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Preface

The poset (i.e, partially ordered set) of computably enumerable (i.e., recur-
sively enumerable) degrees R, an algebraic structure that is invariant under the
notion of information content of sets, was introduced by Post [23] in 1944 as a
way to compare the information content of computably enumerable mathemat-
ical structures and theories. It seems to have been Post’s hope that R would
provide a simple natural hierarchy based on information content, and that, per-
haps, this hierarchy would consist only of two degrees. This turned out not to
be the case; however, Post’s question led to an intensive ongoing study of R.

One of the underlying themes of Computability Theory (i.e., Recursion The-
ory) is to determine the extent to which a given degree structure captures the
notion of information content. The hope was that one could find a way to dif-
ferentiate between sets with different information content within the algebraic
structure. The weakest way to do so is to require that the degree structure be
rigid, i.e., that there be no non-trivial automorphism of the structure. While
the rigidity question remains unresolved, there are several results which imply
that automorphisms cannot move a given degree too far.

The study of global properties of degrees, such as automorphisms, frequently
requires an understanding of local structural properties. One way to approach
a study of local structure theory is to measure the complexity of a statement
as its logical complexity in a fixed language, and to try to find decision proce-
dures for classes of sentences of a given complexity. The historical development
of the subject follows an almost monotonic increase in the logical complexity
of sentences about R whose truth is determined. This is because the primary
technique used to analyze this structure, the priority method, consists of a uni-
form collection of methods of various levels of complexity, and the level of the
method needed to prove that a given sentence is true is closely related to the
logical complexity of the sentence. Thus the understanding of increasing levels
of the priority method provided greater accessibility to results about R of higher
logical complexity.

The mission of this book is not to present an organized analysis of the
current status of knowledge about the elementary theory of R; rather, it is to
give a coherent presentation of the priority method. The framework for priority
arguments developed by Steffen Lempp and the author is expanded, and used
to prove sentences about R of various complexity levels. The sentences, or
theorems, chosen represent a rich cross-section of results and techniques, and
so demonstrate the flexibility of the framework. Furthermore, we are able to
separate the technology of the priority method from the analysis necessary to
prove a given result. General theorems are proved about the technology of
priority arguments. This will allow us to prove theorems by first describing
the action taken to satisfy single requirements, and then performing a fairly
simple analysis to show that action for specified finite sets of requirements can
be compatibly executed.

This monograph is an outgrowth of joint work, with Steffen Lempp [13], [14],
[15], [16], [17] and [18], which began in 1986, and the theorems we prove fre-
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quently coincide with those presented (with standard-style proofs) in Lempp’s
lecture notes [12]. At that time, an attempt was made to prove the decidabil-
ity of the existential theory of the poset of computably enumerable degrees in
a language containing predicates representing the relations a(n) ≤ b(n) for all
integers n. The approach taken towards the solution of that problem required
priority method constructions at all levels of the arithmetical hierarchy. A gen-
eral framework was developed over the course of seven years, and used to solve
the problem. It should be noted that other general frameworks were simulta-
neously being developed. The earliest of these was developed by Lachlan [10]
in 1970 for lower levels of the arithmetical hierarchy. Particular theorems were
proved in the early 1980s using priority methods at an infinite level of the hyper-
arithmetical hierarchy following an approach developed by Harrington. Shortly
after our work began in 1986, Ash [1, 2] developed a general framework for cer-
tain types of priority constructions occurring in Computable Model Theory, and
covering all levels of the hyperarithmetical hierarchy. More general hierarchies
of this type have since been developed by Ash and Knight (c.f. [7]), but do not
seem to be easily applicable to the types of constructions encountered in dealing
with R. However, some of the ideas introduced by Ash became an integral part
of the framework developed jointly by Lempp and the author. Michalski [21] was
able to carry out low level priority method constructions for R by generalizing
a framework of Ash and Knight. Another framework was under development by
Groszek and Slaman, but while the ideas were general, the details were carried
out only for low level priority method constructions.

During the time that Lempp and the author were developing their original
framework for the priority method, it became evident that the applicability of
the framework extended beyond the theorem that was being proved. Thus in
1993, a study of the extent of applicability of the framework was begun. Initial
attempts aimed at complete uniformity, but it was soon discovered that different
types of requirements needed to be treated differently, so a modular approach
was initiated. This approach attempted to separate the combinatorics of the
priority method from the combinatorics needed to satisfy individual require-
ments. While this approach was successful, it required a separate description of
the implementation of the framework for each construction. Furthermore, the
proofs of the satisfaction of each new type of requirement made use of prop-
erties of the framework, so this approach was unattractive to the uninitiated.
Many of the proofs seemed to be ad hoc in nature, and we were not comfortable
with the presentation. Thus the project was temporarily suspended in 1995.
When it was resumed in 1997, a modified approach that removed some of the
original restrictions imposed by uniformity was discovered, thereby providing
the flexibility to prove more general theorems about the framework. The ap-
proach has several steps. We begin the proof of each theorem by describing the
basic module used to satisfy requirements. This module is a finite tree, with
a sentence whose truth or falsity directs action at a given non-terminal node
of the tree, and sentences describing the action to be taken based on the truth
value of the directing sentence. The module is pasted into the highest level
tree, and a level-by level description of the assignment of sentences to nodes of



4

lower level trees is presented; the new sentences are obtained from the old ones
by bounding certain quantifiers. Instead of requiring the quantifier bounding
algorithm to be the same for every theorem, we just list properties that must be
obeyed by this algorithm. The construction takes place at the lowest level tree,
representing the computable level. We then verify that the conditions placed on
assigning requirements, decomposing sentences, and specifying where the action
takes place are satisfied; normally, these conditions can be verified by inspec-
tion. We appeal to theorems about the framework to complete the proof. Thus
proofs are more transparent, shorter, and much easier to present.

Early in the development of the framework, goals were set for measuring its
usefulness. These included:

• The approach should closely resemble the standard approach to priority
method constructions using a tree of strategies.

• The approach should cover all priority method constructions used to de-
termine properties of R.

• The method should isolate the combinatorial lemmas which are part of the
priority method from those which relate only to a restricted set of results
proved by the method.

• The approach should be intuitive, and helpful in finding proofs of new
results.

• The approach should simplify the process of presenting proofs which can
be more easily followed.

We summarize the current status of achievement of the goals, from our point of
view.

• The approach uses a “system of trees of strategies” that is close to the
standard “tree of strategies” approach. This should make the system of
trees of strategies approach as easy to follow as other approaches to general
frameworks, for those conversant with the standard approach. However,
there is an additional level of abstraction that occurs in passing to a general
framework and causes the approach to be less intuitive for a beginner in
the subject.

• We have undertaken a broad study of theorems proved by priority method
constructions, and all seem to be amenable to our methods. A rich cross-
section of such theorems is presented in this monograph.

• We have already discussed the separation of priority from the analysis of
the satisfaction of requirements. The level of separation is greater than
that which was originally sought.
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• Again, there is an additional level of abstraction that occurs in passing to
a general framework and causes the approach to be less intuitive for a be-
ginner in the subject. We have used the approach to prove new theorems,
and the intuition provided by the approach was of assistance in analyzing
conflicts between strategies and finding ways to resolve them.

• We leave it to the reader to determine whether the presentation of the
proofs is simpler, a subjective question. Certainly, for some proofs, short-
cuts violating basic assumptions needed for the approach to succeed can be
taken and used to simplify a construction. For the most part, however, the
trees of strategies approach follows the same pattern as the standard ap-
proach, and the modularization makes it unnecessary to repeat the parts
of the proof for which combinatorial lemmas about the framework are
available. There are more combinatorial lemmas than those presented in
this paper, and we view the development of the framework as an ongoing
process.

We would like to acknowledge our debt to Steffen Lempp for the development
of the ideas in this monograph. These ideas grew out of earlier joint work with
Lempp, that would not have been completed without his sharp insight and per-
sistence. His input concerning early drafts of this monograph were invaluable.
Thanks are also extended to C. Ash, B. Englert, M. Groszek, L. Harrington,
J. Knight, A. Kučera, R. Shore, and T. Slaman for helpful comments related
to this work. Finally, I express my love and deep gratitude to my wife Max-
ine, and children Elliot and Sharon. Without their patience, tolerance, and
understanding, this project would never have been completed.
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Chapter 1

Introduction

This chapter is devoted to the presentation of basic definitions and notation to
be used in this monograph. The definitions fall under three general headings;
those related to computable partial functionals and computably enumerable
sets, those related to the computably enumerable degrees, and those related to
trees.

1.1 Computably Enumerable Sets

Let N be the natural numbers, i.e., the set of integers {0, 1, 2, . . . }. We use
interval notation on N; thus [k, m] = {n : k ≤ n ≤ m}. Open interval notation
and half-open interval notation is used in a similar fashion. The direct sum of
two subsets A and B of N is denoted as A ⊕ B and is defined as {2x : x ∈
A} ∪ {2x + 1 : x ∈ B}. |A| will denote the cardinality of the set A.

If A ⊂ N, m ∈ N, and Φ is a partial functional, then we write Φ(A;m) ↓ if
m is in the domain of Φ(A), and Φ(A;m) ↑ otherwise. If Φ and Ψ are partial
functionals and A and B are sets, then we write Φ(A) ' Ψ(B) if Φ(A) and Ψ(B)
are compatible, i.e., for all x, if Φ(A;x) ↓ and Ψ(B;x) ↓, then Φ(A;x) = Ψ(B;x);
and we write Φ(A) = Ψ(B) if Φ(A) and Ψ(B) are identical , i.e., Φ(A) and Ψ(B)
are compatible and for all x, Φ(A) ↓ iff Ψ(B) ↓.

Intuitively, a computable partial functional Φ is one for which one can write a
computer program using an arbitrary oracle A (i.e., which allows instructions of
the form: “If n ∈ A then go to line r”) such that for any m, k ∈ N, Φ(A;m) = k
if and only if the program produces output k when given input m, and Φ(A;x) ↑
if the program fails to halt on input m. A computably enumerable set is the
domain of a computable partial function Φ(∅), and B is computably enumerable
in A if there is a computable partial functional Φ such that B is the domain
of Φ(A). If Φ is a computable partial functional and Φ(A;m) ↓ = k, then the
computer program provides a computation for the axiom Φ(A;m) ↓ = k. A
is said to be the oracle, m the argument , and k the value for this axiom (or
computation). As the computation halts, only finitely many questions of the
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form “Is n ∈ A?” are asked; the use of the axiom (or computation) is the largest
such n.

If an oracle has the form A⊕B, then we write Φ(A,B) in place of Φ(A⊕B).
In this case, we allow different uses for A and B in an axiom. If only a single
use is specified, then we adopt the convention that this is the common use of A
and B. A � m + 1 is the subset of [0,m] which satisfies (A � m + 1)(k) = A(k)
for all k ≤ m. Note that if an axiom has oracle A and use m, then it produces
the same computation as would be produced from oracle A � m + 1; thus we
may allow finite sets of the form A � m + 1 as oracles for axioms.

If Φ is a partial functional with oracle A, then we say that lims Φ(A;x, s) = m
if Φ(A;x, s) ↓= m for all sufficiently large s. We say that lims Φ(A) is well-
defined if for all x, either there is an m such that lims Φ(A;x, s) = m, or
Φ(A;x, s) ↑ for all sufficiently large s.

It was shown by Kleene [6] that there is an effective enumeration {Φi : i ∈ N}
of all computable partial functionals of a fixed number of integer variables; and
there is a computable one-to-one function mapping sequences of integers to N.
Thus there is no loss of generality in assuming that each such functional has
only one integer argument. (We will, however, use functionals with multiple
oracles and arguments, and note that the above enumeration uniformly induces
effective enumerations of all computable partial functionals with fixed numbers
of set and integer variables.) Similarly, there is a computable enumeration {Wi :
i ∈ N} of all computably enumerable sets. Furthermore, there is a computable
sequence of approximations to the computable enumeration of functionals or
sets, i.e., an array {W s

i : i, s ∈ N} such that for all i, Wi = ∪{W s
i : s ∈ N},

max(W s
i ) = s, and {〈m, s〉 : m ∈ W s

i } is computable. Similarly, there is an array
{Φs

i : i, s ∈ N} such that for all i, A and m, Φi(A;m) = lims Φs
i (A � s + 1; m);

in fact, if A = Wj , then Φi(Wj ;m) = lims Φs
i (W

s
j ;m), and we can assume that

{〈i, j, s, σ〉 : σ ⊂ W s
j & Φs

i (σ;m) ↓} is computable; without loss of generality, we
assume that if 〈i, j, s, σ〉 is in this set, then i, j ≤ s and σ ⊆ [0, s]. The notation
Φ(A;m)[s] will be used for Φs

i (A;m).

1.2 Degrees

Define A ≤T B if there is a computable partial functional Φ such that Φ(B) = A,
and A ≡T B if A ≤T B and B ≤T A. ≡T is an equivalence relation known
as Turing reducibility which captures the notion of information content. The
equivalence classes, {A : A ≡T B} are called degrees, and form a partially
ordered set (poset) with ordering ≤ induced by ≤T . Lower-case bold-face letters
such as a are used to denote degrees. A degree is computably enumerable if it
contains a computably enumerable set. R denotes the poset of computably
enumerable degrees, and R denotes the set of computably enumerable degrees.

The degrees support a join operation: Thus if a is the degree of A and b is
the degree of B, then a ∪ b denotes the degree of A⊕B which is the least upper
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bound of a and b. Some, but not all pairs of degrees have a meet; when such a
meet exists, it is denoted by a ∩ b. We write a|b if a and b are incomparable.

There is a smallest degree, 0, the degree of the computable sets. The degrees
also support a jump operator denoted by a′; given a set A of degree a, a′ is the
largest degree of a set that is computably enumerable in A. (We remark that
such a set always exists.) Thus 0′ is the largest computably enumerable degree;
we fix a set K of degree 0′.

The high/low hierarchy for the computably enumerable degrees is defined as
follows. A computably enumerable degree a is lown if a(n) = 0(n), and is highn

if a(n) = 0(n+1). Computably enumerable degrees a satisfying

0(m) < a(m) < 0(m+1)

for all m are called intermediate. A computably enumerable set A is said to
be lown (highn, intermediate, resp.) if its degree is lown (highn intermediate,
resp.).

We recall the Shoenfield Limit Lemma [27]:

Lemma 1.2.1. (Limit Lemma) A ≤T K iff there is a total computable function
f such that for all x, lims f(x, s) = A(x).

We note that our definition of limit applies to partial functions as well. It is
then easy to verify the following lemma, which we will use as our version of the
Limit Lemma:

Lemma 1.2.2. (Limit Lemma) A ≤T K iff there is a computable partial func-
tion f such that for all x, lims f(x, s) ↓= A(x).

1.3 Finite Sequences and Trees

Let A be a computable set of symbols, and let T (A) = A<ω, i.e., the set of all
finite sequences of symbols from A. ∅ will denote the sequence of length 0. For
σ ∈ T (A), let |σ| denote the length of the sequence σ, i.e, the cardinality of the
domain of σ. It there is an n < min{|σ|, |τ |} such that σ(n) 6= τ(n), then we
write σ|τ . For σ, τ ∈ T (A), we define σ_τ to be the sequence of length |σ|+ |τ |
consisting of the sequence of symbols σ followed by the sequence of symbols τ .

We define a partial order, ⊆, on T (A) by σ ⊆ ρ if there is a τ such that
σ_τ = ρ. 〈T,⊆〉 is a tree if T is an initial segment of T (A) for some A, and
⊆ is the restriction of the ordering on T (A) to T . If σ, τ ∈ T (A), then σ ∧ τ is
the longest ρ ∈ T (A) such that ρ ⊆ σ and ρ ⊆ τ ; and if |σ| > 0, then σ− is the
unique ρ ⊂ σ such that |σ| = 1 + |ρ|. We also use interval notation for trees;
thus [σ, τ ] = {ρ : σ ⊆ ρ ⊆ τ}. Similar notation is used for open and half-open
intervals.

A path through a tree T = T (A) is an ω-sequence of elements of A; [T ]
denotes the set of all paths through T .

Sequences of trees will be specified; the notation used is {T i : i ≤ n}. In
this context, an element of T i will be of the form σi, i.e., the superscript will
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identify the tree of the sequence on which σi lies. If i = 0, then the superscript
will be omitted.

We will be using paths through one tree to approximate to paths through
another tree through a limit approximation, which is defined as follows. Fix τ ∈
T ∪ [T ] and a function λ from T to another tree T ′. Then ξ ⊆ lim{λ(η) : η ⊂ τ}
iff ξ ⊂ λ(η) for a proper cofinal set of nodes η ⊆ τ .



Chapter 2

Systems of Trees of
Strategies

Many theorems concerning structural properties of R are proved by construct-
ing sets satisfying each requirement in an infinite list. Frequently, the action
taken to satisfy one requirement will conflict with the preservation of action
taken earlier to satisfy another requirement. The priority method was devised
to organize the action taken to satisfy requirements so that, at the end of a
construction, all requirements are satisfied.

As the logical complexity (measured by the complexity of sentences in a
certain language) of the requirements under consideration increases, it becomes
more difficult to analyze the conflicts between requirements and to show that
all requirements are satisfied. The systems of trees of strategies approach is an
inductive method which provides such an analysis. The proofs that we present
using this approach all follow the same pattern.

We begin with a list of all requirements to be satisfied, and it will usually be
clear that the theorem will follow once we show that all requirements are satis-
fied. We will then introduce basic modules for each requirement; these modules
will describe, in a high-level language, the manner in which the requirement
will be satisfied. The basic modules will be finite binary trees whose edges and
non-terminal vertices or nodes are labeled with sentences. Each non-terminal
node will have a directing sentence whose role is to direct the action taken; if the
directing sentence is true, then we will follow the instructions of the validated
action sentence along one edge emanating from that node, and if the sentence is
false, then we will follow the instructions of the activated action sentence along
the other edge emanating from that node. The basic modules will be templates,
and the sentences will be allowed to use parameters defined in terms of nodes
of the basic module, and will be allowed to restrict quantifiers involving these
nodes to lie along the true path through the tree. There will then be instructions
on how to implement the basic module on the highest level tree of strategies Tn,
and an observation that the implementation faithfully reflects the basic module

11
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and the requirement.
The next step will be the decomposition of requirements, level by level, from

Tn to the computable level T 0 at which the construction takes place. Suppose
that we have determined what takes place on T k+1, and wish to pass to T k.
Each node ηk+1 ∈ T k+1 will have potentially infinitely many derivatives on T k;
these will be nodes working to ensure that the instructions for ηk+1 are carried
out. Thus we will need an algorithm that determines the node of T k+1 for which
a given node of T k is working, and a definition of the path through T k+1 com-
puted, through a limit approximation, by a given path through T k. The trees of
strategies will need to be defined carefully in order to reflect this computation.
We will then need to describe how the directing sentence and action sentences
for ηk+1 are decomposed to produce the sentences for the derivative ηk ∈ T k

of ηk+1. This will usually be done by bounding some quantifiers, and we will
again allow nodes of T k to be used as parameters in the bounding process. We
will have to show that this process is a faithful reflection of the requirement,
namely, that if we follow the instructions of the sentences for the derivatives
of ηk+1 along a path Λk through T k and Λk computes the path Λk+1 through
T k+1 along which ηk+1 lies, then we will have satisfied the instructions of the
sentences for ηk+1.

When we reach T 0, then we will have instructions for an effective construc-
tion. However, we will need to show that these instructions can be implemented.
Thus we cannot have instructions telling us to withhhold a number x from a
computably enumerable set A if x has already been placed into A, nor can we
have instructions to declare an axiom Φs(σ;x) = m when we have already de-
clared an axiom Φt(τ ;x) = k for some t < s, τ ⊆ σ and k 6= m. Similarly, we
cannot have such conflicting instructions at a given stage s. Once this is shown,
we implement the construction and the theorem then follows. There may be
nodes along the true path through T 0 whose instructions we choose to ignore,
but in all such cases, we will show that these instructions are derived from a
node that does not lie on the true path through its tree.

As is evident from the above description, there are many things that need to
be checked or proved for a given theorem. If separate proofs were required for
each theorem, there would be no advantage to this approach; but this is not the
case. Many of the steps to be carried out will be the implementation of one of
several fixed algorithms used over and over; and we will have theorems showing
that if an algorithm has certain easily-checked properties, then it accomplishes
its task. Thus the proof of each theorem will consist of checking, usually by
inspection, that certain properties hold, and quoting some theorems about the
framework. These theorems will apply to many constructions, and thus prevent
duplication of work in proofs. Thus once we have the needed theorems describing
properties of the framework, the hard part in proving a theorem will consist of
designing basic modules, and sometimes revising fixed algorithms, so that the
necessary properties are satisfied.

In Section 2.1, we use the proof of the Friedberg-Mučnik Theorem to mo-
tivate the trees of strategies approach. Trees of strategies are introduced in
Section 2.2. The properties to be obeyed by basic modules are presented in
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Section 2.3. The λ function, defined in Section 2.4, will provide a computable
limit approximation of a path Λk+1 through T k+1 from a path Λk through T k.
The links that are defined in Section 2.5 will be used to keep track of nodes
ηk+1 ∈ T k+1 that are free to be switched by λ, i.e., nodes for which it is safe to
have λ(ηk)|λ((ηk)−) with ηk+1 = λ(ηk)∧λ((ηk)−). In Section 2.6, we define the
nodes that are eligible to be antiderivatives of ηk, i.e., from which ηk is allowed
to be derived. Each construction will have to describe the way the antiderivative
of ηk is chosen from among these eligible nodes. Antiderivatives for nodes of T k

will be chosen within blocks of nodes, i.e., segments of T k containing no infinite
paths. Properties of the block formation process are specified in Section 2.7,
and the assignment of requirements to nodes of trees and the decomposition of
requirements will also be discussed in that section. The weight function, intro-
duced in Section 2.8, will supply bounds for the quantifiers and will determine
arguments for functionals.

Directing sentences and action are discussed in Sections 2.9 and 2.10. The
first of these sections deals primarily with an example, and the second section
with more general properties of these sentences. The Framework Theorem is
presented in Section 2.11. This section does not require a deep understanding
of the framework, and can be read without understanding many of the details
of prior sections.

2.1 Motivation: The Friedberg-Mučnik Theo-
rem

The study of R traces its history back to Post’s [23] fundamental paper of 1944.
Post focused on the computably enumerable sets, sets that can be enumerated
by a computer, and began the study of the information content of such sets
by trying to determine properties of R. There are two special computably
enumerable degrees, 0, the degree of the computable sets which is the smallest
degree in this poset, and 0′, the largest computably enumerable degree. Post
asked whether there were other computably enumerable degrees, a question that
became known as Post’s Problem.

Solutions to Post’s Problem were found independently by Friedberg [4] and
Mučnik [22] more than a decade later through the construction of a pair of
computably enumerable sets whose degrees are incomparable. These solutions
introduced a new technique, the priority method, that is the subject of this
monograph. As the proof of this result is one of the simplest applications of the
priority method, it will be used to motivate the systems of trees of strategies
approach.

Theorem 2.1.1. (Friedberg, Mučnik) There are computably enumerable sets A
and B such that A ≤T B and B ≤T A.

Sketch of proof. Computably enumerable sets A and B will be constructed.
For each computable partial functional Φ, we introduce two requirements to be
satisfied.
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PΦ : Φ(A) 6= B.

QΦ : Φ(B) 6= A.

The symmetrical relationship between the two types of requirements allows us
to focus only on the description of the satisfaction of PΦ.

Each attempt to satisfy the requirement Φ(A) 6= B will be localized at a node
of the tree T 1. A basic module is used to describe the attempt at satisfaction.
This module will be a finite tree consisting of three nodes α, α0, and α1, ordered
according to the lexicographical ordering of their subscripts, and a parameter
x will effectively be obtained from α. The directing sentence Φ(A;x) ↓ = 0
will be associated with α. When this sentence is true, the path through the
tree will follow α1, and validated action will be taken to ensure that B(x) = 1
and that the truth of the directing sentence is preserved. Otherwise, the path
through the tree will follow α0, and activated action will be taken to ensure that
B(x) = 0. In either case, the requirement will be satisfied.

As the construction must be effective, the truth of the directing sentence
cannot be determined immediately. Thus attempts are made to discover the
truth of this sentence, i.e., to find a stage s at which Φ(A;x)[s] ↓ = 0. If no
such stage is found, then x never enters B and unsuccessful attempts to find such
a stage will be made infinitely often, so the original directing sentence will be
false. If s is found, then validated action is followed by placing x into Bs+1 and
restraining numbers less than or equal to the use of the axiom Φ(A;x)[s] ↓ = 0
from entering A at any stage t ≥ s. These numbers may desire to enter A for
the sake of some requirement QΨ. Potential conflicts of this sort are resolved by
establishing a priority ordering {Ri : i ∈ N} of all requirements. Requirements
of higher priority than PΦ will act finitely often, and we will initialize PΦ and
assign a new witness x1 to this requirement each time such action occurs. x1

will be large enough so that its entry into B will not cause injury to any higher
priority requirement. Requirements of lower priority than PΦ will be forced
to choose their witnesses greater than the use of the axiom Φ(A;x)[s] ↓ = 0,
thereby maintaining the validity of the directing sentence for PΦ.

The system of trees of strategies approach implements the construction on
a tree T 0 on which computable decisions are made. T 0 will be the binary
tree {0,∞}<ω, with 0 designating the activated outcome (i.e., the falsity of the
directing sentence), and ∞ designating the validated outcome (i.e., the truth of
the directing sentence). The directing sentence will be a ∆0

1 sentence, asking
about the truth of an effective condition. Nodes η0 ∈ T 0 will be derived from
nodes η1 ∈ T 1, and act for such nodes. The weight function, wt, will be used
to provide certain parameters. s will be the weight of η0, and will represent
the stage at which the construction evaluates its options. u will be strictly
bounded by the weight of the longest node that is on the current path through
T 1 computed by η0, and represents the potential use for the computation. And
x will be the weight of η1, and represents the argument for the functional Φ.
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The directing sentence for η0 will be

Φ(A � u;x)[s] ↓ = 0,

where s = wt(η0). η1 will have infinitely many derivatives along the true path
Λ0, so it suffices to check for the truth of the directing sentence only at deriva-
tives of η1. Activated action will consist of setting

Bs+1(x) = 0,

and validated action at t > s will consist of specifying

Bs+1(x) = 1 & At � u = As � u.

The properties of the weight function will ensure the truth of the second conjunct
of the validated action, if action is taken as soon as it is discovered that Φ(A �
u;x)[s] ↓ = 0.

In order to ensure the success of a construction of this sort, communications
between T 0 and T 1 must be established. Requirements are assigned to T 1 so
that every requirement appears along each path through T 1. In this way, it
can be shown that if action along the final path through T 1 is implemented in
accordance with the truth value of the directing sentence, then all requirements
are satisfied. The procedure for assigning requirements to nodes of T 0 is based
on the assignment of requirements to the current path through T 1. Next, a path
through T 0 must be constructed based on the validity of directing sentences
encountered along the path. At the end of the construction, a path Λ0 ∈ [T 0]
will be computably specified and will provide an approximation (using a limit
process) to a path Λ1 ∈ [T 1], and it will have to be shown that the truth
(falsity, resp.) of the directing sentences and validated (activated, resp.) action
taken along Λ0 ensures the truth (falsity, resp.) of the directing sentences and
validated (activated, resp.) action taken along Λ1. Some of these steps will
be described in the next several sections. The process is an inductive one, so
can be extended to longer sequences of trees. This will be necessary to obtain
theorems that describe more complex properties of R. A rigorous proof of the
Friedberg-Mučnik Theorem using this approach will be presented in Chapter 3.

The intuition behind the definition of the tree T 1 is as follows. A node
β1 ∈ T 1 with |β1| > 0 will describe the portion of the path followed on T 0 that
determined that β1 is on the current path through T 1. β1 will determine the
outcome for its immediate predecessor α1; this outcome will reflect the truth
value of the directing sentence for α1. If β1 specifies a validated outcome for α1,
then a node α0 ⊂ Λ0 which acts for the requirement assigned to α1 and has a
validated outcome specified by its immediate successor β0 ⊂ Λ0 will have been
discovered. This information is coded by having β0 compute a path passing
through β1; thus we set β1 = α1_〈β0〉. On the other hand, if β1 specifies an
activated outcome for α1, then every node α0 ⊂ Λ0 acting for the requirement
assigned to α1 has an immediate successor β0 ⊂ Λ0 that specifies an activated
outcome for α0, and there will be infinitely many such nodes. β1 cannot code
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infinitely many nodes; so we set β1 = α1_〈β0〉, where β0 is the immediate
successor of the first node α0 ⊂ Λ0 acting for the requirement assigned to α1.
The information coded in this way will be sufficient, and is as much as can be
coded through an approximation process. This approach requires nodes of T 1

to be finite sequences of nodes of T 0. The process is repeated at successively
higher levels, and the correspondence between activation and validation on the
one hand, and Σ outcomes and Π outcomes on the other hand, alternates during
the passage from level to level. This alternation corresponds to the alternation
between bounding existential quantifiers in directing sentences and bounding
universal quantifiers in directing sentences.

2.2 Systems of Trees

Requirements and subrequirements will reside on trees, and their action will
be coordinated through the use of a system of trees. The action taken by the
construction at a node of the tree T 0 will be determined by the truth or falsity
of the directing sentence associated with that node. Thus T 0 is chosen to be a
binary tree. Nodes of T 0 will be finite sequences from {0,∞}, and outcomes of
the action taken at a node will be designated as Σ outcomes (finite outcomes)
or Π outcomes (infinite outcomes). For k > 0, the outcomes of nodes of T k

will be nodes of T k−1. The outcome ρk−1 of a node ηk ∈ T k will be used to
determine how subrequirements assigned to nodes derived from ηk were satisfied
on all trees T j for j < k. ρk−1 will be an immediate successor of a node ηk−1

derived from ηk. Examples of this use of outcomes will be given after the trees
are defined.

T k will be defined as the set of finite increasing sequences of nodes from
T k−1. These are the only paths through the set of all finite sequences of nodes
from T k−1 that are accessible through the approximation process.

Definition 2.2.1. We set T 0 = {0,∞}<ω. If 0 < k ≤ n and T k−1 has been
defined, let

T k = {ηk ∈ (T k−1)<ω : ∀i, j < |ηk|(i < j → ηk(i) ⊂ ηk(j))}.

T k = 〈T k,⊆〉 is the tree of strategies of level k, ordered by inclusion. We refer to
the elements of T k as nodes of T k. Each successor node of T k is identified with its
immediate predecessor followed by a node of T k−1. If ηk ∈ T k, ρk−1 ∈ T k−1, and
ηk = (ηk)−_〈ρk−1〉, then ρk−1 is the outcome for (ηk)− along ηk. A function
is introduced to compute outcomes; in the above situation, we define out(ηk) =
ρk−1. If j ≤ k, then we define outj(ηk) by reverse induction; outk(ηk) = ηk,
and outj−1(ηk) = out(outj(ηk)).

The following condition follows from the requirement that nodes on T k+1 be
increasing sequences of nodes on T k:

(k > 0 & ηk ⊂ ρk ∈ T k) → out(ηk) ⊂ out(ρk).
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There are two types of outcomes, activated and validated, and the type of
outcome followed depends on whether the directing sentence is false or true.
As blocks of like unbounded quantifiers are bounded in passing from level to
level, the leading block of unbounded quantifiers for the directing sentences
at consecutive levels alternates between a block of universal quantifiers and a
block of existential quantifiers. For a sentence with a leading block of universal
(existential, resp.) quantifiers, the Π outcome (Σ outcome, resp.) is the one
that guesses that the sentence is true, and the Σ outcome (Π outcome, resp.)
is the one that guesses that the sentence is false, i.e., that its negation is true.
Thus the correspondence between activated and validated outcomes on the one
hand, and Σ outcomes and Π outcome on the other hand, will alternate level
by level.

Definition 2.2.2. Fix k ≤ n, ηk ∈ T k and ρk ∈ T k∪[T k] such that ρk ⊇ ηk and
|ηk| > 0. If k = 0, then we say that (ηk)− is activated (validated, resp.) along ρk

if out(ηk) = 0 (out(ηk) = ∞, resp.). If k > 0, then (ηk)− is activated (validated,
resp.) along ρk if (out(ηk))− is activated (validated, resp.) along out(ηk). We
say that (ηk)− has Σ outcome (Π outcome, resp.) along ρk if either k = 0 and
out(ηk) = 0 (out(ηk) = ∞, resp.), or k > 0 and (out(ηk))− has Π outcome (Σ
outcome, resp.) along out(ηk). (Note that (ηk)− is activated (validated, resp.)
along ηk if either k is even and (ηk)− has Σ outcome (Π outcome, resp.) along
ηk, or k is odd and (ηk)− has Π outcome (Σ outcome, resp.) along ηk.)

In order to provide the reader with some intuition about systems of trees, a
proof using these systems is now related to the single tree of strategies approach
introduced by Harrington and popularized by Soare [30], and the methods of
treatment of certain concrete requirements by these approaches are compared.
Recall the Friedberg-Mučnik requirements discussed in Section 2.1. These are
discussed again in the context of systems of trees. Much of this discussion
duplicates the earlier discussion, but the new terminology and context allows
for more precision.

Example 2.2.3. Consider a typical Friedberg-Mučnik requirement Φ(A) 6= B.
The standard tree of strategies approach assigns such a requirement to a node
η1 of T 1 = {0, 1}<w, and proceeds by stages. When η1 first appears on the true
path, a follower x is assigned to the requirement. As long as η1 is on the path
through T 1 computed at stage s and Φ(A;x)[s] 6= 0, the path computation at
s follows η1_〈0〉, and the construction sets Bs+1(x) = 0. (η1 is activated along
this path.) If, at some t greater than or equal to the stage at which η1 first
appears on the true path computation, we find that Φ(A � u;x)[t] ↓ = 0 for
some u ≤ t, then the path computation at t follows η1_〈1〉, the construction
sets Bt+1(x) = 1, A � u is restrained, and η1 never acts again. (η1 is validated
along this path.)

The systems of trees of strategies approach replaces stages with nodes of the
tree T 0 = {0,∞}<w. In place of stage t, the weight (see Definition 2.8.1) of the
node η0 ∈ T 0 derived from η1 at which the construction has arrived, is used.
Let ρ0 = η0_〈β〉 be the immediate extension of η0 along Λ0; ρ1 = η1_〈ρ0〉 ∈ T 1
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is used to code whether or not Φ(A;x) ↓ = 0. The outcome ρ0 of η1 identifies
whether or not the requirement has been activated or validated, and in addition,
that the decision to activate or validate was made based on the outcome of η0

along ρ0. If η1 is activated (so has Π outcome) along ρ1, then η1 will have
infinitely many derivatives along the true path Λ0 ∈ T 0, all of which will be
activated (and have Σ outcome) along Λ0. The immediate successor ρ0 = η0_〈0〉
of η1 will identify η0 as the derivative of η1 at which the decision to determine
the outcome of η1 along ρ1 is made, namely, the first derivative of η1 along Λ0

(η0 is designated both as the initial and principal derivative of η1 along Λ0),
and the outcome 0 of η0 along Λ0 indicates that η0 is activated along Λ0. If η1

is validated (so has Σ outcome) along ρ1, then the immediate successor ρ0 of η1

will identify the node η0 of T 0 at which the decision to determine the outcome
of η1 along ρ1 was made (η0 is designated as the principal derivative of η1 along
ρ1), and the outcome ∞ of η0 along Λ0 indicates that η0 is validated (so has Π
outcome) along ρ0.

If η0 is not the first (i.e., initial) derivative µ0 of η1 along ρ1 and η0 has
Π outcome along ρ0, then we create a link from µ0 to η0. Links partially
correspond, in standard priority arguments, to initializing all extensions of ρ1.
At higher levels, they also serve the purpose of preventing nodes captured by the
link from acting to change the approximation to the true path. This will ensure
that when the outcome of a node is switched by the approximation, the switch
must be caused by action taken for a derivative of the node that is switched.

Example 2.2.4. Consider a typical thickness requirement on T 2. An infinite
computable set R is given, activation corresponds to allowing only finitely many
elements of R to enter a set A, and validation corresponds to forcing cofinitely
many elements of R to enter A. Suppose that this thickness requirement is
assigned to a node η2 along the true path Λ2 ∈ [T 2]. Then η2 will have deriva-
tives along the true path Λ1 ∈ [T 1], each of which will have the role of placing
elements of R into A if its associated Σ1 sentence is true.

First suppose that one of these sentences is false, say the one corresponding
to the derivative η1 of η2. Then η1 will be the last (and principal) derivative of
η2 along Λ1, and will have Π outcome along Λ1, indicating that no derivative of
η1 is validated along the true path Λ0 ∈ [T 0], i.e., that no derivative of η1 finds
a witness for its existential sentence at the stage corresponding to its weight. As
there will be infinitely many derivatives of η1 along Λ0, we will be verifying the
falsity of the directing sentence for both η1 and η2. No elements greater than
or equal to the least element of R for which η1 has responsibility are placed into
A in this case.

Now suppose that all directing sentences for derivatives of η2 along Λ1 are
true. Then η2 will have Π outcome along Λ2, indicating that η2 has infinitely
many derivatives along Λ1, each of which is validated (so has Σ outcome) along
Λ1, i.e., has a derivative along Λ0 whose directing sentence is true. Each such
node will place the elements of R for which it is responsible into A. All but
finitely many elements of R will be assigned to such nodes, so cofinitely many
elements of R will be placed into A. (The Π outcome of η2 along Λ2 is the initial
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derivative η1 of η2 along Λ1 (which is also the principal derivative of η2 along
Λ1), followed by its first validated derivative η0 along Λ0 and the outcome ∞
for η0 indicating that η0 is validated.)

2.3 Basic Modules

A basic module is a finite labeled binary directed tree that is used to describe
the strategy for satisfying a given requirement. Two edges will exit from each
non-terminal node; one will be used to describe activated action, and the other
to describe validated action. In addition, the edges will determine Σ and Π
outcomes for the node, and the correspondence between the Σ/Π, and acti-
vated/validated categorizations will be consistent with that of Definition 2.2.2
when nodes of the basic module are assigned to trees. Each non-terminal node
of the basic module will have an associated directing sentence, and each edge
will be assigned an action; action will be categorized as activated or validated
depending on the label given to the edge.

Nodes of a basic module will be assigned to nodes of the highest level tree Tn.
Terminal nodes will be used only to determine paths for activation or validation,
and will not be assigned directing sentences. Thus when basic modules are
assigned to trees, the terminal nodes of the basic module will be identified
with initial nodes of a new basic module. The conditions required of basic
modules are now axiomatized; they will be easy to verify by inspection for a
given construction.

Definition 2.3.1. (Basic Modules) A basic module is a labeled directed tree
〈T,≤〉 with the following properties:

(i) T is finite, and |T | > 1.

(ii) T has a unique initial element.

(iii) Every non-terminal element of T has exactly two immediate successors.

The non-terminal nodes of T will each have a level, and will be assigned a
directing sentence. Each edge of T will be classified as activated or validated,
and in addition, each edge of T will be classified as Σ or Π. Activated action will
be assigned to each activated edge of T , and validated action will be assigned
to each validated edge of T . No directing sentence is assigned to any terminal
node of T .

Remark 2.3.2. We use lower-case Greek letters, generally from the beginning
of the alphabet, to represent nodes of basic modules, and these nodes will have
subscripts from {0, 1}<ω. The ordering of these nodes will correspond to the
lexicographical ordering of the subscripts, and the empty sequence will produce
no subscript. If σ is such a subscript, then ασ_〈0〉 will represent the immediate
successor of ασ along which the activated outcome is followed, and ασ_〈1〉 will
represent the immediate successor of ασ along which the validated outcome is
followed.
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2.4 The Path Generating Function λ

The next four sections will constitute a simultaneous induction, first on n−k and
then on |ηn−k| for ηn−k ∈ Tn−k. During this induction, we will need to define
how requirements are assigned to nodes of trees, the up function connecting
nodes of different trees working for the same requirement, the path computation
function λ, links, and the notions of initial derivative and principal derivative.
For the purposes of the induction, we will assume that we are at a node ηk ∈ T k,
and that the functions and concepts in question have been defined for T j if j > k
and also for ξk ⊂ ηk. We begin with the definition of λ. This function is not
defined for nodes of Tn.

If k < n, then each node ηk ∈ T k will be derived from a node ηk+1 ∈ T k+1.
In this case, ηk is said to be a derivative of ηk+1, written as up(ηk) = ηk+1.
The path generating function λ provides an approximation to an initial segment
λ(ηk) of a path through T k+1. If Λk ∈ [T k], then lim{λ(ηk) : ηk ⊂ Λk} will be
a path through T k+1.

The definition of the path generating function λ is meant to capture the
following situation. Each ξ = ξk ⊂ ηk will be derived from a node σ = σk+1 ∈
T k+1. A directing sentence Sσ will be associated with σ, and will give rise
to a directing sentence Sξ for ξ. Suppose that Sσ begins with a universal
quantifier. (This assumption implies that the activated outcome coincides with
the Σ outcome and the validated outcome coincides with the Π outcome at the
associated level.) If σ has level ≥ k+1, we will frequently obtain Sξ by bounding
the leading block of universal quantifiers in Sσ by a parameter. As long as each
Sξ is true, the approximation given by λ predicts that σk+1_〈µk_〈ρk−1〉〉 ⊆
λ(ηk), where µk is the initial derivative of σk+1 along ηk (defined below) and
ρk−1 is the (validated and Σ ) outcome of µk along ηk. If we find a first ξ = ξk for
which Sξ is false, then σk+1_〈ξk_〈ρk−1〉〉 ⊆ λ(ηk), where ρk−1 is the (activated
and Π ) outcome of ξk along ηk; in this case, ξk will be the principal derivative
of σk+1 along ηk. If Sσ begins with an existential quantifier, then we proceed as
above after replacing Sξ with ¬Sξ, and interchanging activated and validated. (If
lev(σk+1) ≤ k, then the outcome of σk+1 along λ(ηk) is induced by the outcome
of the unique derivative of σk+1 along ηk.)

λ(ηk) is formally defined as follows:

Definition 2.4.1. Suppose that up(ξk) is defined for all ξk ⊂ ηk. If ηk 6= 〈 〉,
let νk = (ηk)−. We then define λ(ηk) as follows:

λ(ηk) =



〈 〉 if ηk = 〈 〉,
up(νk)_〈ηk〉 if ηk 6= 〈 〉 and either up(νk) = λ(νk), or νk is the

shortest ξk ⊂ ηk such that both up(ξk) = up(νk)
and ξk has Π outcome along ηk,

λ((ηk)−) otherwise.

(The requirement, in the second clause of the definition of λ(ηk), that νk be as
short as possible will be superfluous, as condition (2.6.2) below will be added
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later and will imply that there is at most one ξk satisfying the requirement of
the second clause.) λi(ηk) is defined for i ∈ [k, n] as follows: λk(ηk) = ηk and
λi(ηk) = λ(λi−1(ηk)) for i > k. And if Λk ∈ [T k], then λ(Λk) = lims{λ(Λk � s)},
and Λk+1 = λ(Λk). For all i ∈ [k, n], λi(ηk) is called the current path through
T i at ηk.

Remark 2.4.2. It follows from Definition 2.4.1 that:

(i) If σk+1 ⊆ λ(ηk), then out(σk+1) ⊆ ηk.

(ii) If λ((ηk)−) ⊇ σk+1 and λ(ηk) 6⊇ σk+1, then for all δk ⊇ ηk, λ(δk) 6⊇ σk+1.

(iii) If λ(ηk) ⊇ σk+1, then σk+1 has a derivative ⊂ ηk iff λ(ηk) ⊃ σk+1.

(iv) If ξk ⊂ ηk ∈ T k, λ(ξk)|λ(ηk), and κk+1 = λ(ξk) ∧ λ(ηk), then there
is a derivative κ̃k ⊂ ξk of κk+1 that has Σ outcome along ξk (in fact,
all derivatives of κk+1 that are ⊂ ξk have Σ outcome along ξk), and a
derivative κk ∈ [ξk, ηk) of κk+1 that has Π outcome along ηk.

(v) If ξk ⊂ ηk and λ(ξk) and λ(ηk) are comparable, then λ(ξk) ⊆ λ(ηk).

(vi) If σk+1 ⊂ λ(ηk), then σk+1 has Π outcome along λ(ηk) iff all derivatives
of σk+1 have Σ outcome along ηk.

Example 2.4.3. Suppose that the sequence η5 = 〈0, 0, 0, 0,∞〉 ∈ T 0 is given.
For all i ≤ 5, let ηi = η5 � i. Let τ0 = ∅ ∈ T 1, and suppose that η0, η1 and η3 are
derivatives of τ0. Then λ(η0) = τ0, and λ(η1) = λ(η2) = τ _

0 〈η _
0 〈0〉〉 = 〈〈0〉〉 =

τ1. Now suppose that η2 and η4 are derivatives of τ1. Then λ(η3) = λ(η4) =
τ _
1 〈η _

2 〈0〉〉 = τ _
1 〈η3〉 = τ2. Finally, λ(η5) = τ _

1 〈η _
4 〈∞〉〉 = τ _

1 〈η5〉 = τ3.
Note that τ2 and τ3 are incomparable.

Two derivatives of ξk+1 ∈ T k+1 along ηk play special roles. The first of these
is the initial derivative of ξk+1 along ηk, defined in Definition 2.7.6, which is the
shortest derivative of ξk+1 along ηk. The second is the principal derivative of
ξk+1 along ηk, defined below. Principal derivatives of nodes are the derivatives
that determine outcomes.

Definition 2.4.4. Fix πk ⊂ ηk ⊆ ρk ∈ T k ∪ [T k] and σk+1 ∈ T k+1 such that
(ηk)− = πk. We say that πk is the principal derivative of σk+1 along ρk if
up(πk) = σk+1, and either πk has Π outcome along ρk, or all derivatives of
σk+1 along ρk have Σ outcome along ρk and πk is the initial derivative of σk+1

along ρk. (Thus we do not require that up(πk) ⊆ λ(ρk).) If i ≥ k and σi ∈ T i,
we call πk the principal derivative of σi along ρk if either i = k and πk = σi,
or i > k and there is a πk+1 ∈ T k+1 such that πk is the principal derivative
of πk+1 along ρk and πk+1 is the principal derivative of σi along λ(ρk). For
j ≤ k + 1, we define prinj(σk+1, ρj) to be the principal derivative of σk+1 along
ρj , if it exists; when j = 0, we will frequently omit the superscript j.
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Remark 2.4.5. It follows from Remark 2.4.2(iv) and Definition 2.4.4 that if
πk

0 ⊂ πk
1 , λ(πk

0 ) | λ(πk
1 ), and κk+1 = λ(πk

0 ) ∧ λ(πk
1 ), then there are µk ⊂ πk

0 ⊆
πk ⊂ πk

1 such that µk is the principal derivative of κk+1 along πk
0 and has Σ

outcome along πk
0 so is the initial derivative of κk+1 along πk

0 and πk is the
principal derivative of κk+1 along πk

1 and has Π outcome along πk
1 .

2.5 Links

Suppose that k < i ≤ n. We will need to place restrictions on the nodes of
T i that are are eligible to be switched by a given node along the current path
through T k. One restriction requires a node to be free when it is switched, i.e.,
that it not be contained in any link. Links are formed when a switch occurs,
and can be broken when the outcome of a switched node is switched back. Thus
in Example 2.4.3, the node η5 switches τ1.

Links correspond to initialization, after injury, in the standard approach to
infinite injury priority arguments. Suppose that a node σ2 ∈ T 2 has shortest
derivative µ1 along a path Λ1 through T 1, and principal derivative π1 ⊃ µ1

along ρ1 ⊂ Λ1. Then we form a primary ρ1-link [µ1, π1] from µ1 to π1, thereby
restraining any node ξ1 ∈ [µ1, π1) from acting and destroying axioms declared
by π1. (Note that if [µ1, π1] is a ρ1-link, then π1 is not restrained by [µ1, π1].
However, as we can have [µ1, π1) = [µ1, δ1) as intervals with π1 6= δ1, we use
closed interval notation [µ1, π1] for ρ1-links to make sure that there is a one-
to-one correspondence between intervals that determine links, and the links
themselves.) Any ξ1 ∈ [µ1, π1) will either be a derivative of a node η2 that is
no longer on the current path, or a derivative of a node η2 ⊆ σ2. Links on T j

are also used to prevent action by the derivatives of η2 within the interval that
they determine, as such nodes will either be acting based on an incorrect guess
to the current path through some tree, or will switch the current path on T k

for some k > j at a node that is not an antiderivative of a node that is switched
on T i for some i ∈ [j, k]. In other words, this restriction on action will allow
a node σk ∈ T k to be switched only when a derivative of σk receives a new Π
outcome. If η2 is never returned to the current path of T 2, then η2 will have no
derivatives extending π1, and will not need to have its requirement satisfied. If
η2 ⊆ σ2, then it will be shown that there is no harm in preventing derivatives
of η2 restrained by [µ1, π1] from acting, as any such action can be assigned to
derivatives of η2 extending π1. Derivatives of π1 will be allowed to act, as π1 is
not restrained by [µ1, π1].

Definition 2.5.1. A node ηk ∈ T k such that |ηk| > 0 is said to be switching if
there is an i > k such that λi((ηk)−)|λi(ηk). For the least such i, we say that
ηk is i-switching. If j ∈ [i, n] and ηk is i-switching, we say that ηk switches
upj((ηk)−). (We will show in Lemma 8.3.3 (Link Analysis) that in this case,
upj((ηk)−) = λj((ηk)−) ∧ λj(ηk).)

Fix ρk ∈ T k. Each ρk-link will be derived from a primary λj(ρk)-link for
some j ≥ k, and will have either Σ outcome or Π outcome. The ρk-links of T k
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will be defined by induction on n − k. If k = n, then there are no ρk-links.
Suppose that k < n.

Definition 2.5.2. Suppose that µk ⊂ πk ⊂ ρk ∈ T k ∪ [T k], πk is the principal
derivative of πk+1 = up(πk) along ρk and µk is the shortest derivative of πk+1

along ρk. Then [µk, πk] is a primary ρk-link and has Π outcome.

Example 2.5.3. Consider the discussion of the Friedberg-Mučnik Theorem in
Example 2.2.3. There are no links on T 1. A link [µ0, π0] on T 0 restrains those
nodes that acted for derivatives of nodes on T 1 between the time up(µ0) =
up(π0) was initialized at µ0, and the time that the need to realize the follower
of up(µ0) was observed at π0. Such action is no longer viable. No meaningful
action was taken for nodes ⊂ up(µ0), and the path extending up(µ0) is switched,
corresponding to initialization of requirements assigned to nodes properly ex-
tending up(µ0).

As indicated above, nodes ξk ∈ T k that are contained in primary links must
be prevented from acting. As action takes place on T 0, the fact that ξk is
contained in a primary link must be transmitted to T 0. The role of derived
links, defined below, is to transmit this information by pulling down ρk-links
to T k−1. In actuality, the definition pulls down λ(ρk)-links on T k+1 to derived
ρk-links on T k.

Definition 2.5.4. Fix k ≤ n and ρk ∈ T k ∪ [T k]. Suppose that [µk+1, πk+1]
is a λ(ρk)-link. Assume that the initial derivative µk of µk+1 along ρk and the
principal derivative πk of πk+1 along ρk both exist. Then [µk, πk] is a ρk-link
derived from [µk+1, πk+1]. [µk, πk] has Σ outcome if [µk+1, πk+1] has Π outcome,
and has Π outcome otherwise. If [µk+1, πk+1] is derived from a link [µi, πi] for
some i ≥ k+1, then every link derived from [µk+1, πk+1] is derived from [µi, πi].

Example 2.5.5. Consider the satisfaction of thickness requirements discussed
in Example 2.2.4. There are no links on T 2. A link [µ1, π1] on T 1 restrains
those nodes that acted for derivatives of nodes on T 2 between the time up(µ1) =
up(π1) was initialized at its initial derivative µ0 ⊂ Λ0, and the time that it was
observed at the initial derivative π0 of π1 along Λ0 that the directing sentence
for π1 is false. The path extending up(µ1) is switched, corresponding to initial-
ization of requirements assigned to nodes properly extending up(µ1). When a
derivative σ1 of a node σ2 ⊂ up(µ1) is Λ1-restrained by [µ1, π1], a new derivative
of σ2 is appointed just beyond the link and assigned the responsibility to carry
out the action previously assigned to σ1. This node can only be Λ1-restrained
by links derived from derivatives of nodes ⊂ up(µ1), so this responsibility will
eventually be assigned to a free derivative of σ2 along Λ1. No other nodes can
be restrained by [µ1, π1]. [µ0, π0] is the Λ0-link derived from [µ1, π1], and inval-
idates all action taken for nodes between µ0 and π0. Such nodes will either be
derivatives of nodes that are Λ1-restrained by [µ1, π1], or derivatives of nodes
on T 2 that extend a validated outcome of up(µ1) and so do not lie along Λ2.
If π1 is eventually switched, say by ρ0, then [µ1, π1] will not be a λ(ρ0)-link.
Furthermore, even though the outcome of π0 is not switched, [µ0, π0] will not
be a ρ0-link as the derivation of this link will no longer be valid.
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The free nodes are now defined to be those nodes that are not restrained by
links. We will only allow free nodes to be switched, and may impose additional
restrictions later on the nodes that we allow to be switched.

Definition 2.5.6. Fix k ≤ n and ηk ⊂ ρk ∈ T k ∪ [T k]. We say that ηk is
ρk-restrained if there is a ρk-link [µk, πk] such that µk ⊆ ηk ⊂ πk. In this
case, we say that ηk is ρk-restrained by [µk, πk]. If, in addition, µk ⊂ ηk, then
we say that ηk is properly ρk-restrained (by [µk, πk]). ηk is ρk-free if ηk is not
ρk-restrained.

2.6 Consistency

Only certain nodes of T k+1 are eligible to be antiderivatives of the node ηk ∈ T k

(i.e., to be the node up(ηk)). The restrictions imposed are those needed to prove
lemmas that are applicable to a broad range of priority constructions. Some of
the conditions are technical, but seem to be necessary to prove the lemmas.

Nodes σk+1 that are eligible to be antiderivatives of ηk must satisfy four
conditions. The first condition, (2.6.1), requires σk+1 to be on the current path
through T i at ηk for all i ∈ [k+1, n]. The second condition, (2.6.2), requires that
there be no witness ξk ⊂ ηk for the existential sentence associated with σk+1.
In this case, ηk has all the information needed to correctly predict the outcome
of σk+1. The search for witnesses only takes place when k < lev(σk+1), as we
cannot begin the process of bounding quantifiers in directing sentences or action
sentences before this point. Thus if k ≥ lev(σk+1), then we will require σk+1 to
have at most one derivative along any path through T k, and so impose condition
(2.6.3). Condition (2.6.4) requires σk+1 to be λ(ηk)-free. This condition will be
shown later to imply condition (2.6.1), but for now, it is convenient to require
both conditions.

