Sets and Degrees, Perspectives in Mathematical Logic, Springer-Verlag, Berlin, Heidelberg, New York, 1987.[Y]C.E.M. Yates, A minimal pair of recursively enumerable degrees, J. Symbolic Logic 31(1966), 159-168.38