Definition 2.6.1. Fix ηk ∈ T k. We say that σk+1 is ηk-consistent if the
following conditions hold:

∀i ∈ [k + 1, n](upi(σk+1) ⊆ λi(ηk)). (2.6.1)

(σk+1 ⊂ λ(ηk) & lev(σk+1) > k) → (2.6.2)

∀νk ⊂ ηk(up(νk) = σk+1 → νk has Σ outcome along ηk).

lev(σk+1) ≤ k → ∀νk ⊂ ηk(up(νk) 6= σk+1). (2.6.3)

σk+1 is λ(ηk)-free. (2.6.4)

2.7 Blocks

Requirements will be assigned to nodes of trees in blocks. up(ηk) ∈ T k+1 is
determined when k < n and a requirement is assigned to ηk ∈ T k, and the
requirement that is assigned to ηk is the one that was assigned to up(ηk). The
assignment process will differ from construction to construction, as care must
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sometimes be taken to allow all requirements to be satisfied. However, there
are some overall conditions on the assignment process that can be axiomatized,
and that are amenable to proving general lemmas about all constructions. Fur-
thermore, when the standard assignment is followed on T k for all k < n, then
we will be able to separate the tree of strategies analysis from the analysis of
the satisfaction of requirements.

The assignment of requirements to nodes begins on Tn. Each block of Tn

will correspond to a wide version of a basic module. The width is necessary, as
the block must implement the basic module, yet Tn will be infinite branching
(a node may have infinitely many activated and validated successors), while a
basic module is a finite binary tree.

Definition 2.7.1. (Initial Assignment) Fix δn ⊆ τn ⊂ ρn ∈ Tn. If either
δn = ∅, or a δn-path through a block of Tn is completed at (δn)−, then δn

begins the δn-block. Each construction will choose a requirement for the node
δn that begins the δn-block, or for a ∆n construction, it may be the case that
no requirement is assigned to δn, in which case δn is a terminal node of the
tree. If a basic module is assigned to δn, then a homomorphism from the block
to the basic module for the requirement is defined as follows. δn is mapped
to the initial node of the selected basic module (Definition 2.3.1(ii) ensures the
existence and uniqueness of this node). Suppose that (ρn)− has been mapped
to a non-terminal node α of the basic module, (in this case (ρn)− is called an α-
node), and that (ρn)− has activated (validated, resp.) outcome along ρn. As α
is non-terminal, there is a node β of the selected basic module such that β− = α
and α has activated (validated, resp.) outcome along β. ρn is now mapped to
β (the well-definedness of this mapping follows from Definition 2.3.1(iii) and
the labeling in Definition 2.3.1). A ρn-path through the block is completed at
(τn)− if τn has been mapped to a terminal node α of the basic module; a
given construction may also identify other nodes of the basic module as nodes
completing blocks along one of their immediate successors. σn is in the δn-block
along τn if δn ⊆ σn ⊂ ρn, δn begins a ρn-block, and no κn ⊆ σn completes a
ρn-path through the δn-block. (Note that if a terminal node of a basic module
is assigned to ρn, then an initial node of a new module may also be assigned
to ρn. As terminal nodes of basic modules do not have directing sentences, this
will not create conflicts.)

The initial assignment of requirements to nodes of Tn will be required to
satisfy the Initial Assignment Property, which stipulates that the satisfaction of
all requirements along any path through Tn ensures the validity of the corre-
sponding theorem. This property will normally be verifiable by inspection for a
given theorem. While we state it here, it will be verified separately within the
proof of each theorem, and our framework theorems will conclude only that all
requirements are satisfied.

Definition 2.7.2. The initial assignment of requirements to nodes of Tn must
satisfy the following Initial Assignment Property:
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(i) If Λn ∈ [Tn] and all requirements assigned to nodes ⊂ Λn are satisfied,
then the corresponding theorem is true.

Frequently, a standard procedure will be used to assign requirements to
nodes of Tn. This procedure is now described, and it is routine to verify that
it satisfies the Initial Assignment Property.

Definition 2.7.3. (Standard Initial Assignment) Definition 2.7.1 spells out all
aspects of the initial assignment procedure, except for the choice of requirement
to be assigned to a node δn that begins a block. The standard initial assignment
chooses the first requirement R (in a fixed computable list of requirements) that
has not yet been assigned to any node ξn ⊂ δn, and assigns R to δn.

Lemma 2.7.4. (Standard Initial Assignment Lemma) Suppose that the satis-
faction of all requirements in our list suffices to prove a given theorem. Then
the standard initial assignment ensures the satisfaction of Definition 2.7.2(i).

Suppose that k < n. Nodes completing blocks on T k are initial derivatives
of nodes completing blocks on T k+1.

Definition 2.7.5. Fix δk ∈ T k such that either δk = ∅ or (δk)− completes
a δk-block. Then δk begins the δk-block. Fix σk ∈ T k. An ηk-path through
the δk-block is completed at (ηk)− if (ηk)− is the initial derivative of up((ηk)−)
along ηk, no ηk-path through the δk-block is completed at any ξk ⊂ (ηk)− and
a λ(ηk)-path through a block of T k+1 is completed at up(ηk). In addition, if
we have a ∆n construction, k = n− 1, and no requirement is assigned to λ(δk),
then every derivative ξk of the longest node ξn ⊂ λ(δk) that has Π outcome
along λ(δk) completes a ρk-block whenever ξk has Σ outcome along ρk.

Derivatives and antiderivatives are defined as follows:

Definition 2.7.6. Fix ηk ∈ T k. When the assignment process defines up(ηk),
ηk is called a derivative of up(ηk). The derivative operation can be iterated;
thus for every j > k and ηj ∈ T j such that up(ηk) is a derivative of ηj , ηk is
a derivative of ηj and upj(ηk) = ηj . ηk is also a derivative of ηk. If there is
no ξk ⊂ ηk such that up(ξk) = up(ηk), then for all ρk ∈ T k ∪ [T k] such that
ρk ⊇ ηk, ηk is the initial derivative of up(ηk) along ρk; and if j > k and up(ηk)
is an initial derivative of ηj along up(ηk), then ηk is also an initial derivative of
ηj along every ρk ∈ T k ∪ [T k] such that ρk ⊇ ηk. ηj is an antiderivative of ηk if
ηk is a derivative of ηj . For j ≤ k + 1, we define initj(σk+1, ρj) to be the initial
derivative of σk+1 along ρj , if it exists; when j = 0, we will frequently omit the
superscript j.

If k < n, the process of determining antiderivatives for nodes of T k will
proceed by induction on n − k, perhaps in conjunction with other inductions.
For most constructions, a standard assignment procedure will be followed. The
framework can tolerate a great deal of additional flexibility for this assignment
process, so we will not restrict constructions to the standard procedure alone.
Instead, a list of the properties that a derived assignment procedure must satisfy
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is specified in the next definition. Definition 2.7.7(i) implements the consistency
conditions of Section 2.6. Definition 2.7.7(ii) helps to ensure that there are suf-
ficiently many free derivatives along the true path for the construction. And
Definition 2.7.7(iii) will be used to show that all blocks have finite intersec-
tion with any path through T k. These clauses will normally be verifiable by
inspection for a given construction.

Definition 2.7.7. (Derived Assignment Properties) Suppose that ηk ∈ T k is in
the δk-block. If there are any ηk-consistent nodes, then up(ηk) must be defined.
In addition, the following Derived Assignment Properties must hold:

(i) up(ηk) is ηk-consistent.

(ii) If a path through the δk-block is completed at ρk, then each ρk-consistent
ηk+1 ⊂ λ(ρk) has a derivative in the δk-block.

(iii) If a block is begun at δk ⊂ Λk ∈ [T k], then no node ⊂ λ(Λk) has infinitely
many derivatives along Λk in the δk-block.

Definition 2.7.8. (Standard Derived Assignment) Suppose that k < n, and
fix δk ⊆ ηk ∈ T k such that δk begins a block and ηk lies in the δk-block. Let
ηk+1 be the shortest ηk-consistent node of T k+1 that has no derivative in the
δk-block. Then the standard derived assignment defines up(ηk) = ηk+1. ηk is
said to be an α-node if up(ηk) is an α-node.

It is easily verified by induction on n−k that the standard derived assignment
satisfies clauses (i) and (iii) of Definition 2.7.7; clause (ii) will follow from Lemma
8.6.2. For ∆n constructions, we will need an additional condition along paths
through T 1 that compute finite paths through T 2. We state this as a lemma.

Lemma 2.7.9. (Derived Assignment Lemma) Suppose that, if the construction
is a ∆n construction and δn is a terminal node of Tn (so no requirement is
assigned to δn), then (δn)− has Π outcome along δn. (No such hypothesis is
required if the construction is Σn or Πn.) Then the standard derived assignment
satisfies clauses (i)–(iii) of Definition 2.7.7.

We note that the assignment of requirements to trees can also be carried
out using a simultaneous induction on all trees. This will be of use to us in
finding certain parameters when we decompose directing sentences and action
sentences. To see this claim, we note that if an algorithm is specified for an
assignment, then the choice of requirement for ηk ∈ T k depends only on the
requirements assigned to nodes ⊆ λ(ηk) and the requirements assigned to nodes
⊂ ηk. Once requirements have been assigned to all ξk+1 ∈ T k+1 such that
ξk+1 ⊆ λ(ηk), the algorithm determines the requirement that is assigned to ηk.

While we do not have the need for infinite systems of trees in this book, we
note that the assignment of requirements to trees is compatible with the use
of infinite systems of trees of order-type ω. The procedure for passing to an
ω-system of trees is as follows. As each requirement has a finite level, any finite
portion of the construction as described above can be carried out on the finitely
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many trees required to incorporate the levels of the requirements assigned at
any given time. Suppose that a new requirement R is to be assigned, and initial
segments of the trees T i for i ≤ n have been defined. If R has level ≤ n, we can
define new blocks on Tn for R, and pull these down to T i for i ≤ n as was done
earlier in this section. If R has level m > n, then we proceed by induction on
m, and then by induction on |ηm−1| for those ηm−1 that have been assigned to
blocks of Tm−1. As λ(∅) = ∅, we can define up(∅) = ∅. By induction, assume
that we have defined up((ηm−1)−) = (ηm)−, and that up((ηm−1)−) = λ((ηm)−).
Then by Definition 2.4.1, λ(ηm) is an immediate successor of λ((ηm)−). Define
up(ηm) = λ(ηm). In this way, a natural isomorphism between the subtree T̃ i of
T i to which requirements have been assigned, and λ(T̃ i) ⊂ T i+1 for all i such
that n ≤ i < m is induced, as is a partition of λ(T̃ i) into blocks. Once λ(T̃ i)
is defined, it is as though the construction started on T i+1 rather than on Tn,
so the paths through blocks that have not yet been completed can be extended
until the point where a new requirement needs to be assigned is reached. This
process is iterated until it is carried out for Tm. The assignment can now
proceed as above, assigning R to a block of Tm, and pulling this assignment
down to T k for k < m.

2.8 The Weight Function

When ηk ∈ T k is specified, out(ηk) will provide the information about the
method of satisfaction of each requirement assigned to some ξk ⊂ ηk. However,
as it will generally not be the case that up(out(ηk)) = ηk (this is because out(ηk)
need not be a derivative of ηk), out(ηk) will not provide information about where
we deal with the requirement Rηk assigned to ηk; rather this will occur at initial
derivatives of ηk that will usually be located at proper extensions of out(ηk).
This process will continue until we reach an initial derivative of ηk on T 0. When
k ≤ 2, ηk will have at most one initial derivative along any Λ0 ∈ [T 0]. However,
the uniqueness vanishes when k ≥ 3.

The weight function. defined below, will supply bounds and parameters for
sentences associated with the requirements to be satisfied in order to prove a
given theorem. Most of the theorems that we prove use the weight function
only on trees T i for i ≤ 2. For these proofs, we introduce a weight function of
one variable, a variable representing a node of a tree. In Chapter 10, however,
we will need to use the function on higher level trees; we will define a revised
weight function in Section 9.5 as a function of two variables, a node of a tree
and one of its initial derivatives.

We now define a one-to-one partial weight function, wt, from elements of⊔
{T k : 0 ≤ k ≤ n} into N. (We take the disjoint union here, differentiating

between the empty nodes of the various trees.) This function will serve several
purposes that we describe:

• If σk−1 ∈ T k−1 is derived from σk ∈ T k, then the sentence assigned to
σk−1 will frequently be obtained from the sentence ϕ assigned to σk by



2.9. DIRECTING AND ACTION SENTENCES: AN EXAMPLE 29

bounding the leading block of unbounded like quantifiers of ϕ by wt(σk−1).
If k− 1 = 0, then the bound wt(σ0) will be a ”stage” of the construction.

• When an argument x for a functional needs to be chosen at σk ∈ T k, then
we will frequently choose x = wt(σk).

• When we are defining a new axiom for a functional at σk ∈ T k, then
we will frequently specify the use of this axiom as the weight of a node
obtained as a function of σk.

The properties of the weight function will be used to show that constructions
in which action is determined by weight are able to protect axioms. Thus it will
never be necessary to ”initialize” a construction, as the properties of construc-
tions yielded by initialization will, instead, be consequences of properties of the
weight function.

Rather than giving a definition of the weight function, we will merely specify
its properties. We leave it to the reader to show that such a function exists.
The definition of such a function can be carried out routinely by induction.

Definition 2.8.1. We note that a partial one-to-one weight function wt, with
computable domain, can be defined to satisfy the properties listed below. The
function maps nodes of

⊔
{T k : k ≤ n} to the natural numbers. We require that

the following properties are satisfied for all σk, τk ∈ T k:

σk ⊂ τk → wt(σk) < wt(τk). (2.8.1)

k > 0 → wt(out(σk)) < wt(σk). (2.8.2)

k > 0 & out(σk) ⊂ out(τk) → wt(σk) < wt(τk). (2.8.3)

We note an important relationship between the functions wt and λ. Sup-
pose that k < n, σk ⊂ τk ∈ T k, and λ(σk) 6= λ(τk). By Remark 2.4.2(i),
out(λ(σk)) ⊆ σk and out(λ(τk)) ⊆ τk, so by Definition 2.4.1 and as σk ⊂ τk

and λ(σk) 6= λ(τk), out(λ(σk)) ⊆ σk ⊂ out(λ(τk)) ⊆ τk. It now follows from
(2.8.3) that for all k < n:

σk ⊂ τk & λ(σk) 6= λ(τk) → wt(λ(σk)) < wt(λ(τk)). (2.8.4)

2.9 Directing and Action Sentences: An Exam-
ple

In order to facilitate the use of weights of nodes in sentences, we make the
following definition.

Example 2.9.1. Suppose that a given construction has true path Λi ∈ [T i] for
i ≤ n, and let α either be a node of T k or a parameter to be interpreted as a
node of T k for some k > 0. Define Vα = {ηk−1 ⊂ Λk−1 : up(ηk−1) = α}, and
Ṽα = {ηk−1 ⊂ Λk−1 : up(ηk−1) = α & ηk−1 is Λk−1-free}.
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We will frequently allow quantifiers to range over nodes of Vα. If α ⊂ Λk,
then α will have longer and longer derivatives along Λk−1 until, and if, one of its
derivatives has Π outcome. Thus the restriction to these sets will not interfere
with the satisfaction of requirements.

We now wish to place conditions on directing sentences and action sentences.
Before doing so, some examples are provided to demonstrate how directing
sentences and action sentences are defined for a Friedberg-Mučnik requirement.
A typical translation might go as follows.

Example 2.9.2. The Friedberg-Mučnik sentence Φ(A;x) = 0 will be separated
into two parts; the first (the directing sentence) checks to see if a computation
occurs at some stage wt(η), and the second (part of an action sentence) preserves
this computation, if found. Suppose that the sentence is assigned to η1 ∈ T 1.
The first part is

∃u∃η0 ∈ Vη1(Φ(A � u; wt(η1))[wt(η0)] ↓ = 0). (2.9.1)

The importance of sentences of this type is their openness; once η0 and u are
found satisfying Φ(A � u; wt(η1))[wt(η0)] ↓ = 0, it is possible to force

∀t ≥ wt(η0)(Φ(A � u; wt(η1))[wt(η0)] ↓ = 0 & At � u = Awt(η0) � u)

by preventing numbers ≤ u from entering A, and so to preserve the truth of the
sentence Φ(A; wt(η1)) ↓ = 0.

If the sentence Sηk+1 is assigned to ηk+1 ∈ T k+1, then the sentences Sηk that
are assigned to derivatives ηk ∈ T k of ηk+1 are frequently obtained by bounding
some of the quantifiers in Sηk+1 . Sηk+1 will be assumed to be in normal form
(defined below), and we will require the process for bounding quantifiers to be
monotonic.

Definition 2.9.3. The normal form for Sηk+1 begins with a block of bounded
quantifiers, followed by a block of unbounded quantifiers and a final quantifier-
free formula. The block of unbounded quantifiers is partitioned into sub-blocks
(maximal intervals) of like quantifiers (all universal, or all existential).

Example 2.9.4. Consider the Friedberg-Mučnik sentence of (2.9.1) which is in
normal form. There is no leading block of bounded quantifiers, so the sentence
begins with the block ∃u∃η0 ∈ Vη1 of unbounded quantifiers, which is followed
by the quantifier-free formula Φ(A � u; wt(η1))[wt(η0)] ↓ = 0. The block of
unbounded quantifiers has one sub-block, the maximal interval ∃u∃η0 ∈ Vη1 of
like (existential) quantifiers.

The process of transferring sentences from nodes of a basic module to nodes
of a tree is straightforward, and is described in the next definition.

Definition 2.9.5. (Initial Sentence Assignment) When transferring a sentence
from a level k node α of a basic module to a node ηk ∈ T k, all occurrences of α
are replaced with ηk.
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In order to have the proper implications between sentences at successive lev-
els, we will need to require that the sentence decomposition process be mono-
tonic.

Definition 2.9.6. (Monotonic Sentence Decomposition) Let S be a sentence
expressed in normal form, and let Sηk be a sentence obtained by bounding each
quantifier Q in the leading block of unbounded quantifiers in S by a parameter
pQ(ηk) that depends (effectively) on ηk ∈ T k. We say that the decomposition
from S to Sηk is monotonic if for each such parameter p = pQ, ηk, ρk ∈ T k, and
Λk ∈ [T k], the following conditions hold:

(i) If ηk ⊂ ρk, then p(ηk) ≤ p(ρk).

(ii) lim{p(τk) : τk ⊂ Λk} = ∞.

Instead of bounding an existential quantifier, a witness for the corresponding
variable may be chosen; we require that there be an algorithm for the choice
of the witness, and the witness chosen to be less than or equal to the bound
specified by the parameter for that witness. Furthermore, we allow the quantifier
∃s that ranges over stages to range over the weights of a prescribed computable
set of nodes ⊂ Λ0; this set of stages must be infinite if no witness is found.

Example 2.9.7. If S is the Friedberg-Mučnik sentence of (2.9.1) and η ∈ T 0,
then the sentence Sη is obtained from S as follows:

Φ(A � wt(λ(η)); wt(η1))[wt(η)] ↓ = 0. (2.9.2)

Monotonicity follows from (2.8.1) as long as |λ(Λ0)| = ∞.

Sentences expressing requirements are normally decomposed into three parts,
the directing sentence, the activated action sentence, and the validated action
sentence. For Friedberg-Mučnik requirements, the corresponding sentences on
T 1 and T 0 are now described.

Example 2.9.8. The sentence presented in (2.9.1) is the directing sentence for
the Friedberg-Mučnik requirement assigned to η1 ∈ T 1. The activated action
sentence is wt(η1) /∈ B, and the validated action sentence at τ1 ⊃ η1 is wt(η1) ∈
B & ∀t ≥ wt(η0)(At � u = Awt(η0) � u), where η0 and u are the witnesses
obtained from the directing sentence. When these sentences are decomposed
for η0 ∈ T 0 at ρ0 ⊃ η0, the directing sentence is that presented in (2.9.2), the
activated action sentence at ρ0 is wt(η1) /∈ Bwt(ρ0), and the validated action
sentence at ρ0 ⊃ η0 is wt(η1) ∈ Bwt(ρ0) & ∀t ∈ [wt(η0),wt(ρ0)](At � u =
Awt(η0) � u). We will always allow witnesses for existential quantifiers in the
directing sentence to be used as parameters for action sentences.

2.10 Directing and Action Sentences: Proper-
ties

Three sentences will be associated with each non-terminal node α of a basic
module, and α will have a level, written as lev(α), determined by the logical
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complexity of these sentences. The homomorphism of Definition 2.7.1 transfers
this level to nodes of Tn; directing sentences and action sentences are also trans-
ferred, possibly with a reinterpretation of parameters. The level of a derivative
is the same as the level of its antiderivative on Tn. The level of a basic module
is the maximum of the levels of its nodes, and is also the level of the requirement
for which the basic module was established.

The first sentence, called the directing sentence, will determine the outcome
for a node during the construction, and thereby determine the action to be taken
for that node. Given a directing sentence Sη for the node η = ηk ∈ T k, action
will consist of declaring axioms with value depending on the truth or falsity of
Sη, or placing numbers into sets. If Sη is false, then an activated outcome for
ηk will be followed along successors ρk of ηk, and activated action for ηk will
be implemented at certain ρk; and if Sη is true, then a validated outcome for
ηk will be followed along successors ρk of ηk, and validated action for ηk will
be implemented at certain ρk. If Λk ∈ T k and S ⊆ (ηk,Λk), then we say that
action for ηk along Λk is supported at S if S is the subset of Λk at which the
construction implements action for ηk. (For example, a thickness requirement
for η1 might say that all elements of a computable set R that are ≥ wt(η1)
are to be placed into a set A; when this action is supported at ρ1 ⊃ η1, the
action will be to place all x ∈ R ∩ [wt(η1),wt(ρ1)) into A.) The action for ηk

that is supported along Λk is the union of the action sentences for ηk that are
supported along Λk at a node in the support set S ⊆ Λk. The directing sentence
for η0 ∈ T 0 and the action sentences for η0 at ρ0 ∈ T 0 will specify action that
can be carried out effectively. The support set S for ηk ⊆ Λk will be chosen
to have sufficiently many nodes so that the union of the action taken for ηk at
ρk ∈ S will imply the union of the action taken for up(ηk) at its support set
Sk+1 ⊆ Λk+1 = λ(Λk). Action for η at ρ is always implemented before the truth
value of the directing sentence for ρ is determined.

Directing sentences and action sentences will normally be decomposed by
bounding quantifiers when passing from tree to tree, finally producing quantifier-
free sentences for nodes of T 0. We allow witnesses for existential quantifiers
in the directing sentence to be used as parameters for action sentences. The
decomposition of sentences must satisfy certain conditions that are specified in
the next definition. Condition (i) is the initial condition, requiring that the truth
values of the initial directing sentences and action along the true path ensure the
satisfaction of the requirement for which they have been introduced; conditions
(ii) and (iii) are the pulldown conditions and ensure a faithful passage from the
truth value of the directing sentence and action sentences on T k to the truth
value of the directing sentence and action sentences on T k+1; and condition (iv)
is the final condition, requiring the construction on T 0 to faithfully reflect the
truth value of the directing sentences and action on T 0. These conditions are
now stated.

Definition 2.10.1. (Directing Sentence and Action Conditions) The following
restrictions are imposed on directing sentences and action sentences:

(i) If lev(ηk) = k and ηk is Λk-free and is activated (validated, resp.) along
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Λk, then the action for ηk that is supported along Λk and the falsity (truth,
resp.) of the directing sentence Sηk for ηk ensure the satisfaction of the
requirement R assigned to ηk.

(ii) Fix k < n and Λk ∈ [T k], and let ηk+1 ⊂ Λk+1 = λ(Λk) be given such
that lev(ηk+1) ≥ k + 1. Suppose that ηk+1 is Λk+1-free. Let Sηk+1 be
the directing sentence for ηk+1, and for each derivative ηk of ηk+1 along
Λk, let Sηk be its directing sentence. Then if ηk+1 is validated (activated,
resp.) along Λk+1, then the (possibly infinite) conjunction of the sentences
Sηk (¬Sηk , resp.) as ηk ranges over the Λk-free derivatives of ηk+1 must
imply Sηk+1 (¬Sηk+1 , resp.).

(iii) Fix k < n and Λk ∈ [T k], and let ηk+1 ⊂ Λk+1 = λ(Λk) be given such
that lev(ηk+1) ≥ k + 1. Suppose that ηk+1 is Λk+1-free. Then if ηk+1

is validated (activated, resp.) along Λk+1, then the (possibly infinite)
conjunction of the action sentences for ηk supported along Λk as ηk ranges
over the Λk-free derivatives of ηk+1 must imply the action sentences for
ηk+1 that are supported along Λk+1.

(iv) Let Λ0 ∈ [T 0] be the true path for a construction, and let η ⊂ ρ ⊂ Λ0 be
given. Let Sη be the directing sentence for η, and let Aη,ρ be the action
sentence for η. Assume that action for η is supported at ρ. Then if η is
Λ0-free, then:

(a) η is validated along Λ0 iff Sη is true.

(b) Aη,ρ is true.

2.11 The Framework Theorem

We now turn to the Framework Theorem, which stipulates that constructions
succeed in satisfying all requirements if they satisfy certain basic properties,
properties that are common to all priority method constructions. We then prove
that the satisfaction of some of these properties is immediate if the sentence
decomposition process is monotonic.

Assume that Λ0 is the true path for a construction, and for all j ≤ n, set
Λj = λj(Λ0).

Theorem 2.11.1. (Framework Theorem) Suppose that an effective construction
satisfying clauses (i)–(iv) of Definition 2.10.1 is given. Then all requirements
are satisfied.

Proof. By clause (i) of Definition 2.10.1, it suffices to show that for all Λn-free
nodes ηn, if lev(ηn) = k and ηk is the unique (by (2.6.3)) derivative of ηn along
Λk, then if the directing sentence Sηk is true, then validated action for ηk is
carried out along Λk, and if Sηk is false, then activated action for ηk is carried
out along Λk. Fix a Λn-free node ηn. By repeated induction on i = n − j, it
follows from clause (ii) of Definition 2.10.1 that if Sηk is true (false, resp.), then
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the directing sentences Sη0 are true (false, resp.) for all Λ0-free derivatives η0

of ηk. By clause (iv) of Definition 2.10.1, for all Λ0-free derivatives η0 of ηk, Sη0

is true iff η0 is validated along Λ0. By repeated induction on i = n − j, using
clauses (iii) and (iv) of Definition 2.10.1, it follows that validated (activated,
resp.) action for ηk along Λk will be implemented if validated (activated, resp.)
action is implemented for all Λ0-free derivatives η0 of ηk, which in turn will
happen if η0 is validated (activated, resp.) along Λ0.

Clauses (i)–(iv) of Definition 2.10.1 permit the analysis of a construction
to concentrate on Λ0-free nodes, and provide a common framework for priority
arguments. Furthermore, clauses (ii) and (iii) of Definition 2.10.1 will hold
whenever clauses (i)–(iii) of Definition 2.3.1 and clauses (i)–(iii) of Definition
2.7.7 hold and the sentence decomposition is monotonic, the construction has
infinite support, and support propagates, as is stated in the Monotonic Sentence
Decomposition Lemma below (proved as Lemma 8.6.1).

The following definitions introduce properties needed in the hypothesis of
the Monotonic Sentence Decomposition Lemma.

Definition 2.11.2. We say that a construction has infinite support if for all
k < n, whenever Λk ∈ [T k], |Λk| = ∞, and ηk ⊂ Λk is Λk-free, then the support
set for ηk along Λk is infinite.

Definition 2.11.3. We say that support for a construction propagates if when-
ever k < n, ηk ⊂ ρk ∈ T k ∪ [T k] is ρk-free and action for up(ηk) is supported at
λ(ρk), then action for ηk is supported at ρk.

Lemma 2.11.4. (Monotonic Sentence Decomposition Lemma) Suppose that a
construction satisfies clauses (i)–(iii) of Definition 2.3.1 and clauses (i)–(iii)
of Definition 2.7.7, and that Λk ∈ [T k] and ηk+1 ∈ T k+1 are given such that
ηk+1 is λ(Λk)-free. Then clause (ii) of Definition 2.10.1 is satisfied whenever
a monotonic sentence decomposition process for directing sentences is followed,
and clause (iii) of Definition 2.10.1 is satisfied whenever a monotonic sentence
decomposition process for action sentences is followed, the construction has in-
finite support, and support propagates.

The Framework Theorem reduces the proof of the success of a priority
method construction to the verification of clauses (i)–(iv) of Definition 2.10.1.
Definition 2.10.1(i) can be verified by inspection and an analysis of the basic
modules. By Lemma 2.11.4 (Monotonic Sentence Decomposition), Definition
2.10.1(ii),(iii) will follow if Definition 2.3.1(i)–(iii) and clauses (i)–(iii) of Def-
inition 2.7.7 hold, sentence decomposition is monotonic, the construction has
infinite support and support propagates.

Clauses (i)–(iii) of Definition 2.3.1 impose restrictions on the form of the
basic module, and follow by inspection. By Lemma 2.7.9 (Derived Assignment),
Definition 2.7.7(i)–(iii) follow from the implementation of the standard derived
assignment, so we will follow this assignment whenever possible. The monotonic
sentence decomposition and the infinite support and propagation of support
conditions will be easily checked, sometimes by applying lemmas about the
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framework. However, the precise monotonic decomposition employed and the
support set must be carefully chosen to be compatible with the properties needed
to verify Definition 2.10.1(iv).

The above discussion indicates that all conditions, with the possible excep-
tion of Definition 2.10.1(iv), needed to verify the hypothesis of the Framework
Theorem can quickly be verified by inspection under a suitable implementa-
tion of the framework, and determine a construction that is to be implemented
on T 0. Clause (iv) of Definition 2.10.1 requires the construction on T 0 to be
implementable, i.e., that there be no conflicts preventing nodes of T 0 from im-
plementing the prescribed action. We will always require that the construction
choose its true path in accordance with Definition 2.10.1(iva). (When a con-
struction implements backtracking, the outcome of certain nodes is forced inde-
pendently of the truth of the directing sentence, but no node whose outcome is
forced in this way will be Λ0-free.) The verification of Definition 2.10.1(iv) for
a given construction can be separated into two parts. The first part requires a
characterization of the nodes of T 0 at which conflicts to the implementation of
action might possibly occur. Sentence assignment allows us to easily identify
these nodes. The second part of the verification of Definition 2.10.1(iv) involves
showing that no conflicts occur. This part is carried out through a comparison
of parameters specified for the monotonic decomposition and weights for the
nodes that produce the potential conflict (as determined in the first part) and
will frequently require some of the systems of trees machinery. Thus the key in-
gredients for the success of the construction are the design of the basic module,
and the choice of parameters for the monotonic sentence decomposition that
allow Definition 2.10.1(iv) to be verified.

We conclude that we can apply the following modified framework theorem
when additional conditions are met.

Theorem 2.11.5. (Modified Framework Theorem) Fix an effective construction
satisfying clauses (i)–(iii) of Definition 2.3.1 and clauses (i) and (iv) of Defi-
nition 2.10.1, and suppose that clauses (i)–(iii) of Definition 2.7.7 hold (which
will be the case if the standard derived assignment is followed), that sentence
decomposition is monotonic, that the construction has infinite support, and that
support propagates. Then all requirements are satisfied.
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Chapter 3

Σ1 Constructions

Several well-known theorems whose proofs rely on priority method constructions
at the Σ1 level are proved in this chapter. It is our intent to separate proofs of
priority lemmas from proofs of the satisfaction of requirements. Thus we begin
the study of theorems at each level by stating, without proof, a lemma enumerat-
ing the properties of the framework needed to implement priority constructions
at that level; these lemmas are proved in Chapter 8.

We discuss the nature of Σ1 constructions and the properties needed to
implement them in Section 3.1. These are applied to prove the Friedberg-
Mučnik Theorem in Section 3.2, the existence of a low computably enumerable
degree in Section 3.3, and the existence of a properly d-c.e. degree in Section
3.4.

3.1 Σ1 Constructions

Σ1 constructions are those that take place on two trees, T 0 and T 1. We begin
with a general overview of the types of requirements encountered in proving
theorems about R, followed by a discussion of strategies used to satisfy the
particular types of requirements appearing in Σ1 constructions.

Most requirements can be rewritten as sentences built from atomic formulas
of the form

Φ(A, V ;x) = ∆(B,W ; y) (3.1.1)

where A and B are sets being constructed, and V and W are given sets. (A set A
is identified with its characteristic function χA, allowing the reduction of atomic
formulas of the form x ∈ A to χA(A;x) = 1.) Each set or functional occurring in
(3.1.1) may be one that is being constructed, or one over which the construction
has no control. Thus a construction can be viewed as a two-player game (this
approach was introduced by Lachlan [10]), with Player I having responsibility for
the sets and functionals that are not controlled by the construction, and Player
II controlling the sets and functionals under construction. A typical move for

37
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a Σ1 construction in such a game begins with the discovery of an axiom of the
form

Φ(A � u;x)[s] = m (3.1.2)

which requires action to declare an axiom of the form

∆(B � v; y)[t] = k. (3.1.3)

(For example, a Friedberg-Mučnik requirement begins with the discovery of
the axiom Φ(A � u;x)[s] = 0, and action corresponds to declaring the axiom
∆(B � x + 1;x)[s + 1] = 0, or the axiom ∆(B � x + 1;x)[s + 1] = 1 and later,
axioms implying At � u = As � u for infinitely many t > s.) Thus the node
of the tree of strategies T 1 that has the ultimate responsibility to declare the
axiom must ensure that an axiom ∆(B � w; y)[p] = r 6= k has not previously
been declared by another node with Bp � w and Bt � v compatible, i.e., it must
be shown that control of the declaration of an axiom resides with the node that
is ultimately assigned the responsibility for the axiom. Once an axiom is discov-
ered or declared, the correctness of the axiom must be preserved. Preservation
of the axiom Φ(A � u;x)[s] = m requires restraint on A, preventing numbers < u
from entering A after the axiom has been declared. And correctness of axioms
is ensured by requiring that if the value required for the axiom ∆(B; y) with
use v − 1 is revised (as might be the case if the axiom is to correctly compute
C(y) and y enters C), then some number < v enters B allowing a new axiom to
be declared. More intricate strategies will be necessary for requirements placed
on higher level trees.

All sets mentioned in Σ1 constructions will be controlled by Player II (so
are being constructed), but functionals may be controlled by either player.
Thus both restraint and revision (henceforth called correction) are controlled
by Player II. In most constructions that we present, numbers entering sets will
be of the form wt(η1) for some η1 ∈ T 1, and will be greater than the restraint
imposed to preserve axioms for ξ1 ⊂ η1. If an axiom is newly declared in ac-
cordance with the action required for η1 at ρ1, and if ν1 ⊆ ρ1 and (ν1)− = η1,
then the use of the axiom will be < wt(ν1). A weight computation will show
that wt(ν1) > wt(η1). Thus the failure of restraint resulting in an injury to
an axiom can occur only if the current path is switched at some κ1 ⊆ η1. If
the axiom in question is still required after a switch of paths through T 1, we
will try to place wt(κ1) into the oracle for the axiom, allowing the axiom to be
corrected. If this is not possible, then we will show that the axiom originally
declared agrees with the axiom required after the current path switches.

While the success of these strategies can be verified directly for each con-
struction, there is a great deal of duplication in the verification of clause (iv)
of Definition 2.10.1. We can eliminate much of this duplication by reducing the
verification of clause (iv) of Definition 2.10.1 to a condition on the interaction of
requirements along paths through T 1, together with a condition characterizing
the effect of switching the current path. These can usually be routinely verified
through a weight inequality computation, thus further simplifying proofs. The
statement of these conditions requires several definitions.
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The first definition specifies the atomic formulas of a language in which the
sentences governing action for requirements are to be expressed. This language
is rich enough to cover statements about R. We will later allow quantifiers to
range over sets arising from tree constructions.

Definition 3.1.1. A condition is a collection of boolean combinations of formu-
las of one of the following forms: x ∈ As, x /∈ As, or Φs(At � u;x) = m, where
Φ is a computable partial functional, A ⊂ N, u, x, s, t ∈ N, and m ∈ N ∪ {↑, ↓}.
The first two forms are called set conditions or set axioms and the last form is
a functional condition or functional axiom. If a quantifier ranges over a finite
set S and for each s ∈ S, the scope of the quantifier is a boolean combination of
conditions, then we view each such instance as a condition. A restraint condi-
tion is one of the form x /∈ As. A set of conditions is consistent if the following
hold:

(i) It does not simultaneously contain the set conditions x ∈ As and x /∈ At

for some t ≥ s.

(ii) It does not contain conditions Φsi(Ati � ui;x) = mi for i ≤ 1 such that
m0 6= m1 and At0 � u0 and At1 � u1 are compatible.

(We assume, in (i) and (ii), that both occurrences of the symbol A represent
the same set.)

The constructions that we present will choose a path through T 0 determined
by the truth value of directing sentences for nodes encountered along Λ0. Rather
than specifying each construction, we will just require that the construction be
faithfully executed.

Definition 3.1.2. We say that a construction, whose true path is Λ0 ∈ [T 0], is
faithfully executed on T 0 if the following conditions are satisfied for all η ⊂ ρ ⊂
Λ0 such that η is Λ0-free and action for η is supported at ρ:

(i) If Sη is true, then η_〈∞〉 ⊂ Λ0 and validated action for η at ρ is imple-
mented.

(ii) If Sη is false, then η_〈0〉 ⊂ Λ0 and activated action for η at ρ is imple-
mented.

Nodes ρ ⊂ Λ0 ∈ [T 0] will support action for nodes η ⊂ ρ. For each η, we
must require that the action instructions supported at ρ are under the control
of Player II.

Definition 3.1.3. We say that a construction consistent action along Λ0 if for
every η ⊆ Λ0 ∈ [T 0], action specified for η can be implemented by Player II.

Action will be specified at nodes ρ ⊂ Λ0, and will describe conditions that are
to be satisfied for a given stage s. We will need to show that we can consistently
satisfy these conditions. The next definition picks out pairs of situations that
might potentially be inconsistent as they specify action conditions about the
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membership of a fixed number in a given set or about the value of a functional,
albeit at different stages. (Such a situation occurs in the construction of a low
computably enumerable set, where all nodes at a given level of T 1 have the
responsibility to define an axiom with the same oracle and argument.) These
pairs are said to share action. Definition 3.1.5 then specifies when shared action
can be consistently satisfied.

Definition 3.1.4. Let η0 ⊂ ρ0 ∈ T 0 and η1 ⊂ ρ1 ∈ T 0 be given. We say that
〈η0, ρ0〉 and 〈η1, ρ1〉 share action if either:

(i) There are x ∈ N and A ⊂ N such that, for i ≤ 1, action for ηi at ρi

contains a condition of the form x ∈ As or x /∈ At. (Note that we do not
require both action conditions to specify the same stage, nor to specify
the same type (positive or negative) of action; but their choice of x and
A must agree.)

(ii) There are x ∈ N, A ⊂ N, a computable partial functional Φ, numbers
si, ti, ui ∈ N, and symbols mi ∈ N ∪ {↑, ↓} such that for i ≤ 1, action for
ηi at ρi specifies, as a conjunct, Φsi(Ati � ui;x) = mi.

Definition 3.1.5. Suppose that 〈η0, ρ0〉 and 〈η1, ρ1〉 share action and that
ρ0 ⊆ ρ1. We say that this shared action is compatible if the following conditions
hold:

(i) For each set axiom for x and A, if x ∈ Ati or x /∈ Ati is supported for ηi

at ρi, then t0 ≤ t1; and if the set axiom is shared, then either the action
for η0 at ρ0 is negative, i.e., of the form x /∈ At0 , or the action for η1 at
ρ1 is positive, i.e., of the form x ∈ At1 .

(ii) For each functional axiom for Φ, A, and x, if the condition, Φti(Asi �
ui;x) = mi, reflects action for ηi that is supported at ρi, then si ≤ ti,
t0 ≤ t1, and either action for η0 at ρ0 specifies that m0 =↑, or m0 = m1,
or As0 � u0 and As1 � u1 are incompatible.

We now prove a lemma listing conditions that imply clause (iv) of Definition
2.10.1.

Lemma 3.1.6. Suppose that a given construction has the following properties:

(i) The construction is faithfully executed on T 0.

(ii) The construction admits consistent action.

(iii) If 〈η0, ρ0〉 and 〈η1, ρ1〉 share action, then the action is compatible.

Then clause (iv) of Definition 2.10.1 holds.

Proof. Clause (iva) of Definition 2.10.1 follows immediately from (i), and clause
(ivb) of Definition 2.10.1 follows from (ii) and (iii).



3.1. Σ1 CONSTRUCTIONS 41

When Lemma 3.1.6 is applied, clause (iii) will frequently not be immediately
verifiable by inspection. However, there are patterns that are shared by many
constructions and imply this condition. In one such pattern, the uses of axioms
and the numbers that enter sets are specified as weights of nodes of T 1. We list
four conditions describing this pattern, and prove lemmas that can be used to
verify Lemma 3.1.6(iii) quickly when this pattern is followed. The first condition
places restrictions on the declaration of axioms, the second places restrictions on
the entry of numbers into sets, the third deals with the restraint of numbers from
entering sets, and the fourth imposes conditions that correct axioms. (The use
of the words newly declared below means only that this condition is not implied
by a previously specified condition.)

Definition 3.1.7. (Standard Parameter Specification) Suppose that η ⊂ ν ⊆ ρ,
ν− = η, ηi ⊂ ρi for i ≤ 1, and ρ0 ⊂ ρ1. The standard parameter specification
requires the specification of parameters for sentence decomposition to have the
following properties:

(i) If an axiom Φt(As � u;x) ↓= m is newly declared as action for η supported
at ρ, then:

(a) u ≤ wt(λ(ν)),

(b) s = wt(ν),

(c) t = wt(ρ), and

(d) η is the principal derivative of up(η) along ρ.

(ii) If the set axiom x ∈ As is newly declared as action for η supported at ρ,
then

(a) wt(up(η)) ≤ x < wt(λ(ν)),

(b) s = wt(ν),

(c) ρ = ν, and

(d) η is validated along ν.

(iii) If the restraint condition x /∈ As is declared as action for η supported at
ρ, then

(a) s = wt(ρ),

(b) x < wt(λ(ν)), and

(c) x /∈ Awt(η).

(iv) If 〈η0, ρ0〉 and 〈η1, ρ1〉 share a functional axiom with oracle A and different
values, κ1 = λ(ρ0) ∧ λ(ρ1), then the use of the respective functionals is
wt(λ(νi))− 1 where νi ⊆ ρi and ν−i = ηi, and

(a) λ(ρ0)|λ(ρ1),

(b) κ1 ⊆ up(η0) ∧ up(η1),
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(c) there is a κ ∈ [ρ0, ρ1) that is validated along ρ1 such that up(κ) =
κ1 and validated action for κ supported at some τ ⊆ ρ1 places
wt(up(κ)) ∈ A, and

(d) activated action for κ never places wt(up(κ)) ∈ A.

We now wish to note that when a construction satisfies these conditions,
then restraint imposed to preserve axioms declared for nodes along the current
path is always obeyed, and shared action is compatible. The basic idea behind
the Restraint Lemma is that any restraint imposed to prevent numbers from
entering sets (and so to protect axioms from injury) must be smaller than any
numbers placed into the restrained set through supported action at a longer
node of T 0. These conditions are what we need, for example, in order to satisfy
Friedberg-Mučnik requirements. In addition to the Restraint Lemma (proved
as Lemma 8.8.1), we state a Σ1 Analysis Lemma (proved as Lemma 8.7.1) that
describes certain relationships between nodes of T 0 and nodes of T 1. More
generally, the lemma can be applied to two trees having consecutive levels, as
the theorem relativizes.

Lemma 3.1.8. (Σ1 Analysis Lemma) Let η ⊂ ν ⊆ ρ ⊂ τ ∈ T 0 ∪ [T 0] be given
such that ν− = η and η is τ -free. Then the following conditions hold:

(i) If |τ | = ∞, then |{ξ ∈ (η, τ) : η is ξ-free}| = ∞.

(ii) If η is ρ-free, then up(η) is λ(ρ)-free.

(iii) up(η) ⊂ λ(ν), λ(ρ).

(iv) If η1 ⊂ Λ1 ∈ [T 1], Λ0 ∈ [T 0], λ(Λ0) = Λ1, and η1 is Λ1-free and has Π
outcome along Λ1, then η1 has infinitely many Λ0-free derivatives.

(v) If η1 ⊂ Λ1 ∈ [T 1], Λ0 ∈ [T 0], λ(Λ0) = Λ1, and η1 is Λ1-free and has
Σ outcome along Λ1, then η1 has a unique Λ0-free derivative π with Π
outcome along Λ0, and π is the principal derivative of η1 along Λ0.

(vi) η is ν-free, and if η is the principal derivative of up(η) along ν, then
(λ(ν))− = up(η).

Lemma 3.1.9. (Restraint Lemma) Suppose that for a given faithfully exe-
cuted construction, action for η is supported at ρ only when η is ρ-free, sen-
tence decomposition is monotonic, the construction admits consistent action,
and clauses (ii) and (iii) of Definition 3.1.7 are satisfied. Then:

(i) If clause (i) of Definition 3.1.7 holds, a restraint condition x /∈ As is
declared as action for η along ρ, and up(η) ⊂ λ(ρ), then x /∈ Awt(ρ).

(ii) Shared set action is compatible.

(iii) If clauses (i) and (iv) of Definition 3.1.7 holds with the inequality in (ia)
changed to equality and clause (iia) of Definition 3.1.7 is replaced with
wt(up(η)) = x, then shared functional action is compatible.
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The conclusions of the Restraint Lemma will still hold when some of the
clauses of Definition 3.1.7 are weakened, as will be necessary for some later
constructions. We will comment about such weakenings when we encounter
constructions requiring them.

3.2 The Friedberg-Mučnik Theorem

In 1944, Post [23] posed the following problem.

Post’s Problem: Are there any computably enumerable degrees other than 0
and 0′?

A negative solution to this problem was obtained more than a decade later by
Friedberg [4] and Mučnik [22]. These solutions introduced a new method of
proof, the priority method, to obtain a pair of incomparable, computably enu-
merable degrees. A proof of this result, using the Modified Framework Theorem,
is presented in this section.

Theorem 3.2.1. (The Friedberg-Mučnik Theorem) There are computably enu-
merable degrees a0 and a1 such that a0 | a1.

Proof. It suffices to construct computably enumerable sets A0 and A1 that sat-
isfy the following incomparability requirements for all i ≤ 1 and all computable
partial functionals Φ:

RΦ,i : Φ(Ai) 6= A1−i.

Let {Rj : j ∈ N} be an effective listing of all such requirements.
The idea behind the satisfaction of RΦ,0 (a symmetric description holds for

RΦ,1) in the standard construction is to first pick a diagonalization witness x,
i.e., an x for which we wish to force Φ(A0;x) 6= A1(x). We then wait to find
a number u and a stage s at which Φ(A0 � u;x)[s] ↓= 0 (we say that x is
realized at s). If no such u and s are found, then we withhold x from A1 and so
satisfy the requirement. If u and s are found, we place x into As+1

1 and try to
restrain numbers < u from entering A0 so that we can preserve the computation
Φ(A0 � u;x) = 0.

Conflicts between requirements arise when a requirement RΨ,1 wishes to put
a number < u into A0. The prioritization of requirements allows an organization
of the construction for which, if RΨ,1 has lower priority than RΦ,0, then then the
diagonalization witness for RΨ,1 is ≥ u; and if RΨ,1 has higher priority than RΦ,0

and has a diagonalization witness y < u, then we reinitialize RΦ,0 and assign a
new large diagonalization witness. As there are only finitely many requirements
of higher priority than RΦ,0, we can then argue that this requirement has a
final diagonalization witness for its satisfaction. The tree argument organizes
outcomes, switching when a diagonalization witness is realized.

The trees of strategies approach selects the diagonalization witness x as the
weight of the node of T 1 to which the requirement is assigned, and ensures that
if the decision to realize x is made at node η ∈ T 0, then u ≤ wt(λ(η)). Lemma



44 CHAPTER 3. Σ1 CONSTRUCTIONS

3.1.9 (Restraint) ensures that all witnesses newly appointed are larger than any
relevant use at the given stage, and switching paths automatically performs
initialization. Thus in fact, the trees of strategies proof mimics the standard
proof in a different language, and uses framework lemmas to conclude that all
requirements are satisfied.

There are several ways to simulate the role of stages in the trees of strategies
approach. The easiest technically is to use the weight of a node on T 0 as
the stage for evaluating the truth value of the directing sentence. This has a
byproduct of evaluating truth values of different sentences at different stages.
So we may find an η ∈ T 0 and a u such that Φ(A0 � u;x)[wt(η)] ↓= 0 at which
we are looking at a lower priority requirement, and place a number y < u into
A0 for the lower priority requirement, thereby injuring the computation. We
note that Φ(A0;x) ↓= 0 iff there is a u such that Φ(A0 � u;x)[s] ↓= 0 for
infinitely many s iff there is a u such that Φ(A0 � u;x)[s] ↓= 0 for cofinitely
many s; so restricting the evaluation of the truth value of the directing sentence
for a node of T 1 to the derivatives of that node along a path through T 0 will
suffice. This is the approach that we adopt, as it is easiest to use the Restraint
Lemma with this approach. A second method is to evaluate the truth value of
the above sentence at wt(δ) instead of at wt(η), where δ begins the block of
T 0 in which η lies. This method will skip stages, but will evaluate all relevant
directing sentences at the same stage, so will simplify notation. The standard
construction is obtained by letting the stage s be the number of blocks preceding
the block in which η lies.

3.2.1 The Basic RΦ,i-Module

This module consists of an initial node α of level 1, and two terminal successors
α0 and α1 of α. α is activated and has Π outcome along α0, and is validated
and has Σ outcome along α1. The satisfaction of clauses (i)–(iii) of Definition
2.3.1 follows easily.

Directing sentence Sα: ∃u∃η ∈ Vα(Φ(Ai � u; wt(α))[wt(η)] ↓ = 0).
Activated action for α at ρ ⊇ α0: ∀t(wt(α) /∈ At

1−i).
Validated action for α at ρ ⊇ α1:

∃r∀t ≥ wt(η)(wt(α) ∈ Ar
1−i & At

i � u = A
wt(η)
i � u).

Note that η and u can be specified as witnesses to the truth of the directing
sentence, and are allowed as parameters for validated action. If Sα is true
and validated action for α is implemented, then Φ(Ai; wt(α)) ↓ = 0 6= 1 =
A1−i(wt(α)); and if Sα is false, then Lemma 3.1.8(iv) (Σ1 Analysis) implies that
Vα is infinite, so either Φ(Ai; wt(α)) ↓ 6= 0 = A1−i(wt(α)), or Φ(Ai; wt(α)) ↑.
In all cases, we see that Φ(Ai; wt(α)) 6= A1−i(wt(α)).

3.2.2 T1-Analysis

The standard initial assignment is followed, and so RΦ,i = Rj is assigned to
each node η1 ∈ T 1 such that |η1| = j. Clause (i) of Definition 2.7.2 now follows
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from Lemma 2.7.4 (Standard Initial Assignment). Hence it suffices to show that
all requirements are satisfied.

The standard initial sentence specification for η1 ∈ T 1 is followed, with
action supported at {ρ1 ⊃ η1 : η1 is ρ1-free}. By Lemma 3.1.8(i), (Σ1 Analysis),
the construction has infinite support on T 1. Clause (i) of Definition 2.10.1
follows from the corresponding analysis for the basic RΦ,i-module.

3.2.3 T0-Analysis

The standard derived assignment is followed. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Derived Assignment). Fix η ⊂ ν ⊆ ρ ∈ T 0 such that
ν− = η. Suppose that up(η) = η1 is an α-node. The bounds and witnesses for
all sentences are as follows: u = wt(λ(η)), s = wt(η), t ≤ wt(ρ) and r = wt(ν).
Monotonicity of sentence decomposition follows from (2.8.1) and (2.8.4). Action
for η is supported at {ρ ⊃ η : η is ρ-free}. By Lemma 3.1.8(i,ii) (Σ1 Analysis),
the construction has infinite support on T 0 and support propagates from T 0 to
T 1.

3.2.4 The Construction

The construction is executed in accordance with clause (iva) of Definition 2.10.1.

3.2.5 The Verification

Fix the true path Λ0 ∈ [T 0] determined by the construction, and let Λ1 = λ(Λ0).
Clauses (i)–(iii) of Definition 3.1.7 are satisfied, so by Lemma 3.1.9(ii) (Re-
straint), shared set action is compatible. There is no action to declare functional
axioms. It easily follows that the construction admits consistent action. Thus
we can apply Lemma 3.1.6 to conclude that clause (iv) of Definition 2.10.1 holds.
The theorem now follows from Theorem 2.11.5 (Modified Framework).

3.3 A Low Computably Enumerable Degree

A solution to Post’s Problem can also be obtained through the construction of a
low non-computable computably enumerable degree. The construction for this
theorem differs from that of Theorem 3.2.1 (Friedberg-Mučnik) in that there
are nodes on all paths through T 1 whose action includes the responsibility to
declare the same axiom. Action taken for nodes whose antiderivative is on one
path through T 1 may yield a value for the axiom that differs from the value
specified by a node whose antiderivative is on an incomparable path through
T 1. As the path through T 0 evolves, the current path through T 1 may switch,
necessitating a change in value for the axiom. This is resolved by placing a
number less than or equal to the use of the axiom into the oracle for the axiom
whenever a path is switched, thus allowing a new correct axiom to be defined.
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Theorem 3.3.1. (Low Computably Enumerable Degree Theorem) There is a
computably enumerable degree a > 0 such that a′ = 0′.

Proof. We ensure that a > 0 by constructing a computably enumerable set A
that is not computable. Recall that 〈Φe : e ∈ N〉 is an effective enumeration of
all computable partial functionals. We note that for all degrees b, all sets B ⊆ N
of degree b, and all e ∈ N, {e : Φe(B; e) ↓} has degree b′. As the jump operator
is order-preserving on degrees, we note that K ≤T A′ where K is a fixed com-
putably enumerable set of degree 0′, the largest computably enumerable degree.
Hence we can ensure that A is low by constructing a computably enumerable
set D and a computable partial functional Γ such that Γ(D,A) = A′. Thus it
suffices to satisfy the following requirements for all e ∈ N and all computable
partial functionals Φ:

PΦ : Φ(∅) 6= A.

Ne : Γ(D,A; e) = A′(e).

Let {Rj : j ∈ N} be an effective listing of all such requirements. The
requirements PΦ are called non-computability requirements and the requirements
Ne are called lowness requirements.

The satisfaction of a non-computability requirement PΦ follows a simplified
Friedberg-Mučnik strategy, as computations need not be preserved. A follower
x for the requirement is chosen, and is withheld from A until a stage s is found
such that Φ(∅;x)[s] ↓= 0, at which point x is placed into A. For the trees of
strategies construction, if PΦ is assigned to η1 ∈ T 1, then x = wt(η1), and
infinitely many attempts are made to find a convergent computation, at stages
s = wt(η) whenever η is a derivative of η1.

The satisfaction of Ne requires the definition of a computable functional
Γ(D,A) such that for all e ∈ N, Γ(D,A; e) = 0 if Φe(A; e) ↑, and Γ(D,A; e) = 1
if Φe(A; e) ↓. Thus we begin by setting Γ(D,A; e) = 0 until we find a stage
s such that Φe(A; e)[s] ↓, at which point we wish to reset Γ(D,A; e) = 1. In
order to correct the computation for e, we place the use of the computation
Γ(D,A; e) = 0 into D and restrain A. As the requirement Ne must be assigned
along all paths with e unchanged, new types of conflicts arise. Suppose, first,
that the requirement is assigned to η1 ∈ T 1 for the first time, and that η1

is always on the current path. Let η be the initial derivative of η1 along the
current path through T 0, and fix ν on the current path through T 0 such that
ν− = η. Then we can choose the use u of the computation Γ(D,A; e) = 0 to
be wt(λ(ν)) − 1, and place wt(η1) into D in order to correct axioms. Also,
infinitely many attempts are made to find a convergent computation, namely
at stages s = wt(η) whenever η is a derivative of η1. However, the current path
may, at some point, switch some ρ1 ⊂ η1 before a convergent computation is
found, reassigning Ne to a node ξ1 with wt(ξ1) > u. We note that, by (2.8.1),
wt(ρ1) ≤ u. In order to carry out our proposed strategy, when ρ1 is switched,
we place wt(ρ1) into D if a requirement Ne is assigned to ρ1, and into A if a
requirement PΦ is assigned to ρ1.
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3.3.1 The Basic PΦ-Module

This module consists of an initial node α of level 1, and two terminal successors
α0 and α1 of α. α is activated and has Π outcome along α0, and is validated
and has Σ outcome along α1. The satisfaction of clauses (i)–(iii) of Definition
2.3.1 follows easily.

Directing sentence Sα: ∃s(Φs(∅; wt(α)) ↓ = 0).
Activated action for α at ρ ⊇ α0: ∀t(wt(α) /∈ At).
Validated action for α at ρ ⊇ α1: ∃r(wt(α) ∈ Ar).

If Sα is true and validated action for α is implemented, then Φ(∅; wt(α)) ↓ =
0 6= 1 = A(wt(α)); and if Sα is false and activated action for α is implemented,
then either Φ(∅; wt(α)) ↓ 6= 0 = A(wt(α)) or Φ(∅; wt(α)) ↑. In either case, we
see that Φ(∅; wt(α)) 6= A(wt(α)).

3.3.2 The Basic Ne-Module

This module consists of an initial node β of level 1, and two terminal successors
β0 and β1 of β. β is activated and has Π outcome along β0, and is validated
and has Σ outcome along β1. The satisfaction of clauses (i)–(iii) of Definition
2.3.1 follows easily.

Directing sentence Sβ : ∃u∃η0 ∈ Vβ(Φe(A � u; e)[wt(η0)] ↓).
Activated action for β at ρ ⊇ β0:

∃r∀t ≥ r(Γt(Dt � wt(ρ), At � wt(ρ); e) = 0 & wt(β) /∈ Dt).
Validated action for β at ρ ⊇ β1: ∃r∀t ≥ r(Γt(Dt � wt(ρ), At � wt(ρ); e) = 1

& wt(β) ∈ Dr & At � u = Awt(η0) � u).

The number u and the node η0 witnessing the truth of the directing sentence
Sβ may be used as parameters for validated action. If Sβ is true and validated
action for β is implemented, then e ∈ A′ and Γ(D,A; e) = 1. And if Sβ is false
and activated action for β is implemented, then Lemma 3.1.8(iv) (Σ1 Analysis)
implies that Vβ is infinite, so e /∈ A′ and Γ(D,A; e) = 0. In either case, Ne is
satisfied.

3.3.3 T1-Analysis

The standard initial assignment is followed, and so Rj is assigned to each node
η1 ∈ T 1 such that |η1| = j. Clause (i) of Definition 2.7.2 now follows from
Lemma 2.7.4 (Standard Initial Assignment). Hence it suffices to show that all
requirements are satisfied.

The standard initial sentence specification for η1 ∈ T 1 is followed, with
action supported at {ρ1 ⊃ η1 : η1 is ρ1-free}. By Lemma 3.1.8(i) (Σ1 Analysis),
the construction has infinite support on T 1. Clause (i) of Definition 2.10.1
follows from the corresponding analysis for the basic modules.
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3.3.4 T0-Analysis

The standard derived assignment is followed. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Derived Assignment). Fix η ⊂ ν ⊆ ρ ∈ T 0 such that
ν− = η. The witnesses and bounds for all sentences are as follows: u = wt(λ(η)),
s = wt(η), t ≤ wt(ρ) and r = wt(ν). Monotonicity of sentence decomposition
follows from (2.8.1) and (2.8.4). Action for η is supported at {ρ ⊃ η : η is ρ-
free}. By Lemma 3.1.8(i,ii) (Σ1 Analysis), the construction has infinite support
on T 0 and support propagates from T 0 to T 1.

3.3.5 The Construction

The construction is executed in accordance with clause (iva) of Definition 2.10.1.

3.3.6 The Verification

Fix the true path Λ0 ∈ [T 0] determined by the construction, and let Λ1 = λ(Λ0).
It is easily checked that the construction admits consistent action. If a functional
axiom for η is newly declared at ν with use u+1, then η is ν-free, so by Lemma
3.1.8(vi) (Σ1 Analysis), ν− = η; hence by Lemma 3.1.8(ii,vi) (Σ1 Analysis),
u = wt(λ(ν)) and (λ(ν))− = up(η). It is now easy to see that clauses (i)–(iv)
of Definition 3.1.7 are satisfied. Thus by Lemma 3.1.9(ii,iii) (Restraint), shared
set action is compatible and shared functional action is compatible. Thus we
can apply Lemma 3.1.6 to conclude that clause (iv) of Definition 2.10.1 holds.
The theorem now follows from Theorem 2.11.5 (Modified Framework).

3.4 A properly d-c.e. degree

Not all constructions have basic modules consisting of a single non-terminal
node. The theorem proved in this section was chosen as it is a simple example
of a theorem whose proof requires a larger basic module.

The construction we give violates clauses (ii) and (iii) of Definition 3.1.7
(Standard Parameter Specification). However, restraint conditions conflicting
with this violation are never imposed. We introduce weakened versions of these
conditions below, together with the required replacement for Lemma 3.1.9 (Re-
straint). This lemma is proved as Lemma 8.8.2.

Definition 3.4.1. (Delayed Action Specification) Suppose that η ⊂ ν ⊆ ρ and
ν− = η. The delayed action specification requires a construction to satisfy the
following conditions:

(i) If the set axiom x ∈ As is newly declared as action for η supported at ρ,
then there are ξ ⊆ η and ξ1 = up(ξ) ⊆ up(η) = η1 such that

(a) x = wt(ξ1),

(b) s = wt(ν),
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(c) ρ = ν, and
(d) ξ and η are both validated along ν.

(ii) If the restraint condition x /∈ As is declared as action for η supported at
ρ, then there are ξ ⊆ η and ξ1 = up(ξ) ⊆ up(η) = η1 such that

(a) s = wt(ρ),
(b) x < wt(λ(ν)), and
(c) x /∈ Awt(ξ) and either x /∈ Awt(η), or x = wt(ξ1) and there do not

exist σ1 ∈ [ξ1, η1] and τ1 ∈ (σ1, ρ1] such that action for σ1 supported
at τ1 specifies that x ∈ A.

Lemma 3.4.2. (Delayed Set Action Lemma) Suppose that for a given faithfully
executed construction, action for η is supported at ρ only when η is ρ-free,
sentence decomposition is monotonic, the construction admits consistent action,
and clauses (i) and (ii) of Definition 3.4.1 are satisfied. Then shared set action
is compatible.

We now introduce a definition needed to state the theorem.

Definition 3.4.3. D ⊆ N is d-c.e. (the difference of computably enumerable
sets) if there are computably enumerable sets A and B such that D = A−B. A
degree d is d-c.e. if d is the degree of a d-c.e. set. A d-c.e. degree d is properly
d-c.e. if d does not contain a computably enumerable set.

Properly d-c.e. degrees were first constructed by Cooper [3], but the proof
that we present is due to Lachlan and is substantially simpler.

Theorem 3.4.4. There is a properly d-c.e. degree.

Proof. We construct computably enumerable sets A and B for which the degree
of D = A − B is a properly d-c.e. degree. For each computably enumerable
set W and each pair 〈Φ,Ψ〉 of computable partial functionals, we establish the
requirement

RΦ,Ψ,W : Φ(W ) 6= D or Ψ(D) 6= W,

and all requirements are organized into an effective list {Ri : i ∈ N}.
The strategy for satisfying the requirement RΦ,Ψ,W is as follows. A number

x (x = wt(α) in the basic module) is designated, and the construction searches
for a stage s (s = wt(γ−) in the module) and numbers u and v such that
Φ(W � u;x)[s] ↓ = 0 and D pins down W s � u, i.e., Ψ(D � v)[s] � u = W s � u.
While the search is unsuccessful, D(x) = 0. If s is found, then x is placed into
A, thus temporarily setting D(x) = 1, and all other numbers < v are restrained
from entering or leaving D. If W � u = W s � u, then Φ(W ;x) ↓ = 0 6= 1 = D(x).
The construction now searches for a stage t > s such that W t � u 6= W s � u. If
such a t is found, then x is placed into B, thereby resetting D � v = Ds � v, and
thus forcing Ψ(D; z) 6= W (z) for some z < u. Lemma 3.4.2 allows us to show
that the iterated trees of strategies approach automatically resolves conflicts
between requirements; such conflicts arise only when one requirement wishes to
place an element into D or remove an element from D, and another wishes to
restrain D in order to preserve a computation.
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3.4.1 The Basic RΦ,Ψ,W -Module

This module has two non-terminal nodes α and α1 of level 1, and three termi-
nal nodes α0, α10 and α11. According to the convention, α will be activated
(validated, resp.) and have Π (Σ, resp.) outcome along α0 (α1, resp.); and α1

will be activated (validated, resp.) and have Π (Σ, resp.) outcome along α10

(α11, resp.). Note that clauses (i)–(iii) of Definition 2.3.1 are satisfied.

Directing sentence Sα: ∃u∃v∃η ∈ Vα(Φ(W � u; wt(α))[wt(η)] ↓ = 0
& Ψ(D � v)[wt(η)] � u = Wwt(η) � u).

Activated action for α at ρ ⊇ α0: ∀t(wt(α) /∈ At ∪Bt).
Validated action for α at ρ ⊇ α1: ∃r(wt(α) ∈ Ar) &

∀x < v∀t ≥ wt(η)(x 6= wt(α) → At(x) = Awt(η)(x) & Bt(x) = Bwt(η)(x)).

We note that the witnesses η, u, and v to the validity of Sα may be used as
parameters for validated action for α and in the directing sentence and action
sentences for α1. Let α1 = α_〈γ〉.

Directing sentence Sα1 : ∃z < u∃s > wt(η)(z /∈ Wwt(η) & z ∈ W s).
Activated action for α1 at ρ ⊇ α10: ∀t(wt(α) /∈ Bt).
Validated action for α1 at ρ ⊇ α11: ∃r(wt(α) ∈ Br).

If the true path passes through α0, then as Lemma 3.1.8(iv)(Σ1 Analysis) implies
that Vα is infinite, either Φ(W ; wt(α)) ↑; or Φ(W ; wt(α)) ↓ 6= 0 = D(wt(α));
or Φ(W ; wt(α)) ↓ = 0 with some use u and either Ψ(D; z) ↑ for some z < u, or
Ψ(D; z) ↓ 6= W (z) for some z < u. If the true path passes through α10, then
Φ(W ; wt(α)) ↓ = 0 6= 1 = D(wt(α)). And if the true path passes through
α11, then Ψ(D; z) ↓ 6= W (z) for some z < u.

3.4.2 T1-Analysis

The standard initial assignment is followed. Clause (i) of Definition 2.7.2 follows
from Lemma 2.7.4 (Standard Initial Assignment). Hence it suffices to show that
all requirements are satisfied.

The standard initial sentence specification for η1 ∈ T 1 is followed, with
action supported at {ρ1 ⊃ η1 : η1 is ρ1-free}. By Lemma 3.1.8(i), (Σ1 Analysis),
the construction has infinite support on T 1. Clause (i) of Definition 2.10.1
follows from the corresponding analysis for the basic module.

3.4.3 T0-Analysis

The standard derived assignment is followed. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Derived Assignment).

Fix η ⊂ ν ⊆ ρ ∈ T 0 such that ν− = η. The witnesses and bounds for
the sentences for η are as follows: u ≤ wt(λ(η)), v = wt(λ(η)), t ≤ wt(ρ)
and r = wt(ν). Monotonicity of sentence decomposition follows from (2.8.1)
and (2.8.4). Action for η is supported at {ρ ⊃ η : η is ρ-free}. By Lemma
3.1.8(i,ii), (Σ1 Analysis), the construction has infinite support on T 0 and support
propagates from T 0 to T 1.
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3.4.4 The Construction

The construction is executed in accordance with clause (iva) of Definition 2.10.1.

3.4.5 The Verification

Fix the true path Λ0 ∈ [T 0] determined by the construction, and let Λ1 = λ(Λ0).
It is easily checked that the construction admits consistent action. Clauses (i)
and (ii) of Definition 3.4.1 are satisfied, so by Lemma 3.4.2 (Delayed Set Action),
shared set action is compatible. There is no functional action. Thus Lemma
3.1.6 allows us to conclude that clause (iv) of Definition 2.10.1 holds. The
theorem now follows from Theorem 2.11.5 (Modified Framework).

3.5 Summary

In this chapter, Player II was responsible for constructing all the sets, and the
functionals defined by Player II had a set of degree 0′ as their oracle. As positive
set action to place a number x into a fixed set A was localized within a single
basic module on T 1, properties of the weight function, together with the ability
to keep modules on T 1 intact and internally consistent sufficed to ensure that
shared set action was compatible. Shared functional action occurred only along
incomparable paths through T 1, and we were able to ensure correction whenever
the path on T 1 was switched. More sophisticated techniques will be required
for constructions at a higher level.
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Chapter 4

∆2 Constructions

∆2 constructions are the simplest priority constructions in which Player I con-
trols a set W . Such constructions take place on three trees, T 0, T 1, and T 2.
In a typical situation, W is non-computable and the success of the construction
requires the entry of numbers into W at a stage at which such numbers are
useful to the construction. To show that this must happen, the construction
will try to compute more and more of W at prescribed sets of stages, so as W is
not computable, these attempts must fail; and the failure will produce numbers
that enter W when they are useful.

We discuss general ∆2 constructions in Section 4.1, stating a lemma describ-
ing relationships between nodes of that level. The lemma is applied to prove an
upward cone avoidance theorem in Section 4.2, the Sacks Splitting Theorem in
Section 4.3, basic facts about backtracking are presented in Section 4.4 and a
permitting construction is carried out in Section 4.5.

4.1 The ∆2 Level

Unlike Σ1 constructions, ∆2 constructions will have level 2 requirements. How-
ever, these requirements will be of a very special nature, making these construc-
tions somewhat similar to those at the Σ1 level. Prior to the existence of the
classification of priority arguments using the arithmetical hierarchy, a differenti-
ation was made between finite injury and infinite injury priority constructions
only, and ∆2 constructions were classified as finite injury. But even at that time,
a distinction was made between the two types of finite injury constructions.

The new wrinkle that appears in ∆2 constructions is the use of degenerate
level 2 requirements; if such a requirement is assigned to a level 2 node η2 ∈ T 2,
and τ2 ⊃ η2 is such that (τ2)− = η2 and η2 has Π outcome along τ2, then no
requirement is assigned to τ2 or any of its successors. (Recall that the standard
initial assignment implements the situation just described.) This causes all
derivatives of η2 on T 1 to lie in intervals of Λ1, all of whose nodes are derivatives
of η2 or its successors. If the interval is finite, then η2 will have Σ outcome along

53
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λ(Λ1), and the satisfaction of the requirement will be finitary; and if the interval
is infinite, then η2 will have Π outcome along λ(Λ1), and only finitely nodes of
T 2 will have derivatives along λ(Λ1); in this case, we will show that the theorem
follows from the directing sentences and action for η2 and its predecessors along
the true path. For many constructions, the latter situation will provide an
effective computation of a set W . The corresponding theorem will have the
statement, ”W is computable or · · · ”.

The conditions of Lemma 3.1.8 (Σ1 Analysis) hold for all constructions.
However, additional properties of the ∆2 level are needed to analyze ∆2 con-
structions. The ∆2 Analysis Lemma (proved as Lemma 8.7.2) specifies these
properties.

Lemma 4.1.1. (∆2 Analysis Lemma) For a ∆2 construction, fix η2 ∈ T 2 such
that lev(η2) = 2. Suppose that ξ1, η1 ∈ T 1 and up(ξ1) = up(η1) = η2. Then:

(i) ξ1 and η1 are comparable nodes of T 1, say ξ1 ⊂ η1, and all nodes in
[ξ1, η1] are derived from η2.

(ii) If η1 ⊂ λ(η) is the longest derivative of η2 that is ⊂ λ(η), then either η1

has Π outcome along λ(η) and is the only λ(η)-free derivative of η2, or η1 has
Σ outcome along λ(η) and all derivatives of η2 along λ(η) are λ(η)-free.

4.2 Avoiding Upward Cones

Our first, and simplest ∆2 construction is that of a non-computable, computably
enumerable set A such that W �T A, where W is a given non-computable,
computably enumerable set. We ensure that A is non-computable through the
use of the non-computability requirements introduced in Section 3.3. Our other
preservation requirements ensure that, for all computable partial functionals Φ,
Φ(A) 6= W . While these requirements resemble Friedberg-Mučnik requirements,
this resemblance is superficial, as we have no control over the entry of numbers
into W . More precisely, if we declare an axiom Φ(A;x)[s] 6= W s(x) and x ∈
W t − W s, then our attempt at satisfying the requirement through the use of
the witness x has failed. Instead, we adopt a strategy that imposes restraint on
A; we define a computable partial functional Γ, and declare axioms Γ(∅;x) =
Φ(A;x) whenever Φ(A) � x + 1 = W � x + 1. Thus the failure to satisfy
Φ(A) 6= W results in an effective computation of W . In the setting of ∆2

constructions, the theorem actually proved is that either W is computable, or
there is a non-computable, computably enumerable set A such that W �T A.

As infinitely many axioms must be declared, preservation requirements are
level 2 requirements. These requirements may need to act at infinitely many
nodes along a path through T 1, so we need a scheme that will allow this to
happen while allowing other requirements that need to be satisfied to act as well.
Non-computability requirements of lower priority will place numbers into A,
allowing W to change; as Γ(∅) has no ability to correct computations, the injury
to the preservation requirement would be fatal. In a ∆2 construction, we can
prevent lower priority requirements from acting, and such action is not necessary
as long as we satisfy Γ(∅) = Φ(A) = W ; for then W will be computable, which
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is one of the alternatives provided by the theorem. And once we have an x
such that Γ(∅;x) ↓= Φ(A;x) ↓6= W (x), we have satisfied this requirement and
no further axioms are needed. Restraint on A can then be imposed, and lower
priority requirements are initialized and can then begin to act.

Theorem 4.2.1. (Upward Cone Avoidance Theorem) For every computably
enumerable set W , either W is computable, or there is a non-computable, com-
putably enumerable set A such that W �T A.

Proof. We attempt to satisfy the following requirements for all computable par-
tial functionals Ψ and Φ:

PΦ : Φ(∅) 6= A.

NΦ : Φ(A) = W ⇒ ∃Γ(Γ(∅) = Φ(A)).

Let {Rj : j ∈ N} be an effective listing of all requirements.

4.2.1 The Basic PΦ-module

This is the module introduced in Section 3.3, so is not presented here; its initial
node is an α-node.

4.2.2 The Basic NΦ-Module

The directing sentence for η2 ∈ T 2 working for this requirement checks to see
if Φ(A) = W . At a derivative η1 ∈ T 1, the check is just for Φ(A) and W to
agree through wt(η1). At a derivative η ∈ T 0 of η1, we check to see if the
desired agreement occurs at stage wt(η). The directing sentence checks just at
nodes in Vη2 and Vη1 , and this will suffice if, in fact, Φ(A) = W . If we find the
desired agreement, then action will be to restrain A and thereby preserve the
computations Φ(A;x) for x ≤ wt(η1), and to define axioms Γ(∅;x) = Φ(A;x)
for such x. As all derivatives of η2 lie in an interval of T 1, such restraint will
ensure that shared functional axioms for Γ are compatible. Should W change,
then the A restraint will cause Φ(A) and W to disagree, so the requirement will
be satisfied finitarily.

The module consists of an initial node β of level 2, with two terminal im-
mediate successors β0 and β1. β is activated and has Σ outcome along β0, and
is validated and has Π outcome along β1. The satisfaction of of clauses (i)–(iii)
of Definition 2.3.1 follows easily. There is no activated action for β. We note
that the witnesses uβ1 and β0

β1 provided by the truth of the directing sentence
for β1 can be used in the validated action sentence for the same β1.

Directing sentence Sβ :
∀β1 ∈ Vβ∃u∃β0 ∈ Vβ1∀y ≤ wt(β1)(Φ(A � u; y)[wt(β0)] ↓ = Wwt(β0)(y)).

Validated action for β at ρ ⊇ β1: ∀β1 ∈ Vβ∃r∀t ≥ wt(β0
β1)∀y ≤ wt(β1)

(Γr
β(∅; y) ↓ = Φ(A � uβ1 ; y)[wt(β0

β1)] & At � uβ1 = A
wt(β0

β1 ) � uβ1).
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Suppose first that β ⊂ Λ2, Sβ is true, and validated action for β is followed.
By Lemma 3.1.8(iv) (Σ1 Analysis) relativized to T 1, β has infinitely many Λ1-
free derivatives. Validated action now ensures that Γ(∅) = Φ(A) and both are
total, and the restraint condition of validated action ensures that Φ(A) = W .
Now suppose that Sβ is false, and β has Σ outcome along Λ2. Then by Lemma
3.1.8(v) (Σ1 Analysis) relativized to T 1, β has a unique Λ1-free derivative β1

with Π outcome, so we cannot find u and β0 for β1 as specified by Sβ . By Lemma
3.1.8(iv) (Σ1 Analysis), β1 has infinitely many Λ0-free derivatives. Hence there
must be a y ≤ wt(β1) for which Φ(A; y) 6= W (y). We have thus shown that NΦ

is satisfied.

4.2.3 T2-Analysis

The standard initial assignment is followed. Clause (i) of Definition 2.7.2 follows
from Lemma 2.7.4 (Standard Initial Assignment). Hence it suffices to show that
all requirements along the true path Λ2 ∈ [T 2] are satisfied.

The standard initial sentence specification for η2 ∈ T 2 is followed, with
action supported at {ρ2 ⊃ η2 : η2 is ρ2-free}. Clause (i) of Definition 2.10.1
follows from the corresponding analysis for the basic modules.

4.2.4 T1-Analysis

The standard derived assignment is followed. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Standard Derived Assignment).

If η1 ∈ T 1 is a β-node, then sentence decomposition bounds β1 ⊆ η1. Mono-
tonicity of sentence decomposition follows easily. Action for η1 ∈ T 1 is sup-
ported at {ρ1 ⊃ η1 : η1 is ρ1-free}. By Lemma 3.1.8(i,ii) (Σ1 Analysis), the
construction has infinite support on T 1, and support propagates from T 1 to T 2.

4.2.5 T0-Analysis

The standard derived assignment is followed. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Standard Derived Assignment).

Sentence decomposition for α-nodes is as described in Section 3.3. Fix a β-
node η ⊂ ν ⊆ ρ ∈ T 0 such that ν− = η, and let η1 = up(η). The bounds for the
sentences are: β0 ⊆ η, u = wt(λ(η)), r = wt(ν) and t ≤ wt(ρ). Monotonicity
of sentence decomposition follows from (2.8.1) and (2.8.4). Action for η is
supported at {ρ ⊃ η : η is ρ-free}. By Lemma 3.1.8(i,ii) (Σ1 Analysis), the
construction has infinite support on T 0, and support propagates from T 0 to T 1.

4.2.6 The Construction

The construction is executed in accordance with clause (iva) of Definition 2.10.1.
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4.2.7 The Verification

Fix the true path Λ0 ∈ [T 0] determined by the construction, and let Λk+1 =
λ(Λk) for k ≤ 1. It is easily checked that the construction admits consistent
action. Clauses (i)–(iii) of Definition 3.1.7 are easily seen to be satisfied, so it
follows from Lemma 3.1.9(ii) (Restraint) that shared set action is compatible.
By Lemma 4.1.1 (∆2 Analysis), all axioms for Γ are declared along a single
path through T 1, and whenever an axiom is newly declared at ρ ⊂ Λ0, action
for all previously declared axioms is supported at ρ. Furthermore, Lemma
3.1.9(ii) (Restraint) implies that the value for an axiom never changes and so
that shared functional action is compatible. Hence we can apply Lemma 3.1.6
to conclude that clause (iv) of Definition 2.10.1 holds. The theorem now follows
from Theorem 2.11.5 (Modified Framework).

4.3 The Sacks Splitting Theorem

The Sacks Splitting Theorem [24] is not a theorem strictly about R, although
it has a corollary that specifies a property of R. For every number x, there is
a requirement whose validated action places x into a set, so we cannot rely on
weight computations to automatically manage conflicts between such require-
ments and requirements imposing restraints on sets. These conflicts are resolved
in advance by a careful assignment of requirements to nodes of T 2, so that when
a restraint x /∈ A is imposed by a node, successors of that node will choose a
set other that A as the target set for x. Thus clause (iia) of Definition 3.1.7 will
not be satisfied, so we will need a new version of the Restraint Lemma (proved
as Lemma 8.8.3).

Lemma 4.3.1. (Splitting Restraint Lemma) Suppose that we are given a ∆2

construction satisfying clauses (i), (iib,c,d) and (iii) of Definition 3.1.7, as well
as the following condition:

(i) If η2_〈γ1〉 = ν2 ⊆ σ2 ∈ T 2, η2 has Σ outcome along ν2, action for η2

along ρ2 ⊇ ν2 specifies a restraint condition for the set A, and action for
σ2 along τ2 ⊇ ν2 specifies that a number x be placed in the same set A,
then x ≥ wt(γ1).

Suppose also that the construction is faithfully executed, action for η is sup-
ported at ρ only when η is ρ-free, sentence decomposition is monotonic, and the
construction admits consistent action. Then conclusions (i) and (ii) of Lemma
3.1.9 (Restraint) hold. Furthermore, if hypothesis (iii) of Lemma 3.1.9 holds
for the functional ∆, then shared functional action for ∆ is compatible.

Theorem 4.3.2. (Sacks Splitting Theorem) Let W be a computably enumerable
set. Then there are computably enumerable sets A0 and A1 such that if W is
not computable, then W = A0 ∪A1, A0 ∩A1 = ∅, and W 6≤T A0, A1.

The following corollary follows easily from Theorem 4.3.2.
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Corollary 4.3.3. For every computably enumerable degree a > 0, there are
computably enumerable degrees a0,a1 < a such that a0 ∪ a1 = a.

Proof. (of Theorem 4.3.2) Note that if W is not computable, then A0 and A1

cannot be computable. For since A0 and A1 partition W , W ≡T A0⊕A1, so if,
e.g., A0 is computable, then A1 ≡T W .

For each x ∈ N, we establish the requirement

Px : (x ∈ W ⇒ x ∈ A0 ∪A1 & x /∈ A0 ∩A1) & (x /∈ W ⇒ x /∈ A0 ∪A1);

and for each i ≤ 1 and computable partial functional Φ, we establish the re-
quirement

NΦ,i : Φ(Ai) = W ⇒ ∃∆(∆(∅) = Φ(Ai)).

All requirements are organized into an effective list {Ri : i ∈ N}. The require-
ments Px ensure that A0 and A1 partition W , and the requirements NΦ,i are
the preservation requirements of the previous section. A ∆2 construction will
allow us to avoid conflicts between requirements by judiciously choosing the set
Ai into which we place an x just entering W ; only one requirement NΦ,j will be
imposing a restraint on x, and we choose i = 1− j.

4.3.1 The Basic Px-Module

This module consists of an initial node α of level 1, and two terminal successors
α0 and α1. α is activated and has Π outcome along α0 and is validated and
has Σ outcome along α1. Clauses (i)–(iii) of Definition 2.3.1 follow easily. The
validated action sentence is a disjunction, so is nondeterministic; however, the
choice of disjuncts will be made when the requirement is assigned to a node of
T 2, so the resulting construction will be deterministic.

Directing sentence Sα: ∃s(x ∈ W s).
Activated action for α at ρ ⊃ α0: ∀t(x /∈ At

0 ∪At
1).

Validated action for α at ρ ⊃ α1: ∃i ≤ 1∃r∀t ≥ r(x ∈ At
i −At

1−i).

It is clear that the requirement Px is satisfied if either Sα is true and validated
action for α is followed, or Sα is false and activated action for α is followed.

4.3.2 The Basic NΦ,i-Module

This module is the strategy for preservation requirements introduced in the last
section, so will not be repeated here. Nodes of T 2 to which such requirements
are assigned are called β-nodes.

The proof of the satisfaction of these requirements will utilize Lemma 4.3.1
(Splitting Restraint), so we will have to ensure that clause (i) of that lemma is
satisfied. The initial assignment of requirements to nodes of T 2 is non-standard,
and designed to obtain this property by assigning requirements Px to nodes of
T 2 in blocks and specifying the target set for x appropriately.
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4.3.3 T2-Analysis

The first requirement of the form NΦ,i is assigned to ∅. Suppose that η2 ∈ T 2

is given and requirements have been assigned to all ξ2 ⊂ η2 but no requirement
has yet been assigned to η2 6= ∅. If there is a β-node ξ2 ⊂ η2 that has Π outcome
along η2, then no requirement is assigned to η2. If there is a β-node ξ2 ⊂ η2

that has Σ outcome along η2, say ξ2_〈γ1〉 ⊆ η2 with γ1 ∈ T 1, and there is an
x < wt(γ1) such that Px has not yet been assigned to any σ2 ⊂ η2, then for
the least such x, Px is assigned to η2. If the requirement NΦ,i is assigned to
ξ2, then the disjunct chosen for validated action is ∃r∀t ≥ r(x ∈ At

1−i − At
i).

(This step will ensure the preservation of all axioms discovered for Sβ whenever
β lies along the true path of T 2.) Otherwise, the first requirement of our list
that has not yet been assigned to any ξ2 ⊂ η2 is assigned to η2, with validated
action targeting x for A0 if the requirement is of the form Px. Clause (i) of
Definition 2.7.2 follows, as W is computable whenever we follow a validated
extension of a β-node of T 2. Furthermore, the assignment of requirements is
defined in accordance with clause (i) of Lemma 4.3.1 (Splitting Restraint), so it
straightforwardly follows that this condition is satisfied.

The standard initial sentence specification for η2 ∈ T 2 is followed, with
action supported at {ρ2 ⊃ η2 : η2 is ρ2-free}. Clause (i) of Definition 2.10.1
follows from the corresponding analysis for the basic modules. Hence it suffices
to show that all requirements are satisfied.

4.3.4 T1-Analysis

The standard derived assignment is followed. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Standard Derived Assignment).

Sentence decomposition for β nodes is as in the preceding section, and will
be described for α-nodes when we reach T 0. Action for η1 ∈ T 1 is supported at
{ρ1 ⊃ η1 : η1 is ρ1-free}. By Lemma 3.1.8(i,ii) (Σ1 Analysis), the construction
has infinite support on T 1, and support propagates from T 1 to T 2.

4.3.5 T0-Analysis

The standard derived assignment is followed. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Standard Derived Assignment).

Sentence decomposition for α-nodes η is as follows. Fix ρ ⊇ ν ⊃ η such
that ν− = η. The bounds and witnesses for α-nodes are as follows: s = wt(η),
t ≤ wt(ρ) and r = wt(ν). Sentence decomposition for β-nodes is as in Section
4.2. Monotonicity of sentence decomposition follows from (2.8.1) and (2.8.4).
Action for η is supported at {ρ ⊃ η : η is ρ-free}. By Lemma 3.1.8(i,ii) (Σ1

Analysis), the construction has infinite support on T 0, and support propagates
from T 0 to T 1.

4.3.6 The Construction

The construction is executed in accordance with clause (iva) of Definition 2.10.1.
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4.3.7 The Verification

Fix the path Λ0 ∈ [T 0] determined by the construction, and let Λk+1 = λ(Λk)
for k ≤ 1. It is easily checked that the construction admits consistent action.
We note that clauses (i)–(iii) of Definition 3.1.7 are satisfied with the exception
of clause (iia), and we have already noted while performing the T 2-Analysis that
clause (i) of Lemma 4.3.1 (Splitting Restraint) is satisfied. Thus all hypothe-
ses of Lemma 4.3.1 (Splitting Restraint) hold, so the conclusion of that lemma
implies that shared set action is compatible. By Lemma 4.1.1 (∆2 Analysis),
all axioms for ∆ are declared along a single path through T 1, and whenever an
axiom is newly declared at ρ ⊂ Λ0, action for all previously declared axioms
is supported at ρ. Furthermore, the compatibility of shared set action implies
that the value for an axiom never changes and so that shared functional ac-
tion is compatible. Hence we can apply Lemma 3.1.6 to conclude that clause
(iv) of Definition 2.10.1 holds. The theorem now follows from Theorem 2.11.5
(Modified Framework).

We note that we can add the requirements of Section 3.3 requiring that A0

and A1 be of low degree to our construction, and satisfy these requirements as
well. Hence we can strengthen our theorem to:

Theorem 4.3.4. Let W be a computably enumerable set. Then there are com-
putably enumerable sets A0 and A1 such that if W is not computable, then
W = A0 ∪A1, A0 ∩A1 = ∅, W 6≤T A0, A1, and A0 and A1 are low.

The following corollary follows easily from Theorem 4.3.2.

Corollary 4.3.5. Let a > 0 be a computably enumerable degree. Then there
are computably enumerable degrees a0,a1 < a such that both a0 ∪ a1 = a and
a′0 = a′1 = 0′.

4.4 Backtracking

The backtracking process addresses the following situation. There will be times,
during some constructions, when we are forced to take action for a node σm ∈
Tm that does not lie on the current path at η, but was on the current path at
some ξ ⊂ η. The framework does not allow such action unless we first return
σm to the current path through Tm as witnessed by one of its derivatives κ ⊃ η,
a process that we call backtracking. The precise definition of backtracking will
be deferred to Chapter 9, but the definitions and lemmas about backtracking
needed to carry out some constructions in the next several chapters are dis-
cussed in this section. It is crucial in some constructions, such as permitting
constructions, for a node to take advantage of a permission immediately, even
when it is not on the current path.

We will introduce a canonical process to obtain κ in Chapter 9, and will call
the unique node κ obtained through this process the backtracking extender of η
for σm from ξ. All we need to know right now about κ is that κ ⊇ η and that
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upm(κ) = upm(ξ) = σm. It will not always be possible to find such a κ, but
the next definition provides a condition that will be shown to be both necessary
and sufficient for the existence of κ.

Definition 4.4.1. Fix σm ∈ Tm and σ ⊆ η ∈ T 0 such that σ is an initial
derivative of σm. Then we say that σm is η-accessible with initial derivative σ
if no primary η-link properly restrains σ.

If m ≤ 2, then σm will have at most one initial derivative along any Λ0 ∈ [T 0],
so the dependence of the definition of accessibility on the initial derivative will
not be necessary, and will be ignored below. In Chapters 4–7, we will only
implement backtracking for nodes of T 1 or T 2, so will be able to downplay the
dependence of backtracking on a particular initial derivative. The remaining
lemmas stated in this section are stated in a form that applies only when m ≤
2. The first of these lemmas characterizes the backtracking process, and is a
consequence of Lemma 9.3.3 and the fact that initial derivatives of nodes of T i

for i ≤ 2 are unique.

Lemma 4.4.2. (Backtracking Lemma) Fix m ≤ 2, σm ∈ Tm and ξ ⊆ η ∈ T 0

such that upm(ξ) = σm. Then there is a backtracking extender κ of η for σm

from ξ iff σm is η-accessible. Furthermore, if σm is η-accessible, then there is a
canonical way to obtain κ.

If, during a construction, we decide to backtrack and pass from a node η
to its backtracking extender κ, then certain nodes will be constrained. These
nodes are specified in our next definition.

Definition 4.4.3. Suppose that a construction implements backtracking at η
from ξ for 〈σm, σ〉. Let κ be the backtracking extender of η from ξ for 〈σm, σ〉,
and fix m such that σm ∈ Tm. We say that δk is constrained (for 〈σm, σ〉)
if out0(δk) ∈ (η, κ]. (Thus the nodes constrained for 〈σm, σ〉 are those that
are δ-expansionary for some δ ∈ (η, κ].) If νk is constrained, then it is finitely
constrained if either k is even and ν− has Σ outcome along κ or k is odd and
ν− has Π outcome along κ, and is infinitely constrained otherwise.

Every constrained node must have the following property.

Definition 4.4.4. Fix δ ∈ T 0 and δk ∈ T k. We say that δk is δ-expansionary
if upk((outj(δk))−) = (δk)− for all j ≤ k. (In other words, for all j ≤ k, if
δj = outj(δk) and πj = (δj)−, then πj is the principal derivative of πk along
λj(δ).)

When backtracking is implemented to pass from η to κ, outcomes of the
nodes encountered along the way are forced independently of the truth value
of the directing sentences of those nodes. The expansionary nodes encountered
become constrained, as per our next definition.

Definition 4.4.5. Suppose that a construction implements backtracking at η
from ξ for 〈σm, σ〉. Let κ be the backtracking extender of η from ξ for 〈σm, σ〉,
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and fix m such that σm ∈ Tm. We say that δk is constrained (for 〈σm, σ〉) if
out0(δk) ∈ (η, κ]. (Thus the nodes constrained for 〈σm, σ〉 are those that are
δ-expansionary for some δ ∈ (η, κ].)

Note that, with notation as in the preceding definition, all nodes in (η, κ]
are constrained.

In order for the backtracking process to be well-behaved, we need to impose
restrictions on the situations in which it is allowed to be implemented. When
these restrictions are obeyed, we call the backtracking normal.

Definition 4.4.6. We say that a construction with true path Λ0 implements
normal backtracking if all instances of backtracking within the construction sat-
isfy the following conditions. Suppose that we implement backtracking starting
at η for 〈σm, σ〉 from ξ, that κ is the corresponding backtracking extender for
η, and that ρ is the immediate successor of κ along Λ0. Then:

(i) ρ switches σm and λm(ρ) is ρ-expansionary.

(ii) σm has Σ outcome along λm(ρ).

(iii) Neither the immediate successor of σ along Λ0 nor ρ is constrained.

(iv) If δ ⊂ ζ, either λk(δ) is constrained or (out0(λk(δ))− is a backtracking
extender, and (λk(δ))− is switched by ζ, then ζ is constrained.

As no action is taken for nodes once they become, the faithful execution
of a construction requires that constrained nodes are not free at the end of the
construction. Our next lemma states that constrained nodes have this property;
it is proved as Lemma 9.6.4.

Lemma 4.4.7. (Constraint Lemma) Suppose that a given construction imple-
ments normal backtracking. Then if ζk is constrained, out0(ζk) ⊆ ξ and ξ is
not constrained, then (ζk)− is not λk(ξ)-free.

Action will not be supported while a construction implements backtracking.
Thus we need the following lemma to ensure that the construction will have
infinite support. The lemma is proved as Lemma 9.8.1.

Lemma 4.4.8. Fix ηk ⊂ Λk ∈ [T k] such that ηk is Λk-free, and suppose
that a construction implements only normal backtracking. Then |{ρk ⊂ Λk :
ηk is ρk-free & ρk is not constrained}| = ∞.

Our last lemma indicates that the iterated backtracking process is finitary
and is proved as Lemma 9.8.2.

Lemma 4.4.9. Suppose that a construction takes place only on trees T i for
i ≤ 3. and implements only normal backtracking. Then for any η ⊂ Λ0, there
is a ρ ∈ [η, Λ0) such that ρ− is not constrained.
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4.5 Permitting

The permitting technique is a Π2 technique with a requirement of the form
Ω(W ) = B, where Player I controls W and Player II must construct B. The
computation of B from W requires Player II to define a computable partial
functional Ω such that Ω(W ) = B, a non-degenerate level 2 requirement. If
this is the only non-degenerate level 2 requirement, then we can show that it is
satisfied by the construction without placing this requirement on T 2, allowing
us to use a ∆2 construction.

The satisfaction of other requirements will necessitate the entry of numbers
x into B after an initial decision is made that x /∈ B; thus axioms of the form
Ω(W s � u;x) = 0 will already have been defined when the need to place x
into B is seen. As Player I controls W , the placement of x into B at stage
t requires W to permit , i.e., that W t � u 6= W s � u, else Ω(W ) 6= B. But
Player II has no control over W , so cannot force an element < u to enter W .
The strategy adopted to counteract this problem is to realize that it is not
necessary to place the first such x into B; rather, the construction will try to
generate infinitely many potential candidates x whose entry into B will ensure
the satisfaction of the given requirement, and simultaneously define a partial
functional ∆ with ∆(∅) = W . Many attempts at defining such a functional
will take place, one for each requirement wishing to place a number into B. If
one of these requirements is not satisfied, then it will generate infinitely many
candidates x, and the failure of W to permit any of these candidates will result
in the correctness of the computation of W by ∆(∅).

The above strategy will succeed only if each requirement wishing to place a
number into B can take advantage of every permitting opportunity that mate-
rializes. In prior constructions, it was sufficient to offer a requirement infinitely
many opportunities for satisfaction; but the success of permitting necessitates
that the requirement be offered cofinitely many opportunities for satisfaction.
Derivatives of a node η2 ∈ T 2 can act only when they lie on the current path,
and the permissions for such a node may occur when it does not lie on the
current path. The solution is to suspend action for the construction until we
backtrack, thereby returning the node for which we want to act to the current
path. Action must be suspended during backtracking, as it could destroy the
validity of the directing sentence causing us to want to backtrack. It will turn
out that the nodes for which we fail to take action are not free at the end of the
construction, so we can still argue that the construction is faithfully executed.

We now prove a Permitting Lemma that allows us to conclude that the
permitting strategy will succeed.

Lemma 4.5.1. (Permitting Lemma) Suppose that a construction with true path
Λ0 has the following properties for all η ⊂ ν ⊆ ρ ⊂ Λ0 such that ν− = η:

(i) 〈 〉 is not constrained and Bwt(〈 〉) = ∅.

(ii) If x ∈ Bwt(ν)−Bwt(η) and σ is the longest node ⊂ η that is not constrained,
then Wwt(η) � x + 1 6= Wwt(σ) � x + 1.
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(iii) There are infinitely many σ ⊂ Λ0 that are not constrained.

Then B ≤T W .

Proof. Fix x. By (iii), we may fix the shortest non-constrained η ⊂ Λ0 such
that Wwt(η) � x+1 = W � x+1, and ν ⊂ Λ0 such that ν− = η. Note that η and
ν are effectively determined by W . By (i), there is a longest non-constrained
σ ⊂ η, so by (ii), x ∈ B iff x ∈ Bwt(ν).

The Permitting Lemma is now used to pull the Friedberg-Mučnik Theo-
rem down below any non-computable, computably enumerable degree, and so
to show that no computably enumerable degree is minimal. The permitting
technique was introduced by Friedberg [4] to obtain this result.

Theorem 4.5.2. Let W be a computably enumerable set. Then either W is
computable, or there are computably enumerable sets A0, A1 ≤T W whose de-
grees are incomparable.

The next corollary follows easily from Theorem 4.5.2.

Corollary 4.5.3. For every computably enumerable degree d > 0, there are
computably enumerable degrees a0,a1 < d such that a0 | a1.

Proof. (of Theorem 4.5.2) We will define computable partial functionals Ω0 and
Ω1 such that A0 = Ω0(W ) and A1 = Ω1(W ). In addition, for each computable
partial functional Φ and each i ≤ 1, we establish the requirement

PΦ,i : Φ(Ai) = A1−i → ∃∆(∆(∅) = W ).

The requirements PΦ,i are organized into an effective list {Ri : i ∈ N}.

4.5.1 The Basic PΦ,i-Module

This module has a shortest node α with lev(α) = 1. α will have a non-terminal,
level 2, immediate successor α0 along which it is activated and has Σ outcome,
and a terminal immediate successor α1 along which it is validated and has Π
outcome. α0 will have a terminal immediate successor α00 (α01, resp.) along
which it is activated (validated, resp.) and has Σ outcome ( Π outcome, resp.).
It is easy to see that clauses (i)–(iii) of Definition 2.3.1 are satisfied.

The directing sentence for α checks to see if there is a permitted derivative
η1 of α0. As it will be doing its checking along Λ0, the parameters already
determined for α0 and its derivatives can be used in this check. Thus it is more
instructive to analyze the situation for α0 first.

The directing sentence for α0 checks to see if Φ(Ai; wt(η1)) ↓= 0 for all
η1 ∈ Ṽα. Activated action for α0 specifies that wt(η1) /∈ A1−i, and validated
action for α0 restrains Ai and defines ∆(∅) = W . The witnesses uη1 and η0

η1 for
η1 can be used in the action sentences for α0 and also in the sentences for α as
long as they have been determined beforehand.
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Directing sentence Sα0 : ∀η1 ∈ Ṽα0∃u∃η0 ∈ Ṽη1(Φ(Ai � u; wt(η1))[wt(η0)] = 0).
Activated action for α0 at ρ ⊇ α00: ∀η1 ∈ Ṽα0∀t(wt(η1) /∈ At

1−i).
Validated action for α0 at ρ ⊇ α01: ∀η1 ∈ Ṽα0∃r∀t ≥ r∀p ≥ wt(η0

η1)∀y ≤ wt(η1)

(∆r
α0

(∅; y) ↓= W p(y) & At
i � uη1 = A

wt(η0
η1 )

i � uη1).

Returning to α, we first present a definition. We say that ξ1 ∈ T 1 requires
attention for η1 ∈ T 1 at σ ∈ T 0 if ξ1 is an α-node, (up(η1))− = up(ξ1), η1 has
Σ outcome along λ(σ), and W

wt(η0
η1 ) � wt(η1) + 1 6= Wwt(σ) � wt(η1) + 1.

The directing sentence for α searches for permission from W for one of the α0-
nodes, η1 ∈ T 1, from its module. Activated action specifies that wt(η1) /∈ A1−i,
and validated action specifies that wt(η1) ∈ A1−i. As α-nodes are level 1 nodes,
we will interpret the parameter α in its directing sentence on T 1. There is no
activated action for α. The witness η1 for α can be used in its validated action
sentence.

Directing sentence Sα: ∃η1∃σ ∈ Ṽα(α requires attention for η1 at σ).
Validated action for α at ρ ⊇ α1: ∃r∀t ≥ wt(η0

η1)(wt(η1) ∈ Ar
1−i

& Φ(Ai � uη1 ; wt(η1))[wt(η0
η1)] = 0 & At

i � uη1 = A
wt(η0

η1 )

i � uη1).

We now see that PΦ,i is satisfied when α ⊂ Λ2 and sentences are faithfully
interpreted. For if α1 ⊂ Λ2, then there is an η1 ∈ Ṽα0 such that Φ(Ai; wt(η1)) ↓=
0 6= 1 = A1−i(wt(η1)); if α00 ⊂ Λ2, then either there is an η1 ∈ Ṽα1 such that
Φ(Ai; wt(η1)) ↓6= 0 = A1−i(wt(η1)), or Φ(Ai) is not total; and if α01 ⊂ Λ2, then
by Lemmas 3.1.8(iv) and 4.4.7, W is computable.

4.5.2 T2-Analysis

Let η2 ∈ T 2 be given such that requirements have been assigned to all ξ2 ⊂ η2

but no requirement has yet been assigned to η2. The standard initial assignment
process is followed at η2. Clause (i) of Definition 2.7.1 follows from Lemma 2.7.4
(Standard Initial Assignment).

The standard initial sentence specification for η2 ∈ T 2 is followed, with
action supported at {ρ2 ⊃ η2 : η2 is ρ2-free}. Clause (i) of Definition 2.10.1 will
follow from the analysis for the basic modules and Lemma 4.5.1 (Permitting),
once we verify the hypotheses of the Permitting Lemma. It will then suffice to
show that all requirements are satisfied.

4.5.3 T1-Analysis

The standard derived assignment is followed. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Standard Derived Assignment).

Sentence decomposition for nodes η1 ∈ T 1 bounds η1 in the sentences with
the node η1 currently being visited. Monotonicity of sentence decomposition
follows from (2.8.1). Action for an α-node or an α0-node η1 ∈ T 1 is supported
at {ρ1 ⊃ η1 : η1 is ρ1-free & ρ1 is not ρ1-constrained}. By Lemma 4.4.8, the
construction has infinite support on T 1.
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4.5.4 T0-Analysis

The standard derived assignment is followed. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Standard Derived Assignment).

Fix η ⊂ ν ⊆ ρ ⊂ Λ0 such that ν− = η. Sentence decomposition is as
follows. η0 ⊂ η, u ≤ wt(λ(η)), r = wt(ν), t ≤ wt(ρ), σ = η, η1 ⊆ λ(η)
and p = wt(δ) where δ is the longest node ⊂ ρ that is not ρ-constrained.
Monotonicity of sentence decomposition follows from (2.8.1) and (2.8.4). Action
for η is supported at {ρ ⊃ η : η is ρ-free & ρ is not ρ-constrained}. By Lemma
4.4.8, the construction has infinite support on T 0.

4.5.5 The Construction

Suppose that we are at the node η ⊂ Λ0. If there are ξ1 and η1 such that
ξ1 requires attention for η1 at η, fix the shortest such ξ1 and fix the initial
derivative ξ of ξ1 along η. If ξ1 6= up(η), let κ be the backtracking extender
of η for ξ1 from ξ (Lemma 4.4.2 (Backtracking) ensures the existence of κ); we
specify that κ ⊂ Λ0. Otherwise, or if ξ1 = up(η) in the preceding sentence, the
construction acts in accordance with clause (iva) of Definition 2.10.1 at η.

4.5.6 The Verification

Fix the true path Λ0 ∈ [T 0] determined by the construction, and let Λk+1 =
λ(Λk) for k ≤ 1. It is easily seen that the construction admits consistent action,
and that backtracking is normal. By Lemma 4.4.7, the construction is faithfully
executed, and so by Lemma 3.1.8(ii) (Σ1 Analysis), support propagates from
T 0 to T 1 and from T 1 to T 2. We define computable partial functionals Ω0 and
Ω1 at nodes ρ such that ρ− is not constrained, setting

Ω0(W ;x)[wt(ρ)] = A
wt(ρ)
0 (x) and Ω1(W ;x)[wt(ρ)] = A

wt(ρ)
1 (x)

for all x ≤ wt(up(η)) for some η ⊂ ρ. By Lemma 4.4.9, both Ω0(A) and Ω1(A)
will be total. The satisfaction of the hypotheses of Lemma 4.5.1 (Permitting) is
an easy consequence of backtracking, so as noted above, clause (i) of Definition
2.10.1 is satisfied.

If η2 ⊂ Λ2 is an α0-node, then new axioms for ∆ = ∆α0 are declared only
when ∆α0(∅) and W are compatible (else we would implement backtracking
which would force η2 6⊂ Λ2), so shared functional axioms for ∆α0 are compatible.
We note that if we were to replace the restraint condition

∀t ≥ wt(η0
η1)(At

i � uη1 = A
wt(η0

η1 )

i � uη1)

at an α-node ξ with

∀t ≥ wt(ξ)(At
i � uη1 = A

wt(ξ)
i � uη1),
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then clauses (ii) and (iii) of Definition 3.1.7 would hold, so we would be able to
apply Lemma 3.1.9(ii) (Restraint) to conclude that shared set action is compat-

ible. But by Lemma 3.1.9(i) (Restraint), A
wt(ξ)
i � uη1 = A

wt(η0
η1 )

i � uη1 ; hence
we can conclude that shared set action is compatible. Lemma 3.1.6 now allows
us to conclude that clause (iv) of Definition 2.10.1 holds, so the theorem follows
from Theorem 2.11.5 (Modified Framework).

4.5.7 Further Remarks

It is easy to see that the lowness requirements of Section 3.3 can be combined
with this construction. It can thus be shown that:

Theorem 4.5.4. Let W be a computably enumerable set. Then either W is
computable, or there are low computably enumerable sets A0, A1 ≤T W whose
degrees are incomparable.

We note that the permitting techniques introduced above can be used to
construct a properly d-c.e. degree below any non-zero computably enumerable
degree. A proof of this fact is left to the reader. In general, permitting can
be combined with a construction that has the ability to utilize the permission
almost immediately (as measured by a computable function).

4.6 Summary

The introduction of requirements at the ∆2 level presented us with a new situa-
tion in which we had level 2 nodes responsible for the declaration of axioms for
functionals ∆(∅). In Sections 4.2 and 4.3, the axioms to be declared required
us to copy values produced by another functional whose oracle A was a set con-
trolled by Player II. The imposition of restraint on A allowed us to keep the
values specified for ∆ from changing, and so to show that shared axioms for ∆
were compatible.

In Section 4.6, however, the values for ∆(∅) were produced by a computably
enumerable set W controlled by Player I. In order to avoid instructions to declare
incompatible axioms, the instructions for ∆ to stop declaring axioms had to be
implemented immediately upon finding a change in the value produced by W .
As this change might be found when the node under consideration was not
responsible for declaring axioms for W , we needed to implement backtracking
to reach such a node, and suspend all action for the construction in the interim.
This will have brought us to a later stage, at which we might need to backtrack
for a different node of T 1. However, we can restrict the possibility of iterating
backtracking to successively shorter nodes of T 1, so the process will terminate.

In the next section, we will have level 2 requirements whose action instructs
Player II to declare axioms for functionals whose oracles are controlled by Player
I, or to copy values of functionals controlled by Player I. New techniques will be
required to resolve conflicts between shared functional axioms in that situation.
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Chapter 5

Π2 Constructions

We now turn our attention to theorems whose proofs use Π2 constructions. We
begin, in Section 5.1, by stating lemmas that isolate combinatorial properties of
Π2 constructions. We then implement Π2 constructions to prove the existence
of a high computably enumerable degree in Section 5.2, the Sacks Jump Inver-
sion Theorem in Section 5.3, the Minimal Pair Theorem in Section 5.4 and an
embedding of the pentagon into the computably enumerable degrees in Section
5.5.

5.1 Π2 Constructions

Requirements such as the thickness requirements discussed in Chapter 2 act to
construct functionals that are total on given oracles, so require the declaration
of infinitely many axioms. Such requirements cannot be handled by level 1
constructions, as a node of T 1 will generally have the responsibility to declare
only finitely many axioms for such functionals. This will introduce a coordina-
tion problem, as nodes having the responsibility to declare axioms on the same
argument will appear on incomparable paths through T 1.

Some requirements of the form Φ(A) = W can be handled by level 2 con-
structions. These constructions capture what are traditionally called infinite
injury constructions. For those familiar with infinite injury constructions, we
describe how these constructions are simulated by level 2 constructions.

A typical infinite injury construction will assign requirements to nodes of a
tree T 2, that can always be taken to be a binary tree. The nodes of the tree are
prioritized, using the lexicographical ordering of these nodes. A computation
of the current path through T 2 is made at each stage of the construction, and
action is carried out for nodes that lie along the current path. At the end of
the construction, a true path Λ2 ∈ T 2 is obtained. Nodes to the right of Λ2

have lower priority than any nodes along Λ2 and are initialized each time a
node to their left is visited; this corresponds, in a level 2 argument, to the fact
that the initial derivative, on T 1, of a node to the right of Λ2 will have weight

69
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larger than the use of any axiom declared at that point of the construction for
a derivative of a node along Λ2. A node to the left of Λ2 will act only finitely
often in an infinite injury construction; this corresponds to the fact that there
are only finitely many η ⊂ Λ0 (the true path through T 0 in the iterated trees
of strategies approach) at which derivatives of a fixed node to the left of Λ2 are
free. Along Λ2, longer nodes can act only when their guesses at the outcomes
of shorter nodes seem to be correct; this is ensured, in the iterated trees of
strategies approach, by Definition 2.4.1 and (2.6.4).

The situation with shared functional axioms becomes more complex on T 2,
as clause (iv) of Definition 3.1.7 may no longer hold. Thus a new restraint
lemma will be needed, and will be proved as Lemma 8.8.4.

Lemma 5.1.1. (Π2 Restraint Lemma) Suppose that for a given faithfully ex-
ecuted construction, action for η is supported at ρ only when η is ρ-free, sen-
tence decomposition is monotonic, the construction admits consistent action,
and clauses (i)–(iii) of Definition 3.1.7, with equality in (ia), are satisfied. As-
sume also that the following condition is satisfied for the functional ∆ with oracle
A.

(i) Suppose that 〈η2
0 , ρ2

0〉 and 〈η2
0 , ρ2

0〉 share the functional axiom ∆(A;x), and
let κ2 = η2

0 ∧ η2
1. Then:

(a) If η2
0 6= η2

1, then η2
0 |η2

1.

(b) If lev(κ2) ≥ 2, and κ1 ∈ T 1 is a derivative of κ2, then validated
action for κ1 requires that wt(κ1) be placed into A, and no other
requirement on T 1 has action placing wt(κ1) ∈ A.

(c) For i ≤ 1, if action for η1
i is supported at ρ1

i and up(η1
i ) = η2

i , then
wt(η1

i ) ≤ x < wt(ρ1
i ).

Then shared functional action for ∆(A) is compatible.

In constructions where we are asked to define axioms from an oracle W over
which we have no control, we will not be able to correct axioms. One method to
circumvent this problem, applied in Section 5.3, is to ensure that distinct nodes
of T 2 generate incompatible guesses at the oracle. We will have to differentiate
between nodes of level 2 and those of level < 2; for convenience, we assume
that nodes on T 2 of level 2 have even length, and nodes of level < 2 have odd
length. (This assumption can be easily modified to cover constructions where
the requirements (or basic modules) are not as uniformly distributed on T 2.) We
first define a 0–1-valued string χη2 that codes whether the nodes ⊂ η2 of level
2 have Π or Σ outcome along η2, and show that the definition can distinguish
outcomes as described. We then generate another string γout(σ2) that allows
us to distinguish between like outcomes when we pass to T 1. Lemma 5.1.5
formalizes this distinction.

Definition 5.1.2. Fix η2 ∈ T 2 such that |η2| = 2e+2. Define the string χη2 of
length e + 1 by χη2(x) = 0 (= 1, resp.) iff η2 � 2x is activated (validated, resp.)
along η2. η2 will generate the guess that χη2 ⊂ W .
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It is immediate from Definition 5.1.2 that:

Lemma 5.1.3. Suppose that η2, ξ2 ∈ T 2 and |η2| = |ξ2| = 2e + 2. Then the
following are equivalent:

(i) χη2 and χξ2 are compatible.
(ii) χη2 = χξ2 .
(iii) For all x < e + 1, η2 � 2x is activated along η2 iff ξ2 � 2x is activated

along ξ2.

Under suitable hypotheses, incompatible paths through T 2 of the same even
length will generate incompatible guesses at oracles W ⊕ V , where V is a path
through T 1 determined by the path through T 2. Guesses at W will be of the
form χη2 ⊂ W for η2 ∈ T 2. We will also define a string γout(η2), and will require
that γout(η2) ⊂ V . We use out(η2) as the subscript for γ, as we wish the string
on T 1 to depend only on η2, so can use only as much of the true path through
T 1 as is ensured by having η2 lie on the true path through T 2.

Definition 5.1.4. Fix ν1 ∈ T 1. Define the string γν1 of length |ν1| by γν1(x) =
0 (= 1, resp.) iff ν1 � x is activated (validated, resp.) along ν1. ν1 will generate
the guess that γν1 ⊂ V .

The following lemma will be proved as Lemma 8.9.3.

Lemma 5.1.5. (Incompatible Oracle Lemma) Let ξ ⊂ η ⊂ Λ0 ∈ [T 0] and η2 6=
ξ2 ∈ T 2 be given such that ξ = out0(ξ2), η = out0(η2), and |η2| = |ξ2| = 2e + 2.
Suppose that for all ρ2 ∈ T 2 such that |ρ2| is odd, lev(ρ2) < 2. Then either χη2

and χξ2 are incompatible, or γout(η2) and γout(ξ2) are incompatible.

5.2 A High Computably Enumerable Degree

The existence of a high computably enumerable degree, proved by Sacks [25],
has a construction that begins on T 2 and implements infinitary action to place
elements into sets. This forces action for a node of T 1 to take place at many of
its successors along a path, rather than just at the immediate successor. Recall
that K is a computably enumerable set of degree 0′. To show that H is high,
we compute K ′ from H via a limit approximation. This computation must be
correct no matter which path through T 2 is followed, so we will have nodes
on T 0 derived from incomparable nodes of T 2 declaring axioms for the same
functional. (We call a requirement with this property a global requirement.)
In order for the construction to succeed, we must coordinate the declaration
of axioms by different nodes, else when we switch paths, we may already have
declared an axiom that conflicts with the axiom we now wish to declare.

The solution is to implement the strategy employed in Theorem 3.3.1. We
require that when a derivative, η1, of a level 2 node η2 is validated on T 1, then
wt(η1) is placed into all sets of high degree that are being constructed (this will
be possible even if we are constructing incomparable high degrees). Such action
will automatically correct axioms when paths are switched on T 1, unless the
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path is being switched by a level 1 node, in which case η2 will not be on the
true path through T 2. The only other way to switch paths is to pass to paths on
T 2 that have not previously been visited, and correction will not be necessary
in this case.

Theorem 5.2.1. (High Computably Enumerable Degree Theorem) There is a
computably enumerable degree H <T K of high degree.

Proof. We will construct a computably enumerable set H of high degree. In
order to ensure that K 6≤T H, we construct a second computably enumerable
set D and satisfy the following level 1 requirement for all computable partial
functionals Φ:

PΦ : Φ(H) 6= D.

The predicate x ∈ K ′ is Σ2, so there is a computable predicate R such that

x ∈ K ′ ⇔ ∃w∀v¬R(w, v, x).

In order to show that H is high, we define a computable partial functional ∆
that satisfies the following level 2 requirement for each x ∈ N:

Qx : lim
u

∆(H;x, u) =

{
1, if x ∈ K ′

0, if x /∈ K ′.

(Recall that we do not require ∆(H) to be total when we apply the Limit
Lemma.) Let {Ri : i ∈ N} be an effective list of all requirements.

5.2.1 The Basic PΦ-Module

This is essentially the incomparability module of Theorem 3.2.1. It is assigned
to α-nodes of T 2 that have level 1, and the parameter wt(α) is replaced by the
weight of a derivative α1 of α on T 1, which is quantified over existentially in
the directing sentence.

Directing sentence Sα: ∃α1 ∈ Vα∃u∃η ∈ Vα1(Φ(H � u; wt(α1))[wt(η)] ↓ = 0).
Activated action for α at ρ ⊇ α0: ∀t(x /∈ Dt).
Validated action for α at ρ ⊇ α1: ∃r∀t ≥ wt(η)(x ∈ Dr & Ht � u = Hwt(η) � u).

The parameter η for validated action is supplied by the directing sentence.
Clauses (i)–(iii) of Definition 2.3.1 follow easily. If Sα is true and validated action
is implemented at extensions of α, then there is an x such that Φ(H;x) ↓ = 0 6=
1 = D(x); and if Sα is false and activated action is implemented at extensions
of α, then there is an x such that either Φ(H;x) ↑, or Φ(H;x) ↓ 6= 0 = D(x).
In either case, PΦ will be satisfied.

5.2.2 The Basic Qx-Module

This module consists of a single non-terminal level 2 node β, with terminal
extensions β0, along which β is activated and has Σ outcome, and β1, along
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which β is validated and has Π outcome. Clauses (i)–(iii) of Definition 2.3.1
follow easily. We define the parameter p(β) to be wt(init1(β, out(β0))) below.

Directing sentence Sβ : ∀w∃v(R(w, v, x)).
Activated action for β at ρ ⊇ β0:

∀y ≥ p(β)∃u∃r∀t > r(∆(Hr � u;x, y) = 1 & Ht � u = Hr � u).
Validated action for β at ρ ⊇ β1:

∀y ≥ p(β)∃u∃r∀t > r(∆(Hr � u;x, y) = 0 & Ht � u = Hr � u).

If Sβ is true and validated action is implemented at extensions of β, then x /∈ K ′

and, by the Limit Lemma, limu ∆(H;x, u) = 0; and if Sβ is false and activated
action is implemented at extensions of β, then x ∈ K ′ and, by the Limit Lemma,
limu ∆(H;x, u) = 1. In either case, Qx will be satisfied.

5.2.3 T2-Analysis

The standard initial assignment process is followed. Clause (i) of Definition 2.7.2
follows easily Lemma 2.7.4 (Standard Initial Assignment). Hence it suffices to
show that all requirements are satisfied.

The standard initial sentence specification for η2 ∈ T 2 is followed, with
action for η2 supported at {ρ2 ⊃ η2 : η2 is ρ2-free}. Clause (i) of Definition
2.10.1 follows from the analysis for basic modules.

5.2.4 T1-Analysis

The standard derived assignment is followed. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Standard Derived Assignment).

The variable α1 in the directing sentence Sα is assigned the witness wt(η1)
when the sentence is assigned to η1 ∈ T 1. We add a condition to the action
sentences for β nodes η1, specifying sentence decomposition as follows:

Directing sentence Sη1 : ∀w ≤ wt(η1)∃v(R(w, v, x)).
Activated action for η1 at ρ ⊃ η1: ∀y ∈ [p(up(η1)),wt(η1)]∃u∃r∀t > r

(∆(Hr � u;x, y) = 1 & Ht � u = Hr � u & wt(η1) /∈ Ht).
Validated action for η1 at ρ ⊃ η1: ∀y ∈ [p(up(η1)),wt(η1)]∃u∃r∀t > r

(∆(Hr � u;x, y) = 0 & Ht � u = Hr � u & wt(η1) ∈ Hr).

(The validated action clause wt(η1) ∈ Hr, may seem ‘capricious’, (terminology
introduced by Harrington), as it is irrelevant to the above proof of the satisfac-
tion of the requirement. However, it will be crucial in the application of Lemma
3.1.9 (Restraint).)

Monotonicity of sentence decomposition follows from (2.8.1). Action for
η1 ∈ T 1 is supported at {ρ1 ⊃ η1 : η1 is ρ1-free}. By Lemma 3.1.8(i,ii) (Σ1

Analysis), the construction has infinite support on T 1 and support propagates
from T 1 to T 2.
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5.2.5 T0-Analysis

The standard derived assignment is followed. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Standard Derived Assignment).

Fix η = ν− ⊂ ν ⊆ ρ ∈ T 0, and let η1 = up(η). Sentence decomposition for
α-nodes is as in Theorem 3.2.1 (Friedberg-Mučnik). Sentence decomposition for
β-nodes η is as follows: v ≤ wt(η), u ≤ wt(λ(η)), r = wt(ν), and t ≤ wt(η).
Monotonicity of sentence decomposition follows from (2.8.1) and (2.8.4). Action
for η is supported at {ρ ⊃ η : η is ρ-free}. By Lemma 3.1.8(i,ii) (Σ1 Analysis),
the construction has infinite support on T 0 and support propagates from T 0 to
T 1.

5.2.6 The Construction

The construction is executed in accordance with clause (iva) of Definition 2.10.1.

5.2.7 The Verification

Fix the true path Λ0 ∈ [T 0] determined by the construction, and for i ≤ 2, let
Λi = λi(Λ0). It is easily seen that the construction admits consistent action.
Clauses (i)–(iii) of Definition 3.1.7 are routine to verify, so by Lemma 3.1.9
(Restraint), shared set action is compatible. Furthermore, hypothesis (i) of
Lemma 5.1.1 is satisfied, so by Lemma 5.1.1 (Π2-Restraint), shared functional
action is compatible. We now see that the hypotheses of Lemma 3.1.6 hold.
Thus by Lemma 3.1.6, clause (iv) of Definition 2.10.1 holds, so the theorem
follows from Theorem 2.11.5 (Modified Framework).

5.2.8 Further Remarks

In Section 3.1, we discussed the components of requirements used to prove
theorems about the poset R. When the jump operator is introduced, we must
expand the types of requirements considered. One way to do so, as was used
in the proof of the preceding theorem, is to deal with functionals having larger
numbers of variables, and take the limit operation. An alternate way would
have been to define a partial functional ∆, with requirements that ∆(H;x) ↓
iff x ∈ K ′. The latter is hard to iterate, however, when the jump operator
is applied several times. In such cases, we can either use iterated limits, as
was done in [16], or build sets of successively higher levels that are computably
enumerable in the sets of lower levels. This seems to be the easier way, and will
be adopted later in this monograph.

5.3 The Jump Inversion Theorem

One of the first theorems proved by Sacks [25] using the infinite injury priority
method was the Jump Inversion Theorem. This theorem provides a necessary
and sufficient condition for a degree to be the jump of a computably enumerable
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degree, namely, that the degree be ≥ 0′ and computably enumerable in 0′.
The necessity of this condition was known - the sufficiency of the condition
is the content of the Jump Inversion Theorem. In fact, Sacks proved a more
general version of this theorem from which the existence of a high computably
enumerable degree (Theorem 5.2.1) follows. We present a proof of the basic
Jump Inversion Theorem using the Framework.

Given a Σ2 set C ≥T ∅′, we adopt the same strategy as in Theorem 5.2.1
(High Computably Enumerable Degree) to ensure that C ≤T A′. We need a
new strategy, however, to ensure that A′ ≤T C. We will define a set D ≤T ∅′ (D
will be computed from the true path Λ1 through T 1) and a computable partial
functional Θ such that for all e, Θ(C,D; e) ↓ = A′(e). As we have no control over
C, we will not be able to correct axioms. Thus we try to ensure that distinct
nodes of T 2 of length 2e+2 generate incompatible guesses at the C oracle, using
the strings of Definition 5.1.2, with the final path Λ2 through T 2 generating the
correct guess. The guesses at C, however, do not allow sufficient flexibility for
incompatible paths through T 2 to declare correct axioms from incompatible
oracles. However, if σ2 6= τ2, then out(σ2) 6= out(τ2). We use out(σ2) to
generate a guess at a set D ≤T ∅′ in such a way that if χσ2 6= χτ2 , then the
guesses for initial segments of D generated by σ2 and τ2 are incompatible. These
guesses are generated by Definition 5.1.4. Lemma 5.1.5 (Incompatible Oracle)
will then be used to show that we have succeeded in having Θ(C,D; e) compute
A′(e).

Lemma 5.1.5 (Incompatible Oracle) will be used as follows. Once we have
the true path Λ0 for the construction, with Λ2 = λ2(Λ0), we will show that
if σ2 ⊂ Λ2, then χσ2 is a substring of C. Furthermore, by Remark 2.4.2(i),
γout(σ2) is uniformly computable from Λ1 = λ(Λ0). As Λ1 ≤T ∅′, Lemma 5.1.5
(Incompatible Oracle) implies that incompatible strings on T 2 that are visited
during the construction generate axioms from incompatible oracles. Thus we
can ensure that Θ generates axioms that are correct.

Theorem 5.3.1. Let c ≥ 0′ be computably enumerable in 0′. Then there is a
computably enumerable degree a such that a′ = c.

Proof. Since c is computably enumerable in 0′, there is a Σ2 set C of degree c.
Thus we can fix a computable predicate R such that for all e ∈ N,

e ∈ C ⇔ ∃u∀v(¬R(u, v, e)). (5.3.1)

We construct a computably enumerable set A such that A′ ≡T C, another
computably enumerable set D, and computable partial functionals ∆ and Θ
that satisfy the following requirements for all e ∈ N:

Qe : lim
u

∆(A;u, e) = C(e).

Ne : A′(e) = Θ(C,D; e).

We establish an effective list {Re : e ∈ N} of all such requirements, with
R2e = Qe, and R2e+1 = Ne. By the Limit Lemma (recall that we do not require
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∆(A) to be total when we apply the Limit Lemma), if Qe is satisfied for all
e ∈ N, then C ≤T A′. As C ≥ 0′, C ⊕D ≡T C, so we can satisfy A′ ≤T C by
showing instead that A′ ≤T C ⊕D. The latter follows from the satisfaction of
Ne for all e ∈ N.

5.3.1 The Basic Qe-Module

This module has level 2, and is similar to the highness requirement of Theorem
2.1, modified in the obvious way by replacing K with C. It will be satisfied in
exactly the same way as in Theorem 2.1, so needs no further discussion.

5.3.2 The Basic Ne-Module

This module has level 1, with a single initial node α having terminal immediate
successor α0 (α1, resp.) along which α is activated (validated, resp.) and has
Π outcome (Σ outcome, resp.). Clauses (i)–(iii) of Definition 2.3.1 follow easily.
As lev(α) = 1, we can interpret α as η1 ∈ T 1 when η1 is an α–node.

Directing sentence Sα: ∃u∃s ∈ Vα(Φe(A � u; e)[s] ↓).
Activated action for α at ρ ⊇ α0: ∃r∀t ≥ r(Θ(χα0 , γout(α0); e)[t] ↓= 0).
Validated action for α at ρ ⊇ α1:

∃r∀t ≥ r∀q ≥ s(Θ(χα1 , γout(α1); e)[t] ↓= 1 & Aq � u = As � u).

The numbers s and u witnessing the truth of the directing sentence Sα are used
as parameters for validated action. It is easily checked that this description of
directing sentence and action imply the satisfaction of Ne.

5.3.3 T2-Analysis

The standard initial assignment process is followed, so clause (i) of Definition
2.7.2 follows from Lemma 2.7.4 (Standard Initial Assignment). Hence it suffices
to show that all requirements are satisfied.

The standard initial specification for η2 ∈ T 2 is followed, with action sup-
ported at {ρ2 ⊃ η2 : η2 is ρ2-free}. Clause (i) of Definition 2.10.1 will follow
from the analysis for the basic modules and the comments preceding the theo-
rem, once we show, below, that χα1 is a substring of C.

5.3.4 T1-Analysis

The standard derived assignment is followed. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Standard Derived Assignment).

Sentence decomposition for β-nodes (Qe requirements) is as in Section 5.2,
and is not required on T 1 for α-nodes. Action for η1 ∈ T 1 is supported at
{ρ1 ⊃ η1 : η1 is ρ1-free}. By Lemma 3.1.8(i,ii) (Σ1 Analysis), the construction
has infinite support on T 1 and support propagates from T 1 to T 2.
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5.3.5 T0-Analysis

The standard derived assignment is followed. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Standard Derived Assignment).

Fix η = ν− ⊂ ν ⊆ ρ ∈ T 0. Sentence decomposition for β-nodes is the same
as for highness requirements, and is not repeated here. The bounds for the
sentence decomposition for α-nodes is as follows, when action for η is supported
at ρ: u = wt(λ(η)), s = wt(η), t, q ≤ wt(ρ), and r = wt(ν). Note that we may
fix the witnesses s and u for α when we specify validated action. Monotonicity
of sentence decomposition follows from (2.8.1) and (2.8.4). Action for η is
supported at {ρ ⊃ η : η is ρ-free}. By Lemma 3.1.8(i,ii) (Σ1 Analysis), the
construction has infinite support on T 1 and support propagates from T 0 to T 1.

5.3.6 The Construction

The construction is executed in accordance with clause (iva) of Definition 2.10.1.

5.3.7 The Verification

Let Λ0 ∈ [T 0] be the true path for the construction, and for all i ≤ 2, let
Λi = λi(Λ0). It is easily seen that the construction admits consistent action.
Clauses (i)–(iii) of Definition 3.1.7 are routine to verify, so by Lemma 3.1.9(ii)
(Restraint), shared set action is compatible. Furthermore, hypothesis (i) of
Lemma 5.1.1 is satisfied for the functional ∆, so by Lemma 5.1.1 (Π2-Restraint),
shared functional action for ∆ is compatible. Compatibility of shared functional
axioms for Θ follows from Lemma 5.1.5 (Incompatible Oracle).

It follows from the correctness of action for nodes along Λ2, that if η2 ⊂ Λ2

is an α-node, then χη2 is a substring of C, so is uniformly computable from C.
Furthermore by Remark 2.4.2(i) and as η2 ⊂ Λ2, out(η2) ⊂ Λ1 so is computable
from ∅′. Let D = γΛ2 . As C ≥T ∅′ and Λ1 ≤T ∅′, Θ(C,D) = A′, so clause (i)
of Definition 2.10.1 holds. Thus we can apply Lemma 3.1.6 to conclude that
clause (iv) of Definition 2.10.1 holds. The theorem follows from Theorem 2.11.5
(Modified Framework).

5.4 The Minimal Pair Theorem

The Minimal Pair Theorem, originally proved independently by Lachlan [9]
and Yates [32], asserts the existence of a minimal pair of non-computable com-
putably enumerable degrees, i.e., a pair of incomparable computably enumerable
degrees whose greatest lower bound is 0. The proof of the theorem requires the
preservation of infinitely many axioms in order to satisfy a single requirement,
and so the construction will require level 2 requirements. The compatibility of
shared functional axioms will require us to use a preferential derived assignment
of requirements rather than the standard derived assignment on T 1 and T 0.

Before proving the Minimal Pair Theorem, we prove a lemma that highlights
the main idea used to satisfy meet preservation requirements. The lemma is
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stated just for minimal pair requirements, i.e., requirements that ensure that
the meet of a pair of computably enumerable degrees is 0. A later remark
indicates how to extend this lemma to make it applicable for the situation in
which the meet of the computably enumerable degrees under construction is not
0. Roughly, the lemma states the following. Suppose that η0 ⊂ η1 ⊂ Λ0 are
given such that Φ0(A0 � uξ;x)[wt(ξ)] = Φ1(A1 � uξ;x)[wt(ξ)] for ξ ∈ {η0, η1},
but that this equality fails for all ξ ∈ (η0, η1). Then if, for some i ≤ 1, no
number enters Ai due to action at any ξ ∈ (η0, η1], then the values for the
axioms computed at both η0 and η1 are identical.

Lemma 5.4.1. (Meet Preservation Lemma) Fix η0 ⊂ η1 ⊂ Λ0 such that the
following conditions hold:

(i) For all ξ ∈ {η0, η1}, Φ0(A0 � uξ;x)[wt(ξ)] = Φ1(A1 � uξ;x)[wt(ξ)].
(ii) A

wt(η0)
i � uη0 = A

wt(η1)
i � uη0 for some i ≤ 1.

Then Φi(Ai � uη0 ;x)[wt(η0)] = Φi(Ai � uη1 ;x)[wt(η1)] for i ≤ 1.

Proof. Fix i as in (ii), so that A
wt(η0)
i � uη0 = A

wt(η1)
i � uη0 . By the consistency

of computations and (i),

Φi(Ai � uη0 ;x)[wt(η0)] = Φi(Ai � uη0 ;x)[wt(η1)] = Φ1−i(A1−i � uη1 ;x)[wt(η1)].

Lemma 5.4.1 is used in the following way. Clause (ii) of Lemma 5.4.1 will be
imposed on every pair of nodes η0 ⊂ η1 such that up2(η0) = up2(η1), there is no
node ξ between η0 and η1 such that up2(ξ) = up2(η0), and a meet requirement
is assigned to η0. Thus the first common value m for Φ0(A0 � uξ;x)[wt(ξ)] and
Φ1(A1 � uξ;x)[wt(ξ)] computed for some ξ such that up2(ξ) = up2(η0) is the
value of Φ0(A0;x) whenever Φ0(A0;x) = Φ1(A1;x). This provides an effective
computation of Φ0(A0;x).

Remark 5.4.2. The condition that i ≤ 1 can be replaced, in the obvious way
by i ≤ m for any m ∈ N. Also, for non-zero meets, if the functional ∆(B;x)
is computing the common values in (i) and has use vη0 at η0, then one can
replace (ii) by a condition that the failure of (ii) as stated will imply that
Bwt(η0) � vη0 6= Bwt(η1) � vη0 .

We now describe a situation that precludes our use of the standard derived
assignment on T 1 and T 0; the problems encountered will be resolved by the
preferential derived assignment.

Suppose that η2 ⊂ ξ2 ⊂ σ2 ∈ T 2, η2 is assigned a minimal pair requirement
trying to preserve computations from oracles A0 and A1, ξ2 is assigned a non-
computability requirement whose action places a number into A0, and σ2 is
assigned a non-computability requirement whose action places a number into A1.
Suppose further that ν ⊂ Λ0, ν− = σ, that ξ1 ⊂ σ1 ⊂ η1 ⊂ λ(σ) with up(ξ1) =
ξ2, up(σ1) = σ2 and up(η1) = η2, and that ν switches σ1. Let µ1 be the initial
derivative of η2 along η1, and note that by (2.6.1) and Definition 2.4.1, µ1 ⊂ ξ1.
Then an axiom ∆(∅;x) = m may have been declared for x = wt(σ1), action for σ
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at ν may injure the corresponding axiom Ψ(A1;x) = m by placing a number into
A1, but no node ⊆ σ1 has directing sentence that checks if Φ(A0;x) = Ψ(A1;x).
Hence there is no way to prevent almost immediate action for ξ1 that would
place a number into A0 and thereby injure the axiom Φ(A0;x) = m before we
have a recovery for the axiom Ψ(A1;x) = m, if the standard derived assignment
is followed. The solution will be to use the preferential derived assignment
procedure, which we now define, to prevent such a sequence of events.

Definition 5.4.3. The preferential derived assignment at level k is defined as
follows. Suppose that we are given a partition of the set R of all requirements
into two well-ordered sets of order-type ω, R0 and R1, with R0 specified as
the preferred class. We divide a block along T k into subblocks, begin a subblock
either at the node at which the block begins or at a node to which a requirement
in R1 is assigned, and end a subblock along ρk at νk if there is a τk ⊆ ρk such
that (τk)− = νk and either νk is the initial derivative of a node ending a block
along λ(τk), or a requirement in R1 is assigned to τk. We specify that the
antiderivative ηk+1 of ηk is the shortest ηk-consistent node such that either:

(i) a requirement in R0 is assigned to ηk+1, and ηk+1 has an antiderivative
⊂ ηk, but none in the subblock containing ηk; or

(ii) there is no node satisfying (i) and ηk+1 has no derivative in the block
containing ηk.

Remark 5.4.4. It is easy to see that any preferential derived assignment sat-
isfies clause (i) of Definition 2.7.7. We will show in Lemma 8.6.2 that this
assignment also satisfies clause (ii) and (iii) of Definition 2.7.7.

The following Lemma will be proved as Lemma 8.6.6, and will be used to
show that the hypotheses of Lemma 5.4.1 (Meet Preservation) hold.

Lemma 5.4.5. Suppose that the preferential derived assignment is followed on
T 0, and let R0 be the preferred set of requirements and let R1 be its complement.
Let ηi ⊂ νi ∈ T 0 for i ≤ 1 be given such that ηi is validated along νi, (νi)− = ηi,
ν0 ⊂ ν1, up2(η0) = up2(η1), and there is no ξ ∈ (η0, η1) such that up2(ξ) =
up2(η0) and ξ is validated along η1. Then there is at most one σ ∈ [ν0, ν1) such
that a requirement in R1 is assigned to σ, wt(up(σ)) ≤ wt(up(η0)), and σ is
validated along ν1.

Theorem 5.4.6. (Minimal Pair Theorem) There are computably enumerable
degrees a0,a1 > 0 such that a0 ∩ a1 = 0.

Proof. We construct computably enumerable sets A0 and A1 whose degrees form
a minimal pair. The following level 1 requirement 1 will be satisfied for each
computable partial functional Φ and each i ≤ 1:

PΦ,i : Φ(∅) 6= Ai.

And for each pair of computable partial functionals 〈Φ,Ψ〉, we construct a com-
putable partial functional ∆ to satisfy the following level 2 requirement:
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NΦ,Ψ : Φ(A0) = Ψ(A1) & Φ(A0) total → ∃∆(∆(∅) = Φ(A0)).

Let {Ri : i ∈ N} be an effective list of all requirements.

5.4.1 The Basic PΦ,i-Module

These requirements are the non-computability requirements introduced in Sec-
tion 3.3. Although the construction begins on T 2, (2.6.3) pulls these require-
ments down to T 1, where parameters are interpreted. The treatment of these
requirements is thus identical to that in Section 3.3, so is not repeated in this
section.

5.4.2 The Basic NΦ,Ψ-Module

This module consists of a single non-terminal node β having level 2, with two
terminal extensions β0 and β1. β is activated (validated, resp.) and has Σ
outcome (Π outcome, resp.) along β0 (β1, resp.). Clauses (i)–(iii) of Definition
2.3.1 follow easily. These is no activated action for β.

Directing sentence Sβ : ∀β1 ∈ Vβ∃β0 ∈ Vβ1∀y ≤ wt(β1)∃u
(Φ(A0 � u; y)[wt(β0)] ↓ = Ψ(A1 � u; y)[wt(β0)] ↓).

Validated action for β at ρ ⊇ β1: ∀β1 ∈ Vβ∃r∀y ≤ wt(β1)∃v∀t ≥ r
(∆β(∅; y)[r] ↓ = Φ(A0 � uβ1 ; y)[β0

β1 ] & (Φ(A0 � v; y)[t] = Φ(A0 � uβ1 ; y)[β0
β1 ]

or Ψ(A1 � v; y)[t] = Ψ(A1 � uβ1 ; y)[β0
β1 ])).

β0
β1 and uβ1 are the witnesses provided by the validity of Sβ1 . If Sβ is true and

validated action is followed at extensions of β, then Φ(A0) = Ψ(A1) = ∆(∅);
and if Sβ is false, then Φ(A0) 6= Ψ(A1). In either case, we see that the above
action will ensure that NΦ,Ψ is satisfied.

5.4.3 T2-Analysis

The standard initial assignment is followed, so clause (i) of Definition 2.7.2
follows from Lemma 2.7.4 (Standard Initial Assignment). Thus it suffices to
show that all requirements are satisfied.

The standard initial sentence specification is followed, and action for η2 ∈ T 2

is supported at {ρ2 ⊃ η2 : η2 is ρ2-free}. Clause (i) of Definition 2.10.1 follows
from the analysis of basic modules.

5.4.4 T1-Analysis

The preferential derived assignment is followed, with preference given to the
class of requirements of the form NΦ,Ψ. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Standard Derived Assignment).

Sentence decomposition for β-nodes at η1 ∈ T 1 specifies β1 ⊆ η1. Mono-
tonicity of sentence decomposition follows from (2.8.1). Action for η1 ∈ T 1 is
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supported at {ρ1 ⊃ η1 : η1 is ρ1-free}. By Lemma 3.1.8(i,ii) (Σ1 Analysis), the
construction has infinite support on T 1 and support propagates from T 1 to T 2.

5.4.5 T0-Analysis

The preferential derived assignment is followed, with preference given to the
class of requirements of the form NΦ,Ψ. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Standard Derived Assignment).

Fix η = ν− ⊂ ν ⊆ ρ ∈ T 0. Sentence decomposition for β-nodes is as
follows. The bounds for the sentences are: u = wt(λ(η)), β0 ⊆ η, v = wt(λ(ρ)),
r = wt(ν), and t ≤ wt(ρ). Monotonicity of sentence decomposition follows
from (2.8.1) and (2.8.4). Action for η is supported at {ρ ⊃ η : η is ρ-free}. By
Lemma 3.1.8(i,ii) (Σ1 Analysis), the construction has infinite support on T 0 and
support propagates from T 0 to T 1.

5.4.6 The Construction

The construction is executed in accordance with clause (iva) of Definition 2.10.1.

5.4.7 The Verification

Let Λ0 ∈ [T 0] be the true path for the construction, and for i ≤ 2, let Λi =
λi(Λ0). It is easily checked that the construction admits consistent action. We
note that clauses (i)–(iii) of Definition 3.1.7 hold, so by Lemma 3.1.9(ii) (Re-
straint), shared set axioms are compatible. Suppose that 〈η0, ρ0〉 and 〈η1, ρ1〉
share a functional axiom with argument x. It follows from the sentence de-
composition that x ≤ wt(up(η0)),wt(up(η1)). Then up2(η0) = up2(η1) and for
i ≤ 1, ηi must be validated along ρi as functional axioms are declared only in
this situation. We may assume that (ρi)− = ηi for i ≤ 1, as new instructions to
declare functional axioms only occur in this situation. We may also assume with-
out loss of generality that there is no σ ∈ (η0, η1) such that up2(σ) = up2(η0)
and σ is validated along ρ1, else we could replace η1 with σ and proceed by
induction. Hence we can apply Lemma 5.4.5 and clause (ii) of Definition 3.1.7
to conclude that the hypotheses of Lemma 5.4.1 (Meet Preservation) hold. It
now follows from Lemma 5.4.1 (Meet Preservation) that these shared functional
axioms are compatible.

We now note that Lemma 3.1.6 can be applied to conclude that clause (iv)
of Definition 2.10.1 holds. The theorem now follows from Theorem 2.11.5 (Mod-
ified Framework).

5.4.8 Further Remarks

It is not difficult to see that the highness requirements of Section 5.2 can be
combined with the alternating restraint algorithm of this section. The preferen-
tial derived assignment is implemented on T 1 and T 0, and the preferred class of
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requirements is the class of minimal pair preservation requirements. We leave
the details of the proof of the following theorem to the reader.

Theorem 5.4.7. There is a minimal pair of high degrees.

The embedding of countable distributive lattices into the computably enu-
merable degrees due to Thomason [31] and independently to Lerman (cf. [30])
(that provides a construction of a computably enumerable nonzero branching
degree B, i.e., a computably enumerable degree that is the g.l.b. of two larger
computably enumerable degrees), has a similar proof. The only difference in the
proof is in the satisfaction of a requirement Φ(B) 6= Ai; there may be require-
ments that place a number x into the set B, thereby injuring computations from
both Ai and A1−i for an infimum requirement NΦ,Ψ. But then B ≤T Ai, A1−i

and it will be the case that x is less than the use of the axiom ∆τ (B;x) = m in
existence at the time, so this axiom will be destroyed, and a new axiom can be
declared when needed.

5.5 Embedding the Pentagon

The techniques introduced to prove Theorem 5.4.6 (Minimal Pair) can readily
be extended to embed all countable distributive lattices into the computably
enumerable degrees preserving least element. When trying to embed nondis-
tributive lattices, however, the conflicts between requirements become more
severe. We look at the simplest such case next, namely, we embed the lattice
N5 into the computably enumerable degrees (a result of Lachlan [La3]). This
lattice has five elements: a smallest element 0, a largest element d, comparable
elements c < b in (0, d) and an element a ∈ (0, d) that is incomparable with
both b and c. The proof uses an expanded basic module that ensures that the
set B representing b is not computable from the set C representing c.

Theorem 5.5.1. There are computably enumerable sets A, B and C whose
degrees generate a lattice isomorphic to N5.

Proof. It is readily seen that it suffices to construct computably enumerable sets
A, B, and C that satisfy the following requirements:

L : C = Γ(B).
J : B = ∆(A,C).
PA,Φ : A 6= Φ(∅).
PC,Φ : C 6= Φ(∅).
QΦ : B 6= Φ(C).

NΨ,Θ : Ψ(A) = Θ(B) & Ψ(A) total → ∃Ξ(Ψ(A) = Ξ(∅)).

We order all requirements except L and J in an effective list {Ri : i ∈ N}. L
and J will be seen to be satisfied through general properties of the construction,
and need not be placed on a tree of strategies.
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5.5.1 The L Requirement

We ensure that Γ(B;x) = C(x) for all x, by forcing the construction to satisfy
the following property for every s:

x ∈ Cs+1 − Cs → x ∈ Bs+1 −Bs. (5.5.1)

Since the use of any axiom on argument x is x, it is easily seen that (5.5.1)
implies the satisfaction of the L requirement.

5.5.2 The J Requirement

We ensure that ∆(A,C;x) = B(x) for all x, much like for the L requirement,
except that we cannot bound the use for computations in advance, so cannot
always place the same number into A or C as was placed into B in order to
correct computations. A number x will require a two-step process to enter B if
it is not simultaneously placed into C. The first step, taking place at a stage r,
will be a decision to place x ∈ Ar−Ar−1, and to appoint a trace t(x) targeted for
C. The second step, taking place at stage s > r, will be to place x ∈ As−As−1

and simultaneously. to place t(x) ∈ Cs − Cs−1. As the decision to take each
step is done computably, this will provide a computable computation of B from
A ⊕ C. Thus it will suffice to show that the construction has the following
property for every s:

x ∈ Bs −Bs−1 ↔ (x ∈ Cs − Cs−1 ∨ ∃r < s(x ∈ Ar −Ar−1 (5.5.2)

& t(x)[r] ↓ & t(x)[r] ∈ Cs − Cs−1)).

5.5.3 The Basic NΨ,Θ-Module

This is the minimal pair module of Theorem 5.4.6, with the same directing
sentence and action.

5.5.4 The Basic PA,Φ-Module and the Basic PC,Φ-Module

These are similar to the non-computability modules of Section 3.3, with the
following added action for PC,Φ; whenever we place wt(η1) into C, we simulta-
neously place wt(η1) into B.

5.5.5 The Basic QΦ-Module

A first attempt would be to try to use the incomparability requirements of The-
orem 3.2.1 (Friedberg-Mučnik). This can be done, if we hold the J requirement
responsible for its own satisfaction. It is simpler, however, to transfer this re-
sponsibility to the QΦ requirement. The way that this is done was discussed
earlier, but we repeat that discussion here.
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In order to place an element x into B, we must also place a number into
A or C in order to keep the J-requirement correct. We cannot place such a
number into C, as this action would injure the directing sentence for QΦ. We
also cannot place numbers into A and B simultaneously, as such action would
injure previous action taken for NΨ,Θ-requirements that we will be unable to
correct. Instead, we follow a two-step process. We first place a number into A
only, allowing us to revise the axiom for ∆(A,C;x), giving it a new use y = t(x)
that is larger than the use of Φ(C;x). This action will force the true path to
change, as some NΨ,Θ-requirements will be injured. If the node returns to the
true path, then we will be able to simultaneously place y into B and x into C,
allowing us to satisfy both QΦ and J .

This basic module has two non-terminal nodes γ and γ1, each of level 1, and
three terminal nodes γ0, γ10, and γ11. Each of the non-terminal nodes completes
a block along all extensions. Outcomes for γ and γ1 along their successors are
determined in the standard way. The satisfaction of clauses (i)–(iii) of definition
2.3.1 follow easily.

Care must be taken when the module is placed on T 1, as we may interpolate
other nodes between the interpretation of γ and that of γ1. Thus we differentiate
between the two versions of γ1, using γ1 to represent the node at which the
second part of the module begins to act, and γ̃1 to represent the immediate
successor of γ along which γ is validated. Parameters for the sentences for γ
are interpreted at nodes γ1 ∈ T 1 such that up(γ1) = γ, with γ̃1

1 interpreting γ̃1;
and parameters for the sentences for γ1 are interpreted at nodes γ1

1 ∈ T 1 such
that up(γ1

1) = γ1. Note that the validated action sentence for γ1 uses wt(γ̃1
1),

not wt(γ1
1) as its trace for C. There is no activated action for γ1.

Directing sentence Sγ : ∃u∃s ∈ Vγ1(Φ(C � u; wt(γ1))[s] ↓= 0).
Activated action for γ at ρ ⊇ γ0: ∀t(wt(γ1) /∈ Bt ∪At ∪ Ct).
Validated action for γ at ρ ⊇ γ̃1: ∃r∀t ≥ s(wt(γ1) ∈ Ar & Ct � u = Cs � u).

Directing sentence Sγ1 : 0 = 0.
Validated action for γ1 at ρ ⊇ γ11: ∃r(wt(γ1) ∈ Br & wt(γ̃1

1) ∈ Cr).

If Sγ is false and activated action is followed for γ, then there is an x such that
either Φ(C;x) ↑, or Φ(C;x) ↓ 6= 0 = B(x); and if Sγ is true and validated
action for γ is followed at ρ ⊇ γ11, then there is an x such that Φ(C;x) ↓ = 0 6=
1 = B(x). In either case, the requirement is satisfied. The other clauses of the
action sentence are needed to show that (5.5.2) is satisfied.

5.5.6 T2-Analysis

The standard initial assignment is followed. Clause (i) of Definition 2.7.2 follows
from Lemma 2.7.4 (Standard Initial Assignment). Thus it suffices to show that
all requirements are satisfied.

The standard initial sentence specification is followed, and action for η2 ∈ T 2

is supported at {ρ2 ⊃ η2 : η2 is ρ2-free}. Clause (i) of Definition 2.10.1 follows
from the analysis of basic modules.
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5.5.7 T1-Analysis

The preferential derived assignment is followed, with preference given to the
class of requirements of the form NΨ,Θ. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Standard Derived Assignment).

Sentence decomposition for the requirements QΦ will not be required until
we reach T 0, except that the parameters γ and γ1 are interpreted as the nodes
of T 1 to which the given nodes of the basic module are assigned. Sentence de-
composition for the other requirements has been described in previous sections.
Monotonicity of sentence decomposition follows from (2.8.1). Action for η1 ∈ T 1

is supported at {ρ1 ⊃ η1 : η1 is ρ1-free}. By Lemma 3.1.8(i,ii) (Σ1 Analysis),
the construction has infinite support on T 1, and support propagates from T 1 to
T 2.

5.5.8 T0-Analysis

The preferential derived assignment is followed, with preference given to the
class of requirements of the form NΨ,Θ. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Standard Derived Assignment).

Sentence decomposition for requirements PA,Φ and PC,Φ is the standard
decomposition for non-computability requirements introduced in Section 3.3,
and sentence decomposition for NΨ,Θ is the same as that for the minimal pair
requirements of Section 5.4. Fix η = ν− ⊂ ν ⊆ ρ ∈ T 0. Sentence decomposition
for γ- and γ1-nodes at η is as follows. u ≤ wt(λ(η)), s = wt(η), r = wt(ν)
and t ≤ wt(ρ). Monotonicity of the sentence decomposition follows from (2.8.1)
and (2.8.4). Action for η is supported at {ρ ⊃ η : η is ρ-free}. By Lemma
3.1.8(i,ii) (Σ1 Analysis), the construction has infinite support on T 0, and support
propagates from T 0 to T 1.

5.5.9 The Construction

The construction is executed in accordance with clause (iva) of Definition 2.10.1.

5.5.10 The Verification

Let Λ0 ∈ [T 0] be the true path for the construction, and for i ≤ 2, let Λi =
λi(Λ0). It is easily checked that the construction admits consistent action. Note
that the preferential derived assignment on T 1 will interpolate only level 2 nodes
between a γ-node and a γ1-node derived from the same fixed interpretation of
a basic module on T 2. Hence clauses (i) and (ii) of Definition 3.4.1 hold, so by
Lemma 3.4.2(ii) (Delayed Set Action), shared set axioms are compatible.

Suppose that 〈η0, ρ0〉 and 〈η1, ρ1〉 share a functional axiom with argument
x. It follows from the sentence decomposition that x ≤ wt(up(η0)),wt(up(η1)).
Then up2(η0) = up2(η1) and for i ≤ 1, ηi must be validated along ρi as func-
tional axioms are declared only in this situation. We may assume that (ρi)− = ηi

for i ≤ 1, as new instructions to declare functional axioms only occur in this situ-
ation. We may also assume without loss of generality that there is no σ ∈ (η0, η1)
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such that up2(σ) = up2(η0) and σ is validated along ρ1, else we could replace η1

with σ and proceed by induction. Hence we can apply Remark 5.4.5 and clause
(ii) of Definition 3.1.7, noting that action for a γ1-node will leave either the
oracle for Φ uninjured or the oracle for Θ uninjured for the requirement NΦ,Θ,
to conclude that the hypotheses of Lemma 5.4.1 (Meet Preservation) hold. It
now follows from Lemma 5.4.1 (Meet Preservation) that these shared functional
axioms are compatible.

Our final observation is that for requirements QΦ, the parameter wt(γ̃1
1) is

appointed immediately upon the entry of wt(γ1) into A, so (5.5.2) holds for a
computable parameter t. Thus the J requirements are satisfied. It is easy to
see that the L requirements are satisfied.

We now note that Lemma 3.1.6 can be applied to conclude that clause (iv)
of Definition 2.10.1 holds. The theorem now follows from Theorem 2.11.5 (Mod-
ified Framework).

5.5.11 Further Remarks

The trace-probe property introduced by Lerman, Shore and Soare [20] is a prop-
erty that generalizes the techniques used to embed the pentagon. One requires
the basic module to be finite, with a number entering a set at each step, thereby
allowing the change of target set for some join requirement. At the end, one
reaches a stable situation in which all numbers can enter their target sets simul-
taneously to satisfy the diagonalization requirement. Such a construction can
be carried out using the framework introduced in this book.

We note that the construction presented in this section differs from the pre-
vious constructions in that we use external conditions to show that requirements
are satisfied. In particular, L and J requirements delegate the responsibility for
their satisfaction to other requirements. This is not necessary, but greatly sim-
plifies the proof. Such a delegation of responsibility will not succeed for more
complicated lattice embedding constructions. What is required in those cases
is a much more delicate and careful assignment of requirements to T 1 and T 0.

5.6 Summary

We saw several new ways to ensure that shared functional action is compatible in
this chapter. In Sections 5.2 and 5.3, we were able to ensure that axioms declared
by incomparable nodes on T 2 used incomparable oracles. Axioms declared for
the same nodes of T 2 and of T 1 were corrected when the action changed the
value for the axiom, and were mutually compatible if the nodes of T 1 were
different and both nodes on T 1 were free. In Sections 5.4 and 5.5, we used
alternating restraint to prevent the values of axioms from changing.

A more interesting conflict arose in Section 5.5. We were faced with action
for a single module violating the alternating restraint necessary in order to
show that shared axioms declared for functionals controlled by other nodes
were compatible. This forced us to take basic modules with consectutive nodes
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on T 2, and separate the derivatives of these nodes on T 1 by interpolating nodes
imposing the alternating restraint. This is the first time that we were forced to
intermix modules, but we will see such a situation occur again at higher levels.
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Chapter 6

∆3 Constructions

∆3 constructions are similar to ∆2 constructions, raised by a level. They take
place on four trees, T 0, T 1, T 2 and T 3, and are characterized by the following
property: If η3 ⊂ ν3 ∈ T 3, ν3 is a terminal node of the basic module containing
η3, lev(η3) = 3, and η3 has Π outcome along ν3, then no requirement is assigned
to ν3 or any of its successors. In this case, the falsity of the directing sentence
assigned to η3 together with activated action for this node suffices to prove the
theorem.

We prove one theorem falling under this classification, the Sacks Density
Theorem, in Section 6.2. We discuss certain types of requirements encountered
in ∆3 constructions and state lemmas delineating properties of these require-
ments in Section 6.1.

6.1 ∆3 Constructions

When functional axioms need to be declared and Player I controls the enumer-
ation of one of the oracle sets, the construction becomes more complex. This
is the case when we are trying to construct a degree within a given interval.
The simplest such case dealing with an arbitrary interval whose endpoints are
computably enumerable degrees is the density theorem, proved in the next sec-
tion; this theorem asserts that there is a computably enumerable set whose
degree lies strictly between the endpoints of the interval. Thus we will be given
computably enumerable sets U <T V controlled by Player I, and player II will
be assigned the responsibility to construct a computably enumerable set A such
that U <T A <T V . Player II can replace A by U⊕A, and will use backtracking
combined with permitting to show that A ≤T V . Thus the requirements that
will need to be satisfied are those stating that the inequalities are proper.

89
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6.1.1 Properties of ∆3 Constructions

The proof that the requirements that we encounter are satisfied relies on certain
properties of tree decompositions beginning at level 3 and corresponding to ∆3

Constructions. These lemmas are proved in Section 8.7, but are stated here.
The first such lemma deals with the uniqueness of initial derivatives, and is
proved as Lemma 8.7.3.

Lemma 6.1.1. Let a ∆3 construction be given with true path Λ0 ∈ T 0. Suppose
that η3 = λ3(σ) for some σ ⊂ Λ0. Then:

(i) There is a unique ξ2 ∈ {λ2(ξ) : ξ ⊂ Λ0} such that ξ2 is an initial
derivative of η3.

(ii) There is a unique ξ1 ∈ {λ(ξ) : ξ ⊂ Λ0} such that ξ1 is an initial
derivative of η3.

The next lemma characterizes intervals on T 2 whose endpoints are deriva-
tives of the same node of T 3; it is proved as Lemma 8.7.4.

Lemma 6.1.2. Let a ∆3 construction be given. Fix η3 ∈ T 3 and ξ2, η2, κ2 ∈ T 2

such that up(ξ2) = up(η2) = η3 and κ2 ⊆ ξ2 ∧ η2. Then:
(i) If up(κ2) = η3, then up(σ2) = η3 for all σ2 ∈ [κ2, η2].
(ii) If κ2 = ξ2 ∧ η2, then up(κ2) = η3.

Intervals on T 1 whose endpoints are derivatives of the same node of T 3 are
now characterized. This result is proved as Lemma 8.7.5

Lemma 6.1.3. Let a ∆3 construction be given. Fix η3 ∈ T 3 with initial deriva-
tive η1 ⊂ τ1 ∈ {λ(σ) : σ ⊂ Λ0} such that up3(η1) = up3(τ1) = η3. Then
there is a number k and µ1

0 ⊆ π1
0 ⊂ µ1

1 ⊆ π1
1 ⊂ · · · ⊂ µ1

k ⊆ π1
k such that all

ξ1 ∈ (π1
i , µ1

i+1) have Σ outcome along µ1
i+1 for all i < k, up(µ1

i ) = up(π1
i ) for

all i ≤ k, (up(µ1
i+1))

− = up(µ1
i ) for all i < k, π1

i has Π outcome along µ1
i+1 for

all i < k, µ1
0 = η1 and π1

k = τ1.

6.1.2 The Restraint Requirements

The strategy to ensure that V �T U ⊕ A will consist of showing that a failure
to satisfy this condition will provide the ability to define a computable partial
functional Θ such that Θ(U) = V . Thus for each computable partial functional
Φ, we will satisfy the requirement specifying that if Φ(A,U) = V , then there
is a Θ such that Θ(U) = V . Each node of T 3 to which such a requirement is
assigned will define its own functional Θ. The strategy will be to restrain A
whenever we find a new length of agreement x between Φ(A,U) and V , and
declare axioms Θ(U ; y) = V (y) for y ≤ x with U -use at least as large as that of
Φ. If U <T V , then the permanent restraint on A will be finite, allowing other
requirements to act.

We now describe the implementation of the strategy to satisfy this require-
ment when it is assigned to η3 ∈ T 3. As the nodes of T 2 working on this re-
quirement increase in length, we look for longer and longer lengths of agreement
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between Φ(A,U) and V ; the uses obtained for these lengths of agreement will
thus be non-decreasing as the length of the node increases. The declaration of
axioms for Θ(U) at a node η1 with use u will obey clause (i) of Definition 3.1.7
and axioms will be declared only as activated action, and requirements plac-
ing numbers into A will obey clause (ii) of Definition 3.1.7. Hence by Lemma
3.1.9(i) (Restraint), shared functional action for Θ will be compatible unless
some ξ1 ⊂ η1 acts to place a number into A after the axiom is declared as
action for η1. Let µ1 be the initial derivative of η3 along η1; the existence and
uniqueness of µ1 follow from Lemma 8.1.1(i) (Limit Path) and Lemma 6.1.1. If
ξ1 ⊂ µ1, then by Lemma 6.1.1 and Remark 2.4.2(ii), no action will be taken
thereafter to declare axioms for this Θ. Fix the nodes {µ1

i , π
1
i : i ≤ k} specified

in Lemma 6.1.3. As numbers enter A only for validated action, and such action
has already been taken for the nodes in (π1

i , µ1
i+1), there must be an i such that

ξ1 ∈ [µ1
i , π

1
i ]. Now neither µ1

i nor π1
i act to put numbers into A, so we must

have ξ1 ∈ (µ1
i , π

1
i ). Furthermore [µ1

i , π
1
i ] is a primary η1-link or has cardinality

1, so π1
i must be switched by some node of T 0 extending the node at which the

axiom is declared, but preceding the node at which validated action for ξ1 is
taken. If ũ is the use associated with π1

i , then we will require that validation
of π1

i occurs only if there is a change to U � ũ + 1 between its initial derivative
and the node for which π1

i becomes validated. But ũ ≤ u, so the axiom for
Φ(A,U) observed through the falsity of the directing sentence for η1 will be
injured before ξ1 places a number into A, preserving our ability to match the
use of Θ to the use of Φ, and so ensure the compatibility of shared action for
Θ. The above description can easily be formalized into a proof of the following
lemma.

Lemma 6.1.4. Suppose that we are given a ∆3 construction for which we are
asked to satisfy the requirement Φ(A,U) = V → Θ(U) = V assigned to η3 ∈ T 3.
Assume that declaration of axioms for Θ obeys clause (i) of Definition 3.1.7 and
that such declaration occurs as activated action, that the placement of numbers
into A obeys clause (ii) of Definition 3.1.7, that the Θ use for a given argument
is the same as the Φ use for the same argument, that derivatives of η3 on T 1

which have already declared an axiom are validated only if U changes below the
use associated with that derivative between the time the axiom is declared and
the time of validation, and that no new axiom for Θ is declared at η1 unless
its oracle is compatible with the oracles used for axioms at ξ1 ⊂ η1 such that
up(ξ1) = η3 and ξ1 is activated along η1. Then shared functional action for Θ
is compatible.

6.1.3 The Correction Requirements

The requirements designed to ensure that U � A will be assigned to nodes
η3 ∈ T 3 and will have level 3. As Player II does not control U , help is re-
quired in order to satisfy this condition; we do so by establishing requirements
specifying that if Φ(U) = A, then we can define a computable partial func-
tional Ξ such that Ξ(A,U) = V . Thus we begin defining axioms of the form



92 CHAPTER 6. ∆3 CONSTRUCTIONS

Ξ(A,U ;x) = V (x), with A-use û equal to the weight of the node of T 1 re-
sponsible for defining the axiom, and U -use agreeing with the U -use of the
computation of A � û + 1 by Φ. When the number x enters V , we correct the
axiom Ξ(A,U ;x) = V (x) by putting û into A. The declaration of axioms for
Ξ and the placement of numbers into A will be governed by Definition 6.1.5
below an well as clause (ii) of Definition 3.1.7. Thus we need only ensure that
before new axioms for Ξ are declared, old axioms requiring correction are first
corrected. This will be achieved through backtracking. This discussion is easily
formalized to prove Lemma 6.1.6; we leave the formal proof to the reader. We
first introduce Definition 6.1.5.

Definition 6.1.5. Suppose that η ⊂ ν ⊆ ρ ∈ T 0, ν− = η, ηi ⊂ ρi for i ≤ 1, and
ρ0 ⊂ ρ1. The ∆3-parameter specification requires the specification of parameters
for sentence decomposition to have the following properties:

(i) If an axiom ∆t(As � v, Us � u;x) ↓= V s(x) is newly declared as action for
η supported at ρ, then:

(a) u ≤ wt(up(η)) and v = wt(up(η)) + 1.

(b) s = wt(η).

(c) t = wt(ν).

(d) η has Σ outcome (so is activated) along ρ.

(e) Activated action for η at ρ imposes restraint on Awt(ν) � v.

(ii) If an axiom ∆t(As � v, Us � u;x) ↓= V s(x) can be newly declared as
activated action for η, A 6= ∅, and η is validated along ν, then validated
action for η along ν specifies that wt(up(η)) ∈ Awt(ν).

Lemma 6.1.6. Suppose that we are given a ∆3 construction for which we are
asked to satisfy the requirement Φ(U) = A → Ξ(A,U) = V assigned to η3 ∈ T 3.
Assume that declaration of axioms for Ξ and the placement of numbers into A
obeys the conditions of Definition 6.1.5 as well as clause (ii) of Definition 3.1.7.
Assume also that any derivative η1 of η3 on T 1 for which action has already
declared an axiom is validated only if either U changes below the use associated
with η1 between the node at which the axiom is declared and the node at which η1

is validated, or V changes causing an axiom declared as action for η1 to become
incorrect, and that no new axiom for Ξ is declared at a node σ1 unless its oracle
is compatible with the oracles for axioms at ξ1 ⊂ σ1 such that up(ξ1) = η3 and
ξ1 is activated along σ1 and all prior axioms are correct. Then shared functional
action for Ξ is compatible.

6.1.4 Bounding A above by V

The last requirement is that A ≤T U⊕V . We will not place this requirement on
our tree of strategies, but rather show that properties of the construction ensure
its satisfaction, within the proof. The idea here is that if V changes thereby
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making a Ξ axiom incorrect, we need to effectively determine whether we will
place a number into A to correct this axiom. A U oracle will tell us whether
the construction encounters the node of T 3 to which the requirement is assigned
after the V change. If not, then there will be no A correction; if so, then we will
backtrack (switching only primary links on T 2) and correct the axiom. Thus
the entry of numbers into A can be determined by a U ⊕ V oracle.

Permitting will be a bit more complex in the context of the density theorem,
and will be discussed as part of the proof of the theorem. In order to show that
it is successful, we need the facts supplied by the next theorem. It is proved as
Lemma 8.7.6.

Lemma 6.1.7. Let a ∆3 construction be given. Suppose that µ1 ⊂ η1 ⊂ π1 ⊂
ρ1 ∈ T 1, [µ1, π1] is a primary ρ1-link, and η1 has Π outcome along π1. Then
wt(up(π1)) < wt(up(η1)). If, furthermore, ρ1 ⊂ Λ1 ∈ [T 1], then up3(η1) 6⊂
λ3(Λ1).

6.2 The Density Theorem

The Density Theorem was the crowning achievement of Sacks’s [25] use of the
infinite injury method. The theorem states that the ordering of R is dense, and
gave rise to hopes that the ordering was a nice one. Shoenfield [28] formulated
this hope into a conjecture that was refuted by the construction of a minimal
pair of computably enumerable degrees by Lachlan [9] and Yates [32]. It has
since been shown that this ordering is complex.

The construction used to prove the Density Theorem is a ∆3 construction.
It utilizes both the permitting and backtracking techniques.

Theorem 6.2.1. (The Sacks Density Theorem) For any pair of computably
enumerable degrees u ≤ v, either u = v, or there is a computably enumerable
degree a such that u < a < v.

Proof. Let U and V be computably enumerable sets of degree u and v respec-
tively. Note that U ⊕V ≡T V . We will construct a computably enumerable set
A and a computable partial functional Γ, to satisfy the following requirements
for all computable partial functionals Φ and Ψ:

R : A = Γ(U, V ).
NΦ : Φ(A,U) = V ⇒ ∃Θ(Θ(U) = V ).
PΨ : Ψ(U) = A ⇒ ∃Ξ(Ξ(A,U) = V ).

We gather these requirements, with the exception of R, into an effective list
{Ri : i ∈ N}. The theorem will follow from the satisfaction of all requirements
if we let a be the degree of U ⊕A.

6.2.1 The R Requirement

We will use a permitting technique to construct A, and will show that this
requirement is satisfied as part of our proof. This requirement is not placed on
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the trees of strategies.

6.2.2 The Basic NΦ-Module

This module has a single non-terminal node α of level 3, with immediate suc-
cessor α0 (α1, resp.) along which α is activated (validated, resp.) and has Π
outcome (Σ outcome, resp.). Clauses (i)–(iii) of Definition 2.3.1 follow easily. α
is responsible for defining a computable partial functional Θα. While the sen-
tence Φ(A,U) = V looks like sentences we have previously encountered at level
2, the previous sentences required that we restrain an oracle under construction
in order to preserve a computation. In this case, we have no control over U ,
so cannot preserve computations from oracle U except indirectly by allowing a
node to switch only when U changes on a suitably small number. This forces
us to increase the level of the requirement, thereby providing an opportunity
to revise action when a new number enters the oracle. As the statement of the
condition Φ(A,U) = V is Π3, the framework requires us to take the negation of
this condition as our directing sentence. The declaration of axioms will occur
along the activated outcome with parameters η1

η2 and uη2 specified by the falsity
of the directing sentence for η2; the values of these parameters may change as
the construction progresses, but they will have a limiting value. No action will
be necessary along the validated outcome.

Directing sentence Sα: ∃η2 ∈ Ṽα∃x ≤ wt(η2)∀u∀η1 ∈ Ṽη2∃t > wt(η1)
(Φ(A � wt(η1)+1, U � u;x)[wt(η1)] = V wt(η1)(x) → U t � u 6= Uwt(η1) � u).

Activated action for α at ρ ⊇ α0: ∀η2 ∈ Ṽα∀x ≤ wt(η2)∃r∀p ≥ wt(η1
η2)

Θr
α(Uwt(η1

η2 ) � wt(η1
η2);x) = Φ(A � wt(η1

η2) + 1, U � uη2 ;x)[wt(η1
η2)]

& Ap � wt(η1
η2) + 1 = A

wt(η1
η2 ) � wt(η1

η2) + 1).

If Sα is true, then by Lemmas 3.1.8(i) (Σ1 Analysis) and 4.4.7, there will be
an x for which either Φ(A,U ;x) ↑ or Φ(A,U ;x) ↓6= V (x). Suppose that Sα

is false and activated action is followed for α. Then by Lemmas 3.1.8(i) (Σ1

Analysis) and 4.4.7, every η2 will have a corresponding uη2 and η1
η2 , and there

will be infinitely many such nodes η2. Fix η2, and the corresponding uη2 and η1
η2 .

Then by the restraint imposed on A by activated action and the persistence of U
through the falsity of the directing sentence, we have that for every x ≤ wt(η2),
there is an r such that,

V (x) = Φ(A � wt(η1
η2) + 1, U � uη2 ;x) = Φ(A � wt(η1

η2) + 1, U � uη2 ;x)[wt(η1
η2)]

= Θr
α(Uwt(η1

η2 ) � wt(η1
η2);x) = Θα(U ;x).

Hence we see that this requirement is satisfied.

6.2.3 The Basic PΨ-Module

This module has a single non-terminal level 3 node β, with terminal immediate
successor β0 (β1, resp.) along which β is activated (validated, resp.) and has
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Π (Σ outcome, resp.). Clauses (i)–(iii) of Definition 2.3.1 follow easily. The
parameters η1

η2 and uη2 obtained from the falsity of Sβ can be used in the
description of activated action for β, and the parameter η2 obtained from the
truth of Sβ can be used in the description of validated action for β; the values
of these parameters may change as the construction progresses, but they will
have a limiting value.

Directing sentence Sβ : ∃η2 ∈ Ṽβ∃x ≤ wt(η2)∀u∀η1 ∈ Ṽη2∃t > wt(η1)
(Ψ(U � u;x)[wt(η1)] = Awt(η1)(x) → (U t � u 6= Uwt(η1) � u

∨ V t � wt(η2)+1 6= V wt(η1) � wt(η2)+1)).
Activated action for β at ρ ⊇ β0: ∀η2 ∈ Ṽβ∀x ≤ wt(η2)∃r∀q ≥ wt(η1

η2)

(Ξr
β(Awt(η1

η2 ) � wt(η1
η2) + 1, U

wt(η1
η2 ) � wt(η1

η2);x) = V
wt(η1

η2 )(x)

& Aq � wt(η1
η2) + 1 = A

wt(η1
η2 ) � wt(η1

η2) + 1).

Validated action for β at ρ ⊇ β1: ∀η1 ∈ Ṽη2∃r(wt(η1) ∈ Ar).

If the true path passes through β1, then Sβ is true; so as wt(η2) is finite and as,
by Lemmas 3.1.8(i) (Σ1 Analysis) and 4.4.7, η2 has infinitely many derivatives
along Λ1, we must have Ψ(U) 6= A. If the true path passes through β0, then
Sβ is false and activated action is followed for β. By Lemmas 3.1.8(i) (Σ1

Analysis) and 4.4.7, β has infinitely many derivatives along Λ2, so Ψ(U) = A
and Ξβ(A,U) = V . We now see that in all cases, the requirement PΨ will be
satisfied.

As we have a ∆3 construction, the standard assignment of requirements to
nodes of lower level trees will minimize conflicts between requirements. Re-
straint imposed for NΦ will never conflict with positive action required for PΨ

except for nodes whose action is governed by Lemma 3.1.9 (Restraint); injury
to the directing sentence for PΨ will only be caused by the entry of a number
into U or V that will, in turn, allow the correction of axioms for the functional
Ξβ(A,U) associated with NΦ. The major conflict between requirements will be
the coordination of permission; PΨ may dictate the entry of a number x into A
through action for η1 ∈ T 1 at a time when the entry of x into A is permitted
by V (i.e., Γ(V,U ;x) is currently undefined) but η1 is not free, so no action for
η1 can be taken. We would then be forced to redefine Γ(V,U ;x) = 0. If, at
a later stage, η1 becomes free and so able to dictate action, the permission for
x to enter A may no longer be present. Thus if the dictated action is carried
out, we will cause Γ(V,U) 6= A. We resolve this situation by implementing the
backtracking procedure to switch links on T 2, and by placing implicit restraint
on U in directing sentences.

6.2.4 T3-Analysis

The standard initial assignment is followed. Clause (i) of Definition 2.7.2 follows
from Lemma 2.7.4 (Standard Initial Assignment).

The standard initial sentence specification for η3 ∈ T 3 is followed, with
action supported at {ρ3 ⊃ η3 : η3 is ρ3-free}. Clause (i) of Definition 2.10.1 will
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follow from the analysis for basic modules and the proof of the satisfaction of
the requirement R.

6.2.5 T2-Analysis, T1-Analysis

The standard derived assignment is followed. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Standard Derived Assignment).

Sentence decomposition for η2 ∈ T 2 will specify that x ≤ wt(η2). Sentence
decomposition for η1 ∈ T 1 will specify that u ≤ wt(η1). Monotonicity of sen-
tence decomposition follows from (2.8.1). Action for ηi ∈ T i is supported at
{ρi ⊃ ηi : ηi is ρi-free and ρi is not ρi-constrained}, for i ∈ {1, 2}. By Lemma
4.4.8, the construction has infinite support on T 2 and T 1.

6.2.6 T0-Analysis

The standard derived assignment is followed. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Standard Derived Assignment).

Fix η = ν− ⊂ ν ⊆ ρ ∈ T 0. Sentence decomposition for η along ρ specifies
that t ≤ wt(η), r ≤ wt(ν), and p, q ≤ wt(ρ). Monotonicity of sentence decom-
position follows from (2.8.1). (Technically, we should be bounding r on T 1. If
ν1 is the immediate successor of η1 along which η1 is activated, then the bound
for r on T 1 would be wt(out(ν1)); but wt(out(ν1)) = ν, so the bound given
for r is the bound that would naturally occur. We have chosen to bound r on
T 1 in order to more easily see that clause (ii) of Definition 3.1.7 is satisfied.)
Action for η is supported at {ρ ⊃ η : η is ρ-free and ρ is not ρ-constrained}. By
Lemma 4.4.8, the construction has infinite support on T 0.

6.2.7 The Construction

We say that η requires extension for ξ1 ∈ T 1 if, ξ1 ⊂ λ(η) is a β-node, up3(η) =
up3(ξ1), ξ1 is activated along λ(η), and the directing sentence for ξ1 would be
true at η if η were a derivative of ξ1.

Suppose that η ⊂ Λ0 is given. If there is a ξ1 ⊂ λ(η) such that η requires
extension for ξ1, fix the shortest such ξ1, the initial derivative ξ of ξ1 along
η and let κ be the backtracking extender of η for ξ1 from ξ (Lemma 4.4.7
(Backtracking) ensures the existence of κ); we specify that κ ⊂ Λ0. Otherwise,
the construction acts in accordance with condition (iva) of Definition 2.10.1 at
η.

6.2.8 The Verification

Fix the true path Λ0 ∈ [T 0] determined by the construction, and let Λk+1 =
λ(Λk) for k ≤ 2. It is easily seen that the construction admits consistent action
and that backtracking is normal. By Lemma 4.4.7, the construction is faithfully
executed and so by Lemma 3.1.8(ii) (Σ1 Analysis), support propagates from T j

to T j+1 for j ≤ 2. We note that clauses (ii) and (iii) of Definition 3.1.7 hold, so
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by Lemma 3.1.9(i) (Restraint), shared set action is compatible. Also, clauses (i)
and (ii) of Definition 6.1.5 hold (note that for PΨ requirements, D = U ⊕A and
a change in V causes the A oracle to change before a new Ξ-axiom is declared).
The remaining hypotheses of Lemmas 6.1.4 and 6.1.6 are easily verified, so it
follows from these lemmas that shared functional action is compatible. Thus
clause (iv) of Definition 2.10.1 holds.

It remains to show that A ≤T V ; for then the theorem will follow from
Theorem 2.11.5 (Modified Framework). We proceed by induction on x ∈ N. Fix
x. x can be placed into A only if x = wt(η1) for some η1 ∈ T 1, so we assume that
this in the case and fix η1. Let η2 = up(η1) and let η be the initial derivative of
η1 along Λ0. Using V as an oracle, we can find the shortest non-constrained node
ρ ∈ (η, Λ0) such that for all τ ∈ [ρ,Λ0), V wt(τ) � wt(η2)+1 = V � wt(η2)+1; the
existence of ρ follows from Lemma 4.4.8 and induction. Let σ be the shortest
non-constrained node in (ρ,Λ0). Now if x /∈ Awt(σ), then by (2.8.1), Lemma
8.3.1 (Nesting), Lemma 6.1.7 and the construction, x can enter A after stage
wt(σ) only if there is a primary λ(σ)-link [µ1, π1] that restrains η1, and in
addition, if [µ1, π1] is the shortest such link working for a requirement NΦ, then
there must be a τ ∈ (σ,Λ0) such that Uwt(τ) � wt(π1)+1 6= Uwt(σ) � wt(π1)+1.
The existence of such a τ can be determined using U as an oracle, as can
its value if it exists. It now follows from the construction (in particular the
conditions under which backtracking is implemented) and Lemma 6.1.7 that if
x /∈ Awt(σ), then x ∈ A iff τ exists and x is placed into A by the time we
reach the shortest non-constrained node along Λ0 that properly extends τ . We
conclude that A ≤T V , completing the proof of the theorem.

6.3 Summary

In this chapter, we encountered a situation in which we were forced to correct an
axiom by placing a number into one of its oracle sets, in order to react to a change
in the value that the axiom was designed to compute. For NΦ requirements,
restraint was imposed on the oracle set that Player II was constructing, so the
change in value was generated by a change in an oracle set being constructed by
Player I. Thus it was sufficient to ensure that the axiom that Player II declared
had use (for Player I’s oracle set) at least as long as that of the axiom being
copied. For PΨ requirements, the axioms declared by Player II were designed
to copy a set, V , constructed by Player I; however, one of the oracle sets for the
axioms, A, was constructed by Player II. Thus Player II was able to react to a
change in V by changing A, and thereby correcting axioms. As the set A was
to be computable from V , the change in A had to take place before new axioms
for the functional Ξ computing V were declared, and this was accomplished
through backtracking.
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Chapter 7

Σ3 Constructions

In the early days of priority arguments, constructions using this method were
classified either as finite injury or infinite injury. The finite injury construc-
tions were those that are now classified as Σ1 or ∆2 constructions, and the
infinite injury constructions were those initially thought of as Π2 or ∆3 con-
structions. Lachlan was the first to go beyond the ∆3 level, and the proofs,
when they first appeared seemed difficult and mysterious. One such theorem
was informally called the Monster Theorem, and the method of construction was
referred to as monstrous injury. The classification we are using is essentially
due to Harrington, who understood the level of injury to be the oracle needed
to completely determine what was happening within the construction. We are
following Harrington’s classification, but viewing it in a slightly different light,
from the viewpoint of the starting tree needed for a standard decomposition.

We will prove just one theorem at the Σ3 level, the existence of strong
minimal pairs. This theorem was chosen in advance as a test case for the
framework, and reflects the author’s interests in the ∀∃ decision problem for R.

7.1 Module-Respecting Derived Assignments

When basic modules are larger than a single non-terminal node, we sometimes
need a careful transmission of these modules to lower levels, ensuring that suc-
cessive nodes of the module have successive derivatives, whenever possible. This
will be the case for the theorem of this chapter. More motivation and the proof
of the lemma of this section can be found in Section 8.6.

Definition 7.1.1. Let ηk, νk ∈ T k be given. We say that the pair 〈ηk, νk〉 is
connected if (νk)− = ηk, and we say that this pair is module-connected if it is
connected and both nodes are antiderivatives of a connected pair of nodes lying
in the same realization of some basic module.

Definition 7.1.2. A derived assignment is said to be module-respecting if the
following conditions hold whenever j < k, ηj , νj ∈ T j and ηk, νk ∈ T k:

99
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(i) If j = k− 1, 〈ηk, νk〉 is module-connected, 〈ηj , νj〉 is connected, and ηj is
the principal derivative of ηk along νk, then up(ηj) = ηk.

(ii) If j = k− 1, 〈ηk, νk〉 is module-connected, 〈ηj , νj〉 is connected, lev(ηk) ≥
k, lev(νk) ≥ k, ηk has Π outcome along νk, ηj has Σ outcome along νj ,
up(ηj) = ηk, and there is no ξj ⊂ ηj such that up(ξj) = νk and ξj has Π
outcome along νj , then up(νj) = νk.

(iii) If 〈ηk, νk〉 is module-connected, 〈ηj , νj〉 is connected, lev(ηj) = j + 1,
lev(νk) ≥ j + 1, upk(νj) = νk, and (outj+1(νk))− has Π outcome along
outj+1(νk), then upk(ηj) = ηk.

The following lemma is proved as Lemma 8.6.5.

Lemma 7.1.3. If all derived assignments on T i for i > j are module-respecting,
then there is a module-respecting derived assignment for T j satisfying conditions
(i)–(iii) of Definition 2.7.7.

7.2 Strong Minimal Pairs

Unlike other degree structures, the characterization of extensions of embeddings
in R is fairly complicated. We prove a theorem of Slaman that demonstrates
some of the complexity.

Definition 7.2.1. A pair of computably enumerable degrees a and b is a strong
minimal pair if a and b form a minimal pair of computably enumerable degrees,
and for every non-computable degree c ≤ a, c ∨ b ≥ a (and so c ∨ b = a ∨ b).

The construction of a strong minimal pair is a Σ3 construction. The proof
uses lemmas that we have already proved, so will not look substantially different
from proofs of previous theorems. The standard 0′′′ presentation is more com-
plicated, as it works with what is essentially the reflection of a T 3 construction
on the tree T 2, without going through the decomposition. Thus we will try to
motivate the proof in this section, and describe the relationship between the
two approaches.

The first set of requirements to be satisfied consists of the requirements PΦ

stating that B 6= Φ(∅), one for each computable partial functional Φ. These are
the noncomputability requirements of Section 3.3, level 1 requirements requiring
no restraint, and are satisfied as before. Further discussion of these requirements
will not be presented.

The second set of requirements consists of the requirements QΨ stating that
Ψ(B) 6= A, one for each computable partial functional Ψ. On the surface,
these look like the diagonalization requirements of Section 3.2, as Player II con-
trols both A and B. However, interactions between these requirements and
the requirements MΦ,W introduced below will interfere with our ability to re-
strain B; in fact, correction for MΦ,W may cause us to actively put the use of
a computation Ψ(B;x) = A(x) into B. Thus we will need to make infinitely
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many diagonalization attempts with different witnesses to satisfy QΨ, raising
the level of this requirement to level 2. The Π outcome of the first node of this
requirement on T 2 will be followed by attempts to neutralize higher priority
requirements (as viewed on T 3) MΦ,W by showing that W is computable. We
will make attempts for each such requirement, in order of priority, with the Π
outcome providing an effective computation of W . We will be able to impose re-
straint on B only if all attempts follow the Σ outcome. If one of these attempts
produces a Π outcome, then the corresponding higher priority requirement will
have its outcome switched, allowing us to conclude that the node at which we
were trying to satisfy QΨ does not lie along the true path for the construction.

The last set of requirements, MΦ,W , tries to satisfy the strong minimal pair
condition. Attempts to satisfy the requirement MΦ,W are intertwined with
attempts to satisfy the requirements QΨ. The requirement MΦ,W will begin by
trying to determine whether or not Φ(A) = W ; the node checking for equality
will have level 2, so will only be able to check for a specified length of agreement
at a given stage. If it finds the desired agreement between Φ(A) and W , it acts
to restrain A; its successor node, η3, in the module will have level 3, and each
initial derivative η̂2 of η3 on T 2 will try to declare axioms yielding successively
longer lengths of agreement between ∆bη2(B,W ) and A. However, the restraint
is imposed as action along a Σ outcome, so may be injured when a higher priority
(as measured on T 3) requirement QΨ acts to put a number into A. Thus when
we again find that Φ(A) and W agree on a sufficiently long initial segment, W
may or may not have changed below the use of the axiom declared by ∆bη2 ; but
in any case, A will have changed. If W has changed, we can just declare a new
axiom for ∆bη2 ; but if not, then as MΦ,W will have higher overall priority than
QΨ, we must put a small number into B to correct the axiom declared for ∆bη2 ,
thereby injuring our attempt to satisfy QΨ. If we commit to making infinitely
many attempts to satisfy QΨ if needed, then only one of these needs to succeed;
for if all attempts fail, we will argue that W is computable. The latter argument
will need to focus on a single ∆bη2 , and we will need to make infinitely many
attempts to effectively define W = Γη2(∅), one for each derivative η2 of η3 on
T 2. Now QΨ must take into account action for all requirements MΦ,W of higher
priority, so a node working for QΨ and having the responsibility to restrain B
will be on the true path only if all higher priority MΦ,W requirements produce
W changes for a particular attempt to satisfy QΨ.

7.3 The Strong Minimal Pair Theorem

This section is devoted to the construction of a strong minimal pair.

Theorem 7.3.1. There is a strong minimal pair a and b of computably enu-
merable degrees.

Proof. We will construct computably enumerable sets A and B whose degrees
comprise a strong minimal pair. It will suffice to satisfy the following require-
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ments for every computable partial functional Φ:

PΦ : B 6= Φ(∅).
QΨ : A 6= Ψ(B).

MΦ,W : Φ(A) = W ⇒ (∃∆(∆(B,W ) = A) ∨ ∃Γ(Γ(∅) = W )).

We gather these requirements into an effective list {Ri : i ∈ N}. The theorem
will follow from the satisfaction of all requirements.

7.3.1 The Basic PΦ-Module

These are the noncomputability modules of Section 3.3, and so will not be
presented again. The requirements are assigned to α-nodes.

7.3.2 The Basic QΨ-Module

This module begins with a non-terminal node β of level 2 that checks to see if
Ψ(B) computes arbitrarily long initial segments of A along the true path, and
if an opportunity to diagonalize presents itself. The falsity of this sentence will
produce a witness η1 to be used in activated action, and will generate activated
action that will specify that wt(η1) /∈ A, and lead to a terminal immediate
extension β0 of β along which β is activated. If the sentence is true, then
validated action will place wt(η1) ∈ A, but will not yet restrain B, and will
bring us to a non-terminal immediate extension β1 of β of level 1 along which
β is validated. The truth of the sentence will also produce witnesses uη1 and
η0

η1 for each η1 ∈ Vβ to be used in the sentences for β1 The parameter β is

interpreted on T 2 but we will also need to refer to its antiderivative, β̃, on T 3.
Formally, the sentences are as follows:

Directing sentence Sβ : ∀η1 ∈ Vβ∃u∃η0 ∈ Vη1∀y < wt(η1)
(Φ(B � u; y)[wt(η0)] ↓ = Awt(η0)(y) & Φ(B � u; wt(η1))[wt(η0)] ↓= 0).

Activated action for β at ρ ⊇ β0: ∀t(wt(η1) /∈ At).
Validated action for β at ρ ⊇ β1: ∀η1 ∈ Vβ∃r(wt(η1) ∈ Ar).

β1 will not act immediately, but will give certain level 3 requirements MΦ,W

assigned to nodes ⊂ β̃ the opportunity to place wt(η1) into B if they need to do
so for correction purposes. If this opportunity is always used by a requirement
MΦ,W , then β̃ will not lie on the true path through T 3. But if there is an η1 ∈ Vβ

for which no MΦ,W needs to take advantage of the opportunity, then we will
reach β1. The directing sentence Sβ1 is a tautology, so only validated action
can be followed, and the parameters uη1 and η0

η1 are chosen for this instance η1.
Validated action restrains B, and brings us to a terminal immediate extension
β11 of β1. Formally, the sentences are as follows:

Directing sentence Sβ1 : 0 = 0.

Validated action for β1 at ρ ⊇ β11: ∀t ≥ wt(η0
η1)(Bt � uη1 = B

wt(η0
η1 ) � uη1).
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If the true path Λ2 ∈ [T 2] passes through β0 and β0 is Λ2-free, then either
Ψ(B) is not total, or there is an x < wt(η1) such that Ψ(B;x) ↓6= A(x), or
Ψ(B; wt(η1)) ↓6= 0 = A(wt(η1)) for some derivative η1 of β lying on the true
path through T 1. Otherwise, if β̃ ⊂ Λ3, then no nodes will be interpolated be-
tween β̃ and up(β1), so up(β11) ⊂ Λ3 and Ψ(B; wt(η1)) ↓= 0 6= 1 = A(wt(η1)).
In all cases, we see that the requirement QΨ is satisfied.

7.3.3 The Basic MΦ,W -Module

This module begins with a non-terminal node γ (to be interpreted on T 3) of level
2 that asks if Φ(A) and W agree on progressively longer initial segments. If this
sentence is false, then γ has terminal successor γ0 along which γ is activated
and has Π outcome, and the requirement is satisfied; no activated action is
necessary. If the sentence is true, then validated action restrains A, and we pass
to a non-terminal level 3 successor γ1 of γ along which γ is validated and has Σ
outcome. While the parameter γ is interpreted on T 3, the sentences will have
to refer to initial derivatives of γ on T 2. As lev(γ) = 2, it follows from (2.6.3)
that γ will have at most one derivative along any path through T 2; we let γ̂
denote an initial derivative of γ on T 2. The truth of the directing sentence for
each η1 ∈ Vbγ provides witnesses uη1 and η0

η1 that can be used in the validated
action sentence for γ̂. Formally, the sentences are:

Directing sentence Sbγ :
∀η1 ∈ Vbγ∃u∃η0 ∈ Vη1∀x ≤ wt(η1)(Φ(A � u;x)[wt(η0)] = Wwt(η0)(x)).

Validated action for γ along ρ ⊇ γ1:
∀η1 ∈ Vβ∀t ≥ wt(η0

η1)(At � uη1 = A
wt(η0

η1 ) � uη1).

Each initial derivative γ̂1 of γ1 on T 2 is responsible for defining a functional
∆bγ1 that computes A from B ⊕W , and each derivative η2 ∈ T 2 of γ1 will have
an associated functional Γη2 that tries to effectively compute W , and works
in conjunction with the unique γ̂1 ⊂ η2. The action for these functionals will
be taken along the activated and validated outcomes of γ1, respectively. The
directing sentence will search for an η2 ∈ Vγ1 for which Γη2(∅) and W are always
compatible. The existence of such an η2 will allow Γη2(∅) to provide an effective
computation of W . If no such η2 is found, then every η2 will eventually have
a derivative η1 for which ∆bγ1(B,W ) does not require a B-correction to resolve
an incompatibility with A, so will allow the next requirement QΨ to impose B-
restraint. As we always want to maintain the compatibility of ∆bγ1(B,W ) with
A and will need the use of the computations ∆bγ1(B,W ;x) to be large enough to
allow any W changes affecting the construction to correct ∆bγ1 axioms, validated
action will include placing the use of a sufficiently small number (provided as
the weight of a β-node) into B in order to correct the axiom. The truth of the
directing sentence provides a parameter η2 that can be used in validated action.
γ̂1 will be the initial derivative of γ1 along the current path through T 2. In
addition, validated action involves a parameter p(η1) (the weight of the β-node
mentioned above) which will be defined when we bound quantifiers on T 1.
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Directing sentence Sγ1 : ∃η2 ∈ Vγ1∀x∀s(Γη2(∅;x)[s] ↓ → Γη2(∅;x)[s] = W s(x)).
Activated action for γ1 along ρ ⊇ γ10:

∀y∃v∃r∀t ≥ r(∆bγ1(B � v,W � v; y)[t] ↓= At(y)).
Validated action for γ1 along ρ ⊇ γ11:

∀x∃r∀t ≥ r(Γη2(∅;x)[t] ↓= W t(x) & p(η1) ∈ Br).

If Sγ is false, then the requirement is satisfied. If Sγ is true, and the true path
extends γ10, then ∆bγ1(B,W ) = A, and if the true path extends γ11, then there
is an η2 such that Γη2(∅) = W . The requirement MΦ,W is satisfied in all cases.

7.3.4 T 3-Analysis

The standard initial assignment process is followed, so clause (i) of Definition
2.7.2 follows from Lemma 2.7.4 (Standard Initial Assignment). Hence it suffices
to show that all requirements are satisfied.

The standard initial sentence specification for η3 ∈ T 3 is followed, with
action supported at {ρ3 ⊃ η3 : η3 is ρ3-free}. Clause (i) of Definition 2.10.1
follows from the analysis of basic modules.

7.3.5 T 2-Analysis

We follow a modified derived assignment defined as follows for successors of the
Π outcomes of β-nodes η2 ∈ T 2. For each such η2, let

Xη2 = {ξ3 ⊂ up(η2) : ξ3 is a γ1-node having Π outcome along up(η2)}.

We assign a derivative of the shortest element of Xη2 to the Π outcome of η2,
and continue to assign derivatives of nodes in Xη2 without repetition, in order
of length, until we either follow a Π outcome of one of these derivatives, or have
assigned a derivative of each member of Xη2 along the given interval of T 2. In
the latter case, we end by assigning the corresponding β1-node to the last Σ
outcome. We refer to the above description of a β-node followed by γ1-nodes
and perhaps a final β1-node as a basic module. In all other cases, we follow the
instructions for the standard derived assignment. Clauses (i)–(iii) of Definition
2.7.7 are easily verified.

Sentence decomposition is not necessary on T 2 as the witnesses are provided
in the sentence. Monotonicity of sentence decomposition follows from (2.8.1).
Action for ηi ∈ T 2 is supported at {ρ2 ⊃ η2 : η2 is ρ2-free}. By Lemma 3.1.8(i)
(Σ1 Analysis), the construction has infinite support on T 2, and support propa-
gates from T 2 to T 3.

7.3.6 T 1-Analysis

We again follow a modified derived assignment that reflects and expands on
the derived assignment on T 2. On T 2, we have created modules that begin
with a β-node, follow its Π outcome with γ1-nodes as long as they have Σ out-
come, and when the last such node is placed along a path and has Σ outcome,
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we follow it with the β1-node corresponding to the starting β-node. We want
what is essentially a module-respecting image on T 1, i.e, that the choice of an-
tiderivative give preference to derivatives of the γ1-nodes and β1-nodes inserted,
as described above, after a β-node. However, each γ1 node in this module on
T 2 has a unique corresponding shorter γ-node (recall that the γ-nodes are of
level 2) and follows its Π outcome. We require this γ-node to supply a deriva-
tive immediately preceding the corresponding γ1-node. This description is a
modification of the module-respecting derived assignment, and by the proof of
Lemma 7.1.3 (presented for Lemma 8.6.5), is seen to satisfy clauses (i)–(iii) of
Definition 2.7.7. If a γ1-node η1 ∈ T 1 is part of such a module created for the
β-node ξ1 ∈ T 1, we define p(η1) = ξ1; if no such β-node exists, then p(η1) is
undefined, and action referring to p(η1) is not implemented.

Sentence decomposition is not necessary for α-nodes until we reach T 0,
and is already provided for β-nodes, β1-nodes and γ-nodes. For γ1-nodes,
we bound y by the weight of the initial derivative of up(η1) along η1, x is
bounded by wt((η1)−), and s is bounded by wt((out(η1))−). Monotonicity of
sentence decomposition follows from (2.8.1). Action for η1 ∈ T 1 is supported
at {ρ1 ⊃ η1 : η1 is ρ1-free}. By Lemma 3.1.8(i) (Σ1 Analysis), the construction
has infinite support on T 1, and support propagates from T 1 to T 2.

7.3.7 T 0-Analysis

The module-respecting derived assignment is followed (we treat the block of γ,
γ1 and β1 nodes following a β-node on T 1 as described above as a module).
Clauses (i)–(iii) of Definition 2.7.7 follow from Lemma 7.1.3.

Fix η = ν− ⊂ ν ⊆ ρ ∈ T 0. Sentence decomposition for all nodes is as follows.
The bounds for all sentences are: u ≤ wt(λ(η)), v = wt(up(η−)), t = wt(ρ),
and r = wt(ν). Monotonicity of sentence decomposition follows from (2.8.1) and
(2.8.4). Action is supported at {ρ ⊃ η : η is ρ-free}. By Lemma 3.1.8(i) (Σ1

Analysis), the construction has infinite support on T 1, and support propagates
from T 0 to T 1.

7.3.8 The Construction

The construction is faithfully executed.

7.3.9 The Verification

Fix the true path Λ0 ∈ [T 0] determined by the construction, and let Λk+1 =
λ(Λk) for k ≤ 2. Conditions (i) and (ii) of Definition 3.4.1 are satisfied, so by
Lemma 3.4.2 (Delayed Set Action), shared set action is compatible. It is easily
seen that the construction admits consistent action.

We note that if η1 ∈ T 1 is a γ1-node that becomes validated during the course
of the construction, then its directing sentence must be true when evaluated at
the initial derivative η of η1 along Λ0, so by the module-respecting feature of
the assignment procedure on T 1, η− is the principal derivative of (η1)− along
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Λ0; hence η− = (out(η1))−. Axioms for Γη2(∅) are declared as action for η

only when Γwt(η−)
η2 (∅) and Wwt(η−) are compatible and all such axioms output

values compatible with Wwt(η−). Thus shared functional axioms for Γη2(∅) are
compatible.

It remains to be shown that shared functional action for ∆bη2(B,W ) is com-
patible, where η̂2 is an initial derivative of a γ1-node η3 along a path through T 2.
Suppose that 〈η0, ρ0〉 and 〈η1, ρ1〉 share an axiom for ∆bη2(B,W ) on argument
y, with ρ0 ⊆ ρ1. For j ≤ 3 and i ≤ 1, let ηj

i = upj(ηi); note that η3 = η3
i and

that η̂2 ⊆ η2
i for i ≤ 1. Let η̂1 be the initial derivative of η̂2 on T 1. Without loss

of generality, we can assume that this axiom is not shared by any 〈η, ρ〉 with
ρ0 ⊂ ρ ⊂ ρ1. Before proceeding with the proof, we make several observations
whose verification is left to the reader.

(O1) If action for ξ ⊂ Λ0 places a number into A, then ξ is a β-node obeying
clause (ii) of Definition 3.1.7.

(O2) If i ≤ 1 and η̃1
i is the initial derivative of η2

i along η1
i , then y ≤ wt(η̃1

i ).

(O3) By Remark 2.4.2(ii), no node ⊂ η̂1 can be switched by any node in (ρ0, ρ1].

It follows from (O1), (O2) and (2.8.1) that the shared action will be compatible
unless there is a τ ∈ (ρ0, ρ1] and a β-node σ ⊂ ρ such that σ1 = up(σ) ⊂ η̃1

0∧ η̃1
1 ,

σ is activated along η̃1
0 (and so wt(up(σ)) /∈ Awt(τ−)) and σ is validated along

η̃1
1 (and so wt(up(σ)) ∈ Awt(τ)). We assume that such σ and τ exist, else there

is nothing more to show; by clause (ii) of Definition 3.1.7, we may assume that
τ− = σ. Note that up3(η0) = up3(η1); we let η3 = up3(η0).

The determination of antiderivatives now plays a crucial role. Antideriva-
tives are assigned giving preference to the γ1-nodes having Π outcome along
up3(σ), and when applicable, to their corresponding γ-node. If such a γ-node
ξ ∈ [τ, ρ1) is the principal derivative of up2(ξ) and has Σ outcome along ρ1, or
if such a γ1-node ξ ∈ [τ, ρ1) has Π outcome along ρ1, then η̂2 will not lie on the
current path through T 2 at ξ. By (O3), if every such γ-node has Π outcome at
ρ1 and every such γ1-node has Σ outcome at ρ1, then we will reach a γ1-node
ξ1 ∈ T 1 in the generalized basic module determined by σ1 whose activated out-
come, by (2.8.4), would be responsible to declare an axiom for ∆bη2(B,W ; y);
let ξ be the first derivative of ξ1 along Λ0 reached in this way, and let ν be its
immediate successor along Λ0. By (O2) applied to the smallest y for which such
axioms are shared, ξ will be an initial derivative, so we will begin working on
a functional Γ never before encountered in the construction, and so will act to
validate η1 and thus to place wt(σ1) ∈ Bwt(ν). By (2.8.1), (O1), (O2), and as
the B-use of the axiom declared for η0 has use wt((η1

0)−) > wt(σ1), the ora-
cles for the axioms shared by 〈η0, ρ0〉 and 〈η1, ρ1〉 will be incompatible; we thus
conclude that the shared axioms are compatible.

As the construction is faithfully executed, Lemma 3.1.6 now allows us to
conclude that clause (iv) of Definition 2.10.1 holds. The theorem now follows
from Theorem 2.11.5 (Modified Framework).
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Remark 7.3.2. We note that the proof that shared functional axioms for ∆
are compatible follows for any construction using the modules described above
for MΦ,W if all nodes placing numbers into A satisfy clause (ii) of Definition
3.1.7 and if they impose B-restraint, then they form generalized modules to-
gether with the MΦ,W requirements computing A, as described in the above
construction.
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Chapter 8

Paths and Links

There are many combinatorial properties that are shared by all constructions
using the trees of strategies approach, some of which are relevant only to con-
structions of a fixed level. We gather some of these properties together in this
chapter. We have attempted to isolate many combinatorial lemmas in this chap-
ter, so that the proofs presented in other chapters depend only on the statements
of these lemmas together with some special properties of the construction.

The lemmas of the current chapter are true of all assignments of requirements
and derivatives to trees that satisfy the conditions of Chapter 2. These lemmas
deal, among other things, with existence of initial and principal derivatives, an
analysis of the ability to take both switching and nonswitching extensions of
nodes, an analysis of the link creation process, and an analysis of the situations
in which we can find free derivatives of a node. We begin, in Section 8.1, with
some lemmas about the path generating and outcome functions λ and out. In
Section 8.2, we demonstrate the ability to take both switching and nonswitching
extensions. We prove some technical lemmas about links in Section 8.3, and
apply these in Section 8.4 to conclude that certain nodes will be free at various
stages of the construction. More general theorems are proved in Section 8.5.
The remaining sections deal with lemmas that are level-specific, i.e., depend on
the specific starting tree, or are more technical in nature.

Many of the lemmas deal with relationships between successive trees T k and
T k+1. We will state these lemmas in full generality, but frequently present only
the proof for k = 0, noting that the proofs relativize. We also fix n to be the
level of the construction under consideration.

8.1 Paths

The path generation process is designed to have many nice, uniform properties.
We describe some of those properties in this section. We begin with a lemma
that states that paths through the trees are either infinite or end at nodes of
the tree to which no requirements are assigned, and that initial and principal

109
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derivatives exist. This lemma is used many times, and provides an important
tool in the analysis of derived assignments. We first use this lemma to spell
out nice properties of the outcome function. Finally, we analyze the effect of
a switching node on the path computation process. The ability to determine
the nodes on each tree that were switched by the action of taking immediate
extensions on T 0 was the motivating factor in the definition of trees and of the
path computation function λ.

Lemma 8.1.1. (Limit Path Lemma) Fix k ∈ [0, n) and ρk ∈ T k ∪ [T k]. Let
ρk+1 = λ(ρk) if |ρk| < ∞, and let ρk+1 = lim{λ(ηk) : ηk ⊂ ρk} if |ρk| = ∞.
Then:

(i) If ηk+1 ⊂ λ(ρk), then ηk+1 has an initial derivative ηk along ρk and
λ(ηk) = ηk+1.

(ii) If ηk+1 ⊂ λ(ρk), then there is a νk ⊆ ρk such that πk = (νk)− is the
principal derivative of ηk+1 along ρk, (λ(νk))− = ηk+1, and for all ξk ⊆
ρk, λ(νk) ⊆ λ(ξk) iff νk ⊆ ξk.

(iii) If |ρk| = ∞, then either |ρk+1| = ∞, or no requirement is assigned to any
extension of ρk+1.

(iv) If |ρk| = ∞, then every block begun at δk ⊂ ρk is completed along ρk.

Proof. We prove the lemma for k = 0, noting that the proof relativizes. As is
our convention, we will drop the superscript 0.

(i): By Remark 2.4.2(iii) and as η1 ⊂ λ(ρ), η1 must have a derivative along
ρ; the shortest derivative η of η1 along ρ is the initial derivative of η1 along ρ.
Now (2.6.1) tells us that λ(η) ⊇ η1, and by Remark 2.4.2(iii), λ(η) 6⊃ η1. Hence
λ(η) = η1.

(ii): By (i), let η be the initial derivative of η1 along ρ. If there do not exist
π ⊂ ν ⊆ ρ such that π = ν−, up(π) = η1, and π has Π outcome along ν, then η
is the principal derivative of η1 along ρ, so (ii) follows from (i), Definition 2.4.1
and Remark 2.4.2(ii,iii). Otherwise, fix the shortest such ν. We note that π is
the principal derivative of η1 along ρ. By Definition 2.4.1 and Remark 2.4.2(ii),
λ(ν) = η1_〈ν〉, and if ξ ⊂ ρ then λ(ξ) ⊇ η1_〈ν〉 iff ξ ⊇ ν.

(iii): Suppose that |ρ| = ∞, |ρ1| < ∞, and a requirement is assigned to some
τ1 ⊇ ρ1 in order to obtain a contradiction. All assignment procedures will have
the property that the nodes along a path to which requirements are assigned
form an interval; hence we may assume that τ1 = ρ1. Then by Remark 2.4.2(ii),
there is an η ⊂ ρ such that for all ξ satisfying η ⊆ ξ ⊆ ρ, λ(ξ) = ρ1. By clause
(iii) of Definition 2.7.7, there is a δ ∈ (η, ρ) at which a ρ-block begins, and a
τ ⊂ ρ at which the δ-block along ρ is completed. By clause (ii) of Definition
2.7.7, ρ1 has a derivative ξ ∈ [δ, τ ] with immediate successor ν ⊂ ρ, so by
Definition 2.4.1, λ(ν) ⊃ ρ1, yielding the desired contradiction.

(iv): We proceed by reverse induction on j < n, so may assume that (iv)
holds for j = 1 and verify (iv) for j = 0. (Note that if n = 1, then either ρ1

is finite, or (iv) follows from clause (i) of Definition 2.3.1 and Definition 2.7.1.)
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Suppose that |ρ| = ∞ and a block is begun at δ ⊂ ρ. By Definition 2.7.5 and
(i), blocks on T 0 are completed at nodes that are initial derivatives of nodes of
T 1 completing blocks, so this is only possible if |λ(ρ)| < ∞. Thus by Remark
2.4.2(ii), there is an η ⊂ ρ such that for all ξ satisfying η ⊆ ξ ⊆ ρ, λ(ξ) = ρ1.
By clause (iii) of Definition 2.7.7, there is a τ ⊂ ρ that is a derivative of the
longest node ⊂ ρ1 having level 1 and Π outcome along ρ1. By Definition 2.7.5,
the δ-block along ρ is completed at such a τ .

The next lemma describes some useful properties of the function out.

Lemma 8.1.2. (Out Lemma) Fix k ≤ n and ρk ∈ T k. Then:

(i) If k > 0 and ρk ∈ λ(T k−1), then λ(out(ρk)) = ρk.

(ii) If k < n and |ρk| > 0, then there is a unique ρk+1 ∈ λ(T k) such that
out(ρk+1) = ρk.

Proof. We prove the lemma for k = 0, noting that the proof relativizes.
(i): ρ = ρ−_〈out(ρ)〉, and (out(ρ))− is the principal derivative of ρ− along

out(ρ). Hence (i) follows from Lemma 8.1.1(ii) (Limit Path).
(ii): Let ν = ρ−, let ν1 = up(ν), and let ρ1 = ν1_〈ρ〉. Then out(ρ1) = ρ.

Uniqueness follows once we note that if out(σ1) = ρ, then σ1 = ((σ1)−)_〈ρ〉
and up(ρ−) = (σ1)−. Hence (σ1)− = ν1 and so σ1 = ρ1.

We will need a precise analysis of the behavior of the path generating function
λ. Suppose that ηk ∈ T k and |ηk| > 0. We discuss the relationship of the
path computed by λj((ηk)−) to the path computed by λj(ηk) for all j ∈ [k, n].
Three types of phenomena can occur, and induce a partition of [k, n] into three
(possibly empty) connected intervals.

There will be a p ≥ k such that for all j ∈ [k, p], λj(ηk) is an immediate
successor of λj((ηk)−) = upj((ηk)−). ηk is not j-switching for any j ∈ [k, p].

If p 6= n, then there will be two possibilities. The first is that upp((ηk)−) =
(λp(ηk))− has Π outcome along λp(ηk). Then ηk will be (p + 1)-switching,
and will switch upj((ηk)−) for all j ∈ [p + 1, n]. ηk will switch the outcome
of upp+1((ηk)−) from a Π outcome along λp+1((ηk)−) to a Σ outcome along
λp+1(ηk). (We will show in Lemma 8.4.1 (Free Extension) that, in this case,
for all j ≥ p + 1, ηk will switch the outcome of upj((ηk)−) from a Π outcome
along λj((ηk)−) to a Σ outcome along λj(ηk) if j − (p + 1) is even, and from
a Σ outcome along λj((ηk)−) to a Π outcome along λj(ηk) if j − (p + 1) is
odd.) There will be an s ≥ p such that for all j ∈ [p + 1, s], upj((ηk)−) will
be the principal derivative of upj+1((ηk)−) along λj(ηk), and λj(ηk) will be an
immediate successor of upj((ηk)−). [p + 1, s] is the interval where the second
type of phenomenon occurs.

If s < n, then the third type of phenomenon begins at s + 1 (s = p if
upp((ηk)−) = (λp(ηk))− has Σ outcome along λp(ηk), that is the second possi-
bility alluded to in the preceding paragraph, and if this is the case, then ηk is not
switching). Here ups((ηk)−) will have Σ outcome along λs(ηk) and will not be
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the principal derivative of ups+1((ηk)−) along λs(ηk). Thus by Definition 2.4.1,
λs+1(ηk) = λ(ups((ηk)−)), so λt(ηk) = λt(ups((ηk)−)) for all t ∈ [s + 1, n].

The three types of phenomena mentioned above can be observed if we con-
sider the usual way to satisfy a thickness requirement on T 2. η0 decides, for
(η0)− = ξ0, whether to place an additional element x into a set S that is to
be either a finite subset of an infinite computable set R, or all of R. x will be
placed into S exactly if ξ0 has Π outcome along η0. First consider the case in
which ξ0 is an initial derivative of ξ1 = up(ξ0). If ξ1 is an initial derivative of
up(ξ1), then we will have p = s = 2; otherwise, we will have p = 1, and s = 1
(s = 2, resp.) if ξ0 has Π outcome (Σ outcome, resp.) along η0. In the latter
cases, if ξ0 has Π outcome along η0, then we have again found confirmation that
S should be infinite, and so place x into S; and if ξ0 has Σ outcome along η0,
then we have reaffirmed the decision that no more numbers be placed into S.
Next, consider the case in which ξ0 is not an initial derivative of ξ1 = up(ξ0).
If ξ0 has Σ outcome along η0, then there is no change in path computation on
T 1 or T 2, so p = s = 0. Otherwise, there is a change in path computation on
T 1, so p = 0 and s ≥ 1. If ξ1 = up(ξ0) is not an initial derivative, then s = 1;
otherwise, s = 2.

Lemma 8.1.3. (λ-Behavior Lemma) Fix νk ∈ T k. Then there are p and s such
that k ≤ p ≤ s ≤ n and the following conditions hold:

(i) For all i ∈ [k, p], λi((νk)−) = upi((νk)−) = (λi(νk))−, if i < p then
λi((νk)−) is the initial derivative of λi+1((νk)−) along λi(νk), and if i > k
then out(λi(νk)) = λi−1(νk).

(ii) For all i ∈ (p, s]:

(a) upi((νk)−) = (λi(νk))−; and
(b) λi((νk)−) | λi(νk) = (upi((νk)−))_〈λi−1(νk)〉.

(iii) For all i ∈ (s, n], λi(νk) = λi(ups((νk)−)).

Proof. We prove the lemma for k = 0, noting that the proof relativizes. We
verify (i)-(iii) by induction on |ν|. If i = 0, then ν− = λ0(ν−) = (λ0(ν))− =
up0(ν−). Let p ≤ n be the largest number such that λp(ν−) = (λp(ν))− =
upp(ν−). (i) now follows from Definition 2.4.1.

First suppose that ν is nonswitching. We then set s = p and note that (ii)
holds vacuously, and that (iii) holds vacuously if s = n. So suppose that s < n.
As it is not the case that λs+1(ν−) = (λs+1(ν))− = ups+1(ν−), it follows from
Lemma 8.1.1(i) (Limit Path) that (λs(ν))− cannot be an initial derivative of
ups+1(ν−). So since ν is nonswitching, it follows from Definition 2.4.1 that
λs+1(ν) = λs+1(ν−); hence for all i ∈ [s + 1, n],

λi(ν) = λi(λs+1(ν)) = λi(λs+1(ν)−) = λi(λs(ν−)) = λi(ups(ν−)),

and (iii) must hold.
Suppose that ν is switching. By (i), let ηp = upp(ν−) = (λp(ν))−, and

let ηp+1 = upp+1(ν−). We first show that ν is (p + 1)-switching, and that ηp
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has Π outcome along λp(ν). For suppose that ηp has Σ outcome along λp(ν)
in order to obtain a contradiction. ηp cannot be an initial derivative of ηp+1,
else the conditions of (i) would hold for p + 1 in place of p, contrary to the
choice of p. But if ηp is not an initial derivative of ηp+1, then as ηp has Σ
outcome along λp(ν), λp+1(ν) = λ(ηp) = λ(λp(ν−)) and so ν is nonswitching,
contrary to assumption. We conclude that ηp has Π outcome along λp(ν) and
is the principal derivative of ηp+1 along ν, so by Lemma 8.1.1(ii) (Limit Path),
λp+1(ν) = ηp+1_〈λp(ν)〉 and ν is (p+1)-switching. Thus (ii) holds for i = p+1.
Fix the least s ∈ (p, n), if any, such that the conditions of (ii) fail for i = s + 1;
otherwise, let s = n. (ii) now follows.

As s + 1 > p + 1, we note that ups(ν−) cannot be the principal derivative
of ups+1(ν−) along λs(ν), else by Lemma 8.1.1(ii) (Limit Path), the condition
specified in (ii) would hold for i = s+1. Thus ups(ν−) = (λs(ν))− cannot have
Π outcome along λs(ν), nor can ups(ν−) be the initial derivative of ups+1(ν−)
along λs+1(ν). Thus if s < n, then by Definition 2.4.1, λs+1(ν) = λ((λs(ν))−),
so λi(ν) = λi((λs(ν))−) = λi(ups(ν−)) for all i ∈ (s, n].

From now on, whenever we write Λk ∈ [T k], we assume that there is a
Λ0 ∈ [T 0] such that Λk = λk(Λ0). Similarly, if we write ηk ∈ T k, we assume
that ηk ⊂ Λk for some Λk ∈ [T k]. If this is not the case, then ηk and Λk are
irrelevant to our construction.

8.2 Switching and Nonswitching Extensions

The λ-Behavior Lemma describes the effect of extending nodes on the path
computation process. We now want to look at the inverse question, namely, can
we get immediate extensions νk of ηk that are nonswitching extensions, and can
we get switching extensions. Lemma 8.2.1 (Nonswitching Extension) provides
the answer for nonswitching extensions; it shows that we can always find a
nonswitching extension, and that the ηk-links and the νk-links coincide when
we take nonswitching extensions. Lemma 8.2.2 (Switching Extension) answers
the question for switching extensions, and proves that we can find a switching
extension unless ηk is an initial derivative of upj(ηk) for all j ∈ [k, n]. In both
cases, the determination of whether the extension is switching or nonswitching
depends only on whether ηk has Σ outcome or Π outcome along νk.

Lemma 8.2.1. (Nonswitching Extension Lemma) Fix k ≥ 1 and ηk ∈ T k.
Then either ηk_〈βk−1〉 will be nonswitching for every βk−1 ∈ T k−1 such that
ηk_〈βk−1〉 ∈ T k and (βk−1)− has Π outcome along βk−1, or ηk_〈βk−1〉 is
nonswitching for every βk−1 ∈ T k−1 such that ηk_〈βk−1〉 ∈ T k and (βk−1)−

has Σ outcome along βk−1. Moreover, if ηk_〈βk−1〉 is a nonswitching extension
of ηk, then for all j ≥ k, the λj(ηk)-links and the λj(ηk_〈βk−1〉)-links coincide.

Proof. We prove the lemma for k = 1, noting that the proof relativizes. We pro-
ceed by induction on n− k, and present the proof with notation that relativizes
straightforwardly. We note that no node on Tn is switching.
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Suppose that n > 1 and that η1 is not the initial derivative of up(η1) along
η1. Fix β ∈ T 0 such that β− has Σ outcome along β. By Definition 2.4.1,
λ(η1_〈β〉) = λ(η1). Thus for all j ∈ [2, n],

λj(η1_〈β〉) = λj(λ(η1_〈β〉)) = λj(λ(η1)) = λj(η1)

for all j ∈ (1, n], so η1_〈β〉 is nonswitching.
Suppose that n > 1 and that η1 is the initial derivative of up(η1) along η1. By

Lemma 8.1.1(i) (Limit Path), up(η1) = λ(η1). If up(η1)_〈β1〉 is nonswitching
for every β1 ∈ T 1 such that up(η1)_〈β1〉 ∈ T 2 and (β1)− has Π outcome
(Σ outcome, resp.) along β1, fix β ∈ T 0 such that η1_〈β〉 ∈ T 1 and β−

has Σ outcome (Π outcome, resp.) along β; one of these cases must hold by
induction, using the relativized lemma for k = 2. By Lemma 8.1.1(ii) (Limit
Path), λ(η1_〈β〉) = up(η1)_〈η1_〈β〉〉. Hence by Lemma 8.1.1(i) (Limit Path),

λj(η1_〈β〉) = λj(λ(η1_〈β〉)) =

λj(up(η1)_〈η1_〈β〉〉) ⊇ λj(up(η1)) = λj(λ(η1)) = λj(η1)

for all j ∈ [2, n], and so η1_〈β〉 is nonswitching.
Suppose that η1_〈β〉 is a nonswitching extension of η1. We note that for all

j ∈ [1, n], λj(η1_〈β〉) ⊇ λj(η1). Hence every primary λj(η1)-link is a primary
λj(η1_〈β〉)-link, and so every λj(η1)-link is a λj(η1_〈β〉)-link. Fix p and s
as in the proof of Lemma 8.1.3 (λ-Behavior). As η1_〈β〉 is a nonswitching
extension of η1, it follows from the proof of Lemma 8.1.3 (λ-Behavior) that
p = s. If j ≤ p, then by Lemma 8.1.3(i) (λ-Behavior), (λj(η1_〈β〉))− = λj(η1)
and λj(η1) is the initial derivative of up(λj(η1)) along λj(η1_〈β〉); and if j > p,
then by Lemma 8.1.3(iii) (λ-Behavior), λj(η1_〈β〉) = λj(η1). In either case,
any λj(η1_〈β〉)-link is a λj(η1)-link.

Lemma 8.2.2. (Switching Extension Lemma) Fix k ≤ n and ηk ∈ T k. Then
one of the following conditions holds:

(i) ηk_〈βk−1〉 is switching for all βk−1 ∈ T k−1 such that (βk−1)− has Σ
outcome along βk−1.

(ii) ηk_〈βk−1〉 is switching for all βk−1 ∈ T k−1 such that (βk−1)− has Π
outcome along βk−1.

(iii) ηk is the initial derivative of upj(ηk) along λj(ηk) for all j ∈ [k, n].

Proof. We prove the lemma for k = 1, noting that the proof relativizes. We
proceed by induction on n. (iii) holds if n = 1. Suppose that n > 1. Let µ1

be the initial derivative of up(η1) along λ(η1). If µ1 ⊂ η1, then by (2.6.2) and
(2.6.3), up(η1) must have Π outcome along λ(η1); so if β is a Π outcome for
η1, then it follows from Definition 2.4.1 that λ(η1) | λ(η1_〈β〉), and (ii) holds.
Suppose that µ1 = η1. By Lemma 8.1.1(i) (Limit Path), up(η1) = λ(η1). If
up(η1)_〈β〉 is switching for all β ∈ T 0 such that β− has Σ outcome along β,
then (ii) holds. If up(η1)_〈β〉 is switching for all β ∈ T 0 such that β− has Π
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outcome along β, then (i) holds. Otherwise, by induction, up(η1) is the initial
derivative of upj(up(η1)) = upj(η1) along λj(λ(η1)) = λj(η1) for all j ∈ [1, n],
so (iii) holds.

8.3 Links

Condition (2.6.4) imposes restrictions on the path generation process that are
reflected when the extension taken is a switching extension. The switching
process removes nodes from the current path by creating links that restrain
derivatives of those nodes. In order to return these nodes to a newly computed
current path, the links must be removed. We first show that links are nested,
so that the process of removing links by switching paths must be carried out in
an orderly manner, no matter how a path is extended. We will also determine
the relationship between the restraint of ηk by a λk(ρj)-link, and the location
of antiderivatives of ηk relative to the paths through trees computed by ρj , thus
analyzing the relationship between links and switching nodes.

The process of returning a node to the current path will proceed by tak-
ing extensions that switch the outcomes of the last nodes of links. It will be
important to characterize the links that must be switched in this way. The
characterization will depend on the fact that any two ρk-links are either nested
or disjoint.

Lemma 8.3.1. (Nesting Lemma) Fix k ≤ n and ρk ∈ T k ∪ [T k]. Suppose that,
for i ≤ 1, [µk

i , πk
i ] is an ρk-link and that πk

0 ⊂ πk
1 . Then either µk

1 ⊆ µk
0 or

πk
0 ⊂ µk

1 .

Proof. We proceed first by induction on n − k, then by induction on |ρk|, and
finally by induction on |ρk|−|πk

0 |. As there are no links on Tn, the lemma holds
trivially for k = n. Assume that the lemma is true for k+1 in place of k. As the
proof relativizes, we just present the proof for k = 0, and as is our convention,
drop the superscript when it is 0.

For each i ≤ 1, fix the λ(ρ)-link [µ1
i , π

1
i ] from which [µi, πi] is derived if such a

link exists; otherwise, [µi, πi] is a primary ρ-link, and we set µ1
i = π1

i = up(µi) =
up(πi). We note that by Definitions 2.4.4 and 2.5.4, for i ≤ 1, µi (πi, resp.) is
the initial (principal, resp.) derivative of µ1

i (π
1
i , resp.) along ρ. First assume

that π1
0 and π1

1 are comparable. As π0 ⊂ π1, it follows from Lemma 8.1.1(ii)
(Limit Path) that π1

0 ⊂ π1
1 . If π1

0 ⊂ µ1
1, then by Lemma 8.1.1(i),(ii) (Limit

Path), µ0 ⊂ π0 ⊂ µ1 ⊂ π1 and the lemma holds. Otherwise, µ1
1 ⊆ π1

0 ⊂ π1
1 . If

µ1
0 = π1

0 , then µ1
1 ⊆ µ1

0. And if µ1
0 6= π1

0 , then by induction, µ1
1 ⊆ µ1

0. In either
case, it follows from Lemma 8.1.1(i) (Limit Path) that µ1 ⊆ µ0.

Now assume that π1
0 | π1

1 , and let κ1 = π1
0 ∧ π1

1 . By (2.6.1), λ(πi) ⊇ π1
i for

i ≤ 1, so by Remark 2.4.2(vi) and as π0 ⊂ π1, κ1 has a principal derivative µ
that has Σ outcome along π0 and so is the initial derivative of κ1 along π0, and
a principal derivative π ∈ (π0, π1) along π1 that has Π outcome along π1. Thus
[µ, π] is a primary π1-link that restrains π0, and so by induction on |ρ|, µ ⊆ µ0.
As [µ, π] is a primary π1-link and π1 ⊂ ρ, [µ, π] is also a primary ρ-link. Hence
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by induction on |ρ| − |π0|, either π ⊂ µ1 or µ1 ⊆ µ. As µ ⊆ µ0 and π0 ⊂ π, it
follows that either π0 ⊂ µ1 or µ1 ⊆ µ0.

The next lemma identifies the outcome of a link with the actual outcome of
the node ending the link.

Lemma 8.3.2. (Faithful Outcome Lemma) Fix µk ⊂ πk ⊂ ρk ∈ T k ∪ [T k] such
that [µk, πk] is an ρk-link. Then [µk, πk] has Σ outcome iff πk has Σ outcome
along ρk.

Proof. We proceed by induction on n − k. As there are no links on Tn, the
lemma holds for k = n. Assume that k < n. As the proof relativizes, we just
present the proof for k = 0, and as is our convention, drop the superscript when
it is 0.

First assume that [µ, π] has Σ outcome. Then [µ, π] is not a primary ρ-link,
so [µ, π] is derived from some λ(ρ)-link [µ1, π1], and [µ1, π1] has Π outcome. By
induction, π1 has Π outcome along λ(ρ), so by Definition 2.2.2, π must have Σ
outcome along ρ.

Assume that [µ, π] has Π outcome. If [µ, π] is a primary ρ-link, then π has Π
outcome along ρ. Otherwise, [µ, π] is derived from some λ(ρ)-link [µ1, π1], and
[µ1, π1] has Σ outcome. By induction, π1 has Σ outcome β along λ(ρ), so by
Definition 2.2.2, β− has Π outcome along β ⊆ ρ. By Definition 2.5.4, [µ, π] is
the unique ρ-link of T derived from [µ1, π1], and π = β−. So π has Π outcome
along ρ.

The next lemma relates the existence of antiderivatives of a node ηk on a
path computed by ρk to the restraint of ηk by a ρk-link. It is used frequently
to determine whether or not links restraining a given node are present.

Lemma 8.3.3. (Link Analysis Lemma) Fix k ≤ r ≤ n and ηk ⊆ ρk ∈ T k∪[T k].
Then:

(i) If up(ηk)|λ(ρk) and κk = up(ηk)∧λ(ρk), then there are σk ⊂ τk ⊆ ρk such
that λ(τk) ⊆ λ(ρk) and [(σk)−, (τk)−] is a primary ρk-link that properly
ρk-restrains all ξk ⊂ ρk for which up(ξk) ⊃ κk and up(ξk)|λ(τk).

(ii) If [µ̃k, π̃k] is an ρk-link that ρk-restrains the principal derivative ηk of
up(ηk) along ρk, then either there is a primary ρk-link [µk, πk] that prop-
erly ρk-restrains ηk and up(ηk) 6⊆ λ(ρk), or [µ̃k, π̃k] is derived from a
λ(ρk)-link that λ(ρk)-restrains up(ηk).

(iii) If there is a primary ρk-link [µk, πk] that ρk-restrains the initial derivative
αk of up(ηk) along ρk, then either up(ηk) 6⊆ λ(ρk) or µk = αk.

Proof. As the proof relativizes, we just present the proof for k = 0, and as is
our convention, drop the superscript when it is 0.

(i): As η ⊂ ρ and up(η) | λ(ρ), it follows from Lemma 8.1.1(i),(ii) (Limit
Path) that κ1 has an initial derivative µ and a principal derivative π such that
µ ⊂ π ⊂ ρ. Fix σ, τ ⊆ ρ such that σ− = µ and τ− = π, and note that
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by 8.1.1(i),(ii) (Limit Path) and (2.6.2), λ(σ) = κ1_〈σ〉 ⊆ up(η) and λ(τ) =
κ1_〈τ〉 ⊆ λ(ρ). By Lemma 8.1.1(i,ii) (Limit Path), µ ⊂ η ⊂ π. (i) now follows
from the observation that the choice of [µ, π] will be identical for any ξ ⊂ ρ for
which up(ξ) ⊃ κ and up(ξ)|λ(τ).

(ii): First suppose that [µ̃, π̃] is a primary ρ-link. As π̃ is the principal
derivative of up(π̃) along ρ and is not ρ-restrained by [µ̃, π̃], we cannot have
up(π̃) = up(η). As the link is primary, up(µ̃) = up(π̃); hence the restraint of η
by this link must be proper.

Otherwise, [µ̃, π̃] must derived from the λ(ρ)-link [up(µ̃),up(π̃)]. We compare
the locations of up(η), up(µ̃) and up(π̃) on T 1. We cannot have up(η) ⊂ up(µ̃),
else by Lemma 8.1.1(ii) (Limit Path), we would have η ⊂ µ̃ so [µ̃, π̃] would
not ρ-restrain η. We cannot have up(π̃) ⊆ up(η), else by Lemma 8.1.1(ii)
(Limit Path) and as π̃ and η are both principal derivatives along ρ, we would
have π̃ ⊆ η so [µ̃, π̃] would not ρ-restrain η. If up(µ̃) ⊆ up(η) ⊂ up(π̃), then
[up(µ̃),up(π̃)] λ(ρ)-restrains up(η) and (ii) follows. Otherwise, we must have
up(η)|up(π̃) ⊆ λ(π), so by Remark 2.4.2(ii), up(η)|λ(ρ); (ii) now follows from
(i) in this case.

(iii): Suppose that [µ, π] is a primary ρ-link that ρ-restrains the initial deriva-
tive α of up(η) along ρ, and that up(η) ⊆ λ(ρ). We assume that µ 6= α and derive
a contradiction. By Lemma 8.3.1 (Nesting), there can be no primary α-link that
α-restrains µ, so by (i), up(µ) ⊆ λ(α). By (2.6.1), up(α) ⊆ λ(α), so up(µ) and
up(α) are comparable. As µ 6= α, it follows from Lemma 8.1.1(i) (Limit Path)
that up(µ) ⊂ up(α). As [µ, π] is a primary ρ-link and α ⊂ π, it follows from
(2.6.2) that all derivatives of up(µ) that are ⊂ α must have Σ outcome along α,
and π must have Π outcome along ρ, so as µ 6= α, up(µ) must have Π outcome
along λ(α), but Σ outcome along λ(ρ). But up(µ) ⊂ up(α) = up(η) ⊆ λ(ρ), so
by (2.6.1), up(α) ⊆ λ(α), λ(ρ). Thus up(µ) must have the same outcome along
both λ(α) and λ(ρ), yielding a contradiction.

The next two definitions trace links to higher trees, and allow us to identify
the levels where the paths computed by ηk are compatible with those computed
by ρk. A node ηk ⊆ ρk will be ρk-true if the paths computed by ηk are com-
patible with those computed by ρk. Recall that ηk ⊆ ρk is ρk-free if ηk is not
restrained by any link along ρk. While these notions are closely related, they
are not identical. We will show, in Lemma 8.3.7 (Free and True) that ηk is
ρk-true iff (ηk)− is ρk-free.

Definition 8.3.4. Fix k ≤ r ≤ n and ηk ⊆ ρk ∈ T k ∪ [T k]. We say that ηk is
(ρk, r)-true if λj(ηk) ⊆ λj(ρk) for all j ∈ [k, r]. ηk is ρk-true if ηk is (ρk, n)-true.

Definition 8.3.5. Fix k ≤ r ≤ n and ηk ⊂ ρk ∈ T k ∪ [T k]. Let [µk, πk]
be a ρk-link. We say that [µk, πk] is a (ρk, r)-link if [µk, πk] is derived from a
primary λr(ρk)-link. [µk, πk] is a (ρk,≤ r)-link if [µk, πk] is a (ρk, j)-link for
some j ∈ [k, r]. We say that ηk is (ρk,≤ r)-restrained if ηk is restrained by a
(ρk,≤ r)-link, and that ηk is (ρk, r)-restrained if ηk is restrained by a (ρk, r)-link.
ηk is (ρk, r)-free if ηk is not (ρk, r)-restrained.

We now show that ρk-links are preserved by τk ⊇ ρk, as long as ρk is τk-true.
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Lemma 8.3.6. (Link Preservation Lemma) Fix k ≤ r ≤ n, τk ∈ T k ∪ [T k],
and µk ⊂ πk ⊂ ρk such that ρk is (τk, r)-true. Then [µk, πk] is a (τk, r)-link iff
[µk, πk] is an (ρk, r)-link.

Proof. As the proof relativizes, we just present the proof for k = 0, and as is
our convention, drop the superscript when it is 0.

Clearly, any (ρ, r)-link is a (τ, r)-link. Suppose that [µ, π] is a (τ, r)-link and
that π ⊂ ρ. For all j ≤ r, let [µj , πj ] be the λj(τ)-link from which [µ, π] is
derived. We proceed by induction on j ≤ r showing that πj ⊂ λj(ρ); the lemma
then follows by definition.

The induction hypothesis holds if j = 0. Suppose that j > 0. As j ≤ r and ρ
is (τ, r)-true, we must have λj(ρ) ⊆ λj(τ). As [µj , πj ] is a λj(τ)-link, πj ⊂ λj(τ).
Hence πj and λj(ρ) are comparable. Fix the immediate successor νj−1 of πj−1

along λj−1(τ). Now by induction and hypothesis, πj−1 ⊂ λj−1(ρ) ⊆ λj−1(τ),
and by Definition 2.5.4, πj−1 is the principal derivative of πj along λj(τ). Hence
by Lemma 8.1.1(ii) (Limit Path), πj_〈νj−1〉 ⊆ λj(ρ).

We now show that there is a close relationship between the properties of
being ρk-free and of being ρk-true.

Lemma 8.3.7. (Free and True Lemma) Fix k < r ≤ n and νk ⊆ ρk ∈ T k∪[T k].
Then:

(i) If νk is not (ρk, r)-true, then (νk)− is (ρk,≤ r − 1)-restrained.

(ii) νk is ρk-true iff (νk)− is ρk-free.

(iii) If νk is ρk-free, then up(νk) is λ(ρk)-free. In fact, if up(νk) is λ(ρk)-
restrained by a λ(ρk)-link [µk+1, πk+1] derived from a primary λr(ρk)-link,
then either νk is ρk-restrained by the ρk-link derived from [µk+1, πk+1], or
νk is ρk-restrained by a ρk-link derived from a primary λs(ρk)-link for
some s < r.

Proof. As the proof relativizes, we just present the proof for k = 0, and as is
our convention, drop the superscript when it is 0.

(i): Fix the smallest r such that ν is not (ρ, r)-true; it suffices to show that
ν− is (ρ,≤ r − 1)-restrained. By Lemma 8.3.3(i) (Link Analysis), there is a
primary λr−1(ρ)-link [µr−1, πr−1] such that µr−1 ⊂ λr−1(ν) ⊆ πr−1 and if ξr−1

is the immediate successor of πr−1 along λr−1(ρ), then ξr−1 ⊆ λr−1(ρ). For all
j ≤ r − 1 let [µj , πj ] be the λj(ρ)-link derived from [µr−1, πr−1], and let ξj be
the immediate successor of πj along λj(ρ). By Lemma 8.1.1(i,ii) (Limit Path),
for all i, j ≤ r− 1 such that i < j, λj(µi) = µj and λj(ξi) = ξj , and by Remark
2.4.2(v), µi ⊂ λi(ν) ⊂ ξi. Thus µ ⊆ ν− ⊂ π, so ν− is (ρ,≤ r − 1)-restrained.

(ii) We prove the contrapositives. For all i ≤ n, let νi = λi(ν) and ρi = λi(ρ).
By (i), if ν is not ρ-true, then ν− is not ρ-free.

Suppose that η = ν− is not ρ-free. We may assume that νi ⊆ ρi for all i ≤ n,
else (ii) is immediate. Fix the smallest j such that η is (ρ, j)-restrained, and
fix a primary ρj-link [µj , πj ] such that η is restrained by a ρ-link [µ, π] derived
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from [µj , πj ]; note that j < n as there are no links on Tn. Then µ ⊆ η ⊂ π,
so µ ⊂ ν ⊆ π. For all i ≤ j, let [µi, πi] be the ρi-link derived from [µj , πj ].
As νi, πi ⊆ ρi and µi ⊂ πi for all i ≤ j, νi, πi and µi are all comparable.
Hence by Remark 2.4.2(v), Lemma 8.1.1(ii) (Limit Path), and induction on j,
µi ⊂ νi ⊆ πi for all i ≤ j.

As [µj , πj ] is a primary ρj-link, it must be the case that µj and πj are,
respectively, the initial and principal derivatives of up(µj) = up(πj) along ρj .
By Remark 2.4.2(ii,vi) and (2.6.4), up(µj) must have Π outcome along νj+1; and
as πj ⊂ ρj and πj is the principal, but not the initial, derivative of up(µj) along
ρj , if up(µj) ⊆ ρj+1, then up(µj) has Σ outcome along ρj+1. Thus νj+1 6⊆ ρj+1,
and so ν is not ρ-true.

(iii): For all j ≤ r, let κj = λj(ν) ∧ λj(ρ). We may assume that the ρ-link
[µ, π] derived from [µ1, π1] does not ρ-restrain ν, else we are done. Thus we must
have π ⊆ ν, and since [µ1, π1] λ(ρ)-restrains ν1 = up(ν) and hence ν1 ⊂ π1, we
conclude that π ⊂ ν.

Fix the smallest p ≤ r, if any, such that λp(ν)|λp(ρ); such a p must exist,
else [µ1, π1] would also be a λ(ν)-link, so ν1 would not be λ(ν)-free contrary
to (2.6.4). By Remark 2.4.2(iv), κp must have an initial derivative µ̃p−1 ⊂
λp−1(ν) with Σ outcome along λp−1(ν), and a principal derivative π̃p−1 ∈
[λp−1(ν), λp−1(ρ)) with Π outcome along λp−1(ρ), and so [µ̃p−1, π̃p−1] is a pri-
mary λp−1(ρ)-link. For all j < p, let [µ̃j , π̃j ] be the λj(ρ)-link derived from
[µ̃p−1, π̃p−1], and fix ξj ⊆ λj(ρ) such that (ξj)− = π̃j . (As is our convention,
we omit the superscript 0.) (iii) will follow once we show that [µ̃, π̃] ρ-restrains
ν.

By Lemma 8.1.1(i) (Limit Path), µ̃j ⊂ λj(ν) for all j ≤ p− 1. Furthermore,
by choice of p and as π̃j ⊂ λj(ρ) for all j ≤ p, π̃j , ξj and λj(ν) must be
comparable for all j ≤ p− 1. We compare the locations of λj(ν), ξj and π̃j for
j < p.

First assume that there is a j < p such that λj(ν) ⊇ ξj . If j < p−1, then by
Lemma 8.1.1(i) (Limit Path) and Definition 2.4.1 and since λj+1(ν) and ξj+1

are comparable and λj+1(ν) ⊆ λj+1(ρ), we must have λj+1(ν) ⊇ ξj+1; hence by
induction, λp−1(ν) ⊇ ξp−1. Thus [µ̃p−1, π̃p−1] is a primary λp−1(ν)-link. But
this implies that π̃p−1 ⊂ λp−1(ν), a contradiction.

Next assume that there is a j < p such that λj(ν) ⊂ π̃j . If j > 0, then by
Lemma 8.1.1(i) (Limit Path) and Definition 2.4.1 and since λj+1(ν) and ξj+1

are comparable and λj+1(ν) ⊆ λj+1(ρ), we must have λj−1(ν) ⊂ π̃j−1. Hence
by induction, ν = λ0(ν) ⊂ π̃, and so [µ̃, π̃] is a ρ-link restraining ν. As p−1 < r,
(iii) now follows in this case.

Otherwise, we must have λj(ν) = π̃j for all j ≤ p−1, so as π̃j is a derivative
of π̃j+1 for all j < p − 1, it follows from Definition 2.4.1 that π̃j is the initial
derivative of π̃j+1 for all j < p − 1. As ν = λ0(ν) = π̃, we must have νj =
upj(ν) = π̃j for all j ≤ p − 1. Now [µ1, π1] and [µ̃1, π̃1] are both λ1(ρ)-links,
and as π ⊂ ν = π̃ and both π and π̃ are principal derivatives, it follows from
Lemma 8.1.1(ii) (Limit Path) that π1 ⊂ π̃1. But then ν1 ⊂ π1 ⊂ π̃1 = ν1, a
contradiction. Thus this case cannot occur, and the lemma follows.
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8.4 Free Nodes

We now prove two lemmas that specify that certain nodes are free. The first
lemma will be used to analyze the path-switching process; it will be used to
extend paths, thereby returning a node that is not along the current path to
the current path as computed by the extension. The second lemma will allow
us to conclude that free nodes have sufficiently many free derivatives. Our
inductive process requires nodes to pass down the responsibility for satisfying a
given condition to its free derivatives, each of which will have the responsibility
to satisfy instances of that condition. This lemma will be used to show that if
the derivatives succeed in satisfying their conditions, then the condition for the
original node will be satisfied.

When a requirement is assigned to ηk ∈ T k, then by Lemma 8.3.7(iii) (Free
and True) and the process of pulling links down from tree to tree, upi(ηk) is
λi(ηk)-free for all i ∈ [k, n]. If (νk)− = ηk and i ∈ [k, n], i.e., νk determines
an outcome for ηk, then νk may or may not switch upi(ηk). We show that in
either case, no λi(νk)-link restrains upi(ηk) for any i ∈ [k, n]. Furthermore, if
νk is r-switching, then νk switches upi(ηk) for all i ∈ [r, n].

Lemma 8.4.1. (Free Extension Lemma) Fix k ≤ n and ηk, νk ∈ T k such that
ηk = (νk)−. For all i ∈ [k, n], let ηi = upi(ηk). Then:

(i) For all i ∈ [k, n], ηi is λi(νk)-free.

(ii) If νk is r-switching, then νk switches ηi for all i ∈ [r, n], and each such
switch interchanges Σ outcomes and Π outcomes.

Proof. As the proof relativizes, we just present the proof for k = 0, and as is
our convention, drop the superscript when it is 0. Fix p and s as in Lemma
8.1.3 (λ-Behavior).

(i): If i ≤ s, then by Lemma 8.1.3(i,ii) (λ-Behavior), ηi = (λi(ν))−. If [µi, πi]
is a λi(ν)-link, then πi is a principal derivative along λi(ν), so πi ⊆ (λi(ν))− =
ηi. But [µi, πi] does not restrain any node ⊇ πi, so (i) follows in this case.

Suppose that i > s. By Lemma 8.1.3(ii,iii) (λ-Behavior), λi(ν) = λi(ηs),
and by (2.6.4) and Lemma 8.3.7(iii) (Free and True), ηi is λi(ηs)-free, so (i)
again follows.

(ii): Suppose that ν is r-switching. By Lemma 8.1.3 (λ-Behavior), r = p+1.
We proceed by induction on i ∈ [p+1, n]. By Lemma 8.1.3(ii) (λ-Behavior) and
Remark 2.4.2(vi), ν switches ηp+1 from Π outcome to Σ outcome.

Suppose that i > p + 1. If ηi−1 has Π outcome along λi−1(ν), then by (i)
and Definition 2.4.1, ηi has Σ outcome along λi(ν). By induction, ν switches
ηi−1 and ηi−1 has Σ outcome along λi−1(η). By (2.6.4) and Lemma 8.3.7(iii)
(Free and True), ηi−1 is λi−1(η)-free, so by (2.6.2), each derivative of ηi along
λi−1(η) must have Σ outcome along λi−1(η). Hence by Remark 2.4.2(vi), ηi has
Π outcome along λi(η).

On the other hand, suppose that ηi−1 has Σ outcome along λi−1(ν). By (i),
ηi−1 is λi−1(ν)-free. Hence by (2.6.2), all derivatives of ηi along λi−1(ν) must
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have Σ outcome along λi−1(ν), so by Remark 2.4.2(vi), ηi has Π outcome along
λi(ν). Now by induction, ηi−1 has Π outcome along λi−1(η), and by (2.6.4) and
Lemma 8.3.7(iii) (Free and True), ηi ⊂ λi(η); hence by Remark 2.4.2(vi), ηi has
Σ outcome along λi(η).

The nodes that are Λk-free have the responsibility to determine activated
and validated action. However, we will be unable to effectively identify these
nodes, and so, will be unable to prevent other nodes from acting. We will have
to show that the nodes to which we want to assign responsibility for action
can automatically transfer this responsibility to their derivatives. In order for
this transfer to occur, we will need to show that principal derivatives of free
nodes are free, and that if a free node has Π outcome along the true path Λk+1

through T k+1, then it has infinitely many free derivatives along the true path
Λk through T k. We show this in our next lemma.

Lemma 8.4.2. (Free Derivative Lemma) Fix k < n and ρk ∈ T k ∪ [T k]. For
all j ∈ [k, n], let ρj = λj(ρk). Suppose that ηk+1 ⊂ ρk+1 is ρk+1-free. Then:

(i) The principal derivative ηk ⊂ ρk of ηk+1 along ρk is ρk-free.

(ii) If ηk+1 has Π outcome along ρk+1, lev(ηk+1) > k and |ρk| = ∞, then
ηk+1 has infinitely many ρk-free derivatives.

Proof. As the proof relativizes, we just present the proof for k = 0, and as is
our convention, drop the superscript when it is 0.

(i): By Lemma 8.1.1(ii) (Limit Path), fix the principal derivative η of η1

along ρ. Suppose that η is ρ-restrained by a ρ-link [µ, π] in order to obtain a con-
tradiction. Without loss of generality, we may assume that [µ, π] is a primary ρ-
link, else by Lemma 8.3.7(iii) (Free and True), η1 would be ρ1-restrained by a ρ1-
link, so would not be ρ1-free, contrary to hypothesis. By Lemma 8.3.1(Nesting),
we may assume that π is not ρ-restrained. Let ν be the immediate successor of
η along ρ. By Lemma 8.1.1(ii) (Limit Path), (λ(ν))− = up(η) and by Lemma
8.3.3(i) (Link Analysis) and Lemma 8.1.1(ii) (Limit Path), λ(ν) ⊆ λ(ρ). By
Lemma 8.3.7(ii) (Free and True), λ(ν) is λ(ρ)-true. Hence ν is ρ-true, so by
Lemma 8.3.7(ii) (Free and True), η is ρ-free.

(ii): We note by Lemma 8.1.1(i) (Limit Path) that if ζn ⊂ ρn, then for all
j ≤ n, the initial derivative ζj of ζn along ρj is ρj-true. As |ρ| = ∞, it follows
from Definition 2.7.5 that ζ completes a ρ-path through a block. If suffices to
show that for all such ζ for which upn(η) ⊂ ζn, η1 has a ρ-free derivative in the
block, B, containing ζ. Fix such a ζ.

By Lemma 8.3.7(iii) (Free and True), for all j ∈ [1, n], ηj is ρj-free, so by
Lemma 8.3.6 (Link Preservation), ηj is ζj-free. By Lemma 8.1.1(i) (Limit Path),
λ(ζj) = ζj+1 for all j < n. It now follows easily from our hypothesis that η1

is ζ-consistent. By clause (ii) of Definition 2.7.7, η1 has a ζ-free derivative ξ in
B. As ζ is ρ-true, it follows from Lemma 8.3.6 (Link Preservation) that ξ is
ρ-free.
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8.5 Relationships Between Links

Constructions starting on trees of arbitrarily high finite levels will require a
more detailed analysis of the framework. Many of the facts that will be needed
deal with an analysis of how links are created and destroyed. Results of that
type are presented in this section; their ultimate value will be in their use in
subsequent chapters. We fix a number ` as the level of a given construction,
and refer to that number throughout this section. Our first lemma summarizes
the facts we will need about the freeness of nodes.

Lemma 8.5.1. (Freeness Transmission Lemma) Fix k ≤ `, κk, σk ∈ T k and
η ∈ T 0 such that σk is λk(η)-free and κk = λk(η−) ∧ λk(η). Then:

(i) For all j ∈ (k, `], upj(σk) is λj(η)-free.

(ii) For all j ≤ k, the principal derivative of σk along λj(η) is λj(η)-free.

(iii) κk is both λk(η−)-free and λj(η)-free.

Proof. (i) follows inductively from Lemma 8.3.7(iii) (Free and True). (ii) follows
immediately from Lemma 8.4.2(i) (Free Derivative).

Lemma 8.4.1(i) (Free Extension) and Lemma 8.3.1(i) (λ-Behavior) imply
that κk = upk(η−) is λk(η)-free. As no η−-link can restrain η−, η− is η−-free.
It now follows from (i) that κk is λk(η−)-free.

The next lemma is technical in nature and will be used to compare links
on the same tree. Its clauses will be applied either to the beginnings or ends
of links. The main facts to be extracted from this lemma are that if a node
properly extends the end of a link on T k, then its derivatives on T k−1 must
properly extend the end of the derived link; and when links have non-empty
intersection and end at different nodes, then we can specify which of the links
is nested within the other.

Lemma 8.5.2. (Link Comparison Lemma) Fix k ≤ ` and ηk
0 ⊆ ηk

1 ⊂ ηk
2 ⊂

νk ∈ T k such that (νk)− = ηk
2 , For all j ≤ k and i ≤ 2, let νj = outj(νk),

µj
i = initj(ηk

i , νj), and πj
i = prinj(ηk

i , νj). Then for all j ≤ k,

µj
0 ⊆ µj

1 ⊆ πj
1 ⊂ µj

2 ⊆ πj
2 = (νj)−.

Proof. By Lemma 8.1.1(i) (Limit Path) and the definition of initial derivatives,
µj

0 ⊆ µj
1 ⊆ πj

1 and µj
2 ⊆ πj

2. By Lemma 8.1.1(ii) (Limit Path), πj
2 = (νj)−.

It remains to show that πj
1 ⊂ µj

2 for all j ≤ k. As ηk
1 ⊂ ηk

2 , we can fix νk
1 ⊆ ηk

2

such that (νk
1 )− = ηk

1 . By Lemma 8.1.1(i) (Limit Path), λk(µj
2) = µk

2 for all
j ≤ k, and by Remark 2.4.2(i), νj

1 = outj(νk
1 ) ⊆ µj

2 for all j ≤ k. Furthermore,
by Lemma 8.1.2(i) (Out), (νj

1)− = πj
1 for all j ≤ k. Thus we have shown that

πj
1 ⊂ µj

2 for all j ≤ k.

The next lemma describes the capture of derivatives σk−1 ⊂ λk−1(η) of
a node σk 6⊂ λk(η) by a primary link. It describes a situation relating two
comparable nodes of T 0 that need not be consecutive.
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Lemma 8.5.3. (Crossover Lemma) Fix k ≤ `, ν, η ∈ T 0, and for all j ≤
`, let κj = λj(ν) ∧ λj(η). Suppose that κk ⊂ δk ⊆ λk(ν) and that there is
a δk−1 ⊂ κk−1 such that up(δk−1) = δk. Then κk has an initial derivative
µk−1 ⊂ κk−1 and a principal derivative πk−1 ⊂ λk−1(η) such that [µk−1, πk−1]
is a primary λk−1(η)-link that properly restrains all σk−1 ⊆ λk−1(η) such that
κk ⊂ up(σk−1) ⊂ λk(ν).

Proof. By Lemma 8.1.1(i) (Limit Path), κk has an initial derivative µk−1 ⊂
δk−1 ⊂ κk−1 ⊂ λk−1(ν). Let ρk−1 be the immediate successor of µk−1 along
κk−1. As κk−1 ⊂ λk−1(η), µk−1 must also be the initial derivative of κk along
λk−1(η), and ρk−1 ⊆ λk−1(η).

Let τk−1 be the principal derivative of κk along λk−1(ν). By Lemma 8.5.2
(Link Comparison), τk−1 ⊂ δk−1 ⊂ κk−1. Now τk−1 cannot have Π outcome
γk−1 along δk−1, else by (2.6.2) and Remark 2.4.2(i), κk_〈γk−1〉 ⊆ λk(ν), λk(η),
contrary to the definition of κk. We conclude that τk−1 = µk−1 which has Σ
outcome ρk−1 along δk−1, so κk_〈ρk−1〉 ⊆ λk(ν).

As λk(ν) ∧ λk(η) = κk and κk_〈ρk−1〉 6⊆ λk(η), it follows from Remark
2.4.2(i) that there must be a πk−1 ⊂ λk−1(η) such that up(πk−1) = κk and
πk−1 has Π outcome along λk−1(η). As µk−1 has Σ outcome along λk−1(η) and
πk−1 has Π outcome along λk−1(η), it follows from (2.6.2) that µk−1 ⊂ πk−1, so
[µk−1, πk−1] is a primary λk−1(η)-link. Now if πk−1 ⊂ ζk−1 ⊂ λk−1(η), then by
Lemma 8.1.1(ii) (Limit Path), δk is not λ(ζk−1)-true, so by (2.6.1), δk has no
derivatives in the interval (πk−1, λk−1(η)). As up(µk−1) = up(πk−1) = κk ⊂ δk,
it follows from the preceding sentence and Lemma 8.1.1(i) (Limit Path) that
all derivatives of δk along λk−1(η) must lie in the interval (µk−1, πk−1) so are
properly λk−1(η)-restrained by the primary λk−1(η)-link [µk−1, πk−1]. This link
is independent of the choice of δk, so the lemma follows.

As we pass from η− to η on T 0, new links may be formed, thereby destroying
the λk(η)-freeness of nodes τk ∈ T k that were λk(η−)-free. The manner in which
this happens is captured by the next definition, and delineated by the ensuing
lemma.

Definition 8.5.4. Fix i, k, r ≤ `, η ∈ T 0 such that |η| > 0, a primary λr(η)-link
[µr, πr] and τk ∈ T k such that τk ⊆ λk(η−). We say that [µr, πr] i-envelops τk

at η if i is the largest integer ≤ r such that the λi(η)-link [µi, πi] derived from
[µr, πr] λi(η)-restrains upi(τk) if i ≥ k and restrains prini(τk, λi(η−)) if i < k.

Lemma 8.5.5. (Link Development Lemma) Fix i, k, r ≤ `, µr, πr ∈ T r, τk ∈
T k and η ∈ T 0 such that |η| > 0 and τk is λk(η−)-free. Let κr = λr(η−)∧λr(η).
Then:

(i) If [µr, πr] is a primary λr(η)-link but is not a λr(η−)-link, then either
πr = κr or κr ⊂ µr ⊂ πr ⊂ λr(η).

(ii) If [µr, πr] is a primary λr(η−)-link but is not a λr(η)-link, then either
πr = κr or κr ⊂ µr ⊂ πr ⊂ λr(η−).
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(iii) If [µr, πr] is a primary λr(η)-link which i-envelops τk and πr 6= κr, then
there is a j < r and a primary λj(η)-link [µ̃j , π̃j ] such that π̃j = κj and
µ̃j ⊂ µj ⊂ πj ⊂ π̃j, where [µj , πj ] is the λj(η)-link derived from [µr, πr].

Proof. (i): Since [µr, πr] is a primary λr(η)-link, we must have µr ⊂ πr ⊂ λr(η).
By Lemma 8.5.1(iii) (Freeness Transmission), κr is λr(η)-free. Hence either
πr ⊆ κr or κr ⊂ µr. But we cannot have πr ⊂ κr, else [µr, πr] would be a
λr(η−)-link.

(ii): As in the proof of (i), interchanging η and η−.
(iii): As πr 6= κr, it follows from (i), Lemma 8.5.1(i,ii) (Freeness Transmis-

sion) and the λk(η−)-freeness of τk that κr ⊂ µr. For all j ≤ r, let [µj , πj ] be the
λj(η)-link derived from [µr, πr]. (iii) now follows from Lemma 8.5.3 (Crossover)
and the fact that π0 ⊂ η−.

The next two lemmas specify conditions under which we can convert a λk(η)-
link to a λk(ξ)-link.

Lemma 8.5.6. (Reflection Lemma) Fix k ≤ `, ξ, η ∈ T 0 and µk ⊂ πk ∈ T k

such that [µk, πk] is a λk(η)-link, πk is both λk(η)-free and λk(ξ)-free, and πk

has Σ outcome along λk(ξ) iff πk has Σ outcome along λk(η). Then [µk, πk] is
a λk(ξ)-link.

Proof. Let [µk, πk] be derived from the primary λr(η)-link [µr, πr]. We proceed
by induction on r − k. If r = k, then [µr, πr] is a primary λr(η)-link, so πr

has Π outcome along λr(η). By hypothesis, πr has Π outcome along λr(ξ), so
[µr, πr] is a primary λr(ξ)-link.

Suppose that k < r. As πk is both λk(η)-free and λk(ξ)-free, it follows from
Lemma 8.5.1(i) (Freeness Transmission) that up(πk) must be both λk+1(ξ)-free
and λk+1(η)-free; and it follows from Remark 2.4.2(i) that if πk has Σ (Π, resp.)
outcome along both λk(η) and λk(ξ) then up(πk) has Π (Σ, resp.) outcome
along both λk+1(ξ) and λk+1(η). Furthermore, [up(µk),up(πk)] is a λk+1(η)-
link. By induction, [up(µk),up(πk)] is a λk+1(ξ)-link, so its derived link [µk, πk]
is a λk(ξ)-link.

Lemma 8.5.7. (Stable Link Lemma) Fix k ≤ `, ξ, η ∈ T 0, and µk ⊂ πk ⊆
κk ∈ T k such that [µk, πk] is a λk(η)-link, πk is λk(η)-free, κk is both λk(η)-free
and λk(ξ)-free, and κk has Σ outcome along λk(ξ) iff κk has Σ outcome along
λk(η). Then [µk, πk] is a λk(ξ)-link and πk is λk(ξ)-free.

Proof. Without loss of generality, we can assume that κk is the shortest node
extending πk that is both λk(ξ)-free and λk(η)-free. By symmetry, we can
assume that there is no ρk ∈ (πk, κk] such that ρk is the last node of a λk(δ)-
link for some δ ∈ {η, ξ} that is not both a λk(η)-link and a λk(ξ)-link, as by
Lemma 8.3.1 (Nesting), the longest such ρk would also be λk(δ)-free as κk is
λk(δ)-free.

We obtain a contradiction under the assumption that πk is not λk(ξ)-free.
As πk is not λk(ξ)-free and πk ⊂ λk(ξ), there must be a λk(ξ)-link [µ̃k, π̃k]
that restrains πk. As πk ⊆ κk which is λk(ξ)-free, we must have π̃k ⊆ κk; and
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without loss of generality using Lemma 8.3.1 (Nesting), we can assume that π̃k

is λk(ξ)-free. By Lemma 8.5.6 (Reflection) if π̃k = κk, and the maximality of
the choice of πk if π̃k ⊂ κk, [µ̃k, π̃k] must also be a λk(η)-link. But then πk is
not λk(η)-free, yielding the desired contradiction.

As πk is λk(ξ)-free, it follows from the minimality of the choice of κk that
πk = κk, so by Lemma 8.5.6 (Reflection) that [µk, πk] is a λk(ξ)-link.

The next lemma shows that if we have a λr(η)-link and a λk(η−)-link, whose
last nodes share a common antiderivative, and that antiderivative is switched at
η, then their derived links on any tree are either disjoint, or the intersection of
the derived links on lower level trees is generated by a primary λr(η)-link that
is also a λk(η−)-link.

Lemma 8.5.8. (Alternating Link Lemma) Fix η ∈ T 0, and let κj = λj(η−) ∧
λj(η) for all j ≤ `. Suppose that there are k, r ≤ `, µ̃k ∈ T k and µr ∈ T r

such that [µr, κr] is a primary λr(η)-link and [µ̃k, κk] is a λk(η−)-link. Let
[µj , πj ] be the λj(η)-link derived from [µr, κr] for all j ≤ r, and let [µ̃j , π̃j ] be
the λj(η−)-link derived from [µ̃k, κk] for all j ≤ k. Let s = min{k, r}. Then:

(i) k 6= r.

(ii) If i ≤ s, [µi, πi) ∩ [µ̃i, π̃i) 6= ∅ and [µ̃k, κk] is a primary λk(η−)-link, then
there is a j < s such that [µj , πj ] ∩ [µ̃j , π̃j ] = [µ̂j , π̂j ] is both a primary
λj(η−)-link and a primary λj(η)-link. Furthermore, π̂j is λj(η−)-free if
k > r, and is λj(η)-free if r > k.

Proof. It follows from Lemma 8.4.1(ii) (Free Extension) that for all j < `,
up(κj) = κj+1. We note that η switches κr, else λr(η−) = κr so [µ̃r, κr] would
not be a λr(η−)-link.

(i): We assume that k = r and obtain a contradiction. As [µr, κr] is a
primary λr(η)-link, κr has Π outcome along λr(η), so has Σ outcome along
λr(η−). Thus [µ̃r, κr] must be derived from a higher level link, so κr+1 = up(κr)
must have Π outcome along λr+1(η−) and its principal derivative, κr, along
λr(η−) must be its initial derivative along both λr(η−) and λr(η). Thus µr = κr,
so [µr, κr] cannot be a λr(η)-link, contrary to hypothesis.

(ii) We first assume that s = r < k. Now κr+1, µ̃r+1 and π̃r+1 are all
derivatives of κk+1 along λr+1(η−), so are comparable. Furthermore, by Lemma
8.5.1(ii,iii) (Freeness Transmission), both κr+1 and π̃r+1 are λr+1(η−)-free. So
as µ̃r+1 is an initial derivative of µ̃k, π̃r+1 is the shortest λr+1(η−)-free derivative
of κk and [µ̃r+1, π̃r+1] is a λr+1(η−)-link, we must have µ̃r+1 ⊆ κr+1 and either
κr+1 = π̃r+1 or π̃r+1 ⊂ κr+1. In the latter case, it follows from Lemma 8.5.2
(Link Comparison) that [µi, πi] and [µ̃i, π̃i] are disjoint for all i ≤ r. Suppose
that κr+1 = π̃r+1. As the λr(η)-link [µr, κr] is primary, κr+1 must have Σ
outcome along λr+1(η), so as η switches κr and hence κr+1, π̃r+1 = κr+1 must
have Π outcome along λr+1(η−) and so π̃r = µr ⊂ πr = κr; therefore for all
i ≤ r, π̃i is also the principal derivative of π̃r along λj(η). Thus for all i ≤ r,
[µi, πi] ∩ [µ̃i, π̃i] = [µi, π̃i]. Now if [µi, πi) ∩ [µ̃i, π̃i) 6= ∅, then there is a greatest
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j ≤ r−1 such that |[µj , π̃j ]| > 1, and for this j, up(µj) = µj+1 = π̃j+1 = up(π̃j),
so [µj , π̃j ] is both a primary λj(η)-link and a primary λj(η−)-link. Furthermore,
as π̃j is the principal derivative of κk along λj(η−), it follows from Lemma
8.5.1(ii,iii) (Freeness Transmission) that π̃j is λj(η−)-free.

Now assume that s = k ≤ r. By (i), k < r. The proof is symmetrical to that
of the preceding paragraph, interchanging k and r, η and η−, µ and µ̃, and π
and π̃.

As the construction proceeds, nodes may be switched many times. We will
need to carefully track the effects of this switching process. The next lemma
tells us that if a node is free and has a given outcome at η0, and returns to the
true path at a later stage η1 as a free node, then all antiderivatives of the node
have the same outcome along η1 as they had along η0.

Lemma 8.5.9. (Outcome Restoration Lemma) Fix δ, η0, η1 ∈ T 0 such that
η0 ⊆ η1. For all j ≤ `, let δj = upj(δ), assume that δj ⊂ λj(η0), and let ρj be
the immediate successor of δj along λj(η0). Assume that δ is ηi-free for i ≤ 1,
and that for all j ≤ `, δj has Σ outcome along λj(η0) iff δj has Σ outcome along
λj(η1). Then for all j ≤ `, ρj ⊆ λj(η1).

Proof. As δ is ηi-free for i ≤ 1, it follows from Lemma 8.5.1(i) (Freeness Trans-
mission) that δj is λj(ηi)-free for all j ≤ ` and i ≤ 1.

We proceed by induction on j ≤ `. If j = 0, then λ0(ηi) = ηi for i ≤ 1.
Thus by hypothesis, ρ ⊆ λ0(η0) = η0 ⊆ η1 = λ0(η1), so the lemma follows in
this case.

Suppose that j > 0. We consider two cases.

Case 1: δj−1 has Π outcome ρj−1 along λj−1(η0). By Definition 2.4.1,
ρj = δj_〈ρj−1〉. By induction, δj−1 has Π outcome ρj−1 along λj−1(η1). By
(2.6.2), δj−1 is the only derivative of δj along λj−1(η1) that has Π outcome
along λj−1(η1), so by Definition 2.4.1, δj_〈ρj−1〉 = ρj ⊆ λj−1(η1) as desired.

Case 2: δj−1 has Σ outcome ρj−1 along λj−1(η0). Let τ j−1 = out(ρj), and
let σj−1 = (τ j−1)−. As δj−1 is λj−1(η0)-free, it follows from the definition of
links and (2.6.2) that all derivatives of δj must have Σ outcome along λj−1(η0),
so σj−1 is the initial derivative of δj along λj−1(η0). As δj−1 is λj−1(η1)-free and
δj−1 has Σ outcome ρj−1 along λj−1(η1) by hypothesis, it follows from (2.6.2)
and the definition of primary links that all derivatives of δj must have Σ outcome
along λj−1(η1). Hence σj−1 is the principal derivative of δj along λj−1(η1) and
has Σ outcome along λj−1(η1). As σj−1 is an initial derivative, σj−1 ⊆ δj−1,
and so τ j−1 ⊆ ρj−1 ⊆ λj−1(η0); and as, by induction, ρj−1 ⊆ λj−1(η1), we must
have τ j−1 ⊆ λj−1(η1). Thus ρj = δj_〈τ j−1〉 ⊆ λj(η1).

8.6 Framework Lemmas

This section is devoted to proving general lemmas about the operation of the
framework. It analyzes sentence decomposition as well as various types of de-
rived assignments.
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8.6.1 Monotonic Sentence Decomposition

We begin by proving the Monotonic Sentence Decomposition Lemma introduced
in Section 2.11.

Lemma 8.6.1. (Monotonic Sentence Decomposition Lemma) Suppose that a
construction satisfies clauses (i)–(iii) of Definition 2.3.1 and clauses (i)–(iii)
of Definition 2.7.7, and that Λk ∈ [T k] and ηk+1 ∈ T k+1 are given such that
ηk+1 is λ(Λk)-free. Then clause (ii) of Definition 2.10.1 is satisfied whenever
a monotonic sentence decomposition process for directing sentences is followed,
and clause (iii) of Definition 2.10.1 is satisfied whenever a monotonic sentence
decomposition process for action sentences is followed, the construction has in-
finite support, and support propagates.

Proof. By Lemma 8.1.1(i,ii) (Limit Path), ηk+1 has initial and principal deriva-
tives µk and πk, respectively, along Λk. Let F be the set of Λk-free derivatives
of ηk+1. We first determine the nature of F in terms of the outcome of πk

along Λk. First suppose that πk has Π outcome along Λk. If µk = πk, then by
(2.6.2) and Lemma 8.4.2(i) (Free Derivative), F = {πk}. Suppose that µk 6= πk.
Then [µk, πk] is a primary Λk-link, so by (2.6.2), no derivative of ηk+1 other
than πk can be Λk-free. By Lemma 8.4.2(i) (Free Derivative), πk is Λk-free, so
F = {πk}. Finally, if πk has Σ outcome along Λk, then Lemma 8.4.2(ii) (Free
Derivative) tells us that F is infinite.

Suppose that a monotonic sentence decomposition is followed. We prove only
the case in which the decomposition bounds a block of existential quantifiers of
the directing sentence S. A proof for the case in which the decomposition bounds
a block of universal quantifiers of the sentence S is obtained from the proof below
by interchanging even and odd, activated and validated, and replacing S with
¬S.

As the decomposition bounds a block of existential quantifiers of the sen-
tence S, k must be even. By Definition 2.2.2, Π outcomes on T k are validated
outcomes, and Σ outcomes on T k are activated outcomes.

First suppose that πk has Π outcome along Λk, and so F = {πk}. Then πk

is validated along Λk, so witnesses ≤ the respective parameters have been found
for the existential quantifiers of S that were bounded in passing from T k+1 to
T k. It now follows that S is true. Furthermore, by Definition 2.2.2, ηk+1 is
validated along λ(Λk). Clause (ii) of Definition 2.10.1 now follows in this case.

Now suppose that πk has Σ outcome along Λk, and so F is infinite. By
Remark 2.4.2(vi), all nodes in F have Σ outcome along Λk. For each νk ∈ F ,
there is no set of witnesses for the existential quantifiers that have been bounded,
each less than or equal to its associated bounding parameter. By monotonicity,
there is no bound on the sizes of parameters as νk ranges over the Λk-free
derivatives of ηk+1, so S is false. Furthermore, by Definition 2.2.2, ηk+1 is
activated along λ(Λk). Clause (ii) of Definition 2.10.1 now follows in this case.

Clause (iii) of Definition 2.10.1 follows as above from the monotonic sentence
decomposition and the hypotheses that each Λk-free node has infinite support
and that support propagates.
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8.6.2 Derived Assignments

Several derived assignments were introduced. The one that was used most often
was the standard derived assignment introduced in Definition 2.7.8, and it was
immediate from the definition that this assignment satisfied clauses (i)and (iii)
of Definition 2.7.7; this fact was stated as Lemma 2.7.9. The same is true of
the preferential derived assignment. The next lemma verifies that they satisfy
clause (ii) of Definition 2.7.7 as well.

Lemma 8.6.2. The standard derived assignment satisfies clause (ii) of Defi-
nition 2.7.7. Furthermore, the preferential derived assignment satisfies clauses
(ii) and (iii) of Definition 2.7.7.

Proof. Suppose that we have a level n construction. We first verify clause (ii)
of Definition 2.7.7. Let a νk-block on T k end at τk, and fix ρk ∈ T k such that
(ρk)− = τk. Then upj(τk) is an initial derivative for all j ∈ [k, n], so by Lemma
8.1.1(i) (Limit Path), for all j ∈ [k, n], λj(τk) = (λj(ρk))−. Furthermore,
[µj , πj ] is a λj(ρk)-link iff it is a λj(τk)-link. Hence the nodes that are ρk-
consistent are also τk-consistent. Clause (ii) of Definition 2.7.7 now follows
from the definitions of the respective assignments.

Suppose that we follow the preferential derived assignment. Let R0 and
R1 partition the requirements, with R0 the preferred class of requirements. As
each requirement in R1 is assigned to at most one node along any path through
a block, a proof virtually identical to that of Lemma 8.1.1(iv) (Limit Path)
shows that there are only finitely many subblocks within a block; and as each
requirement in R0 is assigned to at most one node along any path through a
subblock, a proof virtually identical to that of Lemma 8.1.1(iv) (Limit Path)
shows that each subblock is finite. Clause (iii) of Definition 2.7.7 now follows
for the preferential derived assignment.

Both the standard derived assignment and the preferential derived assign-
ment work well when basic modules have a single non-terminal node; but when
basic modules are larger, we need a careful transmission of these modules to
lower levels, ensuring that successive nodes of the module have successive deriva-
tives, whenever possible.

Definition 8.6.3. Let ηk, νk ∈ T k be given. We say that the pair 〈ηk, νk〉 is
connected if (νk)− = ηk, and we say that this pair is module-connected if it is
connected and both nodes are antiderivatives of a connected pair of nodes lying
in the same realization of some basic module.

There are three basic situations in which we can expect a module-connected
pair 〈ηk, νk〉 on T k to give rise to a module-connected pair 〈ηj , νj〉 on T j for
j < k under a derived assignment. The first is when ηj is the principal derivative
of ηk along outj(νk). The second is when both ηk and νk have level > j so we
may assume that j = k − 1, ηk has Π outcome along νk so can be expected
to have infinitely many derivatives along a path through T j computing a path
containing νk, νk lies along the path computed by νj , and νk has not yet
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specified its final derivative along the path. The third is when j is the first
level producing more than a single derivative of ηk along a given path, and the
derivative of ηk along a path through T j+1 containing a derivative of νk has Π
outcome along the path. We specify these conditions below, and call a derived
assignment module-respecting if it gives rise to module-connected pairs in these
three cases.

Definition 8.6.4. A derived assignment is said to be module-respecting if the
following conditions hold whenever j < k, ηj , νj ∈ T j and ηk, νk ∈ T k:

(i) If j = k− 1, 〈ηk, νk〉 is module-connected, 〈ηj , νj〉 is connected, and ηj is
the principal derivative of ηk along νk, then up(ηj) = ηk.

(ii) If j = k− 1, 〈ηk, νk〉 is module-connected, 〈ηj , νj〉 is connected, lev(ηk) ≥
k, lev(νk) ≥ k, ηk has Π outcome along νk, ηj has Σ outcome along νj ,
up(ηj) = ηk, and there is no ξj ⊂ ηj such that up(ξj) = νk and ξj has Π
outcome along νj , then up(νj) = νk.

(iii) If 〈ηk, νk〉 is module-connected, 〈ηj , νj〉 is connected, lev(ηj) = j + 1,
lev(νk) ≥ j + 1, upk(νj) = νk, and (outj+1(νk))− has Π outcome along
outj+1(νk), then upk(ηj) = ηk.

The proof of the existence of a module-respecting derived assignment de-
pends on the ability to show that in the situations described above, we are
able to choose the appropriate derivatives satisfying (2.6.1)–(2.6.4). Of these
conditions, all follow easily except for (2.6.4). This latter condition follows
from Lemma 8.4.1(i) (Free Extension) for clauses (i) and (ii), and from Lemma
8.4.1(i) (Free Extension) and Lemma 8.4.2(i) (Free Derivative) for clause (iii).
It is now easy to see that:

Lemma 8.6.5. If all derived assignments on T i for i < j are module-respecting,
then there is a module-respecting derived assignment for T j satisfying conditions
(i)–(iii) of Definition 2.7.7.

The next lemma is used in the proof of the Minimal Pair Theorem.

Lemma 8.6.6. Suppose that the preferential derived assignment is followed on
T 0, and let R0 be the preferred set of requirements and let R1 be its complement.
Let ηi ⊂ νi ∈ T 0 for i ≤ 1 be given such that ηi is validated along νi, (νi)− = ηi,
ν0 ⊂ ν1, up2(η0) = up2(η1), and there is no ξ ∈ (η0, η1) such that up2(ξ) =
up2(η0) and ξ is validated along η1. Then there is at most one σ ∈ [ν0, ν1) such
that a requirement in R1 is assigned to σ, wt(up(σ)) ≤ wt(up(η0)), and σ is
validated along ν1.

Proof. Fix i ∈ {0, 1}. Suppose that a requirement in R1 is assigned to σi,
wt(up(σi)) ≤ wt(up(η0)), σi ∈ [ν0, ν1), σi is validated along η1, and σ0 ⊂ σ1, in
order to obtain a contradiction. For j ∈ {1, 2}, let σj

i = upj(σi), ηj
i = upj(ηi),

and νj
i = λj(νi). As σi has Π outcome along νi, Definition 2.4.1 implies that
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(ν1
i )− = η1

i . Also, let η̃1 be the initial derivative of η2 = up2(η0) = up2(η1)
along η1

0 .
By (2.8.1) and (2.8.4), we must have σ1

i ⊂ η1
0 . By Lemma 8.1.1(ii) (Limit

Path) and (2.8.4), we must have σ1
1 ⊂ σ1

0 . Now σ1
i , η̃1 ⊆ η1

0 , so σ1
i and η̃1 must

be comparable; and as a requirement in R1 is assigned to σ1
i and a requirement

in R0 is assigned to η̃1, we must have σ1
i 6= η̃1. We cannot have σ1

i ⊂ η̃1, as Def-
inition 2.4.1 would preclude the existence of η0 ⊂ σi if σ1

i has Σ outcome along
η̃1, and Lemma 8.1.1(i) (Limit Path) and (2.6.2) would preclude the existence
of σi ⊂ η1 if σ1

i has Π outcome along η̃1. We thus conclude that η̃1 ⊂ σ1
i .

We now consider the situation on T 2. An η̃1 ⊂ σ1
i ⊂ η1

0 , it follows from
clause (ii) of Remark 2.4.2 that η2 = up(η̃1) = up(η1

0) is comparable with
σ2

i . We cannot have σ2
i ⊂ η2, as σ1

i must have Π outcome along η1
0 , so as

η̃1 ⊂ σ1
i ⊂ η1

0 , σ2
i must have Π outcome along λ(η̃1) ⊆ η2 and Σ outcome along

λ(η1
i ) ⊆ η2, a contradiction; as a requirement in R1 is assigned to σ2

i and a
requirement in R0 is assigned to η2, we conclude that η2 ⊂ σ2

i . Furthermore,
as η̃1 ⊂ σ1

i ⊂ η1
0 , it follows from (2.6.2) that η2 must have Π outcome along σ2

i .
Fix τ0 ⊆ η1 such that τ−0 = σ0 and let τ1

0 = λ(τ0). As σ0 is validated along
η1, σ0 has Π outcome along τ0, so by Lemma 8.1.1(ii) (Limit Path), setting
τ1
0 = λ(τ0), we must have (τ1

0 )− = σ1
0 . As the preferential derived assignment

is implemented on T 1, given any path Γ1 through T 1 such that τ1
0 ⊂ Γ1, there

will be a segment of Γ1 beginning a subblock at τ1
0 such that the nodes in

that segment will be antiderivatives of those nodes ξ2 ⊂ σ2
0 having Π outcome

along σ2
0 to which requirements in R0 are assigned, and antiderivatives will be

chosen in strict order of length until either one of the nodes in the segment
has Π outcome along Γ1 or all possible antiderivatives with this property are
exhausted. Note that η2 lies in this set of antiderivatives. Furthermore, as the
preferential derived assignment is implemented on T 0, no node in (η1

0 , σ1
0 ] can

be switched until we reach a node ρ ⊂ Λ0 that is a derivative of a node in such
a subblock whose antiderivative is η2 and which has Σ outcome along λ(ρ). By
definition, we must have ρ = η1, so in particular, η1 ⊂ σ1 yielding the desired
contradiction.

8.7 Level Analysis Lemmas

This section is devoted to proving the lemmas about the operation of the frame-
work at the lower levels.

8.7.1 The Σ1 Level

We begin at level 1 with the Σ1-Analysis Lemma, also listed as Lemma 3.1.8.
We note that the proof of this lemma applies to T k and T k+1 in place of T 0

and T 1, so the lemma relativizes.

Lemma 8.7.1. (Σ1 Analysis Lemma) Let η ⊂ ν ⊆ ρ ⊂ τ ∈ T 0 ∪ [T 0] be given
such that ν− = η and η is τ -free. Then the following conditions hold:
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(i) If |τ | = ∞, then |{ξ ∈ (η, τ) : η is ξ-free}| = ∞.

(ii) If η is ρ-free, then up(η) is λ(ρ)-free.

(iii) up(η) ⊂ λ(ν), λ(ρ).

(iv) If η1 ⊂ Λ1 ∈ [T 1], Λ0 ∈ [T 0], λ(Λ0) = Λ1, and η1 is Λ1-free and has Π
outcome along Λ1, then η1 has infinitely many Λ0-free derivatives.

(v) If η1 ⊂ Λ1 ∈ [T 1], Λ0 ∈ [T 0], λ(Λ0) = Λ1, and η1 is Λ1-free and has
Σ outcome along Λ1, then η1 has a unique Λ0-free derivative π with Π
outcome along Λ0, and π is the principal derivative of η1 along Λ0.

(vi) η is ν-free, and if η is the principal derivative of up(η) along ν, then
(λ(ν))− = up(η).

Proof. (i): Suppose that the construction is a level n construction, and let
Λj = λj(τ) for all j ≤ n. By Lemma 8.4.2(i) (Free Derivative), if ξn ⊂ Λn,
then the principal derivative ξ of ξn along Λ0 is Λ0-free; hence if |Λn| = ∞,
then there are infinitely many Λ0-free ξ ⊂ Λ0. If |Λn| < ∞, then there must be
a longest ξn ⊂ Λn such that lev(ξn) = n and ξn has Π outcome along τn; ξn

will have infinitely many derivatives along Λn−1 all of which will be Λn−1-free,
so applying Lemma 8.4.2(i) (Free Derivative) to each of these derivatives as
above, we again see that there are infinitely many Λ0-free ξ ⊂ Λ0. By Lemma
8.3.7(ii) (Free and True), each immediate successor ν ⊂ Λ0 of a Λ0-free ξ is
Λ0-true. Hence by Lemma 8.3.6 (Link Preservation) and Lemma 8.3.7(ii) (Free
and True), for such ξ = ν−, η is ξ-free iff η is Λ0-free, proving (i).

(ii): This is the statement of Lemma 8.3.7(iii) (Free and True).
(iii): By Lemma 8.4.1(i) (Free Extension), up(η) ⊂ λ(ν). As η is τ -free,

it follows from Lemma 8.3.3(i) (Link Analysis) that up(η) ⊂ λ(τ). (iii) now
follows from Remark 2.4.2(ii).

(iv): Immediate from Lemma 8.4.2(ii) (Free Derivative).
(v): By Lemma 8.1.1(ii) (Limit Path), η1 has a principal derivative π along

Λ0, and by Definition 2.4.1, π has Π outcome along Λ0. By (2.6.2), π is the
only derivative of η1 having Π outcome along Λ0. By Lemma 8.4.2(i) (Free
Derivative), π is Λ0-free.

(vi): Immediate from Lemma 8.1.1(ii) (Limit Path).

8.7.2 The ∆2 Level

We now prove a lemma identifying properties first encountered at the ∆2 level.

Lemma 8.7.2. (∆2 Analysis Lemma) For a ∆2 construction, fix η2 ∈ T 2 such
that lev(η2) = 2. Suppose that ξ1, η1 ∈ T 1 and up(ξ1) = up(η1) = η2. Then:

(i) ξ1 and η1 are comparable nodes of T 1, say ξ1 ⊂ η1, and all nodes in
[ξ1, η1] are derived from η2.

(ii) If η1 ⊂ λ(η) is the longest derivative of η2 that is ⊂ λ(η), then either η1

has Π outcome along λ(η) and is the only λ(η)-free derivative of η2, or η1 has
Σ outcome along λ(η) and all derivatives of η2 along λ(η) are λ(η)-free.
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Proof. (i): Let γ1 = out(η2). If σ2 ⊂ η2, then by Lemma 8.1.1(ii) (Limit Path),
σ2 has a principal derivative σ1 ⊂ γ1, and σ1 is the principal derivative of
σ2 along any ρ1 ⊇ γ1. Furthermore, if lev(σ2) = 2, then as we have a ∆2

construction, σ2 has Σ outcome along η2, so by Definition 2.4.1, σ1 must have
Π outcome along γ1. By (2.6.2) if lev(σ2) = 2 and by (2.6.3) if lev(σ2) = 1, σ1

is the longest derivative of σ2 along any ρ1 ⊇ γ1. Furthermore, if γ = out(γ1),
η ⊂ Λ0 and up(η) = η1, then by Remark 2.4.2(ii), no ρ ∈ (γ, η) can switch any
node ⊂ ξ1, else η2 would not be on the current path through T 2 at η. It now
follows that λ2(ρ) ⊇ η2 for all ρ ∈ (γ, η), and that for all ρ1 ∈ [γ1, λ(η)], η2 is
the shortest ρ1-consistent node.

As λ(γ1) = η2, η2 will be the only γ1-consistent node, so up(γ1) = η2. If
ν ∈ (γ, η], up2(ν−) = η2, and up(ν−) has Σ outcome along λ(ν), then η2 will
have Π outcome along λ2(ν), so as this is a ∆2 construction, it will again be
the case that η2 is the only λ(ν)-consistent node, and (λ(ν))− = up(ν−). Hence
(up(ν))− = up(ν−), and up2(ν) = η2. Furthermore, if up(ν−) has Π outcome
along λ(ν) = up(ν), then by (2.6.2), no extension of up(ν) can be a derivative
of η2. We conclude that the derivatives of η2 on T 1 form an interval of T 1,
with each non-initial derivative of η2 on T 1 extending the Σ outcome of its
predecessor.

(ii): By the proof of (i), if η2 ⊂ λ2(η), then λ(η) can be partitioned into
intervals as follows: the first interval consists of the derivatives of nodes ⊂ η2

or incomparable with η2; the second interval consists of derivatives of η2; and
the third interval consists of derivatives of proper extensions of η2. As this is
a level 2 construction, all links on T 1 are primary links. So a derivative of η2

can only be restrained by a primary λ(η)-link [µ1, π1] if up(µ1) = up(π1) = η2.
If η1 has Π outcome along λ(η), then η1 = π1 so is not restrained by this link;
and if η1 has Σ outcome along λ(η), then no such link exists, so all derivatives
of η2 along λ(η) are λ(η)-free.

8.7.3 The ∆3 Level

∆3 constructions are constructions all of whose requirements are at a level ≤ 3,
and such that the Π outcome of a level 3 node produces a terminal node on
T 3. We present some of the properties of ∆3 constructions. The first lemma
shows that the uniqueness of initial derivatives carries up to the ∆3 level, and
is a restatement of Lemma refL:6.1.1.

Lemma 8.7.3. Let a ∆3 construction be given with true path Λ0 ∈ T 0. Suppose
that η3 = λ3(σ) for some σ ⊂ Λ0. Then:

(i) There is a unique ξ2 ∈ {λ2(ξ) : ξ ⊂ Λ0} such that ξ2 is an initial
derivative of η3.

(ii) There is a unique ξ1 ∈ {λ(ξ) : ξ ⊂ Λ0} such that ξ1 is an initial
derivative of η3.

Proof. (i): Suppose that ξ2 6= µ2 ∈ T 2 and both ξ2 and µ2 are initial derivatives
of η3, in order to obtain a contradiction. Then ξ2|µ2; let κ2 = ξ2∧µ2. By (2.6.1)
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and Remark 2.4.2(i), out(η3) ⊆ κ2, so by Lemma 8.1.2 (Out), λ(out(η3)) = η3;
and by Lemma 8.1.1(i) (Limit Path), λ(ξ2) = λ(µ2) = η3. Thus by Definition
2.4.1, all nodes in [κ2, ξ2) must have Σ outcome along ξ2, all nodes in [κ2, µ2)
must have Σ outcome along µ2, and κ2 cannot be an initial derivative of κ3 =
up(κ2). It now follows that lev(κ3) = 3 and κ3 has Π outcome along η3. But
then as we have a ∆3 construction, no requirement is assigned to η3, so η3 has
no derivatives on T 2, yielding a contradiction.

(ii) Suppose that ξ1 6= µ1 ∈ T 1 and both ξ1 and µ1 are initial derivatives
of η3, in order to obtain a contradiction. By (i), both ξ1 and µ1 are initial
derivatives of the unique initial derivative ξ2 of η3 on T 2. By definition of initial
derivatives and as ξ1 6= µ1, we must have ξ1|µ1; let κ1 = ξ1 ∧ µ1. By (2.6.1)
and Remark 2.4.2(i), out(ξ2) ⊆ κ1, so by Lemma 8.1.2 (Out), λ(out(ξ2)) = ξ2;
and by Lemma 8.1.1(i) (Limit Path), λ(ξ1) = λ(µ1) = ξ2. Thus by Definition
2.4.1, all nodes in [κ1, ξ1) must have Σ outcome along ξ1, all nodes in [κ1, µ1)
must have Σ outcome along µ1. By (2.6.2), κ1 has at most one derivative with
Π outcome along Λ0, so by Definition 2.4.1, κ1 must have the same outcome
along both µ1 and ξ1, contrary to the definition of κ1.

The following Lemma restates Lemma 6.1.2.

Lemma 8.7.4. Let a ∆3 construction be given. Fix η3 ∈ T 3 and ξ2, η2, κ2 ∈ T 2

such that up(ξ2) = up(η2) = η3 and κ2 ⊆ ξ2 ∧ η2. Then:

(i) If up(κ2) = η3, then up(σ2) = η3 for all σ2 ∈ [κ2, η2].

(ii) If κ2 = ξ2 ∧ η2, then up(κ2) = η3.

Proof. (i): By (2.6.2), all derivatives of η3 along η2 must have Σ outcome along
η2, and so by Lemma 8.1.1(i) (Limit Path), η3 cannot have Σ outcome along
λ(κ2), nor can it have Σ outcome along λ(η2). As this is a ∆3 construction, it
follows from Remark 2.4.2(ii) that λ(σ2) = η3 for all σ2 ∈ [κ2, η2]. By (2.6.1)–
(2.6.3) and as this is a ∆3 construction, each such σ2 must be a derivative of
η3.

(ii): Suppose that κ2 = ξ2 ∧ η2. Now by Lemma 8.7.3, η3 has a unique
initial derivative µ2 ∈ T 2, and by Lemma 8.1.1(i) (Limit Path), µ2 ⊂ ξ2, η2;
hence µ2 ⊆ κ2. (ii) now follows from (i).

The following Lemma restates Lemma 6.1.3.

Lemma 8.7.5. Let a ∆3 construction be given. Fix η3 ∈ T 3 with initial deriva-
tive η1 ⊂ τ1 ∈ {λ(σ) : σ ⊂ Λ0} such that up3(η1) = up3(τ1) = η3. Then
there is a number k and µ1

0 ⊆ π1
0 ⊂ µ1

1 ⊆ π1
1 ⊂ · · · ⊂ µ1

k ⊆ π1
k such that all

ξ1 ∈ (π1
i , µ1

i+1) have Σ outcome along µ1
i+1 for all i < k, up(µ1

i ) = up(π1
i ) for

all i ≤ k, (up(µ1
i+1))

− = up(µ1
i ) for all i < k, π1

i has Π outcome along µ1
i+1 for

all i < k, µ1
0 = η1 and π1

k = τ1.

Proof. As η1 is an initial derivative of η3, it follows from Lemma 8.7.3(i) that
η2 = up(η1 is also an initial derivative of η3, and that η2 ⊆ τ2 = up(τ1). By
Lemma 8.7.4, if {δ2

i : i ≤ k} is a listing of the nodes in [η2, τ2] in order of length,
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then up(δ2
i ) = η3 for all i ≤ k. Furthermore, by (2.6.2), for i < k, η2

i has Σ
outcome along η2

i+1. Let µ1
i be the initial derivative of δ2

i along τ1 for all i ≤ k,
let πk

i be the principal derivative of δ2
i along τ1 for all i < k, and let π1

k = τ1.
All the conclusions of the lemma except for the one relating to intervals of the
form (π1

i , µ1
i+1) follow easily.

Suppose that σ1 ∈ (π1
i , µ1

i+1). Then σ1 must be a derivative of a node
ρ2 ⊆ δ2

i . If ρ2 ⊂ δ2
i has level 1 or has Σ outcome along µ1

i+1, then by (2.6.2),
(2.6.3) and Lemma 8.1.1(ii) (Limit Path), the principal (and longest) derivative
of ρ2 along τ1 is ⊆ π1

i . If ρ2 has level 2 or level 3 and has Π outcome along
µ1

i+1, then σ1 must have Σ outcome along µ1
i+1. Thus the lemma holds.

The following lemma was stated as Lemma 6.1.3.

Lemma 8.7.6. Let a ∆3 construction be given. Suppose that µ1 ⊂ η1 ⊂ π1 ⊂
ρ1 ∈ T 1, [µ1, π1] is a primary ρ1-link, and η1 has Π outcome along π1. Then
wt(up(π1)) < wt(up(η1)). If, furthermore, ρ1 ⊂ Λ1 ∈ [T 1], then up3(η1) 6⊂
λ3(Λ1).

Proof. As [µ1, π1] is a primary ρ1-link, up(µ1) = up(π1); set µ2 = up(µ1). Now
by (2.6.2), µ2 ⊆ λ(µ1), λ(π1), so by Remark 2.4.2(ii), µ2 ⊆ λ(η1). Again by
(2.6.2), η2 = up(η1) ⊆ λ(η1); hence µ2 and η2 are comparable. Let η̂1 be the
initial derivative of η2 along η2. By Lemma 8.3.1 (Nesting) and (2.6.2), we must
have µ1 ⊂ η̂1. Lemma 8.1.1(i) (Limit Path) now tells us that λ(µ1) = µ2 and
λ(η̂1) = η2, and as a result, that µ2 ⊂ η2. Hence by (2.8.1), wt(up(π1)) =
wt(π2) < wt(η2) = wt(up(η1)).

Now suppose that ρ1 ⊂ Λ1, and let Λi = λi(Λ1) for i = 2, 3 and η3 = up3(η1).
Suppose that η3 ⊂ Λ3 in order to obtain a contradiction. By Lemma 8.1.1(i)
(Limit Path), η3 has a unique initial derivative η̃2 ⊂ η2; hence as µ2 ⊂ η2,
µ2 and η̃2 are comparable. If µ2 ⊂ η̃2, then by Lemma 8.1.1(i) (Limit Path),
[µ1, π1] would be a primary Λ1-link properly restraining the initial derivative
of η̃2 along Λ1, so by Lemma 8.3.3(iii) (Link Analysis), η̃2 6⊂ Λ2; but then it
would follow from Lemma 8.1.1(i) (Limit Path) and Lemma 8.7.3 that η3 6⊂ Λ3,
a contradiction.

We conclude that η̃2 ⊆ µ2 ⊂ η2. Thus by Lemma 8.7.4, up(µ2) = η3. Now
µ1 is the principal derivative of µ2 along λ(η1), so µ2 must have Π outcome
along η2 ⊆ λ(η1). But as up(µ2) = up(η2), we have contradicted (2.6.2). Thus
we can conclude that η3 6⊂ Λ3.

8.8 Restraint Lemmas

Restraint Lemmas are lemmas that show that computations are preserved. As
the level of the construction increases, the analysis of what happens at the higher
levels is more complex, and this complexity carries over to the statements and
proofs of the restraint lemmas. We collect the lemmas of this kind that do not
involve backtracking in this section, beginning with the Σ1 level.
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Lemma 8.8.1. (Restraint Lemma) Suppose that for a given faithfully exe-
cuted construction, action for η is supported at ρ only when η is ρ-free, sen-
tence decomposition is monotonic, the construction admits consistent action,
and clauses (ii) and (iii) of Definition 3.1.7 are satisfied. Then:

(i) If clause (i) of Definition 3.1.7 holds, a restraint condition x /∈ As is
declared as action for η along ρ, and up(η) ⊂ λ(ρ), then x /∈ Awt(ρ).

(ii) Shared set action is compatible.

(iii) If clauses (i) and (iv) of Definition 3.1.7 holds with the inequality in (ia)
changed to equality and clause (iia) of Definition 3.1.7 is replaced with
wt(up(η)) = x, then shared functional action is compatible.

Proof. (i): Fix ν ⊆ ρ such that ν− = η. (The idea here is that, as the validated
outcome of up(η) has not been switched off the current path before ρ is reached,
all numbers entering A through action for nodes in [ν, ρ) are greater than the
use of the axiom that was newly declared at ν.) Assume the hypothesis of (i).
By clauses (ia,d) of Definition 3.1.7, x < u ≤ wt(λ(ν)) and η is the principal
derivative of η1 = up(η) along ν. By Lemma 8.1.1(ii) (Limit Path) and Remark
2.4.2(ii), ν1 = up(ν) = λ(ν) ⊆ λ(ζ) for all ζ ∈ [ν, ρ].

Suppose that ζ ∈ [ν, ρ] and action for σ supported at ζ specifies that x ∈ A,
in order to obtain a contradiction. By hypothesis, σ must be ζ-free, hence
by Lemma 8.3.3(i) (Link Analysis), σ1 = up(σ) ⊆ λ(ζ) and hence σ1 and ν1

are comparable. If ν1 = σ1, then by clause (iia) of Definition 3.1.7, wt(σ1) ≤
x < u ≤ wt(λ(ν)) = wt(ν1) = wt(σ1), a contradiction. If ν1 ⊂ σ1, then by
Definition 2.4.1 and Lemma 8.1.1(i) (Limit Path), σ1 cannot have an initial
derivative ⊂ ν, so by (2.8.4), Lemma 8.1.1(i) (Limit Path), and clause (iia) of
Definition 3.1.7, u ≤ wt(λ(ν)) ≤ wt(σ1) ≤ x, a contradiction. We conclude
that σ1 ⊂ ν1. By clause (iiic) of Definition 3.1.7, x /∈ Awt(η). As ν1 ⊂ λ(ρ),
it follows from clause (iib) of Definition 3.1.7 that x ∈ A implies x ∈ Awt(η), a
final contradiction proving (i).

(ii): (The idea here is that only one node of T 1, up(η), will act to place
x into a set, and once a derivative of up(η) acts to place x into the set, that
derivative is validated and remains the only derivative of up(η) for which ac-
tion can be supported at subsequent nodes.) Suppose that 〈ηi, ρi〉 share the
set axiom x ∈ A for i ≤ 1, that ρ0 ⊆ ρ1, and that the action for 〈η0, ρ0〉 is
positive. We assume that the action for 〈η1, ρ1〉 is negative, and obtain a con-
tradiction. For i ≤ 1, let η1

i = up(ηi), and fix νi ⊆ ρi such that ν−i = ηi. The
construction supports consistent action, so by clauses (iic) and (iiic) of Defini-
tion 3.1.7, ν1 ⊂ ν0. Now η1

0 = up(η0) must have an initial derivative µ0 ⊂ ν1,
else by (2.8.4), Lemma 8.1.1(i) (Limit Path), and clause (iia) of Definition 3.1.7,
x ≥ wt(η1

0) ≥ wt(λ(ν1)), contrary to clause (iiib) of Definition 3.1.7. By clause
(iid) of Definition 3.1.7, η0 is validated, so has Π outcome, along ρ0 ⊆ ρ1, so
[µ0, η0] is a primary ρ1-link restraining η1 = ν−1 . Thus η1 is not ρ1-free, so
action for η1 cannot be supported at ρ1, contrary to our assumption.

(iii): (The idea here is that incompatible shared functional action can only
be generated by incomparable nodes, and the node switching the paths takes
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action to destroy the original computation, thereby allowing a new axiom to
consistently be declared.) Suppose that the hypothesis of clause (iv) of Defini-
tion 3.1.7 holds, that ρ0 ⊆ ρ1, and that 〈η0, ρ0〉 and 〈η1, ρ1〉 share a functional
axiom with oracle A and different values. For i ≤ 1, fix νi ⊆ ρi at which the
respective functional axioms are newly defined, and note that by clause (ib) of
Definition 3.1.7, ν−i = ηi. Then 〈η0, ν0〉 and 〈η1, ν1〉 share this functional axiom.
Hence by clause (iva) of Definition 3.1.7, λ(ν0)|λ(ν1), so ν0 6= ν1. Assume that
ν0 ⊂ ν1. (We later show that this implies that ρ0 ⊂ ρ1, so by symmetry, it will
not be possible to have ν1 ⊂ ν0.)

By clauses (iva,b) of Definition 3.1.7, there are derivatives κ0 ⊂ κ1 of κ1 such
that κ0 has Σ outcome along ν0 and κ1 ⊇ ν0 has Π outcome (so is validated)
along ν1. Furthermore, by clause (id) of Definition 3.1.7, for i ≤ 1, ηi is the
principal derivative of η1

i along ρi, so by Lemma 8.1.1(i) (Limit Path), λ(νi) ⊆
λ(ρi). Hence λ(ρ0)|λ(ρ1), and so ρ0 ⊆ κ1 ⊂ ν1 ⊆ ρ1. (It is here that we
conclude, by symmetry, that we must have ν0 ⊂ ν1.) By hypothesis and clauses
(ivc,d) of Definition 3.1.7, wt(κ1) is placed into Awt(ν1). But κ1 ⊂ λ(ν0), so by
(2.8.1), wt(κ1) < wt(λ(ν0)); the latter is less than the use of the axiom declared
for η0 at ρ0.

The following lemma was used in constructing a properly d-c.e. degree. It
was proved as Lemma 3.4.2.

Lemma 8.8.2. (Delayed Set Action Lemma) Suppose that for a given faithfully
executed construction, action for η is supported at ρ only when η is ρ-free,
sentence decomposition is monotonic, the construction admits consistent action,
and clauses (i) and (ii) of Definition 3.4.1 are satisfied. Then shared set action
is compatible.

Proof. The proof is virtually the same as that of Lemma 8.8.1(ii) (Restraint).
We have just stretched the action out along an interval of T 1, and no action
within that interval is relevant to the set action in the compressed version. We
leave the proof of this lemma to the reader.

Another version of the Restraint Lemma, under weakened hypotheses, is
needed in the proof of the Sacks Splitting Theorem. We restate it here. The
proof is virtually the same as that of Lemma 8.8.1(ii) (Restraint), and we leave
it to the reader.

Lemma 8.8.3. (Splitting Restraint Lemma) Suppose that we are given a ∆2

construction satisfying clauses (i), (iib,c,d) and (iii) of Definition 3.1.7, as well
as the following condition:

(i) If η2_〈γ1〉 = ν2 ⊆ σ2 ∈ T 2, η2 has Σ outcome along ν2, action for η2

along ρ2 ⊇ ν2 specifies a restraint condition for the set A, and action for
σ2 along τ2 ⊇ ν2 specifies that a number x be placed in the same set A,
then x ≥ wt(γ1).

Suppose also that the construction is faithfully executed, action for η is sup-
ported at ρ only when η is ρ-free, sentence decomposition is monotonic, and the
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construction admits consistent action. Then conclusions (i) and (ii) of Lemma
3.1.9 (Restraint) hold. Furthermore, if hypothesis (iii) of Lemma 8.8.1 holds
for the functional ∆, then shared functional action for ∆ is compatible.

The following Lemma was proved as Lemma 5.1.1

Lemma 8.8.4. (Π2-Restraint) Suppose that for a given faithfully executed con-
struction, action for η is supported at ρ only when η is ρ-free, sentence decom-
position is monotonic, the construction admits consistent action, and clauses
(i)–(iii) of Definition 3.1.7, with equality in (ia), are satisfied. Assume also
that the following condition is satisfied for the functional ∆ with oracle A.

(i) Suppose that 〈η2
0 , ρ2

0〉 and 〈η2
0 , ρ2

0〉 share the functional axiom ∆(A;x), and
let κ2 = η2

0 ∧ η2
1. Then:

(a) If η2
0 6= η2

1, then η2
0 |η2

1.
(b) If lev(κ2) ≥ 2, and κ1 ∈ T 1 is a derivative of κ2, then validated

action for κ1 requires that wt(κ1) be placed into A, and no other
requirement on T 1 has action placing wt(κ1) ∈ A.

(c) For i ≤ 1, if action for η1
i is supported at ρ1

i and up(η1
i ) = η2

i , then
wt(η1

i ) ≤ x < wt(ρ1
i ).

Then shared functional action for ∆(A) is compatible.

Proof. We proceed by cases, comparing the locations of ηj
0 and ηj

1 for j = 1, 2.

Case 1: η1
0 |η1

1 . Let τ1 = η1
0 ∧ η1

1 . Without lss of generality, we may assume
that τ1 has Π outcome along η1

0 and Σ outcome along η1
1 ; fix τ ⊂ Λ0 such that

up(τ) = τ1 and τ has Π outcome along Λ0, let ν be the immediate successor of
τ along Λ0, and let ν1 = λ(ν). By Lemma 8.1.1(ii) (Limit Path), (ν1)− = τ1.
By Remark 2.4.2(ii), (2.8.1) and (2.8.4), if action for η1

i is supported at ρ1
i for

i ≤ 1, then wt(ρ1
0) < wt(ν1) ≤ wt(η1

1). But by (ic), wt(η1
1) ≤ x < wt(ρ1

0),
yielding a contradiction. So this case cannot occur.

Case 2: Case 1 does not apply and η2
0 = η2

1 . Then without loss of generality we
may assume that η1

0 ⊂ η1
1 . By (2.6.2), η1

0 must have Σ outcome along η1
1 . Let

the shared axioms be declared at ρ1
0 and ρ1

1 respectively, with uses u0 and u1

respectively. There are several subcases.

Subcase 2.1: η1
0 has Π outcome along ρ1

0. Then η1
0 must be switched at some

ξ ∈ [ρ1
0, η

1
1 ], and as axioms are declared only at level 2 nodes, it follows from (ib)

that wt(η1
0) is placed into A as action for η1

0 at its immediate successor ν1
0 along

η1
1 . By Lemma 8.1.1(ii) (Limit Path), (2.8.1), and condition (ia) of Definition

3.1.7 with equality instead of ≤, wt(η1
0) ≤ u0, so the shared axioms are declared

with incompatible oracles.

Subcase 2.2: η1
0 and η1

1 have Σ outcome along ρ1
0 and ρ1

1 respectively. In this
situation, the shared axioms are compatible.

Subcase 2.3: η1
0 has Σ outcome along ρ1

0 and η1
1 has Π outcome along ρ1

1. By
clause (ib) of Definition 3.1.7, 〈η1

0 , ν1
0〉 also share this action, so by (ic), x <
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wt(ν1
0). By Lemma 8.1.1(ii) (Limit Path), ν1

0 ⊆ η1
1 , so by (2.8.1) and (ic),

wt(ν1
0) ≤ wt(η1

1) ≤ x, a contradiction, so this situation cannot occur.

Case 3: Cases 1 and 2 do not apply. Then η2
0 6= η2

1 , so by (ia), η2
0 |η2

1 . There are
two subcases.

Subcase 3.1: lev(κ2) < 2. By (2.6.3), κ2 has a unique derivative κ1 ⊂ η1
0 , η1

1 ,
and as Case 1 does not apply, κ1 must have the same outcome along both η1

0

and η1
1 . But then κ2 has the same outcome along both η2

0 and η2
1 , contrary to

the case assumption that implies that η2
0 |η2

1 .

Subcase 3.2: Otherwise. Then lev(κ2) ≥ 2. Without loss of generality, we may
assume that η1

0 ⊂ η1
1 , so κ2 must have an initial derivative µ1 ⊂ η1

0 that has Σ
outcome along η1

0 , and a principal derivative π1 ∈ (η1
0 , η1

1) such that π1 has Π
outcome along η1

1 . Let the shared axioms be declared at ρ1
0 and ρ1

1 respectively,
with uses u0 and u1 respectively.

We first assume that out(ρ1
0) ⊆ out(ρ1

1) and obtain a contradiction. Let π
be the initial derivative of π1 along Λ0. Then out(ρ1

0) ⊂ π, else η1
0 would be ρ1

0-
restrained, so action for η1

0 would not be supported at ρ1
0. Hence by (ic), (2.8.4)

and Lemma 8.1.2(i) (Out) and (2.8.1), x < wt(ρ1
0) ≤ wt(π1) ≤ wt(η1

1) ≤ x, a
contradiction.

We thus conclude that out(ρ1
1) ⊂ out(ρ1

0), and hence there must be a σ ∈
[out(ρ1

1), out(ρ1
0)) that switches π1. As lev(π1) ≥ 2, it follows from (ib) and

condition (iic) of Definition 3.1.7 that wt(π1) is placed into A as action at the
immediate successor of σ along Λ0. Fix ν1

1 ⊆ ρ1
1 such that (ν1

1)− = η1
1 . Hence by

the equality for conditions (ia) of Definition 3.1.7, Lemma 8.1.1(ii) (Limit Path)
and (2.8.1), u1 = wt(ν1

1) > wt(π1
1), so the oracles for the shared axioms are

incompatible. We conclude that the shared functional action is compatible.

There is an additional restraint lemma that was used at the ∆3 level. As it
involves backtracking, it will be proved in the next chapter.

8.9 Miscellaneous Lemmas

We recall the following definitions from Section 5.1

Definition 8.9.1. Fix η2 ∈ T 2 such that |η2| = 2e+2. Define the string χη2 of
length e + 1 by χη2(x) = 0 (= 1, resp.) iff η2 � 2x is activated (validated, resp.)
along η2. η2 will generate the guess that χη2 ⊂ C.

Definition 8.9.2. Fix ν1 ∈ T 1. Define the string γν1 of length |ν1| by γν1(x) =
0 (= 1, resp.) iff ν1 � x is activated (validated, resp.) along ν1. ν1 will generate
the guess that γν1 ⊂ W .

The following lemma was introduced as Lemma 5.1.5.

Lemma 8.9.3. (Incompatible Oracle Lemma) Let ξ ⊂ η ⊂ Λ0 ∈ [T 0] and η2 6=
ξ2 ∈ T 2 be given such that ξ = out0(ξ2), η = out0(η2), and |η2| = |ξ2| = 2e + 2.
Suppose that for all ρ2 ∈ T 2 such that |ρ2| is odd, lev(ρ2) < 2. Then either χη2

and χξ2 are incompatible, or γout(η2) and γout(ξ2) are incompatible.
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Proof. Case 1: η1 = out(η2) and ξ1 = out(ξ2) are compatible. By Lemma
8.1.2(i) (Out), η1 6= ξ1, else η2 = λ(η1) = λ(ξ1) = ξ2. As ξ ⊂ η, it can be shown
that our assumption implies that ξ1 ⊂ η1; however, we will assume this to be
the case without loss of generality, as a symmetrical proof will hold if η1 ⊂ ξ1.
Let ρ2 = η2 ∧ ξ2. As η2 6= ξ2 and |η2| = |ξ2|, ρ2 ⊂ η2, ξ2. Fix i = 1. (We do
this for the sake of the next paragraph, as that paragraph will also apply when
i = 0 for the next case.)

By Remark 2.4.2(vi), ρi+1 has an initial derivative µi ⊂ ξi and a principal
derivative πi ⊂ ηi such that ξi ⊂ πi, µi has Σ outcome along ξi, and πi has Π
outcome along ηi. Thus by Remark 2.4.2(v), ρi+1 has Π outcome along ξi+1

and Σ outcome along ηi+1.
Now as µ1 6= π1, it follows from (2.6.3) that lev(ρ2) = 2, and so that |ρ2| is

even. Hence χη2 and χξ2 are incompatible.

Case 2: η1 = out(η2) and ξ1 = out(ξ2) are incompatible. Let ρ1 = η1 ∧ ξ1,
and note that by the case assumption, ρ1 ⊂ η1, ξ1. We now set i = 0 for the
second paragraph of Case 1, and conclude by that paragraph that ρ1 has Π
outcome along ξ1 and has Σ outcome along η1. Thus γout(η2) and γout(ξ2) are
incompatible.
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Chapter 9

Backtracking

The concept of backtracking was introduced in [16]. Backtracking is a procedure
that takes a non-λk(ξ)-free node of T k, and returns it to λk(η)-free status for
some η ⊃ ξ, with the same initial derivative. The concept, as manifested in
[16], was intertwined with the validity of certain sentences, and so its analysis
was substantially more complicated than we need, as we look at it without
regard to the requirements assigned to the nodes. The lemmas we prove here
can also be generally applied to systems of trees, as there is no dependence on
the requirements to be satisfied.

This chapter is devoted to proving lemmas describing the behavior of the
backtracking process. Throughout the chapter, we assume that we are dealing
with a level ` construction.

9.1 Backtracking

Backtracking cannot always be carried out. In this section, we identify the sole
obstruction to backtracking, and define a sequence generated by primary links
that determines how backtracking is to be implemented, when possible.

Definition 9.1.1. Fix m ≤ `, σ, ξ ∈ T 0, and σm ∈ Tm. We say that 〈σm, σ〉
is weakly ξ-accessible if init(σm, σ) = σ and there is an η ∈ T 0 such that η ⊇ ξ,
init(σm, η) = σ and σm ⊆ λm(η); and if this is the case, we call η a witness to
the weak ξ-accessibility of 〈σm, σ〉. We say that 〈σm, σ〉 is ξ-accessible if there
is an η ∈ T 0 such that η is a witness to the weak ξ-accessibility of 〈σm, σ〉 and
upm(η) = σm.

We will prove that 〈σm, σ〉 is weakly ξ-accessible, then iff there is no primary
ξ-link restraining σ. The next lemma proves one direction.

Lemma 9.1.2. (Nonaccessibility Lemma) Fix m ≤ `, ξ ⊂ η ∈ T 0 and σm ∈ Tm

such that σm ⊂ λm(ξ), and for all i ≤ m, let σi = initi(σm, ξ) and set σ = σ0.
Suppose that there is a primary η-link [µ, π] that properly restrains σ. Then
〈σm, σ〉 is not weakly η-accessible.

141
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Proof. By Lemma 8.3.3(iii) (Link Analysis), σ1 6⊆ λ(ρ) for any ρ ⊇ η. Hence by
Lemma 8.1.1(i) (Limit Path), if ρ ⊇ η and σm ⊂ λm(ρ), then σ1 cannot be the
initial derivative of σm along λ(ρ), so σ cannot be the initial derivative of σm

along ρ.

We now begin an analysis of the links that must be switched in order to
return σm to the current path through Tm as a free node, beginning at η ∈ T 0,
with specified initial derivative σ, when there is no primary η-link that properly
restrains σ. It will be possible to return σm to free status with initial derivative
σ iff 〈σm, σ〉 is weakly η-accessible. In this case, we will show that there is a set
of links that we can switch to return σm to free status with initial derivative
σ, and that this set of links must always be switched if we are to return σm to
free status with initial derivative σ; and we will present an algorithm to return
σm to free status with initial derivative σ. We begin by defining the set of links
that must be switched in order to do so.

Definition 9.1.3. Fix m ≤ `, σm ∈ Tm and ξ ⊆ η ∈ T 0 such that σm

is λm(ξ)-free. We define a sequence PL(σm, ξ, η) and strings µ(σm, ξ, η) and
π(σm, ξ, η) by induction on η ⊇ ξ. We begin by setting PL(σm, ξ, ξ) = 〈σm〉
and µ(σm, ξ, ξ) = π(σm, ξ, ξ) = σm. Suppose that η ⊃ ξ and that PL(σm, ξ, η−),
µ(σm, ξ, η−) and π(σm, ξ, η−) have been defined, and that π(σm, ξ, η−) ∈ T r.
Define πj(σm, ξ, η−) to be the principal derivative of π(σm, ξ, η−) along λj(η−)
and µj(σm, ξ, η−) to be the initial derivative of µ(σm, ξ, η−) along λj(η−) if
j < r whenever these strings exist; and let µj(σm, ξ, η−) = πj(σm, ξ, η−) =
upj(πr(σm, ξ, η−)) for j ∈ [r, `]. There are three cases, and we follow the first
case that applies:

Case 1: η switches π(σm, ξ, η−). If |PL(σm, ξ, η−)| = 1, set PL(σm, ξ, η) =
〈σm〉 and π(σm, ξ, η) = µ(σm, ξ, η) = σm. Otherwise, |PL(σm, ξ, η−)| > 1
and we set PL(σm, ξ, η) = (PL(σm, ξ, η−))−. Fix the longest ν ⊂ η such that
PL(σm, ξ, η) = PL(σm, ξ, ν) and set π(σm, ξ, η) = π(σm, ξ, ν) and µ(σm, ξ, η) =
µ(σm, ξ, ν).

Case 2: Case 1 does not apply and there are s ≤ ` and µs, πs ∈ T s such
that [µs, πs] is a primary λs(η)-link and for some j ≤ s, the λj(η)-link [µj , πj ]
derived from [µs, πs] restrains πj(σm, ξ, η−). Fix the smallest such s and the
longest such link for s (its existence follows from Lemma 8.3.1 (Nesting)), define
PL(σm, ξ, η) = PL(σm, ξ, η−)_〈πs〉, µ(σm, ξ, η) = µs and π(σm, ξ, η) = πs.

Case 3: Neither Case 1 nor Case 2 applies. Then we set PL(σm, ξ, η) =
PL(σm, ξ, η−), π(σm, ξ, η) = π(σm, ξ, η−) and µ(σm, ξ, η) = µ(σm, ξ, η−).

9.2 Properties of PL sets

The next lemma is the key to understanding the evolution of the PL sequences.
It implies that the sequences evolve in an organized way; the last node is always
free, when a sequence returns to a prior value then outcomes are identical for
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the last node as are the initial derivative of the last node, and the intervals
formed from the strings in the sequence are successively nested.

Lemma 9.2.1. (PL Analysis Lemma) Fix m ≤ `, σm ∈ Tm and ξ ⊆ η ∈ T 0

such that σm is λm(ξ)-free, and let σ = init(σm, ξ). Let PL(σm, ξ, η) = 〈πki
i :

i ≤ n〉 and PL(σm, ξ, η−) = 〈πki
i : i ≤ ñ〉 (one sequence is an end extension

of the other) where πki
i ∈ T ki , and let n̂ = max{n, ñ}. For all i ≤ n̂, fix

the shortest θi ∈ [ξ, η] such that |PL(σm, ξ, ρ)| ≥ i + 1 for all ρ ∈ [θi, η), and
fix the longest θ̃i ∈ [ξ, η) such that |PL(σm, ξ, θ̃i)| = i + 1. For all i ≤ n̂,
let µki

i = µ(σm, ξ, θi) and µ̂i = init(πki
i , θi), for all j ≤ ki let [µj

i , π
j
i ] be the

λj(θi)-link derived from [µki
i , πki

i ] (if j = 0, we omit the superscript), and for
all j ∈ (ki, `] let πj

i = upi(πki
i ). For all j ≤ `, let κj = λj(η−) ∧ λj(η). Then:

(i) For all j ≤ `, πj
n is λj(η)-free.

(ii) If 0 < n ≤ ñ, then λj(θ̃n) ∧ λj(η) ⊃ πj
n for all j ≤ `.

(iii) If n = 0, then init(σm, η) = σ.

(iv) If ñ < n, then πkn
n = κkn .

(v) For all i < n and j ≤ min{ki+1, ki}, µj
i+1 ⊆ µj

i ⊆ πj
i ⊂ πj

i+1. Further-
more, if ki+1 ≤ ki, then µj

i+1 ⊂ µj
i .

(vi) Suppose that [µr, πr] is a primary λr(η)-link whose derived η-link [µ, π]
η-restrains σ. Then there is a q ≤ r, a primary λq(η)-link [µ̃q, π̃q] with
derived λi(η)-links [µ̃i, π̃i] for i ≤ q, an i ∈ [1, n] and a derivative π̃ki ∈
T ki of π̃r such that π̃q is λq(θi)-free, µ̃0 ⊆ µ0 ⊂ π0 ⊆ π̃0, πki

i = π̃ki and
init(π̃ki , η) ↓= µ̂i. Furthermore, if πr is λr(η)-free, then we can assume
that [µ̃q, π̃q] = [µr, πr].

Proof. We proceed by induction on |η| − |ξ|. If η = ξ, then by hypothesis,
σm = πm

0 is λm(ξ)-free, so by Lemma 8.5.1(i,ii) (Freeness Transmission), πj
0 is

λj(η)-free for all j ≤ `. Hence (i) holds. (ii)–(vi) are immediate.
Suppose that η ⊃ ξ. We follow the case structure of Definition 9.1.3 to prove

(i)–(v), noting that it is easy to see that for all i ≤ ñ,

PL(σm, ξ, η−) = (PL(σm, ξ, θ̃i))−_ PL(πki
i , θ̃i, η

−). (*)

(vi) is proved at the end. Let k = kn.

Case 1: η switches πkenen . If ñ = 0, then (i) follows from Lemma 8.5.1(iii)
(Freeness Transmission), (iii) follows by definition, (i) and induction, and (ii),
(iv) and (v) are vacuous.

Otherwise, ñ > 0. (PL(σm, ξ, η) = (PL(σm, ξ, η−))− in this case.) Let
ν = θen. Note that π(σm, ξ, ν) = π(σm, ξ, η−). For j ≤ ` and ρ ∈ {ν, η}, let
κj

ρ = λj(ρ−)∧λj(ρ). We note that by Lemma 8.5.1(iii) (Freeness Transmission),
for j ≤ ` and ρ ∈ {ν, η}, κj

ρ is both λj(ρ−)-free and λj(ρ)-free. For all j ≤ `
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and ρ ∈ {ν−, ν, η−, η}, let πj
ρ = πj(σm, ξ, ρ). Let r = ken and for all j ≤ r, let

µj = µjen and πj = πjen = πj
ν .

Before verifying (i)–(v), we show that πj
ν− is λj(η)-free for all j ≤ `. For

assume that this is not the case, in order to obtain a contradiction. Then by
Lemma 8.3.1 (Nesting), there is a j ≤ ` such that πj

ν− is restrained by a λj(η)-
link derived from a primary λt(η)-link [µ̃t, π̃t] for which π̃t is λk(η)-free. Fix
such a link with t minimal. For all j ≤ t, let [µ̃j , π̃j ] be the λj(η)-link derived
from [µ̃t, π̃t] (we omit the superscript if j = 0). We proceed by subcases.

Subcase 1.1: t ≥ r and π̃s = κs
η for some s. As upt(κs

η) = κt
η and

upt(π̃s) = π̃t, π̃t = κt
η. But [µr

η− , κr
η] is a primary λr(η−)-link, so Lemma

8.5.8(ii) (Alternating Link) and the minimality of t rule out this possibility.

Subcase 1.2: Subcase 1.1 does not apply, and π̃s ⊂ κs
η for some s ≥ r.

As s ≥ r, κs
ν = κs

η, and we have noted that κs
η is both λs(η)-free and λs(ν−)-

free. Furthermore, by Lemma 8.5.1(ii) (Freeness Transmission), π̃s is λs(η)-free.
By (ii) inductively, κs

η has Σ outcome along λs(ν) iff κs
η has Σ outcome along

λs(η−), so as both η and ν switch κs
ν = κs

η, κs
η has Σ outcome along λs(ν−) iff

κs
η has Σ outcome along λs(η). By Lemma 8.5.7 (Stable Link), [µ̃j , π̃j ] is also

a λj(ν−)-link for all j ∈ [s, t]. Now as π̃s ⊂ κs
η, π̃s has the same outcome, δs,

along both λs(ν−) and λs(η), so (outj(δs))− = π̃j is the principal derivative of
π̃s along both λj(η) and λj(ν−) for all j ≤ s. Thus [µ̃j , π̃j ] is a λj(ν−)-link for
all j ≤ t, so πj

ν− is not λj(ν−)-free for some j ≤ t, contradicting (i) inductively.

Subcase 1.3: t < r and π̃t ⊂ κt
η. Then [µ̃t, π̃t] is also a λt(η−)-link and

i-envelops πk
ν− for some i. Note that by (*), PL(πk

ν− , ν−, η−) = 〈πk
ν− , πr

ν〉, so by
(vi) inductively, r ≤ t, a contradiction.

Subcase 1.4: The previous subcases do not apply and there is an i < r such
that µ̃i+1 ⊃ κi+1

η but π̃j ⊂ κj
η for all j ≤ i. Then by Lemma 8.5.3 (Crossover)

and Lemma 8.5.1(iii) (Freeness Transmission), there is a primary λi(η−)-link
[µ̂i, κi

η] such that µ̂i ⊂ µ̃i ⊂ π̃i ⊂ κi
η and κi

η is λi(η−)-free, so by Lemma
8.5.2 (Link Comparison), [µ̂i, κi

η] j-envelops πk
ν− along λj(η−) for some j ≤ i.

Note that by (*), PL(πk
ν− , ν−, η−) = 〈πk

ν− , πr
ν〉, so by (vi) inductively, r ≤ i, a

contradiction.

Subcase 1.5: The preceding cases do not apply and t > r. As κt
η is λt(η)-

free, κt
η ⊂ µ̃t. As κt

η = κt
ν and the preceding cases do not apply, it follows from

Lemma 8.5.3 (Crossover) and as π̃ ⊂ η− = κ0
η that there is an i ∈ [r, t− 1] such

that π̃i ⊂ κi
η. Thus Subcase 1.2 would be followed.

Subcase 1.6: Otherwise. Then t < r and π̃s = κs for some s ≤ t. As
κt = upt(κs) and π̃t = upt(π̃s), π̃t = κt. By Lemma 8.5.8(i,ii) (Alternating
Link), s < r and there is a j < t and an interval [µ̂j , π̂j ] that is both a primary
λj(η−)-link and a primary λj(η)-link for which π̂j is λr(η−)-free. Note that by
(*), PL(πk

ν− , ν−, η−) = 〈πk
ν− , πr

ν〉, so by (vi) inductively, r ≤ j, a contradiction.

We conclude that πk
ν− is λk(η)-free. Now πk

η = πk
ν− , so (i) follows from

Lemma 8.5.1(i,ii) (Freeness Transmission). (ii) is follows immediately from (i)
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and Lemma 8.5.9 (Outcome Restoration), and (iii) follows easily from (ii). (iv)
is vacuous and (v) follows by induction, as PL(σm, ξ, η) = PL(σm, ξ, ν−).

Case 2: Case 2 of Definition 9.1.3 is followed at η. (i) and (iv) follow from
Lemmas 8.5.5(iii) (Link Development) and 8.5.1(iii) (Freeness Transmission).
(iii) is immediate, and (ii) is vacuous and as n > n̂.

We now prove (v). By Lemma 8.5.5(iii) (Link Development) and (i) in-
ductively, πkn

n = κkn and by (i), πkn
n is λkn(η)-free. Fix i ≤ kn such that

[µkn
n , πkn

n ] i-envelops π
kn−1
n−1 . By Lemma 8.5.2 (Link Comparison), we must

have i ≥ min{kn−1, km}. By choice of i, µi
n ⊆ πi

n−1 ⊂ πi
n. Furthermore,

µj
n ⊆ πj

n−1 ⊂ πj
n for all j ≤ i, else By Lemma 8.3.7 (iii) (Free and True), there

is a p < kn such that a primary λp(η)-link j-envelops π
kn−1
n−1 for some j; but

then by Lemma 8.5.5(iii) (Link Development) and Lemma 8.5.1(iii) (Freeness
Transmission), there would be a q ≤ p and a primary λq(η)-link whose last node
is λq(η)-free that j-envelops π

kn−1
n−1 for some j, contrary to the choice of kn.

By (i), for all j ≤ kn, κj is a λj(η)-free derivative of κkn , and by definition,
πj

n is the shortest λj(η)-free derivative of κkn ; hence πj
n ⊆ κj . By (i) and Lemma

8.5.1(iii) (Freeness Transmission), for all j ≤ n, both πj
n−1 and κj are λj(η−)-

free, so must be comparable; and as πj
n ⊆ κj , πj

n and πj
n−1 must be comparable

for all j ≤ kn. Furthermore, if j ∈ (kn, `], then πj
n = upj(πkn

n ) = upj(κkn) = κj ,
so πj

n and πj
n−1 must be comparable for all j ≤ `. We proceed by cases, showing

that µi
n ⊆ µi

n−1, by comparing πi+1
n−1 and πi+1

n .
First suppose that πi+1

n−1 ⊂ πi+1
n . If kn−1 < i, then µi

n−1 = πi
n−1 and

so (v) holds. Otherwise, by choice of i and Lemma 8.5.2 (Link Comparison),
πi+1

n−1 ⊂ µi+1
n and so πi

n−1 must be the principal derivative of πi+1
n−1 along µi

n,
i.e., πi

n−1 ⊂ µi
n, a contradiction.

Next suppose that πi+1
n−1 = πi+1

n . As πj
n = κj for all j ∈ [kn, `], it follows

from Lemma 8.5.8(i) (Alternating Link) that we cannot have kn−1 ≥ kn, else
Case 1 of Definition 9.1.3 would apply. Hence kn−1 < kn, so by Lemma 8.5.8(ii)
(Alternating Link), there is a primary λj(η)-link [µ̂j , π̂j ] for some j < kn which
p-envelops πkn

n−1 with π̂j λj(η)-free, contrary to the choice of kn. Hence this
case cannot occur.

Finally, suppose that πi+1
n−1 ⊃ πi+1

n , noting that i ≤ kn. We must have
πi+1

n = κi+1, else by Lemma 8.5.2 (Link Comparison), πi
n ⊂ πi

n−1, yielding a
contradiction. Thus by Lemma 8.5.3 (Crossover), µi

n ⊂ µi
n−1 ⊆ πi

n−1 ⊂ πi
n. As

µi
n−1 ⊂ πi

n−1, it follows from by Lemma 8.5.2 (Link Comparison) that µj
n ⊂

µj
n−1 ⊂ πj

n−1 ⊂ πj
n for all j ≤ i, and so (v) holds.

Case 3: Neither Case 1 nor Case 2 applies. Then Case 3 of Definition
9.1.3 must be followed. Fix r such that π(σm, ξ, η−) ∈ T r. As neither Case
1 nor Case 2 applies, it follows from Lemma 8.3.3(id) (Link Analysis) that
π(σm, ξ, η−) = πr

η− ⊆ λr(η). As πr
η− is not restrained by a λr(η)-link, it must

be λr(η)-free. Furthermore, π(σm, ξ, η) = πr
η− . (i) now follows from Lemma

8.5.1(i,ii) (Freeness Transmission).
(ii) and (iii) are immediate from the case assumption, (iv) is vacuous, and

(v) follows immediately by induction.
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(vi): Suppose that [µq, πq] is a primary λq(η)-link whose derived η-link [µ, π]
η-restrains σ. By (v), [µn, πn] also η-restrains σ, and by (i), πn is η-free; hence
by Lemma 8.3.1 (Nesting), [µ, π] ⊆ [µn, πn]. If π = πn, then by the minimality of
the choice of kn, we can assume without loss of generality that [µ, π] = [µn, πn].

Suppose that π ⊂ πn. We may assume that q < kn, else there is nothing
to show. By Lemma 8.5.2 (Link Comparison), letting [µj , πj ] be the λj(η)-link
derived from [µq, πq] for all j ≤ q, we have [µj , πj ] ⊆ [µj

n, πj
n] and πj ⊂ πj

n

for all j ≤ q. We consider the situation at η in Definition 9.1.3, proceeding by
induction on |η|.

First assume that Case 1 of Definition 9.1.3 is followed at η, and let ν = θen.
Then PL(σm, ξ, ν−) = PL(σm, ξ, η), and by (i), [µkn

n , πkn
n ] is a primary λkn(ν−)-

link. As πq ⊂ πq
n and q < kn, [µq, πq] is a primary λq(ν−)-link, so (vi) follows

by induction in this case.
Next assume that Case 2 of Definition 9.1.3 is followed at η. For j ≤ kn, πj

n

is the shortest λj(η)-free derivative of κkn+1
η , so by Lemma 8.5.1(iii) (Freeness

Transmission), πj
n ⊆ κj

η for all j ≤ kn. As q < kn and πj ⊂ πj
n for all j ≤ q,

[µq, πq] is a primary λq(η−)-link, so (vi) follows by induction in this case.
Finally, assume that Case 3 of Definition 9.1.3 is followed at η. By (i),

[µkn
n , πkn

n ] is also a λkn(η−)-link. As q < kn and πj ⊂ πj
n for all j ≤ q, [µq, πq]

is a primary λq(η−)-link, so (vi) follows by induction in this case.

9.3 Extenders

The backtracking process is an iterative one, and entails taking extensions of
σ ∈ T 0 of two types. We now define these extenders of σ. The definitions apply
to trees of all levels.

Definition 9.3.1. Fix k < `, η ⊂ κ ∈ T 0 and πk ∈ T k. We say that κ is a
nonswitching extender of η for πk if every σ such that η ⊂ σ ⊆ κ is nonswitching,
upk(κ) = πk, init(upk−1(κ), κ) = κ, and there is no τ such that η ⊂ τ ⊂ κ,
upk(τ) = πk, and init(upk−1(τ), τ) = τ . We say that κ is a switching extender
of η for πk if κ− is a non-switching extender of η for πk and κ switches πk.

We are now ready to define backtracking extenders.

Definition 9.3.2. Fix m ≤ `, σm ∈ Tm and ξ ⊆ η ⊂ κ ∈ T 0 such that σm is
λm(ξ)-free and init(σm, ξ) ↓. For i ≤ n, fix πki

i ∈ T ki such that PL(σm, ξ, η) =
〈πk0

0 , . . . , πkn
n 〉. Then we call κ a backtracking extender of η for σm from ξ if there

is a sequence of nodes η = ρ−1 ⊂ ρ0 ⊂ · · · ⊂ ρn = κ for which the following
conditions hold:

(i) upm(κ) = σm and init(σm, κ) = init(σm, ξ).

(ii) For all i ∈ [0, n− 1], ρi is a switching extender of ρi−1 for π
kn−i

n−i .

(iii) ρn is a nonswitching extender of ρn−1 for σm.

The next lemma characterizes the backtracking process.
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Lemma 9.3.3. (Backtracking Lemma) Fix m ≤ `, σm ∈ Tm and ξ ⊆ η ⊂
κ ∈ T 0 such that σm is λm(ξ)-free and init(σm, ξ) ↓. For i ≤ n, fix πki

i ∈
T ki such that PL(σm, ξ, η) = 〈πk0

0 , . . . , πkn
n 〉, and assume that ki > 0 for all

i ≤ n. Let θ be the shortest string in (ξ, η] such that |PL(σm, ξ, θ)| > 1 for all
ρ ∈ [θ, η], and assume that σm has Π outcome along λm(θ−). Then there is a
backtracking extender κ of η for σm from ξ. Furthermore, there is a canonical
way of obtaining κ.

Proof. We proceed by induction on j ≤ n. We will have, as an induction
hypothesis, that

π
kn−j

n−j is λkn−j (ρj−1)-free.

We begin by setting ρ−1 = η and noting that, by Lemma 9.2.1(i) (PL Analy-
sis) or hypothesis, πkn

n is λkn(η)-free; that by hypothesis kn > 0; and that by
Definition 9.1.3 and the hypothesis stating that σm = πk0

0 has Π outcome along
λm(θ−), πkn

n has Π outcome along λkn(η). Thus by Lemma 8.2.1 (Nonswitching
Extension) and Lemma 8.2.2 (Switching), we can find a switching extender ρ0

of ρ−1 for πkn
n if n > 0, and a nonswitching extender ρ0 of ρ−1 for πkn

n = σm

if n = 0. By Lemma 9.2.1(i,ii) (PL Analysis), PL(σm, ξ, ρ0) = 〈πk0
0 , . . . , π

kn−1
n−1 〉

and π
kn−1
n−1 is λkn−1(ρ0)-free. Hence we can proceed as above by induction, re-

placing n with n− j to obtain ρn = κ satisfying the clauses of Definition 9.3.2.
Note that the second clause of Definition 9.3.2(i) follows from Lemma 9.2.1(iii)
(PL Analysis).

As each node of T 0 has only two outcomes, it follows from Lemma 8.2.1
(Nonswitching Extension) that switching immediate extensions of a node are
unique. It is possible, however, that both extensions of a node of T 0 are non-
switching. If we always specify that we take the Σ outcome when we wish to take
a nonswitching extension and both choices are acceptable, then the definition
of the backtracking extender on T 0 is unique.

9.4 Backtracking and Links

We will prove two lemmas in this section. The first shows that the restora-
tion of σm as a free node along the current path, requires switching all nodes
in PL(σm, ξ, η). The second relates switching the outcome of the immediate
antiderivative of a node in a PL set to switching the node in the PL set.

Lemma 9.4.1. (Link Switching Lemma) Fix m ≤ `, σm ∈ Tm, σ ∈ T 0 and ξ ⊆
ρ ∈ T 0 such that σm is λm(ξ)-free and init(σm, ξ) = σ. Then |PL(σm, ξ, ρ)| = 1
iff both σm is λm(ρ)-free and init(σm, ρ) = σ.

Proof. First suppose that |PL(σm, ξ, ρ)| = 1. By Lemma 9.2.1(i,iii) (PL Anal-
ysis), σm is λm(ρ)-free and init(σm, ρ) = σ.

Conversely, assume that σm is λm(ρ)-free and init(σm, ρ) = σ. We assume
that |PL(σm, ξ, ρ)| > 1 and obtain a contradiction. Let PL(σm, ξ, ρ) = 〈πi : i ≤
n〉 and for all i ≤ n, fix ki such that πi ∈ T ki and let µi be the initial derivative
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corresponding to πi as defined in Definition 9.1.3. Let j = min{ki : 1 ≤ i ≤ n},
and fix the largest i such that ki = j. By the choice of i and j, with notation as
in Lemma 9.2.1 (PL Analysis), it follows from Lemma 9.2.1(v) (PL Analysis)
that µj

i ⊂ µj
i−1 ⊆ σj . As [µj

i , π
j
i ] is a primary λj(ρ)-link, it follows from Lemma

8.3.3(iii) (Link Analysis) and the choice of i that σj+1 = upj+1(σ) 6⊆ λj+1(ρ).
But as σm is λm(ρ)-free and σ = init(σm, ρ), it follows from Lemmas 8.4.2 (Free
Derivative) and 8.1.1(i) (Limit Path) that σj+1 ⊆ λj+1(ρ), yielding the desired
contradiction.

The next lemma relates switches in an outcome of a node to switches of
its principal derivative. It states that, in order to switch a node of T k with Σ
outcome when it has a fixed initial derivative, its principal derivative on T k−1

at that time must also be switched.

Lemma 9.4.2. (Principal Switching Lemma) Fix k ≤ `, η ⊂ ξ ∈ T 0, πk ∈ T k

and πk−1 ∈ T k−1 such that πk is λk(η)-free and πk−1 is the principal derivative
of πk along λk−1(η). Let π̃ = init(πk, η) and π̂ = init(πk−1, η). Suppose that
πk is λk(ξ)-free and init(πk, ξ) = π̃, and that no δ ∈ (η, ξ] switches πk. Then
πk−1 is the principal derivative of πk along λk−1(ξ), and π̂ = init(πk−1, ξ).
Furthermore if ν− = ξ, ν switches πk and πk has Σ outcome along λk(η), then
ν switches πk−1.

Proof. By Lemma 9.2.1(ii) (PL Analysis), πk has the same outcome along λk(η)
and λk(ξ), so πk−1 is the principal derivative of πk along λk−1(ξ) and has the
same outcome along both λk−1(η) and λk−1(ξ). Thus π̂ = init(πk−1, ξ).

If πk has Σ outcome along λk(η), then πk has the same outcome along λk(ξ)
and so πk−1 must have Π outcome along λk−1(ξ). But then by (2.6.2), πk−1 is
the only λk−1(ξ)-free derivative of πk, and so if ν switches πk then ν must also
switch πk−1.

9.5 Set Approximation

The progress of a construction through the trees of strategies will provide ap-
proximations to sets, based on a new weight function. These approximations
will be related to the definition of the sets based on the true paths through the
trees.

As we saw earlier, if η1 ∈ {λ(σ) : σ ⊂ Λ0}, then η1 has a unique initial
derivative ⊂ Λ0; and if η2 ∈ {λ2(σ) : σ ⊂ Λ0}, then η2 has a unique initial
derivative in {λ(σ) : σ ⊂ Λ0}, and a unique initial derivative ⊂ Λ0. This
is no longer the case for η3 ∈ T 3; η3 may have many initial derivatives in
{λ2(σ) : σ ⊂ Λ0}, and it is easiest to treat visits by the construction to η3

differently when the visits are for different initial derivatives of η3. Thus we
define a new weight function as a function of two variables, a node on T k

for some k and an initial derivative of that node ⊂ Λ0. We do not give a
formal definition; rather, we leave it to the reader to show (the demonstration
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is routine) that we can define such a one-to-one function with domain N × N
with the following property for k ≤ `, σk, τk ∈ T k, and σ, τ ⊂ Λ0:

(init(σk, σ) = σ & init(τk, τ) = τ & σ ⊂ τ) → wt(σk, σ) < wt(τk, τ). (9.5.1)

For k ≤ ` and η ∈ T 0, we also define

lkη = max{wt(σk, σ) + 1 : σk ∈ T k & σ ⊆ η}.

For convenience, we extend the domain of the function wt to {〈σk, σ〉 ∈ T k×T 0 :
σk ⊂ λk(η)} by setting wt(σk, η) = wt(σk, init(σk, η)).

We will be defining finite partial functions αa,η with range {0, 1} where a is
a parameter coming from an outside set, and η ⊂ Λ0. The domain of αa,η will
consist of those numbers x of the form wt(σm, σ) for some σm ∈ Tm encountered
during the course of the construction, where σ ⊂ η will be an initial derivative
of σm. Each σm ∈ Tm will have a target set TS(σm) listing those parameters a
for which αa,η(wt(σm, σ)) is eligible to take the value 1, and the map taking σm

to TS(σm) will be effective. With this background, the strings are now defined.

Definition 9.5.1. Fix m ≤ `, σm ∈ Tm and σ, η ∈ T 0 such that σ =
init(σm, σ). Let a parameter a be given, and suppose the notion of target set
with notation as above is defined. We define the string αa,η as follows.
Case 1: x = wt(σm, η) < lmη , αa,η−(x) ↑ and σm ⊂ λm(η). Define αa,η(x) = 1
if σm has Σ outcome along λm(η) and a ∈ TS(σm), and define αa,η(x) = 0
otherwise.
Case 2: x = wt(σm, η), αa,η−(x) ↓ and η switches σm. Define αa,η(x) =
1− αa,η−(x) if a ∈ TS(σm), and define αa,η(x) = 0 otherwise.
Case 3: x = wt(σm, σ), σ = init(σm, η), αa,η−(x) ↓ and η does not switch σm.
Define αa,η(x) = αa,η−(x).
Case 4: Otherwise. Then αa,η(x) ↑.
For i ≤ `, we also define α

[i]
a,η to be the restriction of αa,η to those x = wt(σi, σ)

such that σi ∈ T i.

Before proceeding with an analysis of the effects of backtracking, we need to
see when two strings on T 0 give rise to compatible sets.

Definition 9.5.2. Fix ξ ⊂ η ∈ T 0 and a parameter a. We say that ξ and η are
a-compatible if for all x, if αa,ξ(x) ↓ and αa,η(x) ↓, then αa,ξ(x) = αa,η(x).

We now prove a lemma telling us that as we track a node σm at stages when
it lies on the current path and has the same initial derivative σ, then looking
at two consecutive such stages, if σm is not switched then it has the same type
of outcome (Σ or Π) at both stages, and whenever σm is switched, the type of
outcome is also switched.

Lemma 9.5.3. (Faithfulness Lemma) Fix a parameter a, m ≤ `, Λ0 ∈ T 0∪[T 0],
σm ∈ Tm and η ⊂ Λ0 such that σm ⊂ λm(η). Let σ = init(σm, η), and fix the
longest ν ⊆ η such that λm(ν−) ∧ λm(ν) = σm and σ = init(σm, ν). Then:
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(i) σm has Σ outcome along λm(η) iff σm has Σ outcome along λm(ν).

(ii) If σ ⊂ η, then αa,η(wt(σm, σ)) ↓∈ {0, 1}. Also, αa,η(wt(σm, σ)) ↓= 1 iff
σm has Σ outcome along λm(η) and a ∈ TS(σm).

Proof. We will be using results about the behavior of PL sequences relativized to
[0,m] in place of [0, `]. We proceed by induction on |η|. The lemma clearly holds
for η = τ , where τ− = σ. Note that if η switches σm, then by Lemma 8.5.1(iii)
(Freeness Transmission), σm is both λm(η−)-free and λm(η)-free, and σm has
Σ outcome along λm(η) iff σm has Π outcome along λm(η−). By Lemma 9.4.1
(Link Switching), if η switches σm and init(σm, η) = σ, then PL(σm, σ, η) =
〈σm〉. Furthermore, by Lemma 9.2.1(ii) (PL Analysis), if ξ ⊂ η, PL(σm, σ, ξ) =
PL(σm, σ, η) = 〈σm〉, and PL(σm, σ, ρ) 6= 〈σm〉 for all ρ ∈ (ξ, η), then σm has
the same outcome along λm(η) as it had along λm(ξ). (i) and (ii) now follow
from Definition 9.5.1 and induction.

We now show that as long as ξ and η provide compatible path computations,
the sets computed along those paths are compatible.

Lemma 9.5.4. (Similarity Lemma) Fix η0 ⊂ η1 ∈ T 0 ∪ [T 0], a parameter a,
and m ≤ ` such that λj(η0) ⊆ λj(η1) for all j ≤ m. Fix σm ∈ Tm and σ ∈ T 0

such that σ = init(σm, σ), let x = wt(σm, σ), and assume that x < lmη0
. Then

αa,η0(x) ↓= αa,η1(x) ↓.

Proof. We proceed by induction on j ≤ m, then by induction on |η1|, and
finally by induction on |η0|. For i ≤ 1, fix the longest ρi ⊆ ηi such that
λk(ρ−i ) ∧ λk(ρi) = σm and init(σm, ρi) = σ. The lemma is clear for m = 0, as
α

[0]
a,ρ is a finite initial segment of the characteristic function of ∅ of length l0ρ for

all ρ ∈ T 0, and l0η1
≥ l0η0

.
Assume that m > 0. For all i ≤ m, let σi = upi(σ).
As x < lmη0

< lmη1
, αa,η0(x) ↓ and αa,η1(x) ↓. Let δm = σm ∧ λm(η0).

As x < lmη0
, we must have δm ⊂ λm(η0), and so as λm(η0) ⊆ λm(η1), δm =

σm ∧ λm(η1). If δm = σm, then the lemma follows immediately from Lemma
9.5.3(ii) (Faithfulness); so assume that δm ⊂ σm.

For i ≤ 1, fix the longest δi ⊂ ηi such that both upm(δ−i ) = δm and
λm(δ−i )|λm(δi). As δm ⊂ λm(η0) ⊆ λm(η1), δm has the same outcome γm

along both λm(η0) and λm(η1). Let γj = outj(γm) for all j ≤ m. By Remark
2.4.2(i) and Lemma 8.1.1(ii) (Limit Path), γj = λj(γ0) ⊆ λj(η0), λj(η1) for all
j ≤ m, and by Lemma 8.5.3 (Crossover), if j is the largest number such that
σi ⊂ γi for all i ≤ j, then σj is properly restrained by a primary γj-link whose
last element is (γj)−. Thus in particular, x < lmγ0 . If γ0 ⊂ η0, then by induction,
αa,η0(x) = αa,γ0(x) = αa,η1(x), so the lemma follows.

It remains to consider the case wherein η0 = γ0. If j > 0, then by relativizing
the proof to start on T 1 rather than on T 0, we see that the hypotheses are similar
but the induction level is smaller by 1, so the lemma follows by induction in
this case. But if j = 0, then it follows from Remark 2.4.2(ii) that δ0 = δ1 and
hence ρ0 = ρ1. Thus by Lemma 9.5.3(i,ii) (Faithfulness), αa,η0(x) = αa,γ0(x) =
αa,ρ0(x) = αa,η1(x), so the lemma follows in this case as well.
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The next lemma will be used to that the backtracking procedure enables us
to correct axioms.

Lemma 9.5.5. (Weight Comparison Lemma) Let m ≤ `, σm ∈ Tm and
σ ⊆ ξ ⊆ η ∈ T 0 be given such that init(σm, ξ) = σ and lev(σm) = m. Let
PL(σm, ξ, η) = 〈πki

i : i ≤ n〉 where πki
i ∈ T ki . For each i ∈ [1, n], fix the

shortest ρi ⊆ η such that |PL(σm, ξ, δ)| ≥ i + 1 for all δ ∈ [ρi, η], and let
πi = init(up(πki

i ), ρi). Then for all i ∈ [1, n], wt(up(πki
i ), πi) ≤ lki+1

σ .

Proof. Fix i ∈ [1, n], and let µi = init(πki
i , ρi). It is easy to see that πi ⊆

µi. By Lemma 9.2.1(v) (PL Analysis), µi ⊆ σ. As lev(σm) = m, Definition
9.1.3 rules out the possibility that µi = σ. Thus πi ⊆ µi ⊂ σ, so by (9.5.1),
wt(up(πki

i ), πi) ≤ lki+1
σ .

9.6 Constraint

Some constructions, upon reaching certain nodes η ∈ T 0, will require that we
pass from η to the backtracking extender κ of η for some pair 〈σm, σ〉. When
this occurs, we refer to the passage from η to κ as the backtracking process.
During this process certain nodes will become constrained. It is the purpose
of this section to define the constrained nodes, and prove a lemma about the
nature of constraint within a construction.

Every constrained node must have the following property.

Definition 9.6.1. Fix δ ∈ T 0 and δk ∈ T k. We say that δk is δ-expansionary
if upk((outj(δk))−) = (δk)− for all j ≤ k. (In other words, for all j ≤ k, if
δj = outj(δk) and πj = (δj)−, then πj is the principal derivative of πk along
λj(δ).)

When backtracking is implemented to pass from η to κ, outcomes of the
nodes encountered along the way are forced independently of the truth value
of the directing sentences of those nodes. The expansionary nodes encountered
become constrained, as per our next definition.

Definition 9.6.2. Suppose that a construction implements backtracking at η
from ξ for 〈σm, σ〉. Let κ be the backtracking extender of η from ξ for 〈σm, σ〉,
and fix m such that σm ∈ Tm. We say that δk is constrained (for 〈σm, σ〉) if
out0(δk) ∈ (η, κ]. (Thus the nodes constrained for 〈σm, σ〉 are those that are
δ-expansionary for some δ ∈ (η, κ].)

Note that, with notation as in the preceding definition, all nodes in (η, κ]
are constrained.

In order for the backtracking process to be well-behaved, we need to impose
restrictions on the situations in which it is allowed to be implemented. When
these restrictions are obeyed, we call the backtracking normal.

Definition 9.6.3. We say that a construction with true path Λ0 implements
normal backtracking if all instances of backtracking within the construction sat-
isfy the following conditions. Suppose that we implement backtracking starting
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at η for 〈σm, σ〉 from ξ, that κ is the corresponding backtracking extender for
η, and that ρ is the immediate successor of κ along Λ0. Then:

(i) ρ switches σm and λm(ρ) is ρ-expansionary.

(ii) σm has Σ outcome along λm(ρ).

(iii) Neither the immediate successor of σ along Λ0 nor ρ is constrained.

(iv) If δ ⊂ ζ, either λk(δ) is constrained or (out0(λk(δ))− is a backtracking
extender, and (λk(δ))− is switched by ζ, then ζ is constrained.

The next lemma allows us to show that the construction is faithfully executed
even though action at constrained nodes is restricted.

Lemma 9.6.4. (Constraint Lemma) Suppose that a given construction imple-
ments normal backtracking. Then if ζk is constrained, out0(ζk) ⊆ ξ and ξ is
not constrained, then (ζk)− is not λk(ξ)-free.

Proof. We begin by describing the configuration of constrained nodes on T 0.
Suppose that the construction passes from η0 to its backtracking extender κ0

for 〈σm0
0 , σ0〉, and that no antiderivatives of constrained nodes or backtracking

extenders are switched by nodes in (η0, κ0]. Let ρ0 be the immediate successor
of κ0 along Λ0. Then all nodes in (η0, κ0] are constrained and by clause (iii)
of Definition 9.6.3, ρ0 is not constrained. Furthermore, by clauses (i)–(iii) of
Definition 9.6.3, [σ0, κ0] is a ρ0-link.

By clause (iv) of Definition 9.6.3, σm
0 can only be switched by a node ex-

tending ρ0 when another backtracking process is implemented. As, by (2.6.4),
only free nodes can be switched, it follows from Lemma 8.3.3(i) (Link Analy-
sis) that no node in [η0, κ0) can become free at a node extending ρ0 unless the
construction passes from some η1 ⊇ ρ1 to its backtracking extender κ1 for some
〈σm1

1 , σ1〉, and in the course of the backtracking, some δ ∈ (η1, κ1] switches
upm0−1(κ0). In this case, if ρ1 is the immediate successor of κ1 along Λ0 and
κ̃0 = δ−, then we will have a ρ1-link from κ0 to κ̃0, and a ρ1-link from σ1 to κ1,
and by clause (iii) of Definition 9.6.3, σ0 ⊂ σ1 ⊂ η0.

Continuing in this way, we can assume inductively that we have a configu-
ration of an enclosed linked chain, i.e., nodes

σn ⊂ η0 ⊂ κ0 ⊂ η1 ⊆ κ̃0 ⊂ κ1 ⊆ · · · ⊆ ηn ⊆ κ̃n−1 ⊂ κn ⊂ ρn

such that each interval (ηj , κj ] consists of constrained nodes, and [κj , κ̃j ] for
j < n and [σn, κn] are ρn-links. If another implementation of backtracking,
say from ηn+1 to κn+1 for 〈σmn+1

n+1 , σn+1〉 revises this configuration, then by
clause (iii) of Definition 9.6.3, either σn ⊂ σn+1 ⊂ η0 in which case one more
link is added to the configuration, or σn+1 ∈ [ρj , ηj+1) for some j. In the
latter case, we will have a configuration as described above starting at ηj+1.
Furthermore, in order to make σ

mn+1
n+1 free, we will have to switch upmj−2(κj),

thereby reestablishing a shorter such configuration from η0 to ρj .
The lemma now follows from this description, as no constrained node can

be free at a non-constrained node.
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9.7 REA Sets

We will show, in this section, that the sets constructed in Chapter 10 lie in the
REA hierarchy. These are the sets for which the partial functions αa,η provide
an approximation, as we now describe.

Definition 9.7.1. We define Aa(x) to be αa,η(x) for the shortest η such that
λj(η) ⊂ Λj for all j ≤ ` and x ∈ dom(αa,η). If i ≤ `, then A

[i]
a (x) ↓ if

x ∈ dom(α[i]
a,η), and in this case, A

[i]
a (x) ↓= Aa(x).

Note that by Lemma 9.5.4 (Similarity), we can choose any ξ ⊃ η such that
λj(ξ) ⊂ Λj for all j ≤ ` in the preceding definition without changing the value
of Aa(x).

Our next lemma allows us to show that the sets just defined lie in the REA
hierarchy.

Definition 9.7.2. A set A is said to be 0-REA if it is computable. A is m + 1-
REA if there is an m-REA set B ≤T A such that A is computably enumerable
in B.

Lemma 9.7.3. (REA-ness Lemma) Let a parameter a and m ≤ ` be given such
that lev(a) = m. Then Aa is m-REA.

Proof. We proceed by induction on m. Clearly, A
[0]
a is 0-REA for all a ∈ J .

Suppose that the lemma holds for m−1. Then A
[j]
a is j-REA for all j ≤ m−1,

and
⋃
{A[j]

a : j ≤ m− 1} is (m− 1)-REA.

Claim: A
[m]
a (x) = 1 iff there are σm ∈ Tm, σ, σ̃, η ⊂ Λ0, and σm−1 ⊂

λm−1(η) such that the following conditions hold:

(i) σ = init(σm, η) and σ̃ = init(σm−1, η).

(ii) x = wt(σm, σ).

(iii) up(σm−1) = σm.

(iv) σm−1 has Π outcome along λm−1(η).

(v) If y = wt(σm−1, σ̃), then α
[m−1]
a,η (y) = A

[m−1]
a (y).

(vi ) a ∈ TS(σm).

It follows from the claim that A
[m]
a is computably enumerable in A

[m−1]
a , so lies

in the REA hierarchy. Thus it suffices to prove the claim.

Proof of Claim. First suppose that (i)–(vi) hold. If τ ` ⊂ Λ`, |τ | > 0 and
τ = out0(τ `) then by Remark 2.4.2(i) τ is Λ0-true. Hence by Lemma 8.1.1(iv)
(Limit Path), we may pass to the shortest ρ such that η ⊆ ρ ⊂ Λ0 and ρ is
Λ0-true. By Lemma 9.5.4 (Similarity), α

[i]
a,ρ = A

[i]
a � liρ for all i ≤ `.
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Fix the longest ν ⊆ ρ such that σm−1 is λm−1(ν)-free and init(σm, ν) =
init(σm, η); the existence of ν follows from (i), Lemma 8.1.1(i) (Limit Path), and
the definition of links. By (2.6.4) and Lemma 8.4.2(i) (Free Derivative), σm−1

is not switched at any β ∈ (ν, ρ] such that init(σm, β) = σ, so by Definition
9.5.2, α

[m−1]
a,ν (y) = α

[m−1]
a,ρ (y). Furthermore, by (iv), σm−1 has Π outcome along

λm−1(ν). Hence by (v) and Definition 9.1.3,

α[m−1]
a,ν (y) = α[m−1]

a,ρ (y) = A[m−1]
a (y) = α[m−1]

a,η (y) = 0.

Now as σm−1 has Π outcome along λm−1(ν), σm−1 is the principal derivative of
σm along λm−1(ν), and by Remark 2.4.2(i), σm has Σ outcome along λm(ν). By
Lemma 9.4.2 (Principal Switching) and Definition 9.1.3, α

[m]
a,ν (x) = α

[m]
a,ρ (x) = 1.

As α
[m]
a,ρ ⊂ A

[m]
a , A

[m]
a (x) = 1.

Conversely, suppose that A
[m]
a (x) = 1. Then there are σm ∈ Tm and σ ⊂

η ⊂ Λ0 such that σ = init(σm, η), x = wt(σm, σ), upm(η−) = σm, a ∈ TS(σm),
and σm has Σ outcome along λm(η). Let σm−1 be the principal derivative of
σm along λm−1(η), and let σ̃ = init(σm−1, η). By Remark 2.4.2(i), σm−1 has
Π outcome along λm−1(η). Thus if y = wt(σm−1, σ̃), then by Lemma 9.5.3(ii)
(Faithfulness), α

[m−1]
a,η (y) = A

[m−1]
a (y) = 0. We conclude that (i)–(vi) hold.

9.8 Level-Specific Backtracking

We now prove several lemmas that were used in backtracking constructions at
levels ≤ 3.

Lemma 9.8.1. Fix ηk ⊂ Λk ∈ [T k] such that ηk is Λk-free, and suppose
that a construction implements only normal backtracking. Then |{ρk ⊂ Λk :
ηk is ρk-free & ρk is not constrained}| = ∞.

Proof. Immediate from Lemmas 8.7.2(iv) (Σ1-Analysis) and 9.6.4 (Constraint).

Lemma 9.8.2. Suppose that a construction takes place only on trees T i for
i ≤ 3. and implements only normal backtracking. Then for any η ⊂ Λ0, there
is a ρ ∈ [η, Λ0) such that ρ− is not constrained.

Proof. Immediate from Lemmas 8.7.2(iv) (Σ1-Analysis) and 9.6.4 (Constraint).



Chapter 10

Higher Level Constructions

The framework we are using was originally developed by Lempp and Lerman
[16] to handle requirements that must be placed on high level trees. We will use
it in this chapter to prove Lerman’s [19] result that the existential theory of the
jump poset of degrees with least element is decidable.

10.1 Jump Posets with Least Element

One of the central themes of degree theory is to try to obtain decidability
and undecidability information about elementary theories of structures naturally
induced from the relation is computable from, and of natural fragments of those
elementary theories. We present a proof of such a result here, showing that the
existential theory of the jump poset 〈D,≤,0, ′〉 of the Turing degrees with least
element is decidable. The decision procedure centers on a solution to a related
problem of an order-theoretic nature; obtaining a characterization of the jump
posets with least element that can be embedded into the jump poset of Turing
degrees with least element 0. We show that all jump posets with least element
can be so embedded.

Definition 10.1.1. A jump poset with least element is a structure P = 〈P,≤
, 0,′ 〉 such that 〈P,≤〉 is a poset with least element 0, and ′ is a strictly monotone
and increasing function, i.e., for all a, b ∈ P

(i) a < a′.

(ii) a ≤ b → a′ ≤ b′.

P is said to have finite support if there is a natural number ` such that S =
{a ∈ P : a ≤ 0(`)} is finite and for all a ∈ P − S, a = 0(m) for some natural
number m > `; the smallest such ` is called the support level of P. A finite
partial structure Q in this language consists of:

(iii) A finite set P ;

155
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(iv) Finitely many equalities of the form t(a1, . . . , an) = c where t(a1, . . . , an)
is a term in the language of jump posets with least element having no free
variables and a1, . . . , an, c ∈ P ;

(v) Finitely many inequalities of the form c � d where c, d ∈ P .
A finite poset Q is good if its diagram is consistent with the axioms for jump
posets with least element.

The order-theoretic theorem is:

Theorem 10.1.2. If P is a good finite jump poset with least element and finite
support, then P can be embedded into 〈D,≤,0, ′〉 (preserving least element).
Moreover, there is such an embedding into the REA degrees DREA and hence
into arithmetical degrees Darith.

An existential sentence in the language of jusls with least element can easily
be seen to be equivalent to a statement asserting that one of finitely many given
finite partial structures in the language of jump posets with least element can
be embedded into 〈D,≤,0, ′〉. It is easy to see that any good finite partial jump
poset with least element can be embedded into a jump poset with least element
and finite support. Hence the following corollary is immediate.

Corollary 10.1.3. (i) The existential theory of 〈D,≤,0, ′〉 is decidable.
(ii) The existential theory of 〈Darith,≤,0, ′〉 is decidable.
(iii) The existential theory of 〈DREA,≤,0, ′〉 is decidable.

10.2 The Requirements

For the remainder of this chapter, fix a jump poset P = 〈P,≤, 0,′ 〉 with finite
support having level `. The embedding will map a ∈ P to Aa.

Definition 10.2.1. Each element a ∈ P will have a level, denoted as lev(a),
and defined by lev(a) = n if n is the smallest natural number such that a ≤ 0(n).
In addition, each element a ∈ P will have a height, denoted as ht(a), and defined
by ht(a) = n if n is the largest natural number such that 0(n) ≤ a. For i ≤ `,
let P [i] = {a ∈ P : lev(a) = i}, P [≥i] = ∪{P [k] : k ∈ [i, `}; P [>i], P [<i] and P [≤i]

are defined analogously.

Nodes of T k, and requirements assigned to these nodes, will be of one of two
types. Requirements of type 0 ensure the preservation of inequality of elements
of P by the embedding into the degrees, and those of type 1 ensure that relations
a′ ≤ b are preserved by the embedding for a, b ∈ P . The preservation of b ≤ a′

and ≤ by the embedding will be a direct result of the construction, but we will
establish requirements of types 2 and 3 to delineate what needs to be verified.

We will take action to ensure the satisfaction of requirements. Thus we will
associate a subset TS(R, i) of P [≥i] with a requirement R for each i ≤ `, called
the target set for R of level i. This set will consist of those a ∈ P [≥i] for which
weights of elements of T i to which R is assigned are to enter A

[i]
a . For each



10.2. THE REQUIREMENTS 157

requirement R, we will choose a c ∈ P such that TS(R, i) = TS(c, i) (defined
below) for all i ≤ `. If a requirement R is assigned to a node ηk ∈ T k, then we
define TS(ηk) = TS(R, k).

Target sets for requirements and nodes of trees will be generated by elements
of P as follows.

Definition 10.2.2. Fix a ∈ P and i ≤ `. We define TS(a, i) = {b ∈ P [≥i] :
bht(a)−i+1 � a} (if i > ht(a) + 1, then we specify that b satisfies the condition).
Note that TS(a, i) is upwards closed in P [≥i].

The following lemma delineates properties of target sets that will be used
later.

Lemma 10.2.3. (Target Set Lemma) Fix a, b, c ∈ P and i ≤ `. Then:

(i) (a ≤ b & a ∈ TS(c, i)) → b ∈ TS(c, i).

(ii) (i > 0 & b ≤ a′ & b ∈ TS(c, i)) → a ∈ TS(c, i− 1).

(iii) (0 < i ≤ lev(b) & a′ ≤ b & a ∈ TS(c, i− 1)) → b ∈ TS(c, i).

Proof. Let h = ht(c).
(i): As a < b, a(h−i+1) � c implies, by Definition 10.1.1(ii), that bh−i+1 � c.
(ii): Suppose that b ≤ a′. By hypothesis, b(h−i+1) � c. Now by Definition

10.1.1(ii),
b(h−i+1) ≤ (a′)(h−i+1) = a(h−i+2) = a(h−(i−1)+1),

so a ∈ TS(c, i− 1).
(iii): Suppose that a′ ≤ b. By hypothesis, a(h−(i−1)+1) � c. But by Defini-

tion 10.1.1(ii),
a(h−(i−1)+1) = (a′)(h−i+1) ≤ b(h−i+1),

so b(h−i+1) � c.

We now introduce the requirements to be satisfied by the construction. There
will be four types of requirements, and we define tp(R) to be the type of the
requirement R.

Definition 10.2.4. Incomparability requirements will ensure the satisfaction
of the relation Ab �T Aa, where a, b ∈ P and b � a. They are type 0 , level
k = ht(a)+1 requirements; such a requirement R = R0,k

e,b,a is introduced for each
e ∈ N stating that ∃x(Ab(x) 6= Φe(Aa;x)). For i ≤ `, we set TS(R, i) = TS(a, i).

There are two different types of requirements dealing with jump compara-
bility relations.

Definition 10.2.5. Jump comparability requirements of type 1 correspond to
relations a′ ≤ b, where a, b ∈ P and a′ = b. They are level k = ht(a) + 1
requirements. Such a requirement R = R1,k

e,b,a is introduced for each e ∈ N
stating that ∆1,k

b,a(Ab, e) = 1 if Φe(Aa; e) ↓, and ∆1,k
b,a(Ab, e) = 0 if Φe(Aa; e) ↑,
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where ∆1,k
b,a is a computable partial functional that will be defined during the

construction for the purpose of satisfying all such requirements for fixed a and
b. For i ≤ `, we TS(R, i) = TS(a, i).

Definition 10.2.6. Jump comparability requirements of type 2 correspond to
relations b ≤ a′, where a, b ∈ P and b = a′. Such a requirement R = R2,k

e,b,a is
introduced for each e ∈ N stating that ∆2,k

b,a(Aa; e, s) = 1 for cofinitely many s

if e ∈ Ab, and ∆2,k
b,a(Aa; e, s) = 0 for cofinitely many s if e /∈ Ab, where ∆2,k

b,a is a
computable partial functional that will be defined for the purpose of satisfying
all such requirements for fixed a and b.

Definition 10.2.7. Comparability requirements of type 3 assert that Aa ≤T Ab

whenever a, b,∈ P and a ≤ b.

Lemma 10.2.8. (Requirement Lemma). Assume that we have a collection of
sets {Aa : a ∈ P} for which the above requirements are satisfied. Then the
map from P to D sending a ∈ P to the degree of Aa is a jump poset embedding
preserving least element.

Proof. Requirements of types 0 and 3 combine to show that the map is an order-
preserving poset embedding. We note that A0 = ∅, so the map also preserves
least element. Requirements of types 1 and 2 combine to show that the map
preserves the jump operation.

10.2.1 T `-Analysis

The standard initial assignment process is satisfied. Definition 2.7.2(i) Follows
easily from Lemma 2.7.4 (Standard Initial Assignment). Hence it suffices to
show that all requirements are satisfied.

The standard initial sentence specification for η` ∈ T ` is followed, with action
for η` ∈ T ` supported at {ρ` ⊂ η` : η` is ρ`-free}. Clause (i) of Definition 2.10.1
follows from the analysis for basic modules.

10.2.2 T i-Analysis, i < `.

The standard derived assignment is followed. Clauses (i)–(iii) of Definition 2.7.7
follow from Lemma 2.7.9 (Standard Derived Assignment). Sentence decompo-
sition will be defined later, and the conditions relating to sentence decompo-
sition will be checked at that time. Action for ηi ∈ T i will be supported at
{ρi ⊃ ηi : ηi is ρi-free and ρi is not constrained}. By Lemma 9.8.1, the con-
struction has infinite support on T i.

10.3 The Construction

In this section, we will present the construction and prove some technical lem-
mas. The proof of the satisfaction of requirements is deferred to the next section.



10.3. THE CONSTRUCTION 159

We now indicate how to specify the sentence that generates the action for
a requirement assigned to a given node. We will show that for requirements
assigned to nodes with the property that all their antiderivatives lie on the true
paths (through the appropriate trees) determined by the construction, the truth
of the sentence locally for an oracle αa,η ensures the truth of the sentence for
the oracle Aa.

Definition 10.3.1. (Directing Sentences) Fix ξ ∈ T 0. Let Rξ = Rj,k
e,b,a, and

note that k = lev(R). Let ξk = upk(ξ), and let σ be the initial derivative of
ξk along ξ. We will assign a directing sentence Mξ to ξ as follows. If j = 0,
let Mξ be Φe(αa,ξ; wt(ξk, σ))[wt(ξ)] ↓= 0; and if j = 1, let Mξ be the sentence
Φe(αa,ξ; e)[wt(ξ)] ↓. We also define Mξ/η to be Φe(αa,η; wt(ξk, σ))[wt(η)] ↓= 0 if
j = 0, and Φe(αa,η; e)[wt(η)] ↓. (Thus Mξ/η evaluates the truth of the directing
sentence for ξ at stage η.)

The action taken for a requirement associated with η ∈ T 0 that is not con-
strained depends on the truth of the directing sentences Mξ/η for ξ ⊆ η. If a
node η is associated with the type 1 requirement Rη = R1,k

e,b,a, and action spec-
ified for the requirement involves declaring axioms for the functional ∆1,k

b,a(Ab),
then we use the notation ∆η to denote ∆1,k

b,a . We now describe the situation
in which the construction must act non-trivially. The conditions enumerated
below describe the situation in which we are forced to take action in order to
satisfy a requirement assigned to a specified node.

Definition 10.3.2. Fix ξ ⊆ η ∈ T 0, and let Rη = Rj,k
e,b,a. Let ξk = upk(ξ) and

ηk = λk(η), and let x = wt(ξk, init(ξk, ξ)) if j = 0 and set x = e if j = 1. We
say that η requires attention for ξ if lev(ξ) = k, neither ξ nor η− is constrained,
Mξ/η is true, either αb,η(x) ↑ or αb,η(x) = 0, if j = 0 then λj(ξ) is λj(η)-true
for all j ≤ `, and if j = 1 then αb,ξ and αb,η are compatible.

10.3.1 The Construction

We define a path Λ0 ∈ [T 0] by induction on |η| for η ⊂ Λ0. We begin by
specifying that 〈 〉 ⊂ Λ0. We determine an extension τ of η, and will declare
axioms for requirements of type 1 in Step 2. This part of the construction is
called stage η.

Step 1: There are two cases.
Case 1: η requires attention for some ξ. Fix the shortest such ξ, and let

Rξ = Rj,k
e,b,a, k = lev(ξ), ξk = upk(ξ), and ξ̃ = init(ξk, ξ). Let κ be the

backtracking extender of η for 〈ξk, ξ̃〉 from ξ; if no such κ exists, then the
construction is terminated. Now fix τ such that τ− = κ and ξk has Σ outcome
along λk(τ), and specify that τ ⊂ Λ0.

Case 2: Otherwise. Let Rη = Rj,k
e,b,a. We define an extension τ ⊂ Λ0 of η

such that τ− = η as follows. τ = η_〈∞〉 if either ht(η) is odd and Mη is true or
if ht(η) is even and Mη is false, and τ = η_〈0〉 otherwise. Specify that τ ⊂ Λ0.
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Step 2: We proceed with this step only if either Case 1 is followed and tp(ξ) =
1, or if Case 2 is followed and tp(η) = 1. We declare an axiom ∆τ (αb,τ ; e) = 1
if Mτ− is true, and set ∆τ (αb,τ ; e) = 0 otherwise.

The construction is now complete. For all i ≤ `, let Λi = λi(Λ0).

10.4 Proof

The following lemma is used to show that the implementations of backtracking
in the construction succeed.

Lemma 10.4.1. (Backtracking Implementation Lemma) Suppose that the con-
struction specifies that we pass to the backtracking extender of ν for 〈σm, σ〉
from ξ. Then such a backtracking extender κ exists. Furthermore, if Rσm is
Rj,k

e,a,b, then αa,ν ⊆ αa,κ.

Proof. First suppose that j = 0. Then upk(σ) is λk(ν)-true for all k ≤ `, so
by Lemma 9.4.1 (Link Switching), |PL(σm, ξ, ν)| = 1. Hence by Lemma 9.3.3
(Backtracking), a unique backtracking extender κ exists. Furthermore, no links
are switched in the passage from ν to κ, so αa,ν ⊆ αa,κ.

Now suppose that j = 1. By Lemma 9.3.3 (Backtracking), κ will exist unless
some node π ∈ PL(σm, ξ, ν) lies in T 0. Now as backtracking is specified, we must
have αb,ξ ⊂ αb,ν ; but as π ∈ PL(σm, ξ, ν), π1 = up(π) ⊂ λ(ξ) ∧ λ(ν). Assume
that this is the case in order to obtain a contradiction. Thus by Lemma 9.5.5
(Weight Comparison), wt(π1, init(π1, π)) ∈ dom(αb,ξ). Let TS(π1) = TS(c, 1).
Now b ∈ TS(c, 1) iff b(ht(c)) � c; but as b ≥ a′, b ≥ 0′ so b(ht(c)) ≥ 0(ht(c)+1) � c.
Thus b ∈ TS(π1), so αb,ξ|αb,ν , a contradiction.

We now show that αa,ν ⊆ αa,κ. We assume that there are πk ∈ PL(σm, ξ, ν)
and r such that a ∈ TS(πr) for some derivative or antiderivative πr of πk,
in order to obtain a contradiction. Let the i-target sets for Rπk be given as
TS(c, i), and let n = ht(c). By Lemma 9.5.5 (Weight Comparison), if π is the
initial derivative corresponding to the final entry of πk into PL(σm, ξ, ν), then
wt(up(πr), init(up(πr), π) ∈ dom(αb,ξ). Now r ≤ lev(a). If r < lev(b), then it
follows from Lemma 10.2.3(iii) (Target Set) that αb,ξ and αb,ν are incompatible;
but as backtracking was implemented, αb,ξ ⊆ αb,ν , yielding a contradiction.

Otherwise, we must have r = lev(a) = lev(b). If n + 1 < r, then b ∈ TS(πr),
so αb,ξ|αb,ν , yielding a contradiction. If n+1 = r and b ∈ TS(πr) then b ≤ c; but
a ≤ b and lev(a) = r, so a ≤ c and a ∈ TS(πr), again yielding a contradiction.
Otherwise, we may assume that n + 1 > r so n ≥ r. As n = ht(c) and b ≤ 0(r),
b(n−r) ≤ 0(n) ≤ c. But b(n−r) = (a′)(n−r) = a(n−r+1), so a ∈ TS(πr), again
yielding a contradiction.

We show that all requirements are satisfied.

Lemma 10.4.2. (Comparability Lemma) All type 3 requirements are satisfied.

Proof. Immediate from Lemma 10.2.3(i) (Target Set) and the definition of target
sets for requirements.
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Lemma 10.4.3. (0-Satisfaction Lemma) Every requirement of type 0 is satis-
fied.

Proof. Fix a requirement R = R0,k
e,b,a of type 0. By the standard initial as-

signment, R = Rη` for some η` ⊂ Λ` such that η` is Λ`-free. Let ν` be the
immediate successor of η` along Λ`. Let νi = outi(ν`), ηi = (νi)− for i ≤ `, and
x = wt(ηk, (init(ηk, η)). As is our convention, we omit the superscript 0. Note
that by Lemma 8.6.1(ii) (Freeness Transmission), ηj is Λj-free for all j ≤ `, so
by Lemma 8.3.7(ii) (Free and True), νj is Λj-true for all j ≤ `. In fact, the
same pattern will occur for any τ ` ∈ T `, so there are infinitely many τ ⊂ Λ0

such that τ j = λj(τ) is Λj-true for all j ≤ `, and τ− is Λ0-free. We note that
by Lemma 10.4.1 (Backtracking Implementation) and the construction, clauses
(i)–(iii) of Definition 9.6.3 hold. Furthermore, by clause (i) of Definition 9.6.3,
Lemma 9.5.4 (Similarity) for τ as above and the construction, if ν ⊆ τ , then
αc,ν ⊆ αa,τ ⊂ Ac for all c ∈ P , so clause (iv) of Definition 9.6.3 holds. Thus by
Lemma 9.6.4 (Constraint), the successor of η along τ is not constrained, nor is
any such τ .

First assume that Case 1 of the construction is followed. By Lemma 10.4.1
(Backtracking Implementation), a unique backtracking extender exists in this
case, so η is that backtracking extender; furthermore, αa,δ ⊆ αa,η. Then
αb,ν(x) = 1 and so Ab(x) = 1. By the conditions of Case 1, Φe(αa,δ;x)[wt(δ)] =
0 and λj(µ) ⊆ λj(δ) for all j ≤ `. As αa,δ ⊆ αa,η, Φe(αa,η;x)[wt(η)] = 0.
Now the only nodes switched by ν with weight in dom(αa,δ) are the antideriva-
tives ηj of ηk, and a /∈ TS(ηj , j) for j ∈ [k, `]. Thus αa,η ⊆ αa,ν and so
Φe(αa,ν ;x)[wt(ν)] = 0. As αa,ν ⊂ Aa, Φe(Aa;x) = 0, so R is satisfied.

Now suppose that Case 2 of the construction is followed. First assume that
Ab(x) = 1. Then αb,ν(x) = 1, and Φe(αa,η;x)[wt(η)] = 0. Now αb,η(x) = 1,
else η would require attention for ξ = η and so its successor along Λ0 would
be constrained, which is not the case. Thus ν is non-switching, so αa,η ⊆ αa,ν ,
implying that Φe(αa,ν ;x)[wt(ν)] = 0. As αa,ν ⊂ Aa, Φe(Aa;x) = 0, and R is
satisfied.

Now assume that Ab(x) = 0. We assume that Φe(Aa;x) = 0 and derive
a contradiction, thereby showing that R is satisfied. As noted above, we can
choose a τ ⊃ ν sufficiently long so that λj(τ) ⊂ Λj for all j ≤ ` and ljτ is greater
than the use for A[j] of the computation Φe(Aa;x) = 0. Thus αc,ν ⊆ αa,τ ⊂ Ac

for all c ∈ P , and so Φe(αa,τ ;x)[wt(τ)] = 0 and αb,ν(x) = αb,τ (x) = 0. We
now see that τ requires attention for η, so τ is constrained, yielding the desired
contradiction.

Lemma 10.4.4. (Well-Definedness and Totality Lemma) Every functional ∆ =
∆1,m

b,a (Ab) introduced in the construction is well-defined and total.

Proof. We note that by the definition of the lengths of sections of the function
α, if αa,ξ and αa,η are compatible, then they are comparable, and in that case,
if ξ ⊂ η then αa,ξ ⊆ αa,η. Thus by induction, if a new axiom ∆ν(αb,ν ; e) = r is
to be declared as action for η, and an axiom ∆ρ(αb,ρ; e) = 1 has been declared
earlier as action for ξ with αb,ρ ⊆ αb,ν , then η = ν−, ξ = ρ−, Φe(αa,ξ; e) ↓ and
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αa,ξ ⊆ αa,ρ. As a′ = b, a ≤ b so by Lemma 10.4.2 (Comparability), we must
also have αa,ρ ⊆ αa,ν . Thus Φe(αa,η; e) ↓, and so the axioms declared have the
same value.

Suppose that a new axiom ∆ν(αb,ν ; e) = r is to be declared as action for
η, and an axiom ∆ρ(αb,ρ; e) = 0 has been declared earlier as action for ξ with
αb,ρ ⊆ αb,ν . If Φe(αa,η; e) ↓, then we would initiate the backtracking process at
η thereby constraining η, so no action to declare axioms would be taken at η.
Thus we again see that the axioms declared have the same value.

By the assignment process and the construction, ∆ will be total.

Lemma 10.4.5. (1-Satisfaction Lemma) Every requirement of type 1 is satis-
fied.

Proof. The proof is virtually identical to that of Lemma 10.4.3 (0-Satisfaction),
so is not presented. One first needs to make the following modifications: type
0 is changed to type 1, x is changed to e, Φe(αa,ζ ;x)[wt(σ)] = 0 is changed to
Φe(αa,ζ ; e)[wt(σ)] ↓ for any pair of nodes ζ and σ, and Φe(Aa;x) = 0 is changed
to Φe(Aa; e) ↓.

We now turn our attention to the satisfaction of requirements of type 2.
We define functionals ∆2,k

b,a corresponding to requirements R2,k
e,b,a as follows. Fix

x, s ∈ N. If there do not exist i ∈ (0, `], ξ ∈ T 0 and ξi ∈ T i such that
x = wt(ξi, ξ), then we define ∆2,k

b,a(X;x, s) = 0 for all sets X. (Note that
the set of such X is computable.) Otherwise, fix such ξ and i, and define
∆2,k

b,a(αa,η;x, s) = m at stage η of the construction for all s < `i
η for which no

axiom from an oracle αa,ρ for some ρ ⊂ η for which αa,ρ ⊆ αa,η has previously
been defined, setting m = 1 if αb,η(x) = 1, and m = 0 otherwise.

Lemma 10.4.6. (2-Satisfaction Lemma) All requirements of type 2 are satis-
fied.

Proof. Fix x ∈ N. If there do not exist j ∈ (0, `], η ∈ T 0 and ηj ∈ T j such that
x = wt(ηj , η), then ∆(Aa;x, s) = 0 = Ab(x) for all s as required. Thus we may
fix such j, η and ηj . By Lemma 10.2.3(ii) (Target Set), a ∈ TS(ξj−1) for all
ξj−1 ∈ T j−1 such that up(ξj−1) = ηj . By Lemma 9.4.2 (Principal Switching),
if σ ⊂ τ ⊂ Λ0, αb,σ(x) ↓= 1 αb,τ (x) ↓= 0, ξj−1 is the principal derivative
of ηj along λj−1(σ), ξ = init(ξj−1, σ) and y = wt(ξj−1, ξ), then ξj−1 will be
switched between σ and τ , and at its last switch before each, its outcomes will
be of different types. Thus αa,σ(y) ↓= 0 and αa,τ (y) ↓= 1, so the oracles
for the axioms declared at σ and τ will be incompatible. It now follows that
lims ∆(Aa;x, s) = Ab(x) as required.

Theorem 10.1.2 now follows from Lemma 10.2.8 (Requirement), Lemma
10.4.4 (Well-Definedness and Totality), and Lemmas 10.4.3, 10.4.5, and 10.4.6
(j-Satisfaction for j ≤ 2), 10.4.2 (Comparability), and Lemma 9.7.3 (REA-
ness).



Bibliography

[1] C. J. Ash, Stability of recursive structures in arithmetical degrees, Ann.
Pure Appl. Logic 32 (1986) 113–135.

[2] C. J. Ash, Labelling systems and r. e. structures, Ann. Pure Appl. Logic
47 (1990) 99–119.

[3] S. B. Cooper, Degrees of unsolvability complementary between recursively
enumerable degrees, Part I, Ann. Math, Logic 4(1972), 31–73.

[4] R. M. Friedberg, Two recursively enumerable sets of incomparable degrees
of unsolvability, Proc. Natl. Acad. Sci. USA 43(1957), 236–238.

[5] R. M. Friedberg, Three theorems on recursive enumeration, J. Symbolic
Logic 23(1958), 309–316.

[6] S. C. Kleene, Introduction to Metamathematics, Van Nostrand, New
York, 1952.

[7] J. Knight, A metatheorem for constructions by finitely many workers. J.
Symbolic Logic 55(1990), 787–804.

[8] A. H. Lachlan, Bounding minimal Pairs, J. Symbolic Logic 44(1979), 626–
642.

[9] A. H. Lachlan, Lower bounds for pairs of recursively enumerable degrees,
Proc. London Math. Soc. 16(1966), 537–569.

[10] A. H. Lachlan, On some games which are relevant to the theory of recur-
sively enumerable sets, Ann. Math. (2) 91(1970), 291–310.

[11] A. H. Lachlan, Embedding nondistributive lattices in the recursively enu-
merable degrees, In: Conference in Mathematical Logic, London
1970, W. Hodges ed., Lecture Notes in Mathematics no. 255, Springer-
Verlag, Berlin, Heidelberg, New York, 1972, 149–177.

[12] S. Lempp, Lecture Notes on Priority Arguments, to appear.

163



164 BIBLIOGRAPHY

[13] S. Lempp and M. Lerman, Priority arguments using iterated trees of strate-
gies, In: Proceedings of the Oberwolfach Conference on Recursion
Theory, 1989. K. Ambos-Spies, G.H. Müller and G.E. Sacks, eds, Lec-
ture Notes in Mathematics, Springer-Verlag. Berlin, Heidelberg, New York,
1991, 277-296.

[14] S. Lempp and M. Lerman, The existential theory of the poset of r.e. degrees
with a predicate for single jump reducibility, J. Symbolic Logic 57(1992),
1120-30.

[15] S. Lempp and M. Lerman, A general framework for priority arguments,
Bull. Symbolic Logic 1(1995), 189-201.

[16] S. Lempp and M. Lerman, The decidability of the existential theory of the
poset of recursively enumerable degrees with jump relations, Advances in
Math. 120(1996), 1–142.

[17] S. Lempp and M. Lerman, Iterated trees of strategies and priority argu-
ments, Archive for Math. Logic 36(1997), 297-312.

[18] S. Lempp, M. Lerman, and F. Weber, Minimal pair constructions and it-
erated trees of strategies, In: Logical Methods: In Honor of Anil
Nerode’s 60th Birthday J. Crossley, J. Remmel, R. Shore, and M.
Sweedler, eds. Birkhaüser, Boston, Basel, Berlin, 1993, 512–524.

[19] M. Lerman, The existential theory of the poset of Turing degrees with least
element and jump is decidable, to appear.

[20] M. Lerman, R. A.Shore and R. I. Soare The elementary theory of the
recursively enumerable degrees is not ℵ0-categorical, Advances in Math.
53(1984), 301–320.

[21] G. Michalski, On Foundations of Recursion Theory, Ph. D. Disserta-
tion, University of Notre Dame, 1996.
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